This  is  a  digital  copy  of  a  book  that  was  preserved  for  generations  on  library  shelves  before  it  was  carefully  scanned  by  Google  as  part  of  a  project 
to  make  the  world's  books  discoverable  online. 

It  has  survived  long  enough  for  the  copyright  to  expire  and  the  book  to  enter  the  public  domain.  A  public  domain  book  is  one  that  was  never  subject 
to  copyright  or  whose  legal  copyright  term  has  expired.  Whether  a  book  is  in  the  public  domain  may  vary  country  to  country.  Public  domain  books 
are  our  gateways  to  the  past,  representing  a  wealth  of  history,  culture  and  knowledge  that's  often  difficult  to  discover. 

Marks,  notations  and  other  marginalia  present  in  the  original  volume  will  appear  in  this  file  -  a  reminder  of  this  book's  long  journey  from  the 
publisher  to  a  library  and  finally  to  you. 

Usage  guidelines 

Google  is  proud  to  partner  with  libraries  to  digitize  public  domain  materials  and  make  them  widely  accessible.  Public  domain  books  belong  to  the 
public  and  we  are  merely  their  custodians.  Nevertheless,  this  work  is  expensive,  so  in  order  to  keep  providing  this  resource,  we  have  taken  steps  to 
prevent  abuse  by  commercial  parties,  including  placing  technical  restrictions  on  automated  querying. 

We  also  ask  that  you: 

+  Make  non-commercial  use  of  the  files  We  designed  Google  Book  Search  for  use  by  individuals,  and  we  request  that  you  use  these  files  for 
personal,  non-commercial  purposes. 

+  Refrain  from  automated  querying  Do  not  send  automated  queries  of  any  sort  to  Google's  system:  If  you  are  conducting  research  on  machine 
translation,  optical  character  recognition  or  other  areas  where  access  to  a  large  amount  of  text  is  helpful,  please  contact  us.  We  encourage  the 
use  of  public  domain  materials  for  these  purposes  and  may  be  able  to  help. 

+  Maintain  attribution  The  Google  "watermark"  you  see  on  each  file  is  essential  for  informing  people  about  this  project  and  helping  them  find 
additional  materials  through  Google  Book  Search.  Please  do  not  remove  it. 

+  Keep  it  legal  Whatever  your  use,  remember  that  you  are  responsible  for  ensuring  that  what  you  are  doing  is  legal.  Do  not  assume  that  just 
because  we  believe  a  book  is  in  the  public  domain  for  users  in  the  United  States,  that  the  work  is  also  in  the  public  domain  for  users  in  other 
countries.  Whether  a  book  is  still  in  copyright  varies  from  country  to  country,  and  we  can't  offer  guidance  on  whether  any  specific  use  of 
any  specific  book  is  allowed.  Please  do  not  assume  that  a  book's  appearance  in  Google  Book  Search  means  it  can  be  used  in  any  manner 
anywhere  in  the  world.  Copyright  infringement  liability  can  be  quite  severe. 

About  Google  Book  Search 

Google's  mission  is  to  organize  the  world's  information  and  to  make  it  universally  accessible  and  useful.  Google  Book  Search  helps  readers 
discover  the  world's  books  while  helping  authors  and  publishers  reach  new  audiences.  You  can  search  through  the  full  text  of  this  book  on  the  web 


at|http  :  //books  .  google  .  com/ 


+■ 

'3  ^r 


jji[||j|^y],iji^iyjirsni3 


MR.    JAMES    BERNOULLrS 
D    O    C   T   R    I   N    E 


O  P 


PERMUTATIONS  AND  COMBINATIONS, 


AND 


SOME  OTHER  USEFUL  MATHEMATICAL  T11ACT& 


/ 

1 


^ 


THE 


DOCTRINE 


OF 


'  PERMUTATIONS  AND  COMBINAT 


BEING 


AN  ESSENTIAL  AND  FUNDAMENTAL  PAR' 


OF   THE 


DOCTRINE  OF  CHANCES; 

As  it  is  delivered  by  Mr.  JAMES  BERNOULLI,  in  his 
Treatife  on  the  Doflrine  of  Chances,  intitled,  Ars  ConjeBi 
by  the  celebrated  Dr.  JOHN  WALLIS,  of  Oxford,  ir 
intitled  from  the  Subje£t,  and  publifhed  at  thc^d  of  hif 
on  Algebra : 

In  the  former  of  which  Trafts  is  contained^ 

A  Dcmonftration  of  Sir  Isaac  Newton's  famous  Binomial  *] 
in  the  Cafes  of  Integral  ipowers,  and  of  the  Reciprocals  of  Integra 

TOGETHEI^    WITH 

SOME  OTHER  USEFUL  MATHEMATICAL  TIU 


PUBLISHED    BY 

FRANCIS  MASERES,  ESQ^ 

CURSITOR    ^AEON    OF    Ti^E    COURT    OF   EXCHEQUER^ 


LONDON: 

SOLD    BY    ?•    AND    J.    WHITE,    FLEET-STREE 
^79,5, 


»  I 


p 


ON  COLLEGER 
jLIiBHAllY. 


H»i|jiUiyj>j^yjj|i 


"UO     ITf 


.  J 


(   ^  ) 


F    I 


,     ERRATA. 


IN  THE  PREFACE. 
In  page  XV,  line  14  from  the  bottom,  inftead  of /faw,  r« 

IN  THE  BOOK- 

In  page  ;,  line  20,  inftead  of  indtcuntf  read  mducunt. 

^  In  p^e  7,  line  13  firom  the  bottom,  inftead  oi /luaorum^ 

\.   In  p^e  21,  line  6,  inilead  of  3)2(2  :  2,  read  3)3(2  : 2. 

^>^  And  in  the  fame  page  21,  h'ne  11,  inftead  of  3)2(4 :  3,  ri 

.     In  page  23,  line  6  from  the  bottom,  inftead  of  tabula^  re 


n—l.e^ 


read 


•3-^ 


In  page  25,  IJne  16,  inftead  of 

r  '     r         ' 

In  page  27,  line  5,  after  the  word  «  primam'*  dele  the  fig 

And  in  the  fame  page  27,  line  the  jd  from  the  bottoi 

«.«— I         ,  fi.  n  — I 

,  read . 

1.2  1.2 

In  page  28,  Kne  10,  after  the  word  "  fubquintuplum,''  ii 
And  in  the  fame  page  28,  line  15,  inftead  of        **  ,  read 

In  page  30,  the  bottom  line,  inftead  of  -  int§i  read  +  i 
In  page  32,  in  the  laft  line  but  one  of  the  lines  that  are 

fide  of  the  page,  inftead  of ^nn,  read  —  — ««. 

12-20 

In  page  50,  line  2  from  the  bottom,  infcrt  the  mark  " 

"  Mathematicks. '• 
In  page  69,  h'ne  ai,  inftead  of  ofrows^  read  or  rows* 

In  page  72,  in  the  note  at  bottom,   inftead  of  Aberatim 
nations. 

In  page  73,  line  6,  inftead  of  252,  462,  read  210,  330. 
In  page  87,  dele  the  figure  of  i  at  the  end  of  the  firft 
In  page  loi,  line  3,  inftead  of  71,  read  74. 
In  page  102,  line  12,  inftead  of  71,  read  74. 

Jn  page  103,  Kne  12,  inftead  of  llZ±Z±iiZl£ 
r 

n  yf+e  ^J-^c+b  +  a 

rr--  ^ , ^ 
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In  pacre  112,  line  16,  mftead  of  ■  -^  tcawj 

^  ^ ,    2x3x4 

«.  «  —  I.  «  —  2.  II  —  3 
2x3X4  ^' 

And  in  the  fame  page  iii,  line  1 7,  inflead  of 


«.  «— I.  «  — 2.  II— 3.  «--4  «.  «— I,  a  — 2.  «— 3.  w— 4  ' 

■ f  read  m    ■■       *^  , 

2x3x4x5  2x3x4x5 

1  ■"  2 
In  page  ii;^  line  11  from  the  bpttomt  inftead  of  B  «  b\  Tt$A 

In  page  144,  line  7  from  the  bottom,  Inftead  of  —  56*,  read  —  56**. 

In  page  151,  in  the  bottom  line,  inftead  of  —  — -  A^r,  read  —  ^-^  A*. 

In  page  158,  line  3,  inftead  of  ii«s  -|-  36^^  read  -H  alx*  +  28**  +  36*^ 
In  page  183,  lines  6,  7,  and  8,  the  figure  of  2  ia  not  dear  in  the  powers 

\2V     12   X   121^  7  X12\' 

of  12  in  the  numerators  of  the  fradUons  ^— ,  «  and  — •, 

28  2 

In  page  184,  line  5  from  the  bottomi  inftead  of  ti6,f2,  read  1169X22. 

II  «" 

In  page  ia6,  line  8  from  the  bottom,  infte?id  of  -*-,  read  — . 

r  o     7  '  nil' 

In  page  197,  the  top  line,  inftead  of  •^,  read  rrr* 

O  00 

In  page  218,  Ime  3,  inftead  of 

+fBA?        d^+nx B*       ^  +  «x -^— X— B*    .    rf*,&C 

read  +  « Bx        d  +  nx B;r        rf»  +  «  X  -^ —  X ^ 

^  ?       a 

B/  -  3^^  &c. 
And  in  the  fame  page  218,  line  4,  inftead  of 

+  a— I  X  Cx'^^d^  +  «  — I  X  ^^  Cx^'^^d^,  &c,  read 

2 

+  «— I  X  C^        //+  «-i  X X  C;i?      ^d*,  See. 

3 

And  again  in  the  fame  page  218,  line  5,  inftead  of  •{;;«— 2  Dai        d^,8cc^ 
read  +  n^i  x  Da'      "^/Z,  &c. 

2.3«4*|.6 


If  \>  fi ^" T  y  ii^i«2 
In  page  221,  line  5  from  the  bottom,  inftead  of ^ 2 — ^»  *^^ 


«  X  »— I  X  /I  — 2 
a.3.4.5.6        ^* 


And 


k 
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And  in  the  fame  page  221,  L'ne  2  from  the  bottom,  inftead  of 

^     n  X  «— 1  X.«— 2  x^"^  ,  «  X   «— I  X  «— i  X  4:*""^ 

: — ^,  read 7 . 

2.3^..5.6  2.3.4.5.6 

And  again  in  the  fame  page  221,  the  bottom  line,  inftead  of 

n  X  «  — I  X  «  — 2  ,  n  X   «— I    X    w— 2 

— > 7 »  read 7 . 

2.3.4.5.6  2.3.4,5.6 

In  page  239,  line  li»  inftead  of  a  *  read^   • 

In  page  264,  line  6  from  the  bottom,  inftead  of  l  +  i»,  read  1 4-1]^. 

In  page  298,  line  6,  inftead  of  hc^  read  bhc. 

In  page  302,  h'ne  10  from  the  bottom,  the  firft  figure  after  10,  which 
fhould  be  a  3,  is  not  clear. 

In  page  340,  Une  16  from  the  bottom,  inftead  of  391,  read  191. 

In  page  341,  line  15  from  the  bottom,  inftead  of  3,  67,  read  31,  67. 

In  page  35©,  line  11,  inftead  of  92  x  76,  read  29  X  67. 

In  page  369,  line  9  from  the  bottom,  column  1 7,  inftead  of  p,  read  7. 

In  page  371,  line  6  from  the  bottom,  column  14,  inftead  of  19,  read  37. 

In  page  374,  line  1 1  from  the  bottom,  column  10,  inftead  of  73,  read  107* 

In  page  435,  line  9  from  the  bottom,  inftead  of  3,  read  2. 

In  page  446,  line  13  from  the  bottom,  inftead  of  ,  read 

mm  +  nn\* 


mm  +  nn\^ 
In  pages  470,  471,  472,  and  473,  the  title  at  the  top  of  the  pages  is 

wrong.     It  ftiould  be,  Of  the  Extraalon  of  the  Cvhe^oot  hy  Mr.  de 

Lagny'x  Method  of  Approximation. 
In  page  472,  lines  8  and  9  from  the  bottom,   inftead  of  3.264,   read 

0.3264. 
In  page  488,  line  4,  after  the  letter  a^  infert  the  firft  nnark  of  a  parenthefis^ 

to  wit  (• 

In  page  495,  line  7,  mftead  of --,  read  --. 

c  -f-  za*  e  4*  211* 

In  page  5 1 1,  line  4  firom  the  bottom,   in{lead  of  —  Ctf  "*""*«»,  i^ad 

And  in  the  fame  page  5x1,  line  a  from  the  bottom,  inftead  of  +  CcT'^^j 
read  +  Ca''^\\ 

In  page  540,  lines  10  and  15,  inftead  of  i/',  read  y^* 

.       '  In 


wL 


£  il    R    A   T   A. 


•  '  24  X  J^  •—  It 

Inpage  $42y  line  9  front  the  bottom^  mftcaiof      » 


■-ilXM+JB+itxa" 


lead 


ia  X  a     —  N 


jw— il  X  H  +  m  +  i]  X  tf 
la  page  0i,  in  the  Note,  line  19  from  the  bottonii  inftead  of  —  l*xK 
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P     RE     F     AC     E. 


IT  is  well  known  to  perfons  acquainted  with  the  hiftory 
of  the  Mathemaiicks,  that  Sir  Ifaac  Newton's  celebrated 
Theorem  concerning  the  powers  of  a  binomial  quantity, 
fuch  zs  a  +  ^,  was  communicated  by  him  to  the  world,  in 
the  latter  part  of  the  laft  century,  without  a  demonftration. 
And  many  other  writers  on  Algebra  fince  Sir  Ifaac^s  death, 
and,  amongft  the  reft,  the  famous  Profeffor  Saunderfon^  of 
the  Univerfity  of  Cambridge,  have  followed  his  example  in 
taking  this  important  Theorem  for  granted,  and  delivering 
it  to  their  readers  without  attempting  to  demonftrate  \u  For 
the  chapter  on  this  fubjeft  in  the  fecond  volume  of  the  Pro* 
feflbr*s  Elements  of  Algcbray  in  two  volumes,  quarto,  contains 
nothing  more  than  a  full  and  clear  defcripiion  of  the  Theo- 
rem, with  an  application  of  it  to  a  good  number  of  well- 
chofen  examples,  by  way  of  illuftration.  This  neglccft  of 
dcmonftrating  fo  important  a  propofinon  has  always  appeared 
to  me  very  ft  range  ;  as  the  great  merit  and  glory  of  the  ma- 
thematical Sciences  confifts  in  the  certainty  of  the  principles 
on  which  they  are  founded,  and  the  clearnefs  and  regularity 
with  which  all  the  fubfequent  conclufions  obtained  in  them 
are  deduced  from  thofe  fundamental  principles.  There  have 
been,  however,  other  eminent  Mathematicians  who  have 
fupplied  this  great  omiflion,  and  given  us  juft  and  accurate 
demonftrations  of  this  Theorem  in  fome  of  the  more  obvi*. 

a  ous 


ii  PREFACE; 

ous  aj\d  Important  cafes  of  it,  though  not,  perhaps,  in  all 
its  rafes.  And  of  thefe  I  confider  Mr.  James  Bernculli  (who 
was  Profcflbr  of  Marhematicks  at  Bafil,  or  Bafle,  in  Switzer- 
land,  in  the  latter  part  of  the  laft  century,)  as  one  of  the 
mod  fuc^efsfulK  For,  in  the  3d  chapter  of  the  fecond  pare 
of  his  excellent  Treatife  on  the  Doftrine  of  Chances,  intitled, 
yirs  Conjellandiy  (which  was  publifhed  at  Bafil  in  the  year 
17 1 3,  in  a  fmall  quarto  vohime,  fome  years  after  his  death,) 
there  is  a  dcmonllration  of  this  celebrated  Theorem  in  the 
firft,  or  fimpleft,  cafe  of  it,  (or  when  iw,  or  the  jndex  of  the 
power  of  the  binomial  quantity  a  +  b^  is  an  affirmative 
whole  number,)  that  is  deduced  from  the  very  nature  of 
Multiplication  and  the  properties  of  the  Figurate  numbers, 
in  the  cleared  and  moll  accurate  manner  poffiblc.  So  that 
no  demonftratlon  of  it  ought  to  be  expeded,  or  need  be 
dcfired,  that  fliall  exceed,  or  even  equal,  this  in  point  of 
accuracy  and  perfpicuity,  though  Tome  others  may,  perhaps, 
be  fomewhat  fliorter.  1  bis  demonftratlon  I  was  therefore 
defirous  of  rnaking  more  generally  known  to  the  Students 
of  the  Mathematicks  ;  and  with  that  view  f  refolvcd  to  re* 
publilh  it,  together. with  fo  mi;ch  of  the  concomitant  text  of 
Mr.  Bernoulli's  faid  valuable  Trcfitife,  as  was  neceffary  to 
the  thorough  underftanding  of  it,  in  a  volume  of  a  mode*  - 
rate  fize  and  price.  This  was  the  inducement  that  gave  rife 
to  the  prefent  publication^ 

To  anfwpr  this  purpofc  in  the  mod  eflfeftual  manner,  I 
thought  it  would  be  beft  to  rc-publifli  the  whole  of  the  three 
ifirft  chapters  of  the  fecond  Part  of  the  faid  Treatife  of  Mr,  ^ 
James  Bernoulli,  together  with  the  Preface  to  the  faid  fe- 
cond  Part ;  but  without  the  firft  Part  of  the  fame  work, 
becaufe  the  faid  firft  part,  (though  in  itfelf  important  and 
curious,  and  effential,  I  doubt  not,  to  the  full  underftanding 
of  the  DoSlfi^e  cf  ChenceSy)  is  not  at  all  neceffary  to  the  ua- 
derflanding  of  the  fecond  Part,  which  treats  of  the  Doftrine 
of  Permutations  and  Combinations,  and  begins,  in  the  moft 
^iftinft  and  elementary  manner,  with  the  firft  foundations 
of  that  doftrine.  And  further,  as  there  are  many  perfons 
ip  pngland  that  d^xc  fond  of  the  Mathematical  Science? 
"    '  *  without 
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without  having  much  acquaintance  wich  the  Latin  language, 
I  hive,  in  order  to  render  the  contents  of  thefc  three  valu- 
able  chapters  accefBble  to  fuch  perfons,  tranflatcd  thefe 
chapters  into  Engliih,  and  fiibjoined  the  tranilation  to  the 
original  text  in  Latin;  fo  that  the  reader  may  chufe  in 
which  of  the  two  languages  he  will  perufe  them.  And  in 
this  tranflation  1  have  cxprefled  myfelf  in  a  fuller  manner 
than  Mr.  Bernoulli  had  adopted  in  the  original,  becaufe  I 
had  obferved  that  the  great  degree  of  brevity  with  which 
Mr.  Bernoulli  had  expreifled  himfelf  had  rendered  fome 
parts  of  the  original  rather  obfcure.  And  1  have  likewife 
added  a  few  notes  both  to  the  original  and  the  tranflation, 
where  the  text  feemed  to  me  to  require  them. 

And  further,  in  the  latter  pare  of  the^  tranflation  of  thefe 
chapters,  I  have  alfo  done  fomething  more  than  merely 
'tranflate  them.  For^  as  I  obferVed  that  Mr.  Bernoulli's 
conclufipns  concerning  the  properties  of  the  Figurate  num- 
bers, (which  he  had  apphed  to  the  demonftration  of  the 
binomial  theorem  in  the  firft,  or  fimpleft,  cafe  of  it,  or 
when  my  or.  the  index  of  the  power  of  the  binomial  quan- 
tity a  +  by  was  an  affirmative  whole  number ,)  might  eafily  be 
applied  to  the  dcmonftration  of  the  binomial  theorem  in 
another  cafe  of  it,  to  wit,  in  xhat  cafe  of  it  in.  which  m^  or 
the  index  of  the  binomial  quantity  ^  +  ^,  is  ^  negative 
iohole  number,  I  drew  up  fome  additional  articles,  that  arc 
n6t  contained  in  Mr.  Bernoulli's  text,  for  this  purpofe. 
Thefe  additional  articles,  (which  contain  a  demonftration  of 
the  binomial  theorem  in  the  cafe  of  integral  and  negative 

fowers,  or  in  the  cafe  of  the  quantity  a  •+•  ^]""'^,)  extend  from 
page  123  to  page  166  ;  after  which  the  tranflation  of  Mr. 
Bernoulli's  text  is  refumed,  and  continues  to  page  213. 

^  TJicfe  three  chapters  contain  a  mod  accurate  and  diftinft 
explanation  of  the  fundamental  parts  of  the  Dodrihc  of 
Permutations  and  Combinations,  and  of  the  tnoft  remark- 
able properties  of  the  Figurate  numbers,  which,  it  is  well 
known^  are .  of  the  moft  extenfive  ufe  in  various  branches 

^4  of 
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of  the  Mathecnaticks.  And  they  likewife  contain  An  appli* 
cation  of  the  properties  of  thefc  important  numbers  to  the 
fummation  of  the  fquares  of  the  natural  numbers  i,  z,  3,  4^ 
5,  69  J  J  8j  9>  10,  II,  12,  &c,  continued  to  any  propofed 
Qumberir,  and  to  the. fummation  of  the  cubes,  and  of  the 
fourth  powers,  and  of  the  fifth  powers,  and  of  all  the  fol- 
lowing powers,  of  the  fame  numbers,  (which  is  a  matter  of 
much  nicety  and  difficulty,  and  was  formerly  a  great  objed: 
of  inquiry  to  Mathematicians,)  as  well  as  to  the  demon* 
ftration  of  the  binomial  theorem  in  the  cafe  of  integral  and 
affirmative  powers,  and  (with  the  articles  I  have  added  to 
if.  in  pages  123,  &c,  to  166,)  in  the  cafe  of  integial  and 
negative  powers.  All  which,  together,  makes  a  confiderable 
body  of  very  ufeful  mathematical  learning. 

Immediately  after  thefe  three  chapters  of  Mr.  James  Ber- 
noulli's Ars  ConjeSandi^  I  have  re-publi(hed  the  tenth  Ma- 
thematical EfTay  of  the  late  very  learned  and  ingenious 
Mathematician,  Mr.  Thomas  Simpfon,  of  Woolwich  Aca- 
demy, which  is  a  folution  of  the  followmg  Problem,  to  wit, 
^^  '^0  find  the  Jum  of  any  Jerks  of  powers  wbofe  roots  are  m 

"  aritbmetical pragrejjiony  as  m  +  d]^,  w-f-24^",  m  +  3^*, 

'*  m  +  44*j  «w  +  5r/t*,  .  -  -  "  -  a:*,  the  lexers  iw,  rf,  and 
*^  »,  denoting  any  numbers  wbafoever.**  This  EfTay  of  Mr. 
Simpfon  had  been  alluded  to  in  a  note  to  the  tranflation  of 
the  foregoing  extract  from  Mr.  Bernoulli's  book,  at  the  bot- 
toni  of  page  213  ;  and  it  is  fb  nearly  conneded  with  the 
fubjeft  of  the  latter  pare  of  that  extradt  relating  to  the  fums 
pf  the  powers  of  the  natural  numbers  i,  2,  3,  4,  5,  6,  7, 
9,  9,  10,  II,  12,  &c,  that  I  thought  it  would  be  agree- 
able to  the  reader  to  have  it  laid  before  him  immediately 
after  the  faid  extraft ;  and  therefore  1  caufed  it  to  be  re- 
printed in  that  place.  Ic  extends  from  page  214  to  page 
1124. 

The  next  Traft  is  one  of  my  own  compofition,  and  con- 
tains An  ImieJUgation  and  Demonjlration  of  Sir  Ifaac  Newton^s 

Binomial 
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Simnial  theorem  in  the  cafe  of  integral  mi  affirmative  f  ewers  \ 
in  which  the  law  of  the  generation  of  the  numeral  co  efficients 

efthe  terms  of  tbeferies  which  is  equal  to  the  quantity  a  +  ^*» 
is  difcovered  by  a  conjecture  grounded  on  the  obftrvation  of  the 
law  of  the  f aid  co-efficients  in  fome  particular  e^afHples\  bui,^ 
whenfo  difcoveredy  is  fbewn  to  be  true  utnv&faUy  in  all  other' 
integral  and  affirmative  powers  whatfoever  of  the  faid  binomi^ 
quantity^  by  a  Jtri£t  and  accurate  demonjlration.  This  Trafl: 
begins  in  page  227,  and  ends  in  page  268,  and  contains,  as 
I  believe,  the  beft  and  mod  fatisfadory  dcmonftration  <rf' 
tlie  Binomial  Theorem  in  the  cafe  of  integral  and  affirma* 
live  powers  that  has  yet  been  given  of  it,  next  to  that  con- 
tained in  the  foregoing  Extrad  from  Mr.  James  Bernoulli's 
Treatife,  intitled  Ars  Conje3andi.  The  conjedtural  invcfti- 
gation  of  the  law  of  the  numeral  co-efficients  of  the  terms 

of  the  feries  that  is  equal  to  a  +  P\  *",  given  in  this  Traft, 
is  fuggeftcd  by  Profeffor  Saunderfon,  in  the  fccond  volume 
of  his  Algebra,  in  the  chapter  on  the  Binomial  Theorem  ;- 
>vher€  (as  I  before  obferved,)  the  reader  will  find  a  good 
explanation  and  illuftration  of  the  faid  celebrated  Theorem 
by  a  variety  of  examples,  both  in  the  cafe  of  integral  powers 
and  in  the  cafe  of  roots  and  other  fraftional  powers-,  and 
even  in  the  cafe  of  negative  powers  and  of  powers  that  are 
both  fraftional  and  negative;  but  no  demonllraiion  of  it  in 
any  cafe,  not  even  in  that  of  integral  and  affirmative  powers. 
And  the  following  ftrict  demonftration  of  this  Theorem  in 
the  cafe  of  integral  and  affirmative  powers,  ,( which  begins 
in  page  252,  and  ends  with  pag6  264,)  is  nearly  the  fame 
with  that  which  is  given  by  Mr.  John  Stewart,  of  Aberdeen, 
in  the  6th  fedtion  of  his  Commentary  on  Sir  Ifaac  Newton's 
curious  little  Traft,  intitkd,  Analyjis  per  uEquationes  numer^ 
termnorum  infinitas^  or  Analyfis  by  Equations  of  an  infinite 
number  of  Terms.  See  his  ed-itipo  of  Newton's  Treatife  on 
the  ^adrature  of  CurveSy  and  of  the  faid  TradV,  intitled, 
Analyfisy  t^Cy  with  his  learned  comments  on  both,  in  one 
volume,  quarto,  publilhcd  at  London  in  the  year  1745, 
page  471,  art.  ifj, 
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This  Tfaft,  coaccrning  the  faid  conjeftural  invefligatiort 
and  fubfequcnt  general  demonftration  df  the  Binomial  Thco 
rem  in  the  cafe  of  integral  and  affirmative  powers,  contains 
the  fubftance  of  two  Trails  publilhed  in  the  year  1792,  in 
the  fecond  volume  of  the  Colledlion  of  Mathematical  Tra6ls, 
in  quarto,  called,  Striptores  Logaritbmici^  to  wit,  the  15th 
Traift,  which  extends  from  page  153  to  page  169,  of  the 
faid  fecond  volume,  and  the  23d,  or  lafl.  Trad  in  the  faid 
volume,  which  extends  from  page  587  to  page  591* 

Next  to  this  Tra6t  on  the  Inveftigation  and  Demonftra- 
tion of  Sir  Ifaac  Newton*s  Binomial  Theorem,  I  have  re- 
publiftied  a  Tra<5t  of  the  learned  Dr.  John  Wallis,  of  Ox- 
ford, on  the  fame  Dodlrine  of  Permutations  and  Combina-* 
tions,  which  is  the  fubjedl  of  the  foregoing  Extraft  froni 
Mr.  James  Bernoulli's  work  above-mentioned.  This  Traft 
was  publiQied  with  Dr.  Wallis's  Algebra  in  the  year  1685, 
under  the  title  of  A  Difcourfe  of  Combination^^  Alternationst 
and  Aliquot  Parts,  and  is  mentioned  by  Mr.  James  Bernoulli 
in  the  foregoing  Ext  raft  of  his  Ars  ConjeSlandi^  in  the  Scho- 
lium in  pages  29  and  166,  as  a  well-known  and  valuable 
Trcatife  on  the  properties  of  the  Figurate  numbers.  And  ic 
does  indeed  contain  a  great  deal  of  excellent  and  curious 
matter  concerning  thofe  numbers,  and  the  other  fubjeds  of 
which  it  treats,  but  without  that  accuracy  and  regularity  in 
the  manner  of  deducing  the  conclulions  of  it  one  from  an- 
other,  which  diftinguifti  the  foregoing  chapters  of  Mr,  Ber- 
noulli's work.  However,  on  account  of  its  intrinfick  merit, 
and  its  relating  to  the  fame  fubjeds,  in  a  great  meafure,  as 
the  faid  Extradl  from  Mr.  Bernoulli's  book,  I  thought  ic 
Vould  be  agreeable  to  my  readers  to  fee  a  re- publication  of 
it  in  the  fame  volume  with  the  faid  Extrad,  and  therefore  I 
have  given  it  a  place  in  this  Collection.  It  bw-gins  in  page 
271,  and  extends  to  page  351. 

Much  of  this  Difcourfe  of  Dr.  Wallis  relates  to  PrimCy  or 
Incomfofit^  numbers,  and  to  curious  arithmetical  qucftions 
depending  on  them;  And  in  one  part  of  it,  to  wit,  in  page 
3x8,  the  Dodlor  fpeaks  of  the  great  convenience  of  having 

at 
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at  hand  a  Table  of  Prime  Numbers  fet  down  in  regular 
order,  to  be  referred  to  when  ^we  want  to  know  into  what 
prime  numbers  a  given  odd  nymber  may  be  refolved.  And 
he  mentions  a  very  ufeful  Tabje  of  this  kind  that  had  been 
drawn  up  by  a  Mr.  Ihomas  Brancker^  M.  A.  and  publifhed 
by  him  in  the  year  1668,  in  an  Appendix  to  an  Englifh 
translation,  made  by  him,  of  Rhonius*%  Algebra^  which  had 
been  publifhed  in  the  German  langu^e  at  Zurich  in  Swit- 
zerland, in  the  year  1659,  under  the  title  oi  Algebra  Rbonii, 
Germaniie.  This  Engli(h  tranflation  of  Rhonius*s  Algebra 
was  publilhed  by  Mr.  Brancker  under  the  infpeftion,  and 
with  the  affiflance,  of  Dr.  John  Pell»  an  eminent  Mathema* 
tician  in  the  reign  of  King  Charles  the  Second,  and  fome 
confiderable  additions  were  made  to  the  tranflation  by  Dr« 
Pell  himfeif ;  which  has  given  occafion  to  the  book's  being 
fometimes  fpoken  of  by  fubfequent  writers  of  Mathematicks, 
and  amongft  others  by  Dr.  Wallis  himfelf  in  this  Difcourfe, 
page  319,  by  the  name  of  Dr.  Pell's  Algebra. 

This  Table  of. Prime  Numbers  Dr.  Wallis  fet  a  high 
value  on,  infomuch  that  he  took  the  pains  to  pxamine  it 
carefully  throughout,  and  to  corredt  the  few^  errors  that  he 
found  in  it ;  fo  that  now,  with  his  corrections,  it  may  t)e 
confidcred  as  very  accurate.  This  Table  therefore,  together 
with  the  Appendix  in  which  it  is  contained,  1  have  here 
caufed  to  be  rerprinted  immediately  after  the  foregoing 
Pifcourfc  of  Dr.  Wallis.  It  contains  not  only  all  the  Prime 
numbers  that  are  lefs  than  100,000,  but  all  the  odd  num- 
bers whatfoever  that  are  lefs  than  that  number,  (except  fuch 
odd  numbers  as  end  with  the  figure  of  5,  and  are  therefore 
evidently  divifible  by  the  number  5,)  and  it  diftinguilhcs 
the  Prime  numbers  frohi  the  other  odd  numbers,  by  annex- 
ipg  to  them  the  letter  p  ;  and  it  annexes  likewife  to*  every 
other  odd  number  (that  is  not  a  Prime,  or  Incompofic,  num- 
ber, but  is  the  produft  of  the  multiplication  >of  two,  or 
niore,  lefler  numbers,)  the  lead  of  the  prime  numbers  into 
which  it  may  be  refolved.  This  Appendix,  with  the  faid 
Table  of  odd  numbers  contained  in  it,  esctends  from  page 

iSZ  to  page  44^* 

^  ^  Th« 


tin  P   R  E  F  A    C   E/ 

The  next  Traft  ia  this  CoUeftion  relates  to  the  Rationil 
Numbers  that  will  exprcfs  the  Sides  of  Right-angled  Tri- 
anglesj,  and  contains  two  methods  of  finding  as  many  fets  of 
numbers  as  wc  pleafe  that  (hall  have  this  property.  The 
firft  of  thefe  methods  begins  in  page  417,  and  ends  in  page 
43 1,  and  the  fecond  reaches  from  page  43 1  to  page  448  ; 
after  which  I  have  infertcd  a  Table  of  the  Squares  of  the 
fcveral  natural  numbers  1,  2,  3,  4,  5,  6,  7,  8,  9,  10,  11, 
iZy  13,  Sic,  as  far  as  loo,  together  with  two  addition^ 
columns  adjoining  to  the  colump  of  the  faid  fquares,  in  the 
former  of  which  I  have  fet  down  the  differences  of  the  faid 
fquares,  and  in  the  latter  the  differences  of  thofe  differences, 
or  the  fecond  differences  of  the  fquares  themfelves  ;  which 
fecond  differences  are  all  equal  to  each  other,  and  to  the 
number  2.  This  Table  begins  in  page  449,  and  is  accom- 
panied with  fome  remarks  which  extend  to  page  457.  This 
Traft  has  a  confiderable  refemblance  to  fome  pares  of  the 
foregoing  Difcourfe  of  Dr.  Wall  is,  and  may  afford  fome 
amui'ement  to  fuch  readers  as  are  fond  of  contemplating  the 
properties  of  numbers. 

The  next  Tra6k  relates  to  the  Cubes  of  the  natural  num- 
bers I,  2,  3,  4,  5,  6,  7,  8,  9,  10,  II,  12,  13,  &c,  and 
to  the  differences  of  the  faid  cubes,  and  the  differences  of 
the  faid  differences,  or  the  fecond  differences  of  the  faid 
cubes  themfelves,  and  to  the  differences  of  the  faid  fecond 
differences,  or  the  third  differences  of  the  cubes ;  which 
third  differences  are  all  equal  to  each  other,  and  to  the 
number  6.  And  in  pages  460,  461,  and  462,  I  have  ex- 
hibited a  Table  of  the  Cubes  of  all  the  faid  natural  num- 
bers as  far  as  100,  together  with  the  ^ift,  2d,  and  3d  differ- 
ences of  the  faid  cubes  in  adjoining  columns ;  after  which 
follows  an  cxtraft  from  a  learned  letter  of  the  celebrated 
Mr.  Leibnitz  to  Mr.  Oldenburgh,  the  Secretary  of  the 
Royal  Society  of  London,  dated  from  London  on  the  3d 
day  of  February,  1672-3,  relating  to  the  fubjeft  of  the  dif- 
ferences of  the  powers  of  the  natural  numbers  i,  2,  3,  4, 
5>  6,  7,  8,  9,  10,  II,  12,  13,  &c,  and  to  the  feveral  fuc- 
ceffivc  orders  of  fuch  differences,  and  to  the  ultimate  equa- 
lity 
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lity  of  the  fevcral  fucccffive  differences  in  the  fccond,  or 
third,  or  fourth,  or  fifth,  or  other  fubfequcnr,  order  of  the 
faid  differences,  according  to  the  height  of  the  poWvcr  to. 
which  the  faid  numbers  are  raifed,  and  relating  to  other, 
curious  properties  of  numbers.  This  letter  is  in  Latin,  and 
extends  from  page  463  to  page  469,  and  is  re-printed  from 
the  celebrated  Commercium  Epiftolicum  of  Mr.  John  Collins,, 
and  other  eminent  Mathematicians  of  the  latter  part  of  the. 
laft  century,  that  was  firft  printed  by  the  order  of  the  Royal 
Society  in  the  year  1712,  and  was  afterwards  re- printed  in 
the  year  1722.  The  remaining  part  of  this  Traft,  from 
page  469  to  page  504,  relates  to  Monfieur  de  Lagny's  Me- 
thod of  Extrafting  the  Cuberroots  of  N ambers  by  Approxi- 
mation, and  begins  with  ihewing  the  ufefulnefs  of  the  fore-! 
^oing  Table  of  Cubes,  in  finding  the  firft  near  value  of  the 
cube-root  fought,  to  one,  or  two,  places  of  figures,  which  is. 
to  be  the  bafis  of  a  flirther  approximation  to  it  by  Mr.  (}e 
Lagny's  method.  The  four  expreflions  given  by  Mr.  de 
JLagny  for  the  fecond  near  value  of  the  cube-root  that  is 
fought,  are  ftated  in  pages  470  and  47  z ;  and  in  ihe  following 
pages  to  page  483,  examples  are  given  of  the  extraftion  of  the 
(rube-roots  of  the  three  numbers  2,  231,  and  37,945>  and  ot 
the  long  number  696,536,483,318,640,035,073,641,037,  to 
4  great  degree  of  exa&nefs,  by  means  of  fome  of  the  faid  ex- 
preffions,  atter  the  firft  near  values  of  the  faid  cube-roots 
to  one  or  two  places  of  figures,  have  been  obtained  by  the 
help  of  the  foregoing  table  of  the  cubes  of  the  firft  hundred 
numbers,  Thefe  four  examples  (in  which  the  feverat  p»*c>- 
ceffes  are  ftated  very  much  at  length,)  will,  1  apprehend, 
be  fuffi^len?  to  make  the  reader  familiarly  acquainted  with 
the  method  of  ufing  the  faid  expreffions  of  Mr.  de  Lagny 
in  the  extradion  of  the  cube-roots  of  numbers,  afid  at  th^ 
fame  time  to  convince  him  of  the  great  ufefulnefs  of  rhcfft 
expreffions  for  effefling  that  purpofe  ;  and  they  williikewi(5 
(hew  the  ufefulnefs  of  the  foregoing  Table  of  Cubes,  in  obi 
raining  the  firft  near  values  of  the  cube-roots  fought,  to  one; 
or  two,  places  of  figures,  from  which  the  more  accurate 
values  of  them  are  afterwards  derived  by  means  of  Mr.  de 
Lagny's  expreflions.    After  thefe  four  examples  of  Mr.  de 
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Lagny's  method  of  Approximation,  follows  a  Scholium  (in 
pages  484,  485,  and  486,)  concerning  the  invention  of 
thefe  expreflions,  anrfof  Mr.  Raphfon's  and  Sir  Ifaac  New- 
ton's methods  of  extradling  the  Cube-roots,  and  other  higher 
roots,  of  given  numbers,  and  even  the  roots  of  affcdcd 
equations  of  any  order,  by  fimilar  approximations ;  which 
methods  were  invented  by  thofe  eminent  Mathematicians  be^ 
fore  the  publication  of  thefe  expreflions  of  Mr.  de  Lagny. 
And,  then,  (in  pages  486, 487, 488,  &c,  to  page  500,)  1  have 
given  very  fall  and  accurate  inveftfgations  of  the  foregoing 
expreflions  of  Mr.  de  Lagny,  which  had  been  only  ftated 
ih  pages  470  and  471,  and  illuftrated  by  examples  in  the 
following  pages,  from  page  471  to  page  483.  And,  laftly, 
in  pages  501,  502,  503,  504,  I  have  given  a  further  illuf- 
tration  of  the  laid  expreflions  of  Mr.  de  Lagny,  by  apply- 
ing fome  of  them  to  the  extraftion  of  fome  of  the  cube* 
roots  which  had  been  obtained  in  the  foregoing  examples 
by  means  of  others  of  ihem  ;  with  a  view  to  make  a  com- 
parifon  between  the  different  expreflions  given  for  the  fame 
purpofc  by  Mr.  de  Lagny,  and  to  difcover  which  of  tben^ 
are  the  moft  exaft,  or  the  moft  eafy  to  praftice,  and  in 
which  cafes  it  will  be  moft  advifeable.to  refort  to  fome  of 
them  in  preference  to  the  others.  This  Traft  (which  begins 
in  page  459,  and  ends  in  page  504,)  I  confider  as  a  very 
ufeful  one  to  young  ftudents  of  Arithmetick  and  Algebra. 

Having  in  the  foregoing  Traft  very  fully  explained,  and 
illuftrated  by  examples,  My.  de  Lagny's  method  of  Extrad- 
ing  the  Cube- roots  of  given  numbers  by  Approximation,  I 
proceed  in  the  next  Traft  to  ftaie  his  general  method  of 
Extrafting  any  higher  Roots  whatfoever  of  given  numbers 
by  fimilar  Approximations.  All  thefe  approximations  are 
grounded  on  the  fame  principle,  and  confilt  in  putting  fome 
letter  of  the  alphabet,  as  tf,  for  the  known  part  of  the  root 
fought,  (which  known  part  is  found  by  conjefture,  or  other-  . 
wife,  as  the  cafe  may  admit,)  and  putting  fome  other  let- 
ter, as  2,  for  the  unknown  difference  by  which  x^  or  the 
true  root  of  the  given  number  (which  may  be  called  N,) 
exceeds,  or  falls  fhort  of,  the  firft  value  />,  (which  is  fup- 
pofed  to  be  known,}  and  then  fubfl;ituting  a-^  z,  or  <j  — ^  2, 

inftcad, 
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Inftead  of  x^  in  the  original  equation  x^  zz  N,  or  x^  zz  N, 

or,  in  general,  a?  '^^  n  N,  (whereby  the  faid  equation  will 
be'  transformed  into  another  equation  in  which  z  will  be 
tlie  only  unknown  quantity,)  and,  laftly,  ii^  refolving  this 
transformed  equation  (of  which  z  is  the  root,)  as  if  it  was 
only  a  quadr^tick  equation,  or  omitting,  or  expunging  from 
it,  all  the  terms  that  involve  any  higher  power  of  z  than 
the  fquare.  By  fuch  a  refolution  of  this  transformed  equa- 
tion Mr.  de  Lagny  obtains  a  value  of  z  that  approaches 
nearly  to  its  true  value :  and  confequently,  by  fubftituting 
this  near  value  of  z,  infte^d  of  Zy  in  the  binomial  quantity 
a  +  z,  or  a  —  z,  (which  is  equal  to  x,  or  the  root  fought, 
or  the  i»th  root  of  the  given  number  N,)  he  obtains  a  near 
Value  of  tf  -h  z,  or  i»  —  2,  or  a  fecond  near  value  of  x,  or 

n/*"  N,  which  is  much  nearer  to  its  true  value  than  a,  or 
its  firft  near  value,  was-  To  explain  in  a  full  and  diftinft 
manner  this  method  of  extrafting  the  »th  root  of  any  given 
number  N,  and  to  illuftrate  it  by  a  few  examples  OT*.thc 
cxtradion  of  fome  high  roots  of  given  numbers,  by  means 
of  the  general  cxpreffions  of  the  values  of  ^  +  2  and  ^  — -  2: 
derived  from  it,  is  the  objeft  of  the  prefent  Trad.  And, 
as  the  inveftigations  neceflary  for  this  purpofe  are  very  gene- 
ral, and,  from  that  circumftance,  are  rather  moire  fubtle  and 
difficult  than  the  inveftigations  in  the  preceeding  Trad, 
(which  related  only  to  the  extradion  of  the  cube- roots  of 
given  numbers,)  I  have  taken  great  pains  to  fet  down  all 
the  fteps  in  them  in  regular  order,  as  clearly  and  .plainly  as 
I  could  ;  which  may  make  them  appear  longer  than  might, 
perhaps,  have  been  expcfted,  but  will,  in  fad^  enable  the 
reader  to  make  himfelf  perfed  mafter  of  thgm  in  lefs  time 
than  if  they  had  been  comprefled  within  a  narrower  com* 
pafs.  The  general  expreffions  that  are  thus  inveftigated,  are 
no  lefs  than  four ;  to  Vir,  two  near  values  oi  a  +  z,  ob- 
tained by  confidering  the  aforefaid  transformed  equation 
(arifing  from  the  fubftitution  of  a  +  z,  inftead  of  x,  in  the 

original  equation  x  rr  N,)  as  a  quadratick  equation,  and 
refolving  it,  as  fuch,  in  two  different  manners,  to  wit,  firft, 

b  2  imperfeftly. 
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imperfeAly,  and  fecondly,  in  an  accurate  manner;  and  two 
near  values  of  a  —  z  obtained  in  like  manner,  by  confider- 
jng  the  other  transformed  equation,  (arifing  from  the  fub- 
ftitution  of  tf  "^  z,   inftead  of  x,  in  the  original  equation 

X  =  N,)  as  a  quadratick  equation,  and  rcfolving  it,  as 
fuch,  in  two  different  manners,  to  wit,  firft,  imperfedlly, 
and  fecondly,  in  an  accurate  manner.  In  order  to  perform 
thefe  inveftigations  the  more  eafily  and  diftinftly,  I  have 
divided  the  fubjeft   into  two  cafes,   with  Problems  corre- 

fponding  to  them,  according  as  x^  or  \/"*  N,  is  greater,  or 
lefs,  than  its  firft  value  a,  or  is  equal  to  a  +  z,  or  to  a  —  z. 

The  firft  cafe,  or  that  in  which  x,  or  y/^  N,  is  equal  to 
a  +  Zy  is  confidered  in  the  firft  Problem ;  and  the  fecond 

cafe,  or  that  in  which  x^  ox  V^  N,  is  equal  to  tf  —  2,  is 
confidered  in  the  fecond  Problem  :  and  from  the  Solu- 
tion  of  the  firft    Problem  we   obtain  the   two  following 

cxprefuons,   to  wit,   a  +  ■■ —  and 

«  —  1^  X  N  +  /»  +  I  X  tf  ^' 


2   X  N  —  a 


,  y       ^a  .       t  2XN—  tf  a  r 


near  values  of  the  binomial  quantity  a  +  z,  or  for  fecond 

near  values  of  .v,  or  v/*"  N ;    and    from   the  Solution  of 
the  fecond  Problem  we  obtain  the  two  following  expref- 


fions,   to  wit,   a  — 


m  X    m  ^  I   X  a 
near  values  of  the  refidual  quantity  a  —  z,  or  for  fecond 

near  values  of  at,  or  \/^  N.  And  the  Solutions  of  both 
thefe  Problems  arc  illuftratcd  by  a  few  fuitable  examples, 
placed  at  the  cjid  of  each  foluiion  refpedively,  of  the  ex- 
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traftion  of  different  roots  of  given  numbers  by  means  of  the 
faid  general  expreffions  obtained  in  the  prececding  folutiorfjf* 
The  Solution  of  the  firft  of  thcfe  Problems  begins  in  page 
508,  and  ends  in  page  516;  and  is  followed  by  three  ex* 
ampies,  which  begin  in  page  516  and  end  in  page  525  t 
after  which  1  have  inferred  a  bcholium  containing  a  com* 
parifon  between  Mr.  de  Lagny's  aforefjud  method  of  ex* 
trading  the  roots  of  given  numbers,  and  Mr.  Raphfon's 
method  of  performing  the  fame  thing  j  which  is  fomewhac 
Ampler  and  eafier  than  Mr.  de  Lagny's  method,  though, 
not  quite  fo  exaft.  For  the  difference  between  the  two 
methods  confifts  only  in  this,'  that^  whereas  Mr.  de  Lagny 
refolves  the  transformed  equation  arifing  from  the  fubftitution 

o(  a  +  z  inftead  of  x  in  the  original  equation  a?  *"  =  N, 
as  if  it  was  a  quadratick  equation^  omitting  all  the  terms  of 
it  that  involve  any  higher  power  of  z  than  its  fquare,  Mr. 
Raphfon  refolves  the  fame  equation  as  if  it  was  a  mere 
fimple  equation,  or  omits  all  the  terms  of  it  that  involve  any 
higher  power  of  z  than  its  fimple  power,  or  z  itfelf ;  which 
makes  his  expreffion  of  the  near  value  of  tf  +  2:,  or  of  the 

fecond  near  value  of  x^  or  \/*^  N,  derived  from  the  faid 
transformed  equation,  a  good  deal  fimpler  and  eafier  to 
manage  than  thofe  of  Mr.  de  Lagny.  This  Scholium  ex- 
tends from  page  525  to  page  529,  and  is  followed  by  a 
fourth  example  of  the  extradion  of  the  root  of  a  very  long 
number  by  Mr.  de  Lagny's  method,  which  extends  to  page 
534.  The  Solution  ot  the  fecond  of  the  faid  JProblems  be- 
gins in  page  536,  and  extends  to  page  546,  and  is  followed 
by  two  examples  of  the  extraftion  of  the  roots  of  given 
numbers  by  means  of  the  general  expreffions  obtained  in  it, 
that  extend  from  page  547  to  page  554.  And  then  the 
Trad  concludes  with  fome  Obfervations,  in  pages  ^^^  and 
556,  on  the  feveral  different  methods  that  may  be  takca 
for  the  extraction  of  the  roots  of  numbers.  | 

•  This  Tra<S,  as  well  as  the  laft  before  it,  concerning  the 
Extraction  of  the  Cube-roots  of  given  Numbers,  will,  I 
hope,  be  found  to  be  of  great  ufe  to  the  Students  of  Arith- 
metick  and  Algebra. 

'  The 
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The  laft  Trtft  in  this  Collcflion  is  intitlcd,  Ohjj^attm 
M  Mr  Rapbfon's  Method  pf  refolving  AffeSed  Equations  of  alt 
degrees  by  ^approximation.  It  begins  in  page  559^  and  ends 
in  page  590 ;  and  its  contents  may  be  defcribed  as  follows* 
The  firft  part  of  it,  as  far  as  page  571,  is  intended,  partly^ 
to  remove  (bme  difficulties  that  occur  in  reading  Mr.  Raph- 
fon's  excellent  Treatife  on  the  Refolution  of  ail  Equations^ 
(whether  pure  or-  affedted,)  by  Approximation!  intitledg 
Andyfis  Mquatiomm  Univerfalis^  which  difficulties  are  not 
inherent  in  the  fubjed  itfeU,  or  neceflarily  belonging  to  his 
method  of  refolving  equations,  but  have  arifen  merely  from 
his  having  unfortunately  adopted  the  dodrine  and  language 
oi  negative  roots  of  equations,  by  which  the  Science  of  Alge^ 
bra,  or  Univerfal  Arithmetick,  has  been  difgraced  and  ren- 
dered obfcure  and  difficult,  and  difgufting  to  men  of  a  juft 
tafte  for  accurate  reafoning,  ever  fince  its  introduAion  by 
Harriot  and  Des  Cartes.  The  firft  part  of  this  Traft  is,  I 
fay»  intended,  panly,  to  remove  fome  difficulties  of  this 
kind,  in  the  faid  Treatife  of  Mr.  Raphfon,  and,  partly,  to 
illuftrate  his  method  of  refolving  high  equations  in  other 
cafes,  or  where  no  negative  roots  arc  mentioned,  by  per- 
forming the  refolution  of  one  of  the  equations  given  by  him 
in  his  examples,  to  wit,  of  the  equation  a:*  4-  7^*  +  2ox* 
4-  i$Sxx  =  10,000,  in  a  very  full  and  diftinft  manner, 
with  every  ftep  of  the  refolution,,  and  the  reafonings  upon 
which  it  is  grounded,  fet  forth  at  length,  agreeably  to  the 
principles  laid  down  by  him  ip  die  beginning  of  the  faid 
Treatife,  inftead  of  reforting  (as  he  has  done  in  his  refolu- 
tion of  the  fame  example,  and  in  thofe  of  all  bis  other  ex- 
amples,) to  the  repeated  application  of  a  general  theorem, 
or  canon,  that  he  has  deduced  from  the  faid  principles :  be- 
caufe  that  way  of  performing  the  faid  refolution,  by  means 
of  a  theorem,  or  canon,  affords  much  lefs  fatisfadion  to  the 
mind  of  the  reader,  or  operator,  in  the  ufe  of  it,  than  be 
would  receive  by  performing  the  refolution  of  the  equation 
by  the  immediate  application  of  the  principles  themfclves, 
as  I  have  done,  in  the  refolution  here  given  of  the  faid 
equation.  And  the  following  part  of  this  Traft  contains  a 
comparifon  between  Mr.  Rapbfon's  method  pf  Refolving 

Equations 
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Equations  by  Approximation,  and  Sir  Ifaac  Newton's  me- 
thod of  Refolving  them  alfo  by  Approximation,  (which» 
after  the  firft  procefs  of  the  approximation,  or  the  difcovery 
of  the  fecond  near  value  of  the  root  of  the  equation,  differs 
a  little  from  Mr.  Raphfon's  method,)  in  order  to  difcover 
which  of  the  two  methods  deferves  to  be  reckoned  the  moft 
convenient.  This  comparifon  between  thefe  two  methods 
of  refolving  equations  by  approximation,  ({he  refult  of  whidi 
is,  that  Mr.  Raphfoa's  method  appears  to  me,  upon  the 
whole,  more  convenient  than  Sir  Ifaac  Newton's,)  reaches 
from  page  ^71  to  page  586:  and  the  few  remaining  pages 
of  this  Traft,  from  page  586  to  page  590,  relate  partly  to 
the  method  of  trying  the  exadnefs  of  the  near  value  of  x, 
or  the  root  of  the  propofed  equation,  which  has  been  ob« 
tained  by  either  of  the  laid  two  methods  of  Approximation, 
;ind,  partly,  to  the  method  of  finding  4,  or  the  firft  near 
valqe  of  X,  or  of  the  root  of  the  propofed  equation,  to  a 
moderate  degree  of  exadtnefs,  in  certain  difficult  cafes,  to 
wit,  in  thofe  cafes  in  which  the  propofed  equation  either  has, 
or  (from  the  changes  of  the  figns  of  its  terms  from  +  to 
— ,  and  from  —  to  +,)  fccms  to  have,  more  than  one  real 
and  affirmative  root. 

In  the  next  plaee  I  have  re-publi(hed  a  ufeful  Table  of 
Numbers,  from  a  book  intitled  Tbt  Calculatoty  published  in 
pftavo  in  the  year  1747,  by  the  late  learned  Mr.  James 
Dodfon,  being  a  Table  of  the  Square-roots  and  Cube-roots 
of  all  the  natural  numbers^i,  2,  3,  4,  5,  6,  7,  8,  9,  10, 
II,  12,  13,  &c,  to  180,  carried  to  feven  places  of  figures;, 
which  may  often  be  the  means  of  faving  a  Student  of  thefe 
Sfriences  fome  time  and  pains  in  performing  the  calculations 
that  may  occirr  in  them.  This  Table  is  contained  in  pages 
591  and  592. 

And  in  the  laft  place  I  have  re-publi(hed  a  Table  of  the 
Square- roots  of  all  the  natural  numbers  i,  2,  3,  4,  5,  6» 
7,  8,  9,  10,  II,  12,  13,  &c,  as  far  as  1000,  and  likcwife 
pt  the  Reciprocals  of  all  the  laid  numbers^  or  of  the  values 

of 
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of  the  fraaions  ^,  ^,  ^,  ^,  ^,  ^,  ^,  ^,  -1-, 

— ,  — ,  — ,  — ,  &c,  as  far  as ,  expreflcd  in  decimal 

lo*   ix'    11*   13  1000'     *^ 

fradions,  from  the  foprth  volume  of  Dr.  Charles  Hutton's 
Mifce/lanea  Mathematical  publifhed  in  the  year  17759  in  four 
little  volumes,  duodecimo.  This  Table  begins  in  page  595, 
and  ends  in  page  604,  and,  with  Dr.  Hutton*s  explanatory 
account  of  it  in  pages  605  and  606,  concludes  the  prefent 
volume. 
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DOCTRINAM  DE  PERMUTATIONIBUS  ET 
COMBINATIONIBUS. 
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JrNFINITAM  varietatem,  qua  ciim  in  natufse  Operibus^ 
1^  turn  in  adlionibus  mortalium  elucet,  quaeque  prsecipuam 
ujus  univerfi  pulchricudinem  conflicuit,  non  aliunde  quam  ex 
diveriimoda  compofitione,  mixcuri  &  tranipofitione  partium 
ejus  inter  fe  originem  ducere  palam  eft.  Sed,  quia  multicudo 
rerum  ad  eiTedutn  aliquem  producendum  concurrencium 
fsepenumero  tanta  eft  tanique  varia,  uc  difEcillimum  fit  re« 
cenfcre  vias  omnes,  quibus  earundem  compofitio,  vel  mix- 
tura,  fieri,  vel  non  fieri,  potedj  hinc  fit  ut  nullum  fit  vi- 
tium,  in  quod  homines  etiam  maxime  prudences  &  circum- 
fpefti  fi-equentius  incidant  illo,  qMod  Logici  communiter 
appellant  infufficientem  enumerationem  partium  i  adeo  quidem 
ut  non  verear  dicere,  banc  unicam  fere  fcaturiginem  efle  in- 
firiitorum,  eorumque  graviflimorum,  errorum,  quos  in  ra- 
tiociniis  noftris  circa  res  turn  cognofcendas  turn  agendas 
quotidie  commitdmus.  Q^iare  merito  fuo  utiliffima  cenfenda 
<Hft  ars,  combinatoria  dida,  qus  huic  mentis  noftrs  defedui 
iDcdetur^  doc^tque  fic  enumerare  gaodos  oraaes  podibiles, 

B  lecundum 
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fecundum  qnos  res  plures  permifceri,  tranfponi,  vel  con^ 
jiingi,  invicem  poffunt,  ut  certi  fimus,  nos  nullum  eomm 
praetermififle,  qui  inftituto  noftro  conducere  valent.  Quan- 
quam  enitn  hoc  negotii  catenus  fit  confiderationis  Mathema* 
ticae,  quatenus  in  kibducendo  calculo  terminatur ;  fi  tamen 
nfum  &  ncceflStatcm'fpedes,  univerfiile  prorfus  eft  &  ita 
comparatum,  ut  fine  illo  nee  fapicntia  Philofophi,  nee  Hif- 
toriei  exaftitudo,  nee  Medici  dexteritas,  aut  Politici  pm- 
dentia,  confiftere  qucat.  Argumento  fit  hoc  unicum,  quod 
omnis  horum  labor  in  conjeSIanJo,  &  omnis  conjeftura  in 
trutinandis  caufarum  complexionibus  aut  combinationibus 
verfatur.  Unde  quoque  nonnuUi  eximii  viri,  ac  nominatim 
Schootenius,  Leibnitius,  Wallifius,  Prcilctus,  naateriam  banc 
fibi  tradandam  fumpfere,  ne  quis  exiftimet  nova  efle  liic 
omnia  quae  prolaturi  fumus ;  tametfi  qua^dam  non  contem- 
nenda  de  noftro  adjeeimus,  imprimis  demonftrarionem  gene- 
ralem  &  facilem  proprietatis  numerorum  figuratorum,  cui 
ca^tera  pleraque  innituntur,  &  quam  nemo,  quod  fciara,  ante 
nos  dedit  eruitve.  Cum  itaque  nondum  plenum  Artis  fyfte* 
xna  habeamus,  turn  vero,  ne  ilia  quas  habemus  aliunde  pc- 
lere  fit  opus,  vifum  eft  totam  Doftrinam  ab  ovo  ordiri,  ac, 
ne  quid  indemonftratum  relinquatur,  ex  priniis  fundamentis 
cruere;  quod  tamen  breviter  fiet  &  fuccinfte,  nee  nifi  in 
quantum  inftituti  noftri  ratio  exigere  videtur.  Totam  Trac- 
tatipnem  ad  duo  fumma  capita  referimus,  quorum  unum 
Permutationum,  aherum  Combinarionum  doftrinam  pcrfe- 
quitur;  cui  accedit  tertium,  quod  utrafque  mixtim  con- 
templacur. 


C  A  ?  U  T      L 

DE      PERMUTATIONIBtrs. 

PERMUTATIONES    rerum    voco  va^iationes,  juxii 
quas,  fervata  eadem  rerum  multitudine,  ordo  fitufquc 
inter  ipfas  diverfimode  permutatur. 

Itaque  fi    qujeratur,  quoties  nonnuI!a&  res  tranfponi  vcl 
permifceri  invicem  poffint,-  Cc  ut  femper  accipiantur  omncs 

folo 
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folo  ordine  fituve  mutato,  dicentur  quaeri  omnes  permutatio- 
nes  rerum  illarum. 

Res  autcm  pcrmutandae  vel  omnes  poflbnt  eflfe  diverfse, 
vel  aliquot  earum  esedem ;  quse  quidem  per  loiidem  Alpha- 
bcti  literas,  five  diverfas  five  eafdem,  commode  defigna- 
birntur. 

I.  Si  res  omnes  fermutanda  Jmt  diver  fa  : 

/^UM  numerus  permutationum  in  rebus  pluribus  iniri  ne- 

queac,  nifi  idem  prius  in  omnibus  aliis  numero  paucio- 

.fibus  compercus  habeacur^  liquet  in  Mc  inquifitione  ucenduni 

via  fynthecica,  hoc  eft,  ordiendum  nobis  efle  ab  hypothefibus 

omnium  primis  &  fimpliciflimis : 

Unius  rei>  vel  liters^  a,  una  tantum  fumptio  vel  pofi- 
tio  eft. 

Duarum  rerum,  aut  literarum,  tf  &  ^,  vel  a  pra?cedit  & 
i  fequitur,  vel  prseccdente  i  fequitur  a  ;  unde  duo  ipfarum  . 
fiunt  ordines  a  b  &l  b  a. 

Tres,  porro,  literae  ay  by  r,  ita  coUocari  poffunt,  ut  pri- 
mus locus  vel  ipfi  a  vel  b  vel  c  concedacur  :  fi  a  primum  te- 
net locum,  reliqua  dua  duobus,  ut  diximus,  modis  difponi 
queunt :  fi  ^  in  primum  locum  transferatur,  reliquarum  dua- 
rum duplex  itidem  poterit  efle  pofitio ;  quod  &  intelligen- 
dum,  ubi  tertia  c  primam  fedem  occupaverit.  Unde  trium 
literarum  in  univerfum  ter  duae,  feu  6,  exiffiunt  permutatio- 
nt^  abCy  a  cb:  bac,  be  a:  cab,  cba. 

Similiter,  fi  4  extent  literae  a,  b,  r,  dy  earum  unaquaeque 
primum  obtinere  locum  poteft,  interea  dum  tres  reliqua,  ut 
nunc  oftenfum,  ter  bis,  feu  fexies,  ordinem  variabunt : 
quare  cum  earum,  qnse  primo  loco  poni  poflunt,  fint  qua- 
tuor,  fequitur  omnes  quatuor  quater  ter  bis,  feu  quater  fexies, 
hoc  eft,  vicies  quater  fitum  inter  fe  permutare  pofle. 

Ob  eandem  rationem  accedente  fta  litera  e  inftitui  pofllint 
quinquies  tot  variationes,  quot  in  cafu  prsecedenci,  hoc  eft, 
quinquies  24,  feu  120.  Et  generaliter,  datis  quotcunque 
literis,  numerus  permutationum,  quas  fubire  poflunt  omnes, 
toiics  excedit  numerum  permutationum,  quas  recipiunt  liter^ 
una  pauciores,  quot  funt  unicates  in  dato  literarum  numerol 
Unde  fponte  manat  fequens 
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Regula  pro  inveniendis  omnibus  permutatiombus  rerum 
quotcunque  datarum. 

OMNES  numeri  ab  unitate  fe  confequentes  natural!  or- 
dine^  ad  datum  ufque  rerum  numerura  indufive,  du- 
cantur  in  fe  invicem ;  produ&um  manifeftabit  quasfitum. 

Putl»  fi  datus  rerum  numerus  (it  tiy  numerus  permutatio* 
num  eric  i.  2.  3*  4. 5.  &c.  ufque  zA  n;  vel  etiam  (quia  uni* 

tas  non  mukiplicat)  2.  3*  4.  5 n.  Nota,  pundtulanu- 

meris  interjeda  hlc  et  ubique  in  fimili  materia  continuum 
numerorum  in  fe  dix^um  iignificant.  Exempli  gratia^  feptem 
rerum  permutationes  funt  2.  3.  4.  5.  6.  7.  =  5040.  Ratio 
patec  ex  didlis^  o|)eratio  ex  adjunct!  Tab^lU  ; 
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Nutnerus         Numerus\ 
Rjtrum.  Termutatiofium. 


I     - 


2     - 


3    - 


4    •    - 


I 

2 

2 

3 

6 
4 


2.  Sirertm  pemmtandarum  nmnulU 
Junt  esdem : 
Quod  fi  literse  una  plurefve  re. 
currant  fsepius,  hoc  eft,  fi  in  dato 
rcrum  numeroaliqusercs  fimilesfint 
five  esedem ;  ut,  fi  datse  fint  aaat 
cdy  ubi  litera  a  ter  repetitur;  nu- 
merus  permutationum  multo  minor 
evadit :  ad  quern  inveniendum  co- 
gitandum  eft,  quod,  fi  omnes  effent 
diverfse,  puta,  fi  loco  aaa  fcribere- 
tur  ae^?ij  poftent  hse  tres  literae  e- 
ciam  nuUi  casterarum  loco  mot^  in- 
ter fc  fexi^s  tranfponi,  per  prsecc- 
dentem  Regulam;  unde  totidem 
diverfse  nafi:erentur  permutationes  ; 
at  nunc  cum  funt  esedem,  fex  ifts 
permutationes  literarum  ^^anul- 
lam  univerfarum  difpofitioni  varia- 
tionem  indicunt,  ac  proinde  pro 
uni  elldemque  habends  funt :  quod 
cum  de  qu4cunque  difpofitione  li* 
terarum  pariter  fit  intelligendum, 
indicium  praebet,  numerum  permu- 
tationum rerum  datarum  fexi^s,  hoc 
eft,  toties  minorem  eflle  numero  per- 
mutationum, quas  fubire  poflent  fi 
omnes  effent  diverfse,  quoties  inter 
fe  permutari  queunt  res  fimiles : 
fed  fi  omnes  6  literae  diverfse  exifte- 
rent,  permutari  poffent,  juxta  pne- 
cedentem  tabellam,  720.  vicibus. 
Ergo  nunc  ubi  tres  ipfarum  conve- 
niunt,  permutari  duntaxat  poterunt 
vicibus  120. 

_ _         Itenim  fi  datae  fint  6  literae  aaa 

boc^  ubi  prasLer  literam  a  quag  ter  recurrit,  etiam  litera  b  bis 
repetitur ;  manifeftum  eft,  numerum  permutationum  adhuc 
bis  miporem  evadere^  quamin  pra^ccdenti  cafu  fqerar^  adeo- 

quQ 


6    . 


7     - 


8 
9 

-  40320 

9 

-  362,880 

10 

10 

-     3*628,800 
3628800 

XI 

12 

-  39,916,800 

79833600 

-  47Q,ooi,6oG 
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<)ue  folutn  ad  60  fe  extenckre  :  q^andoquidcm  bin«  qoadii- 
bet  percnutationes^  quas  ex  fold  tranfpoiitione  duplici  Ikera^ 
run)  a^  fi  diverfs  cfkvi,  nafcerencur,  nunc  coincklunt* 
Eodem  pafto  colligendum,  fi  plures  liters  repeterentur  fse- 
pius,  pro  fingulis  earum  numeruai  permutationutn  minui  to- 
ties,  quoties  (eorsim  inter  fe  permutari  pofllinc  csedcm  l^tera^* 
tJnde  ratio  habetur  fequentis  Regulse. 


Regula  pro  invcniendis  rerum  pertnutationibus^  chm  earum 
nwnullajunt  asedemm 

NUMERUS  pcrmutationum,  qaas  admittercnt  data  res 
fi  omnes  differentes  eflent,  dividatur  per  numerum  per- 
vinutationum,  quas  fubire  poceft  res  fimilis  fecnndum  multi- 
tiidinem  fuam,  fi  una  fit  quse  fxpiils  repetatur ;  aut  per  pro- 
•duftum  ex  numeris  permutationum,  quas  feorsim  recipere 
pofifunt  fingula^  res  fimiles  fecundum  muldtudinenv  fuam^  fi 
plures  fiot  qusB  faspius  recurrant ;  &  quotiens  exhibebit  quse- 
fitum. 

Ufus  dodlrina*  Permutationum  infignis  eft  in  definiendo 
numero  AnagrammacCim  alicujus  vocis.  Exempli  gratia  ; 
Tranfpofitiones  omnes  poffibiles  licerarum  in  ^octRoma  funt  i* 
^.3.4«=249  ob  4  differentes  literas,  per  i  Regulam :  et  in  voce 

Leopoldus  ^  ^  _    =:  90720  :  et  in  voce  Studiofus  ^ ^^^^  = 

30240 :  ob  9  utrobique  literas,  interque  illas  ibi  gemjnum  / 

.  et  geminum  o^  hic  geminum  u  &  triplex  s ;  per  2  Regulam. 

Hiic  pertinent  verfus  nonnuUi  ob  variationum  multitudi- 

nem  Pr(?/«' didi,  quos  inter  celebrantur  Lanfii,  Scaligeri, 

Bauhufii.    Thorns  Lanfio  hoc  diftichon  debemus  : 

.  Lexy  Rex,  Grex^  Res,  Spes,  Jus,  Thus,  Saly  Soly  (bona) 

Luxy  Laus: 
Mars,  M,ens,  Sors,  Lis,  Vis,  Styx,  Pus,  Nox,  Fax,  (mala) 
Cthx,  Fraus. 

irujus  finguli  verfus  per  Regulam  primam,  ^ob  1 1  monofyU 
Jaba  (dilfyllabis  vocibus  k(nia  ^  mala  5tae  femper  regioni  af- 

fixis) 


fixis)  falvi  mctri  lege  variari  poffunt  39,916,800  vicibus. 
£c  quanquam  alias  contingat,  ut  plebeque  variationes  in 
tnctri  leges  arietent,  nee  aon  ut  plerique  Anagrammatifmi 
(idC  non-figni6cances  &  barbari ;  levi  tamen  plerumque  in- 
du(lri&  opus  eft  ad  fecernendum  utiles  ab  inutilibus,  illorum- 
que  numerum  feorsim  ixieundum^  fi  aliquem  in  iis  inquiren* 
dis  ordinem  obferves.  QuemadmodJim  cernere  eft  in  hexa- 
metro  a  Bernhardo  Bauhufio,  Jefuic^  Lovanienii^  in  laudem 
Virginis  Deipars  conftruftg : 

Tot  tibifunt  dotes,  Virgo,  quotfidera  calo ; 

quern  dignum  peculiari  opera  duxerunt  plures  viri  celebres* 
Erycius  Puceanus  in  Hbello,  quern  Thaumata  Pietatis  in- 
fcripiit^  variationes  ejus  utiles  integris  48  paginis  enumerate 
eafque  nuniero  ftellarum,  quarum  vulgo  1022  recenfentur, 
accommodat,  omiffis  fcrupulofiiis  illis,  quae  dicere  videnturt 
tot  iidera  coelo  efle^  quot  Marias  dotes ;  nam  Marias  dotes 
efle  multo  plures.  Eundeoi  numerum  ioz2  ex  Putcano  re«> 
petit  Gerhardus  Voffius  cap.  7*  de  Scientiis  Mathematicis ; 
Preftetus^  Gallus,  in  prima  eiditione  Elementorum  Mathe* 
maticorum,  paging  348^  Proteo  buic  2196  variationes  attrl- 
buit ;  fed,  fadta  revifione  in  alteri  editione,  tomo  primo, 
pagina  133,  numerum  earum  dicnidio  fer^  au&um  ad  3276 
extendit.  Induftrii  Audorum  Lipfienfium  CoUedores  menfc 
Junii  1686,  in  recenfione  Tradat{ks  Wallifiani  de  Algebra, 
numerum  in  .quaeftione  (quem  Auftor  ipfe  definire  non  fuit 
aufus)  ad  2580  determinant,  Et  ipfe  poftmodijm  Wallifiui 
in  editione  Latina  operis  fui,  Oxonian  anno  1693  iniprefla, 
pagini  494,  eundem  ad  3096  proferr.  Sed  omnes  ad  hue  ^ 
vero  funt  deiicientes,  ade6  ut  delufam  tot  virorum,  poft  ad- 
hibitas  quoque  feeundas  curas,  in  re  levi  perfpieaciam  me* 
rito  mireris.  Fa<3:o  enim  examine  deprchendo,  factum  hunc 
Bauhufianum,  excluiis  eti^m  fpondaicis,  admifSs  vero  iis 
qui  eaefur^  deftituti  funt,  falva  metri  lege  omnino  ter  millies, 
tercenties,  ae  duodeeies  variabilem  effe.  At  prolixius  de  his 
agere  tanU  non  intereftj  nee  inftitutum  noftrum  patitur* 


TYPUS 
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TYPUS  VARIATIONUM  VERSUS  BAUHUSIANI 
Toi  tibiJufU  dotes^  ^^r?^>  quotfidera  aslo. 


Quintam  Regionem  Hexametri  occupat 
vel 

Sidera,  quam  vocem  excipit  aut  vox 
\  Dijfyllaba  una^  nempe  vel 

■  CcpIo^  ac  turn  vox  Tibi  inter  fex  reliquas  occu- 
pat locum  vel 
Secundum^  pracedcnte  voce  nunc 
I  MonofyUabdy  eiquc  vel 
I  Toty  cui  cafui  refpondcnt   -    Variationcs  24 
I      I  Sunt,  ...  24 

I  ^otj  -  -  24 

I    DiJJylkbd  Virgo,  -  -  24 

Tertiunty  praeeuntibus 


I 


Una  mcmjyllabd  &  una  dijfyllabd,  primas 

tenentc  vel 
Monofyllabd,  Tot,  quam  excipit  alterutra 
J  I      Dotes:  6 1 

'  I      Virgo:  6  J 

Sunt, 


1 


^ot. 


12 

12 
12 


DiJ^llabd,  Dotes,  quam  fequitur 
IT'ot: 
I    »  I  Sunt: 

I  ^«(?/. 
I    '  f^irgoy 

Duabus  dijjyllabis,  nempe.  Dotes  Virgo^ 
^uartum,  prsecedentibus 
Tribus  monoJyUabis^ 


:     6] 
tt:  6  \ 

ot:  6  J 


18 

18 
6 

12 
Duahttt 
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^  I        I  Duabus  mmojfllabis  cum  dijfyllahd  VirgOy      1% 
I        I      Una  monoJyUabi  &  duabus  dijfyllabisy  36 

I      ^intum,  prsemiflis 
I        I      ^ribus  monofyllabis  cum  und  dijjyllabd^         48 
I        I  Duabus  monofyllabis  cum  totidem  diffyUabis^ 

quarum  poftcrior  Virgo,  -  i8 

I        I  Sextum,  ...  120 

abed  —— 

420. .429 

I  Dotes,  unde  totidem  variatioties^  quot  in  Carlo, 

nempe  ...  420 

I  Virgo,  unde  rursiis  totidem^  quot  in  Gelo,  cxccp- 
tis  folCkm  illis  60  variation ibus,  ubi  poftrema 
fyllaba  in  Virgo  correpta  eft ;  quibus  proin 
demptis  ex  420,  remanent  -        -  360 

I  Mono/yllaba  du^e^  eaeque 

^uotjunti  vel  Sunt  quot ;  voce  ^ibi  occupante 
locum  vel 
I      Secundum,  primo^relifto  voci 


I 
I 
I 
I 


*  Monofy Habit,  Tot:                -            -  12 
\DiJjyllaba^  Virgo:             -             -  12 

Tertium,  prsecedentibus 

•  Momfyllabd  cum  diJfyUabd,              -  24 
'•  Duabus  dijjyllabis^  quarum  poft  Virgo,  8 

^artum,  praeeuntibus 

>  MonofyUabd  cum  duabus  dijfyllabis,  36 

I  Tribus  di£fUabis,  quarum  ultima  Virgo,  4 

^intum,                -                 *             -  48 


I44..I44 


I      Tot/unt,  vel.  Sunt  tot,  totidem  -                144 

I      Tot  quot,  aut,  J^ot  tot,  totidem  •*         »          144 

Tibi,  quam  vocem  fequitur  vox  1632 
Dijyllaba  ma,  eaque  vel 

]  Carlo,  voce  Sidera  occupante  locum  auc 

C  Primum 
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I  Primttm,  •  •  •  I2a 

I      Secundum,  -         *  -  *  48 

I  Tertium,  praemijEs  vcl 
I        I  Duabus  mcn0llaih,  •  ^36 

I    \  Duabus  dijfyllabis,  -  -  iz 

I      ^artum,    prseeuntibus  duabus  moaofylia- 

bis  &  uni  diflyUab^^  -  1^ 

I  ^ntum,  prsecedentibus  duabus  monofylla* 
bisy  cotid^mque  diflyilabis,  ^  72 

360..  360 

I  Dotes,  totidem  quot  in  Ceelo  #  360 

'  Virgo,  totidem  .  ,*  •  360 

Mon^ttaba  dua,  eaeque 
I  ^otfunt,  vcl  Sunt  quot :  voce  Sidera  tenente  locum 

I  Primum :  -  »  48 

I      Secundum,  pod  diflyliabam  vocem,  ^      36 

I  Tertium,  pod  duas  diflTyllabas^  «  24 

I      ^artum,  pod  tres  diffyllabas^  -  1 2 

I       I  120   .120 

I  Tot/unt,  vel,  Sunt  tot,  totidem  •  1 20 

I  Tot  quGt,  vel,  ^ot  tot,  totidem  -  ^         x2o 

Monojyllabd  una  (quo  cafu  ante  Tibi  femper  habctur 
VirgB),  nempe  vcl 
Sunt,  voce  Sidera  locum  pofiidente  auc 
I  Primum :  ^  -  -  24 

Secundum:  -  -         12 

I  Ttrtium,  prsBcedentibus  duabus  monojyllabis,       4 

duabus  dijfyllabts,         4 

I  ^artum,  -  -  -         li 

^intum^  -  •  r  24 

8o*  »«8o 
Tl^/,  totidem  quot  in  Sunt,  ^  •  So 

^11^/,  totidem  .  •  ,  80 

Sumina  omnium  Variationum  utilium  3312 

CAP. 
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CAP.  11. 


BE   C0MBINATIONIB(JS,   USQ^E    FRIMO   CONSIDERATIS 
SIMPLICITER, 

GOMBINATIONES  rerum  funt  conjunftioncs,  juxta 
quas  ex  data  rerum  multitudine  nonnullas  eximuatur» 
intcrque  fe  conjunguntur  nuUo  ordinis  fitfis-ve  ipfarum  re* 
fpeftu  habico. 

Idcircd  cum  quaritur,  quoties  ex  dato  rerum  numcro  vel 
binae,  vel  ternse^  vel  quaterns,  &c.  accipi  poffint^  He  uc 
nunquam  omnes  eaedem  res  fumaotur  fsepius  quam  femel^ 
dicencur  quceri  omnes  combinaciones  diverfb  rerum  datarum. 

Numenis,  fecundum  quern  res  dats  conjunguncur^  dicu 
tur  Exponens  Combinationis  :  Ica>  fi  res  bioa^  fumuncur,  Ex- 
ponens  eric  z  i  fi  ternac,  3  ;  fi  ^uaternse,  4.  Res  verd  fe- 
cundum hos  exponentes  jundtas  dicuncur  Bhtarii,  Tentarii, 
^aternariiy  &c.  vel  Binimes,  Y^rmones,  ^atemiones^  &c. 
&  confonanter  etiam  Uniones,  vel  Unifaus,  quando  res  fu-^ 
muntur  fingulas,  &  Nulliones  ciim  nulla  plane  fumitur, 

Conjundiones  ipfas  nonnuUi  vocant  Comiinationes,  Center* 
nationes,  ConquaternatimeSj  &€•  quas  omnes  vulgo  una  voce 
Cotnbinationum  complefti  folent,  tametfi  haec  vox  ftridkiori 
fignificatu  proprie  non  nifi  illas  conjundiones  indigicare  vi- 
deatur,  quibus  res  bin©  invicem  junguntun  Quamobrem 
alii  generaliori  voce  CompUcatkmm  .vel  .Complexionum  uti  ma- 
lunt :  alii  magls  ^pppGte  EleSimiS  vocant^  uc  &  illas  fubin-^ 
telUgi  poflint  rerum  accepciones,  quibus  res  fingulae  feorsim 
fumuntur,  aut  quibus  etiim  nulla  plane  fumitur. 

Res  autem  quas  inter  fe  combinandas  funt^  vel  omnes  pof^ 
funt  effe  diverfse,  vel  aliquot  ,ipfarum  eaedem ;  <aeque  vel 
ita  combinari  debent>  ut  in  nulla  combinatione  res  eadem 
faepiiis  cpntineatur,  quam  ipfa  reperitur  in  toto  rerum  nu- 
mero :  vel  fie,  ut  in  eidem  combinatione  res  eadem  etiam 
fjaepius  recurrere,  hoc  eft,  ut  fecum  ipft  quoque  combinari 

C  a  poflSc. 
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pofllt.  Iterumque  quari  poteft  numerus  combinationum  vel 
fecundum  omnes  exponentes  conjunftim,  vel  fecundutn  fin- 
gulos  feorsim.  Atque  infuper  circa  unumquemque  horum^ 
combinandi  modoruiii  plures  formari  poffunt  quagftiones  & 
problemata,  e  quibus  ilia  tantum  delibabimus^  quse  in  fe- 
quentibus  alicui  ufui  fore  judicatnus. 


I.  Sires  omnes  ccmlinand^e  /unt  diverfte^  in  que  nulld  combina- 
tione  eadem  res  Ins  occurrere  debet,  invenire  omnes  Combination' 
nes JimpUciter  ftve fecundum  omnes  exponentes  conjunffim. 

C  UNTO  combinandae  modis  omnibus  literae  a,  b^  r,  d^  e^ 
^  &c.  Fiant  tot  feries  quot  literae,  hoc  modo :  In  prima 
fcrie  ponator  fola  litcra  a. 

In  fecunda  ponatur  by  nunc  feorsim^  nunc  jundlm  cum 
4?,.ut  habeatur  ab  vel  ba.  Eadem  enim  conjunftio  eft,  qua 
i  cum  a,  h  a  cum  b  jungit,  cum  nuUus  ordinis,  fitus-ve 
ipfarum  inter  fe,  refpeftus  haberi  fupponatur. 

In  tertia  coUocetur  r,  eaque  primo  fola,  dein  junda,  par- 
tim  cum  a%cb^  ut  fiant  biniones  ac^  be ;  partlm  cum  ipfo 
binione  ab^  ut  flat  ternio  abc. 
a. 


c.  ac.  be.  abc.       \ 


d.  ad.  bd.  cd.  abd.  acd.  bed.  abed. 

\  I 


t.  ae.  be.  ce.  de.  abe.  ace.  bee.  ade.  bde.  cde.  abce.  abde.acde.bcde.abcde. 

In  quarti  ponatur  ^,  primo  fola,  deinde  junfta  cum  fin- 
gulis  praecedentium  literarum  a,  b^  Cy  fingulifque  earum  turn 
binariis  ab,  acy  be,  tum  ternariq  abc ;  ut  fiant  novi  biniones 
ad,  bd,  cd,  terniones  abd,  acd,  bed,  &  quaternio  abed. 

Similiter  quintse  feriei  agmen  ducat  lltera  e,  quam  primo 
ingrediatur  fola,  dein  junda  cum  omnibus  prsecedentium  fc- 
rierum  eledionibus«  £4demque  methodo  procedendum  effet, 
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fi  plures  effent  datae  literse.  Qua  ratione  fatis  manifeftum  eft, 
datas  literas  in  iftis  feriebus  omnifariam  inter  &  jundas  eflc, 
nuUamque  carum  fieri  poffe  eledionem,  quae  non  in  un4  ha- 
rum  ferierum  reperiatnr,  fed  &  nullani  efl'e  qua?  alicubi  bis 
occurrat;  adeoque  omnes  una  feries  fuppeditaturas  omnef 
ciediones  poffibiics,  qua  circa  datas  literas  inftitui  queimt. 

Harum igiturnumerus  initur facile,  fi  confideretur  quod  in 
qu^libet  femper  ferie  una  amplius  inveniri  debeat  elcftio, 
qu^m  in  antecedentibus  omnibus  feriebus  limul :  quoniam 
litera,  quae  illius  feriei  caput  eft,  ibidem  femel  ponitur  fola, 
&  praetcreJi  unaaflumit  fccum  omnes  eledtiones  praicedentium 
ferierum,  Hinc  enim  fequitur,  quia  in  prima  ferie  eft  elec* 
tio  unica,  fore  in  fecunda  eleftiones  duas,  in  tertia  4,  in 
quarta  8,.&  iic  deinceps  in  progreflTione  geometrica  dupl^: 
quandoquidem  progreffionis  duplag  ab  unitate  banc  quoque 
naturam  efle  conftat*i  ut  fumma  lerminorum  quotlibet  uni- 
tate aufta  fequentem  terminum  exhibeat,  Quocirca  fumma 
eleftionum  in  feriebus  omnibus  aequalis  eft  fummse  termino- 
rum  totidem  progreffionis  duplas  ab  unitate,  hoc  eft,  per 
modo  mcmoratam  proprietatem,    ipfi   termino  fubfequenti 

*  Hoc  aut^m  ita  demonftrari  potcft. 

Propositio. 

Sit  fcnes  terminonim  in  gepmetrica  ratione  unitatis  ad  numenim  binanum 
continue  crefccntium,  fcilicety  1 9  2,  4,  16,  32,  64*  12S,  2  $6,  ^cc,  ufque  ad  n 
tcrminos,     Horum  termiaorum  fumma  vocelur  S.     Manifeftum  eft  mtimum^ 

live  maximtun,  hujus  feriei  terminum  fore  aequalem  21  "*  •    Augeatur  jam 

hzc  feries  uno  adje6lo  termino,  fcilicet,  2  X  21*""  ,  feuTl*.    Dico,    quod 

novus  terminus  2**  erit  aequalis  S  +  i>  ^^^  fummae  S  omnium  priorum  ter<f 
minomm  un^  cum  unitate. 


Dbmonstratio. 

Duplicaiado  terminot  feriei    S,  five  i  4-2 -{-4  +  8-1-16  +  32  + 64-!- 

&  +   a""*',  orietur  feries  2  +4+8  +16+  32+64  +  128  +  &c,  +li\ 

cujus  termini  omnes,  excepto  ultimo  2}^,   funt  refpe^v^  scquales  terminis 

omnibus  prions  feriei^  excepto  primo  i ;  hoc  eft,  2  S  erit  =  S  —  i  +?|\ 

Ergo  2 S  +  1  erit  =  S  +^^,  ei^  erit  =  3  S  +  I-S,  feu  S  +  i/ 

Q«  x.  o. 

ejufdetn 
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ejufdem  pmgreffionis  unitate  muttato ;  qui  qqidem  tem)ini}| 
iubfequens  idem  eft  cum  produdo  binarii  cocies,  five  tot  vi-r 
cibus,  pofiti  &  in  (e  dufti^  quoc  ipfum  in  progrellione  ter<* 
mini  praecedunt>  hoc  eft,  quot  funt  feries^  quorum  eledio* 
ues  quseruncur.    Unde  talis  exurgit. 


Regulapro  inveniendis  omnibus  eUSionibus  rcrum  data^ 
rumfecundum  omnes  exponentes : 

A  Produfto  binaiii  toties,  five  tot  vicibus,  pofiti  & 
•^^  multiplicati  in  fe,  quot  funt  datae  res,  auferatiu: 
unitas  :  reliquum  indicabit  qusefitum. 

Hoc  eft,  pofito  rerum  datarum  numero  »,  numerus  om- 
nium eleAionum  fimplicicer,  puta,   omnium  unionum,  bi- 

nionum,  tcrnionum,  &c.  erit  2" —  1 .  Hinc  fi  nuUioncm  feu 
cleclioncm,  qua  ex  rebus  datis  nulla  fumitur,  quaequc  in 
quavis  rerum  mukicudine  una  femper  eft  &  unica,   iimi]il 

comprebendas,  fiet  numerus  illc  2" :  fin  cum  nullione  ipfos 
quoque  uniones  refeces,  quorum  numerus  ipfi  rerum  nu- 
mero perpctuo  scquatyr,  erit  numerus  binionum,  ternionum, 

caeterarumque  compkxionum  2" — ».— i.  Exempli  gratia. 
Septem  planetarum  conjundiones,  vel  complicaciones,  omnes 
diverge  funt  2^  -—  i  =  2.  2.  2.  2.  2. 2*  2  —  i  n  128-1—1  = 
127;  unde  fi  demas  elcdione?  7,  quibus  finguli  planetae  feor^ 
Sim  accipiuntur,  quaeque  propria  non  conjundiones^  fed 
disjundiones  planetarum  funt,  relinquetur  numerus  omnium 
conjundionum  ftride  .didarum,  .^uiii^us  planetse  vel  bini, 
vel  terni,  vel  quaterni,  vel  quini,  v^l  feni,  vel  denique  fep- 
teni  juqguntur,  2^  —  7  —  i  =  120.  Sic  etiam  duodccim, 
uii  vocant,  Regiftr^,  feu  dftularum  ordinesj  in  oi^anopneu- 
matico,  quibus  fonus,  mox  fibilans,  mox  tremebundus,  effi* 
citur,  aut  aliter  modificatur,  variari  poflunt  2**  —  i  =  4095 
vicibas. 

Nocn :  Si  quis  examinee  feries  combinationum  fupra  in 
typo^xpofitas,  obfervabit  in  qualibct  ferie  (fola  prima  ex- 
cept^ 
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ceptfty  quae  untcum  unionem  a  compleditur)  numerum  elec« 
tionum  fecundum  exponentes  pares  aequari  numero  eledio- 
num  fecundum  impares  :  faltdm>  cum  id  in  aliquot  ab  initio 
feriebus  verum  deprehenderit,  idem  quoque  in  ferie  proxi- 
me  fequente  locum  habere  conclude!.  Nam  Htera^  quae  iU 
lius  feriei  caput  eft,  junAa  praecedentium  ferierum  el^ioni- 
bus  iis,  quae  impares  exponentes  habent,  parium ;  &  iis  vi- 
cifslin  quae  pates  habent  junda,  imparium ;  exponentium 
complexiones  efficit :  adfcifcehs  vero  primae  feriei  unionem 
Cy  paris ;  &  ipfa  per  fe  fola  accepta,  imparls ;.  exponentis 
eleAionem  conftituit :  unde  &  in  kac  ferie  numerum  harum 
numero  illarum  aeq^ari  conflat.  In  omnibus  igitur  feriebus 
fimul  fumtis  numei-us  eledionum  fecundum  impares  expo- 
nentes numerum  eleftionum  fecundum  pares  unitate  fupera- 
bit ;  aut,  ii  his  infuper  nuUionem  accenlea8^  aequabit.  Quo- 
circa,  cum  numerus  omnium  eledkionum  iimpliciter^  inclufo 

nuUione,  oftenfus  fit  a*,  erit  ejus  femiflis>  five  poteftas  bi- 

narii  proximo  minor,  2**"',  numerus  cleftionum  fecundiim 

folos  impares ;  &, dempto  rursum  nuUione,  a*"'— -inume*- 
rus  eledionum  fecundum  folos  pares  exponentes*  Idem  quo- 
que demonilrabitur  infra  in  coroU.  6.  cap.  4. 


CAP. 
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CAP.      III. 


P£    COMBINATIONIBUS   SECUNDUM    SIN6UL0S   EXPONENTES 

/ 

seorsim;    ubi  de  kumeris  figuratis^  eorumque 
pr0prietatibu8  agitur. 

EX  typo  combinationum  prsecedentis  capitis  manifeftum 
fit,  literam  qua  cujuilibct  feriei  caput  eft,  adjundam 
tinionibus  ferierum  prascedentium  cfficcrc  fuse  feriei  biniones, 
adjundam  binionibus  efficere  terniones,  ternionibus  quater- 
nioncs,  &  fie  porro  :  adeoque  humcrum  binionum  in  qu4vis 
fcrie  sequari  fummse  unionutn  in  omnibus  fcricbus  anteceden- 
tibus,  numerum  ternionum  fummx  binionum^  numerum  qua- 
ternionum  fummse  ternionum,  &  generaliter  numerum  com- 
binationum fecundum  datum  quemcunque  exponentem  in 
ferie  qu&cunque  sequari  fummse  combinationum  omnium 
prsecedencium  ferierum  fecundum  exponentem  unitate  mino- 
rem  dato.     Sequitur  hinc,  quod 

Uniones,  quia  in  firigulis  feriebus  reperiuntur  finguli,  om- 
nes  inter  fe  confticuunt  Teriem  i.ia.i.i.  &c.  feu  fericm  uni- 
tatum. 

Biniones  in  primi  ferie  nuUi  funt,  in  fecundi  i,  in  tertia 
1  + 1  -=  z,  in  4ta  I  +  I  + 1  =  3,  in  51^  i  + 1  + 1  +  i  =4, 
&c.  proinde  omnes  biniones  inter  le  conftituunt  feriem 
0.1.2.3.4.5.  &c,  hoc  eft,  feriem  numerorum  arithmctice 
progreffionalium,  five  Lateraliwn. 

Terniones  in  prima  &  fecundi  ferie  nulli  funt,  in  3tia  i, 
in  4ta  1+2  =  3,  in  5ta  14.2-1-3  =  6,  in  6ta  1+2  +  3+4 
=  10.  &c.  Omnes  itaque  ordine  accepti  feriem  conficiunt 
0.0.1.3.6.10-15.  &c.  hoc  eft,  fericm  numerorum^  ut  vo- 
cant,  Trigonalium,  feu  T'rimigularium. 

Quaterniones  in  tribus  primis  feriebus  nulli  funt,  in  4ta  i, 
in  5ta  1  +  3  =  4,  in  6ta  i  +3  +  6  =  10,  in  yma  1+3+6 
+  10  :r  ao.  &c.  qui  omnes  ordine  aflfumti  feriem  efficiunt 
0.0  o.  X.  4. 10.  20.  &c.  feriem,  videlicet,  Pyramidalium. 

Pari 
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Pari  ratione  Quiniones  otnnes  feriem  conftituunt  TrianguU^  . 
pyramidalium  o.  o.  o.  o.  i.  5.  15*  35*  &c.  Seniones  feriem 
Pyramido'fyramidaltum  o.o.o.  o.o.  i.  6.  2i«  &c.  aliaeque 
combinationes  fecundihn  altiores  exponentes  efficiunt  alias 
atque  alias  feries  numerorum  figuracorum  altioris  generis  in 
iofinicum.* 

£c  iic  occaiione  dodtrinse  Combinationutn  in  fpeculatio- 
nem  infperatam  numerorum figuraterum  inddioius ;  qua  appcl- 
latione  vulgo  iniigniuntur  numeric  qui  ex  continua  arichme- 
tice  proportionaliutn^  indcque  onorum  numerorum,  addi- 
tione,  vei  coile(ftione,  generantur« 

Ut  vero  has  figuratorum  numerorum  feries  fub  unum 
afpedtum  caderent,  eoque  faciliiis  comprehenderencur  quas  de 
illis  dicenda  fuperfunc,  fequentem  appofui  tabellam,  quam 
quis  nuUo.  negotio  quouique  volueric  tum   deorfum  turn 


*  De  honim  numerorum  nomiuibut  eft  inter  au6U>ret  arithmeticos  quae- 
dam  variatio.  Nam  numeri  o*o.o.o.i.$.i5«35»  Sec,  qui  hlc  Tocantur  Triau" 
guU'fyramddlts^  vocantur  \,  quibufdam  fcnptoribua»  et,  inter  alios,  ^  Nico- 
lao  Mercatore,  in  celeberrim&  fuA  LogarithmotechniA,  7rig0M'trigonal<si 
et  numeri  d!o.o.o.o.  1.6.3 1  •56,  &c.  qui  hie  vocantur  PyramiJo-fyramidales^  ab 
illo  vocantur  Trig^np'fyramidmles,  Nomina  quibui  diveHi  ordines  numero« 
mm  figuratorum  defignantur  apud  Mercat^rem  funt  quae  fequuntur ;  fciHcet, 
I.  unitatefly  x.  radices,  3.  numeri  trigonales,  4.  pyramidales,  5.  trigono-trt* 
gonales,  6.  trigono-pyramidales,  ^.  pyramidi-pyramidales,  8.  trigono-trigo- 
no-pyramidales,  9.  trigono-pyramidi-pyramidalet,  ic.  pyramidi-p7ramidi« 
pyramidales.  Vide  Scriptoret  Logarithmtcos,  torn,  i"^,  pag.  17$.— >«— 
Ad  evitandam  hanc  confufionem  nominum  fatiui  efle  videtur  diverfos  horum 
numerorum  ordines  poft  quartum  ordinem,  five  numerorum  pyramidalium, 
diftinguere  folum  per  numcros  exponentes  ordinum  dcfignandorum,  appel- 
lando  eos  five  numeros  figuratos  ordinis  quinti,  five  ordinis  fpcti,  five  ordinia 
feptimi,  five  odavi,  five  noni,  five  declmi,  aut  alius  cujufcunque  ordinis*^ 


D  dcxtrorfi^m 
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dextroHum  continuabit.  Numeri  barbari,  feu  Arabici^  in 
finiftro  tabulx  margine  adfcripti  numeranc  colutnnas  tranf- 
verfas>  &  iimuii  rerum  combinandarum  tnukitudinem :  nu- 

TABITLA.   COMBIKATIONUM,   SEU   NUMERORVM 
FIGURATORUM. 


EXPONENTES     COMBlNATIONU&f* 
II  I.  I  II.  I  TIL  I  IV.  I  V.  I  VL  I  VII.  I  VITI.  I  IX.  I  X.  I  M.  I  XII. 

—;-  ..--•■       I  ■  I     I'l   n  '     ■  -  ■  ■        '  r  i=ay 


2.  II  I    I 


I      2    1 


I 


g  4-lh  I  3   I    3  I  M  o|  o  I  o  I 

^'  (;.  il  1  )  4  I    6  i  4  I  I  t  o  f  o  I 

^    6,  !    I  I  ^    I  IP  I  xo|  s  I  H  o   I 

g^  7»lh  I  6  i  IS  I  2o|  IS  I  61  I   I 

I*  8.  II  I  I  7  I  "  i  3S  I  3?  I  at  1  7  r 


9  !l  I   I    8  I  28    I    s6  I 


6  I    28  I        8  1      I  I    o 


lo.  II  I  I    9  i  36    I    84  I  126  t  126  I    84  I 


91 


2  '^'11  '   *  ^Q  I  4S    I  120  I  210  I  2^2  I  ^'o  I     '20  I    45 J  10 

5  12.  II  I   1  II  i  59    I  »6>  i  33Q  I  4-6a  I  4^>^  I    3SQ  i  '^S  I  s( 


meri  vero  Romani  in  fupremo  margine  confpicui  numerant 
columnas  verticalcs  &  una  exponenies  combinationum  innu- 
unt.  Coluninaruni  verticalium  prima  eft  feries  monadum 
feu  unitatum ;  fecunda  feries  numerorum  naturalium,  feu 
lateralium,  ab  una  cypbra  incipiens ;  tertia  feries  rrigonalium 
incipiens  a  cyphris  duabus,  quarta  pyramidaliiun  incipiens 
a  tribus  cyphris,  quinta  trianguli-pyramidalium  incipiens  a 
quatuor  cyphris,    &  fie  deinceps. 

Habet  base  tabula  proprietates  plane  exiraias  &  admiran- 
das;  praeterquam  enim  quod  Combinationum  myfterium  in 
ilia  latere  jam  oftendimus,  notum  eft  interioris  geometric 
pericis,  praecipua  etiam  totius  reliquae  mathefeos  arcana  in- 
ibi  delitefcere.  Nos  proprietatum  aliquas  hic  delibabimus, 
&  quidem  delibabimus  tantum,  nuUius  nifi  primariae  illius, 
quae  propofito  noftro  infervit,  demonftrationem  accuratiorem 
^^lacuri,  cum  caeterae  vel  ex  hac  oftendi  poffint,  vel  ex  ipfa 

(abeil^ 
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tabells  conftruftione  &  numerorutn  figuratorum  genefi  fatis 
patefcant. 

Mirifica  Proprietates  TabuU  Combimtionum : 

1.  Columnarum  verticalium  fecunda  incipit  ab  uni  cyphri, 
tenia  ^  cyphris  duabus,  quarta  a  tribus :  &  generaliter  cd- 
lumna  c  k  cyphris  c —  i. 

2.  Columnarum  verticalium  termini  priml  fignificativi  a 
finiftra  dextrorfijm  oblique  defcendendo  ordine  fumpti  red- 
dune  ipfos  terminos  primse  columns  verticalis,  fecundi  ie- 
cundsj  tertii  tertise,  &  ita  deinceps  :  puta^  primi  conilituunt 
feriem  monadum,  fecundi  lateralium^  tenii  trigonaliumj  &c. 

3.  Secundus  ab  unitate  terminus  colamnae  verticalis  cujuf- 
libet  sequatur  iplius  columns  numero. 

4*  Terminus  qui  vis  tabellse  sequatur  fumms  omnium  fu« 
pcriorum  prsecedentis  columnae  verticalis. 

5.  Quilibet  terminus  sequatur  duobus  aliis  immediate  fu- 
pra  fe  pofitis,  quorum  unus  eft  in  eadem  vertical!  columna^ 
alter  in  prscedente. 

6.  Columns  cujufvis  tranfverfs  termini  ab  unitate  ali* 
quoufque  crefcunt^  deinde  per  eofdem  gradus  rurs^m  decref- 
cunt.  Idem  intellige  de  lummis  columnarum  verticalium 
seque*altarum,  ceu  terminis  fequentis  columns  tranfverfs 
per  quartam  proprietatem. 

7.  Columnarum  verticalium  sque-altarum  bafes,  five  ter- 
mini columns  tranfverfs  cujuflibet,  primus  quidem  &  ul- 
timus  fignificativus  perpetuo  inter  fe  squantur,  ut  et  fecun^ 
dus  &  penultimus,  tertius  &  antepenultimus,  at  que  ita  porro, 
ii  columna  pluribus  terminis  fignificativis  conftet. 

8.  Quin  &  fumptis  ab  initio  columois  verticalibus  quotcun* 
que  cum  totidem  tranfverfis,  colle6tifqa6  in  unam  fummam 
qui  in  e&dem  verticali  (ibi  refpondent  terminis,  erit  fumma 
prima  squalis  penultims,  fectinda  antepenultims^  tertia 
proantepenultimSy  &  fic  deinceps.  Exhibent  enim  hs 
fumms  ipfos  columns  tranfverfs  fequentis  terminos^  primo 
cxcepto.     Confer  proprietates  4  &  7.      Exempli   gratii; 

D  2  Quin« 
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Quinquc  primae  columnse  turn   vcrticale^  turn  tranfvcHW 
funt  : 

I*     o«  o*     o.     o« 

I.     I.  o.     o.     o. 

!•      2.  I;      O.      O. 

I.     3.  3.     I.     6. 

I*     4*  6*    4,     I. 


5.  10.  lo,    5*     I.     Termini  fcxttc  columnae   tranfverfac, 
primo  excepto. 

9.  Columnae  tranfveHlsB  ordinc  exhibent  coefficientcs  om- 
nuim  poteflacum  a  radice  aliqua  binomii  genitarum ;  nempe 
fecunda  coefEcientes  radicis  i.  i.  tertia  quadrati  i.  2.  i. 
quanta  cubi  1.  3.  3.  i.  quinta  biquadrati  i.  4,  6.  4.  i.  &  lie 
porro. 

10.  Summas  ferierum  tranfvcrfarum  progrediuntur  in  conti- 
nul  ratione  dupl& :  fummanim  verofummaj  ab  initio  coUcdae 
terminos  conflituunc  progreflionis  duplx  unitatc  inuUatosiputa 

I       =1 

I  + 1       =  £ 
1+2+1     =  4 

I+3+3  +  I   =  8 
1+4  +  6+4+1  =  16 

I       r:  I  =  2  —  I 
1  +  2      =  3  =  4—1 
14.2+4    =  7  =  8  —  1 
1+2+4+8   =  15  =  16  —  I  ^ 
1+2+4  +  8  +  16  =  31  =  32  —  I  " 

fluit  ex  iis'quas  in  praeccdentc  capitc  dc  Combinationibus 
fimplici(;er  fpeftatis  dida  funr. 

11.  Termini  feriei  verticalis  cujuflibct  ordinc  divifi  per 
terminos  collaterales  feriei  prascedentis  (initio  vel  ab  unitate 
vel  a  fuis  rcfpcftive  cyphris  fafto)  exhibent  quotes  arithme- 
tice  proportionales,  quorum  communis  differentia  eftfraftio, 
cujus  numerator  eft  unitas,  &  denominator  ipfc  numerus,  five 

iecundui 
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fecundus  ab  unitate  terminus  feriei  dividentis.     Exempli 
gratii  : 


Dhif.)  dhnd.  (quot, 
i)       I     (2:2 

Divi/J)  dhid.  (quo/. 
1)      0    (0  :  2 

a)      3    (3-^ 

3)  6    (4:2 

4)  10    (5'-^ 

s)    15    (6:2 

a)       I     (i  :  2 

3)  2    (2  :  2 

4)  6     (3  :  2 

5)  10     (4 :  4 

Divtf.)  divid.  (qutt. 

»)       1     (3-3 

3)      *    (4:3 

•6)     10    (5:3 

10)    20    (6:3 

»5)    35    (7-3 

i)      0    (0:3 

3)       »     ('  •  3 

6)      4    (i  5  3 

10)     10    (3:3 

15)    20    (4:3 

Non  difficulter  hae'c  proprietas,  fi  opus  foret,  deduct  pofleC 
ex  fequente. 

12.  Summa  terminorum  quotcunque  feriei  verticalis  cu- 
juflibet  k  fuis  refpedive  cyphris  incipientis  ad  fummam  ter- 
minonim  totidem  ultimo  asqualium  eam  habet  rationem, 
quam  habet  unitas  ad  illius  feriei  numerum ;  hoc  eft,  aggre- 
gatum  numerorutn  quotcunque  lateralium  ab  un4  cyphr&  fe- 
riem  aufpicantium  eft  ad  i^gregatum  nutnerorum  totidem 
maximo  eorum,  feu  ultimo,  xqualium,  ut  i  ad  2 ;  trigona- 
lium  a  cyphris  duabus,  ut  i  ad  3 ;  pyramidalium  ^  tribus,  ut 
I  ad  4;  &c.  Idem  quoque  valet  de  ratione,  quam  habet 
fumma  terminorum  feriei  cujuflibet  ab  unitate  incipientis  ad 
-fummam  totidem  maximum  fequenti  termino  squalium; 
Exempli  gratis : 


o  B 

«  3 

a  3 

3  3 

6. 12::  1.2 


I 
2 

3 

4 


S 

5 
5 
5 


10.20::  1.2 


O 
I 

3 
6 


6 
6 
6 
6 
6 


10. 30'::  1. 3 


«5 

10  15 


3 
6 


20.60::  1.3 

o  z* 


v>l 
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O  lO 

O  lO 

I 

56 

O  lO 

4 

56 

I  lO 

lO 

56 

4  lO 

20 

56 

lo  lO 

35 

56 

15.60::  1.4 


70. 280:11.4 


&€. 


C^m  inter  affediones  numerorum  figuracorum  hacc  prascipua 
fit,  ead^mque  fcopo  noftro  primario  infcrviat,  vifum  hic  eft 
exponere  methodum,  qua  talem  proprietatis  «Vo&/^/y  exhi- 
beo,  quse  fimiil  &  fcientifica  fit,  &  propo(itum  univerfali- 
ter  concludat*    Quem  in  finem  fequencia  prasftruo  lemmata : 


iP 


Lemma  Primum. 

Summa  terminorum  quotlibet  prima;  feriei  ad  fummam 
totidem  terminorum  ultimo  aequalium  ratiooem  babet  a&qua* 
litatis,  (ive  ut  i  ad  i. 


Demonstratio. 

Cum  enim  feries  meris  conftet  unitatibus,  erit  fumma 
terminorum  quotlibet,  fumma  tot  unitatum,  hoc  eft>  tot 
terminorum  ultimo  squalium,  quot  funt  termini. 

Q^  £•   D* 


Lemma  Secundum. 
In  qualibet  ferie  a  fuis  refpeftive  cyphris  incipiente,  fi 
quou  eft  ipfa  inter  feries,  tot  ab  initio  fumantur  termini, 
crit  fumma  terminorum  omnium  ad  fummam  totidem  ultima 
equalium^  ut  i  ad  feriei  numerum. 


Demonstratio. 

Numerus  enim  cyphrarum  quamcunque  feriem  aufpican- 
tium  unitatc  minor  eft  feriei  numero,  per  proprietatem  pri- 
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mam.  His  i^itur  fi  accedat  fequens  terminus^  numerus  ter- 
minorum  feriei  numero  aequabitur*  Sed  temiinus^  qui 
proxime  cyphras  fequitur,  eft  uiiitas,  per  proprietatem  fc- 
cundam.  Unde  terminorum  aggregatum  asquatur  unicati,  & 
aggregatum  tocidem  ukuno  sequaliuin  tequacur  ipfi  feriei  nu- 
mero.   Quare  conftac  Propolitio. 


Lemma  Tertiitm. 

Iq  qu&cuhque  numeromm  ferie,  fi  fumma  terminorum  ab 
initio  fumptorum  ad  fummam  totidem  ultimo  a^qualium 
perpetuo  eandem  habeat  rationem,  quotcunque  acciptantur 
termini^  puta  ut  1  ad  R,  ita  ut  fumma  terminorum  xquetur 
fummse  totidem  ultimo  asqualium  divifae  per  R ;  erit  nume* 
rus  terminorum  affumptorum  ablato  R  ad  cundem  nume- 
rum  unitate  muldtatum,  ut  fumptorum  penultimus  ad  ulti- 
mum. 


Demonstratio. 

Sumpti  fint  ab  initio  termini  quotlibet  A.B.C.D.  quorum 
numei:us  fit  N,  penultimus  C^  &:  ultimus  D.  Eft  utique 
A  +  B  +  C  =  A  +  B.+  C  +  D  — D,  hoc  eft,  (per  hypo- 

thefin)^i2iLzJ  eft  =  ^  —  D,  &  proinde,  aeque-multi- 

plicando,  C  in  N  —  1  erit  =  D  in  N  —  D  in  R  =  D  in 
N-R^adeoqueN— R:  N  — 1  ::C:D.     <u  e.  D. 


Lemma  Quartum. 

In  tabula  numerorum  figuratorum  fi  duac  fint  columnar 
verticales  contiguse,  in  quarum  priore  quotlibet  ab  initio 
termini  ad  totidem  ultimo  eorum  aequales  habeant  conftan- 
tem  rationem,  ut  i  ad  r ;  habeant  vero  in  pofteriore  termini 
aliquot  ab  initio  fumpti  ad  totidem  fumptorum  ultimo  asqua. 
Ips  rationem  ut  i  ad  r  +  i  :  habebit  quoquc,  addito  fequenti 

termino, 
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termino,  fumma  omnium  terminorum  unit  cum  adjedo  ad 
cot  terminos  adjedo  sequales^  quoc  funt  cum  adjedo  termini, 
rationem  ut  i  ad  r  +  i. 


Demonstration 


Sumpti  fint  in  poftcriorc  columnS  termini  E.F.G.H,  quos 
proxime  fequatur  I ;  atque  fumantur  in  coiumna  immediate 
pra^cedente  termini  totidem  A.B*C.  D ;  fumptorum  ver6 
utrinque  numerus  fit  w.  Erit  r  H  zz  (ex  numerorum  figu- 
ratorum  genefi  per  proprietatem  quartam)  r  in  A  +  B  +  C 
=  (per  hypotheiin)  n  —  i  in  C  =  (per  lemma  tertium) 
n  —  r  in  D;  quare  n —  r  :  H  ::  r  :  D  ::  (per  hypothefin; 
ii:A  +  B  +  C  +  D::  (ex  numeratonim  fignratorum  ge- 
nefi per  proprietatem  quartam)  n,  I.  Unde  n — r  \n  I  zz  n 
H  =  (per  hypothefin)  r  +  i  in' E  +  F  +  G  +  H;  adeo- 
que  »  —  r:r  +  i  ::  E  +  F  +  G  +  H  :  I,  &,  componendo, 
»  +  I  :  r  +  I  ::  E  +  F  +  G  +  H  +  I :  T,  hoc  eft,  E  +  F 
+  G  +  H  +  I :  «  +  I  in  I ::  I  ;  r  +  I  *.     <i.  e.  D. 

Cum 

*  H«c  demonflratio  prx  nlmiS  brevitate  mihi  TideCur  efle  obfcunu  Po« 
teft  vero  explicari  et,  ut  opidor*  fatk  perfpicua  reddi,  modo  fequcnte. 

Sumpti  tint  in  podenorc  columni  termini  E.F.G.H. ;  quos  proximo  fc* 
qiiatur  I  $  atqne  fumantur  in  columni  Immediate  pnecedente  termini  toti- 
dem A.BvC.D :  fumptorum  vero  utrinque  numerus  (It  «.  £t  fit  fumma 
quotlihet  terminorum  A.B.C.D.  ad  totidem  ultimo  eorum  aequales  in  ratione 
I  ad  r;  et  fit  fumma  termiDorum  E.F.G.H.  ad  n  terminos  ipfi  H,  eorum 
ultimo*  sequales,  hoc  eft,  ad  qu«ntitatem  n  x  H,  in  ratione  i  ad  r  -^  l«  Di- 
cOf  quod  fumma  omnium  terminorum  £.  F*  G.  H*  I  erit  ad  s  -|*  i  termiAOt 

ipfi  I  «qualc8,  hoc  c&f  ad  a  +  i1  x  I*  ut  I  ad  r  +  I. 


DEMONSTaATIO. 


Sx  numerorum  figuratorum  genefi,  per  propTietatem  quartam  fupii  me^ 
nforatana,  erit  r  x  H  sequalis  r  x  A  +  B  +  C,  ide6que  (per  hypothefin) 
aequalis  «— tl  X  C,  atque  idcirco  (per  lemma  tertium)  xquah's  «— r)  X  D« 
£rit  igitur  n^r  ad  H  ut  r  ad  D.  Sed  (per  hypothefin)  A  4-  B  +  C+D 
eft  ad  «  X  D  ut  I  ad  r;  et  proinde  (permutando)  A  +  B  -h  C  +  D  erit 
ad  I  ut  «  X  D  ad  r,  et  (invcrtcndo)  i  erit  ad  A+B-f  C+D  ut  rad  mD. 

Eft 
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Cum  ollm  horum  Fratri  *  copiam  feciflem,  animadvertit 
ilie  pofle  demonftrationem  elegant^r  abbreviari,  poftremis 
tribus  lemmatibus  in  unum  conflatis^  hoc  modo : 


Lemma. 

In  tabuli  numerorum  figuratorum  (i  fumma  terminoruox 
ab  initio  feriei  verticalis  cujufvis  ad  fummatn  totidem  maxi- 
mo  asqualium  ubique  rationem  habeac  uc  i  ad  r,  habebit 
Tumma  tertninorum  feriei  proxime  fequentis  ad  fummam  to« 
tidem  nuximo  aequalium  ratiopem  uc  i  ad  r  -f  !• 


Demonstratio. 

Sint  feries  fequentes  a.  b.  c.  </•  &c.  &  o.  g.  b.  L  &c.  numC'* 

'^a  *  ^  6\  rus  cerminorum  prioris  fit  »,  poflerioris 

^••£  ir+i.    Eft  primo  y  +  p+ /  +  t  + A+j 

^  -  -  i  4-0  =  (ex  hypothefi  &  genefi  numero- 

</- -  /►»  +  !•  rum  figuratorum  per  proprietatem  quar-- 


^i 


Eft  antem  «  x  i»  feu  «,  ad  i,  at  n  X  r  eft  «d  r.  Erg^v  ex  aequo,  nx  u 
ieu  «»  crit  ad  A4-B+C+D  ul  «  x  r  ad  «  D,  hoc  eft»  ut  r  ad  D«  Erit 
jgitirn-radHutM  ad  A-f^B+C+H* 

Sed  (ex  nnmerorum  figuratorum  geneiit  per  propnetatem  quartam  fupdk 
memoraum)  tarminut  I  eft  xqualis  A  +  B  +  C  +  i^« 
^    ^t  igitur  nr^r  ad  H  ut  «  ad  I,  etproiade  «— r]  x  I  ent  sz  «  x  H. 

Sed,  per  hypothefin,  E  +  F  +  G  +  H  eft  ad  »  x  H  ut  i  ad  r  +  i  ; 
atque  ideo  E-f-F-f.G+H^x  r  +  \[  eftasqualis  «  x  H  x  i,  feu  «  X  H. 

JErit  igitdr«-r|  X  I  «  E+F+G+Hl  X  rTT;  atque  ideA  erit  «-*• 
■d  r  -f  1  ut  E4-F-f  .G-)-H  ad  I,  et  proinde  (componeDdo)  erit  «  <-*  r  +  ^ 
+  1,  feu  «  +  t»  ad  r  4- 1  ut  E  +  F  +  G  +  H  +1  ad  I,  ct  (pcrmutando) 
•  +  I  ad  E+F+G+  H  +1  ut  r  +  1  ad  I,  et  (invcrtendo)  E+F+G+ 
H-f'I  ad  «  4-  X  ut  I  ad  r  -f  ly  et  (multipBcando  confequentet  per  I)  E-V 
F+G+H+I  ad  T+i^  x  I  ut  I  ad  r+lj  X  I*  hoc  eft,  ut  i  ad  r+u\ 

f  Jobaani  fieroauIUo.  .     , 

.      .      .      "       E 
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—r. -—^ =  (ex  genefi  numerorum  nguratorum) 

*^""^  — ^— '— A— JP  -m        \  . .     .     .  ■  t 

'  r '     ^r%orq+r.p  +  l+t+b^g  =  nq—p—i 

— i  —  h  —  gi  fadlaque  tranflacione  convenienti,  r -^  i  X 
f^l+i+b+g  =  nq  —  rq.  Dividatur  utrinquc  per  r+i, 
critjf>-f-/+/+i^+^  g  r^2^^ ;  additoque  y  habcbitur  jr+^  + 

/+  i+b+g  =  !£ZL?  +  J  =  f±i^^,  hoc  eft,  g^h+i-^l 

+P+?  ^"^  ad  »  +  I  X  J  lit  I  ad  ^+i«     <i.  b.  d. 
Scquitur  nunc  Propjitie  principalis,  quse  talis  eft. 


Propositio  Principalis. 


In  tabula  numerorum  figuratorum  fumma  terminorum* 
quorlibec  a  fuis  refpedlive  cyphris  incipientium  ad  fummam 
totidem  ultimo  aequalium  :  Item,  fumma  terminorum  quotvitf 
incipientium ;  ab  unitare  ad  fummam  tqtidem  ultimum  fc- 
quenti  asqualium  :  in  ferie  prima,  feu  monadum^  eft  ut  t 
ad  I  i  in  ferie  fecundaj  feu  lateralium,  ut  i  ad  2 ;  in  terti^^ 
feu  trigonalium,  ut  1  ad  3 ;  in  quarta,  feu  pyramidalium, 
ut  I  ad  4>  &  generaliter  in  ferie  qudcunoue  ut  i  ad  illi^« 
fefiei  ijumeruni. 


Pemonstratio  Prim^  Partis  pujuscE 
Propo^itionisj 

De  prima  ferie  conftat  ex  primo  lemmata :  de  ieaindl, 
tenia,  quarta,  &c.  e  reliquis.  Nam^  quia  fupima  termino- 
rum quotlibet  ad  fummam  totidem  ultimo  aqualium  in  pri- 
mi  ferie  eft  ut  i  ad  i ,  erit>  yi  horum  lemmatiim,  in  fecund^ 
ut  I  ad  I  + 1  ==  2  i  &,  quia  in  fecunda  qft  ut  i  ad  2,  erit 
in  tertia  utiad34^i  =;3;  &  propterpa  ctiam  in  quartft  ut 
I  ad34-i  =4i  in  quiiitd^  ut  i  ad  4+1  =  5 ;  &  genera* 
liter  in  ferie  ^  ut  i  ad  ^.     o^  £•  P« 

DfiMOK<« 
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Demonstratio  Secitwdje  Partis  HtJjuscB 

PftOPOSlTlONlS. 

Quia  rationem  i  ad  f*+i  mcmomtam  in  ultimo  Icmmate 
hie  interpretaraur  per  rationem  i  ad  r,  eric  r  =  r  —  i  = 
(per  proprietatem  primam  i)  numcro  cypbrarum,  k  quibus 
columna  c  incipic.     Quar^,  cum  in  dido  lemmate  repertum 

fit  ^+ *+/+/+/►  =  1^:1^  =  "^ZlJLL^  fequitur  quod  g^h 

!+^+^+P  (fumma  terminorum  quorum  numems  eft  ft)  Ce 
habet  ad  j  in  » —  r  (numenim  ccrniinorum  minus  numero 
cyphrarum)  ficut  i  ad  r;  hoc  eft,  fumma  terminorum  quot- 
libet  ab  unitate  incipientium  ad  totidem  terminos  fequcnti 
ultimum  aequalcs,  ut  i  ad  r  *.     q^  e.  d. 


CONSECTARIUM* 

fix  hie  oftensa  proprietate  facile  nunc  eft  invenire  turn 
terminum  optatura,  tum  fummam  terminorum  feriei  cujuf* 
liber.  Sumpti  intelligantur  termini  asque-multi  ex  pluribus 
continue  columnis,  &  fit  numerus  fumptorum  ab  initio  cu- 
jufque  column*  »,  adeoquc  numerus  terminorum  ab  unitate 
(exclufis  cyphris  initialibus)  in  fecunda  columna  n — i,  in 
tertia  »---2,  in  quarta  »-*-3,  atquc  ita  deinceps,  per  primam 
proprietatem  :  quo  pofito,  qusefitum  ita  colUgo.  Summa 
terminorum  n  primse   columnar,    ncmpe,    n    unitates,    feu 

*,  aequatur  termino  w+iVno,    hoc  eft,   termino    fequenti 

irltimum,  fecundae  coiumnae,  per  quartam  proprietatem,  ex 
tabulsB  genefi.  Quare  termini  hujus  in  »  —  i  (numerum 
terminorum  ab  unitate  fecundae  columnar)  du6ti  fubduplum, 

feu  "*""'   ,  per  duodccimam  proprietatem  aequale  eft  aggrc* 

gato  terminorum  fecunda?  coiumnae,  &  fimul  (per  quartam 
proprietatem)  ipfi  termino  fequenti  ultimum  tertiae  columns. 

*  Vide  fuper  hie  mateni  opera  ipfius  Johannis  Bernoullii,  edita  Lau- 
(anaaeanno  Domini  17429  Tomum  tertium,  paguuup  521,  in  47mA  Lee- 
j|k>xie  de  Calculo  Integraliuni. 

£  a  .  Undo 
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Unde  fimiliter  hujus  termini  in  »  —  z  (numcaim  tcrmlno* 
rum  ab  imitate  tertix  columns)  du&i  fubtriplum,  nempe 

M.M^i.n^2^   aquatur   (per  duodccimam  proprietatem)  ag* 

gregato  termihorum  teniae  columna*,  infimiilque  (per  <)uar<A 
tarn  proprietatem)  ip(i  termino  feqiienti  ulcimum  quartan. 
Quocirci  &  hujus  termini  in  «  —  3  (numerum  terminorum 
ab   uhitate   quarts  columns)  du€ti  fubquadrtiplum,    putk 

»,„^i.„-2.;i->3     ^j^ji^^^  fummam  terminorum  ouartaB  co- 

1.2.3.4'  ^ 

iumns^  unaque  terminum  qui  fequitur  ultimum  quintal  1 
^  rurs\!ls    iftius   termini   in  h-^j\,    dudki   fubquihtuplum 

tiempe^  ■  '  — "■^■'    '\  producit  fummam  termmoruni 

i»2»3*4*S 

tolumnae  quintae,   &  fimul  terminum  qui  excipit  ultimum 

fextaej   atque  ita  confequenter.     E  quiblis  igitur  infertur, 

c^uod  fumma  terminorum  n  prim^  columns  fit  ^,  fecundar 

*- — -,  tertis  >  quarts  ■  ^,   quintae 

1.2  1.1.3*^  1,2.3.4'^ 

*   ■  ■  '■  ■        •'  :"  ■  ■  * 

*— - — ;: ,    &  generaliter  columns  r, 

••*.  •3'4*5 


• — —J — - — -^ •     Et,  quia  quslibet  narum 

quantitatum  etiam  exphmit  terminum  «+i  fequentis  co^ 
lumns,  fequitur  quod  ipfe  illius  terminus  optatus,  feu  ul- 
timus,  n  habeatur  mutato  folummodo  ubique  n  in  »— i  ; 
adeoque    quod    terminus-  optatus,    fecundae    columns    fii 

— ,  tertiae  ,  quarts ^, 

qumta  — rTlT. —  >,  &>  generaliter,  columns  r, 

li— l.;i— 2.«— 3»«— 4  ..  •  »n^c+l 


Scholium* 
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Scholium^ 

Multi,  \3t  hoc  in  tranfitO  notemus,  ntimcrofum  figuraio- 
hini  cobtemplationibm  yicariHit  {(\tos  inter  Faulhaberus  ic 
Remmelini  Ulaienfts^  WaUtfiuk,  Mercator  in  Lc^rithftio- 
technift,  Prcftetui,  aliique) ;  fed  qui  proprietatis  hujus  de- 
monftracionem  univerfaiem  dederit  &  icientificam^  noYi 
neminem.  Wallifius  in  Arithmetica  Infinitorum  fundamen- 
turn  {\jac  method!  ja&urus,  rationes  quas  habent  feries  quad* 
ratbriun^  cuborum^.aliarumque  potetbtum,  nunaerorum  na« 
^uraliutn  ad  feriem  totidem  maximo  xqualium,  indudioate 
inveftigat;  indeque  in  propofiuone  176^  ad  contemplaiio- 
nem  numerorum  trigonalium;^  pyramidaliuoi,  reiiquorumque 
figiiratorum  tranfit.  Sed  fatius  fuiflet  Forteque  naturs  rdl 
convenicntius,  fi  vice  versa  tfaftationem  numerorum  figura- 
toram,  eamque  univerfali  &  accurate  deitionfti^tione  mu-» 
nttam,  prani»Mec»  ac  t«Hti  demum  ad  poteftaciim  fumn^aa 
inveftigandas  perrexiffct.  Praeterquam  enim  quod  modus 
demonftrandi  per  induftioneih  pariim  fetentifictrs  eft,  infu- 
perque  pro  quiiibet  ierie  peculiarem  operam  depofcit ;  ilia 
utique  omnium  judicio  ..praccedefe  debent^  qu£  caeteris  na* 
tur^  funt  priora  &  fimpliciora>  quales  videntur  efle  numeri 
figurati  prae  potcftatibus,  turn  quod  illi  additione,  lise  mul- 
Ciplicatione  generantur^  tum^  &  prscipuej  quod  feries  figu« 
ratorum  a  fuis  refpeftive  cyphris  incipientes  ad  feries  »)ua- 
lium  rationem  habent  exa<5t^  iubmultj^Ucem,  qualem  non 
habere  poflunc  feries  poteflatum  (falc^m  in  terminis  numero 
finicis)  abfque  aliquo  exceflu  vel  defe&u,  quieunque  cyph* 
rarum  numerus  ipfis  pracfigatur,  De  caetero  nam'qOe  ex 
cognitis  figuratorum  fummis  nihilo  difficilius  rnvdligari 
poterunt  poteftatum  fummae,  atque  ex  his  priores  collegit 
audor ;  quod  quomodo  fiat,  paucis  oftendam. 


ivf90igati$ 
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Bto^igatio  Summarum  ^u^e  prtydentuhi  ex  addUione  quadratorufiti 
eubarum^  quadrato-quadratorum^  et  Jequentium  foujtatum  nu-- 
inerorum  Tiaturalium  i,  2,  3,  4,  5,  6^  7,  8,  9,  lo,'  &€• 
iK  fiumir§rumfiguratQrumfummis  derivata. 


Propon^tur  fcries  numeforum  natiiralium  ab  o'nirate  i.  ii 
*^.  4. 5.  &c.  ufque  ad  »,  &  quserantur  omnium  ipforuni^ 
item  omnium  quadratorum,  cuboram,  et  feqnentium  potc(^ 
'  tatum  cjc  ipfis,  fummae.  *  Quoniam  in  ubulS  ^ombinatio- 
©um  terminus  fecund®  columnae  indefinite  eft  /r — i,  & 
fumma  omnium  terminorum,  hoc  eft,,  fumma  omnium  n 
—I,  feu  /.{n — I,  per  confeftarium  praecedens  inventa,  eft: 
*'*'"'■  =  ^I2Zl, erit/ [n^i, five7»— yi,  =  2LZ?,  &  proinde^ 

x=  2!l!U+yx ;  fcd/i  (fumma  omnium  unitatum)  eft  ni  quar& 

liuhrna  omnium  »,  feuy5f,  erit  zss +  »  =r  4  ;f»  +  4^  if. 

Porro  cum  terminus,  terti*  columnar  indefinite  acccptug 
per  idem  confedarium  fit  "■TT^'!'""?  =r  ^fZi!L-i    &  fumma 

omnium  tcrmmorum  (hoc  eft),  omnium  — | —  ) 

n.n^un^^  ^n^nn;^^       erit  /  ^E?^  five /^   ;.« -./4 

n  +/I  = — ij ,  &/4  «»  =  — ^ +  fl  n-^Jx  > 

fed  /^n:z,  ifn  =  (per  mod6  oftenfa)  J  «»  +  i  if,  &/i  =  . 
n:  unde  his  fubftitutis  fit  n  nn  =  !l!i:5^±il  +  l:!JI±i'  -1 

If  =  -J.  »'  +  4.  »»  +  -rV  »,  cjufque  duplumyjfif  (fumma  qua^ 
dratorum  ex  omnibus  n)  =  -J-  »*  —  inn  +  ^n^ 

'^  Rursia, 
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Rursus,  quia  terminus  n  quartae  columnae  eft  *""''^'"^'*""^ 

ii'-<-6Mr+ii«^6      o      /• 

=   g-  »   &  lumma  omnium  termmomna 

I. ..3. 4  =  — ^ — » «"'  ""<i"«/ 

^»-6,.+  „.-6^  j^^  ^j^^  ^^  ^  _^^^  ^^„  ^_^^  _ 
: ^--- i  indeque/^  »»  = +>f— 

?4  *4 

/  V  ^  +/!•  Et  quoniam  per  modo  inventa  /m  =  j. »'  + 
4  «»  +  -J- » i  nee  non  /  V  »  five  ^-^  fn  —  44  »»  +  -rr^,  & 
/i  =  » ;  hinc,  faAa  horum  fub(litutione>  emerget  /4-  »'  =: 

T,     +T«+T»»  +  T»  —  4t»»— ■J4»  + 

If  =:  Vt  »*  +  TT  ^'  +  A  »»>  ejufque  proin  fextuplum  Jn^ 
(fumma  cuborum)  =  ^«*  +  x«'  +  iw»  Atquc  fie  porr& 
ad  alciores  gradatim  poceftates  pergere,  levique  negotio  (c» 
Qyenteo)  adornare  laterculum  licet^: 


SummJ 
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Summs  Fottjtttum, 

*V    %    %    ^      •      »,.    ♦      M    ;:i 

11  H   II  II   II  II   |l  II  II  II 
++++++++++ 

o  • 

+++++++++ 

n   #    «    #    #   •    t 

I  I  I  I  I  I  I 
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Quin  imo  qui  legem  progreffionis  termlnoruro  in  hoc  !*-• 
tcrculo  defcriptorum  atientius  infpexcrit,  eundem  eti^m 
continuare  potent  abfque  his  ratiociniorum  atnbagibus« 
|una(](^  cnim  c  pro  potellatis  cujuilibet  ^xponentCa  (it  ^uni^ 
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ma  omnium  »^,  (tvi/n^y  =  jxT^^"*^'  +  4  «''  + 

2  2  .3 -.4  ?  •  3  •  4  •  5  •  6  ,   .. 

.     f.f— i.c  — 2.^:— a,f— 4.C— c.f— 6  -Tk  c— 7.  4,      -^      j   • 

2.3.4.5.6.7.8 
ceps,  expohentem  poteftatis  ipfiiis  n  cdntimie'  minuendo 
binario,  quoufque  perveniatur  ad  »  vel  nn.  Liter®  dapitales 
A,  B,  C,  D,  &c.  ordine  denotant  coefficientes  ultimorum 
terminorum  ^vojhn^  frAy  Jn^^  Jr^^  &c.  nempe  A  rr  4,  B  = 
—  3-*B,  C  =:  tV>  D  =  —  tV«  Sunt  autem  hi  coefficientes 
ita  comparati,  ut  finguli  cum  casteris  fui  ordinis  cocfficienti- 
bus  complere  debcant  unitatem  ;  fie  D  valere  diximys  —  ^, 
quia  4>  -I-  +  T  —  tV  +.7  (  +  D)  —  A  =  i-  Hujus 
laterculi  beneficio  intrJi  femi-quad  ran  tern  horae  rcperi,  quod 
poteftates  decimal,  five  quadrato-furfolidae,  mille  primorum 
iiumerorum  ab  unitate  in  fummam  coUefta  efficiunt 

9i40992424i42424a424£4i924^425oo. 

E  quibus  apparet,  quam  inutilis  cenfenda  fit  opera  If- 
maelis  Bullialdi,  quam  confcribendo  tarn  fpifTo  volumini 
Arithmetical  fuae  Infinitorum  impendit,  ubi  nihil  praeftitit 
aliud>  quam  ut  primarum  tantum  fex  poteftatum  rumma3 
(partem  ejus  quod  unica  nos  confecuti  Tumus  paging)  im- 
iDcnfo  labore  demonftratas  exhiberet. 

Tie  Jeriehus  Jerierum  figuratarum  analogis. 

Antequam  caput  hoc  finiamus^  paucis  adhuc  indicare  Iu<r 
bet  quomodo,  fuppofitis  iis  qua^  de  feriebus  figuratis  oflenfa: 
funty  pofiiint  qua^vis  etiam  aliae  feries  figuratarum  analogae 
(quas,  fcilicet,  differentias  fuas  primas,  fecundas^  tertias,  &c. 
asquales  habent,  adeoque  ex  continua  additione  terminorum 
alicujus  feriei  acqualium  generantur)  ad  homologas  iiguratas 
reduci,  ac  proinde  fummari,  vel  poftremi  ipfarum  termini 
inveniri.  Sit  feries  quaevis  squalium  D,  ex  cujus  additione 
nafcatur  feries  C,  &  ex  hujus  additione  feries  B,  &  ex  hujus 
laodem  collcdione  feries  A^  fumptis  ad  arbitrium  primis  fer 

F  rierum 
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ricrum  terminis  d^  c,  b^  a.  Vocabitur  ferics  A  figuratarum 
analoga^  cujus  differentia  prims  confticuunC  feriem  B,  fe« 
cuadas  feriem  C^  tertise  (eriem  D^  &c,    £t  quoniam  appa- 


D 

C 

B 

A. 

'd 

c 

b 

a 

d 

c-\-  d 

b+  t 

a+  b 

d 

<+2d 

hJr^c^k^    d 

a  +  2b+     c 

d 

c+sd 

*+3^+  l^ 

a+ib+  2C+    d 

d 

C'¥Ad 

^+4^+  6</ 

<'+4^+  6f+  4i/ 

d 

'+5^ 

^+5f+io</  1  <»+5^+iof+io<^ 

ret^  feriem  A  componi  ex  feriebus  unitatum  i^  i,  i,  i>  &c* 
Uteralium  Xj  2^  3^  4^  &c.  trigonalium  i^  3,  6,  Io^  &c.  pyra* 
midalium  i^  4»  iq,  20,  &c.  in  primos  differentiarum  cermi-* 
nos  a^  h^  f,  d^  feorsim  dudis,  quarumque  omnium  poftre- 
rci\  termini  &  fummae  per  ante  difta  habentur,  ipfius  quoque 
hinc  feriei  A  po{b*emum.  terminum  &  fiimmam  termino* 
rurii  obcineri  pofle  conflat ;  nimirum,  fi  numerus  terminorum 

vocetur  »,  erit  ultimus.  terminuB  feriei  A  =  tf  +  »  —  i. 
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THB  FROCBlltUlli  Ok  FRBFACS,  TO  THE  SBCOHD  PART  OF  THR  SAIO 

TREATISE 

DE  ARTE  CONJECTANDI. 

IT  is  eafy  to  perceive  that  the  prodigious  variety  which 
appears  both  in  the  works  of  hature  and  in  the  adions  of 
meoi  and  which  conftitutes  the  greateft  part  of  the  beauty  of 
the  univerfe,  is  owing  to  the  multitude  of  different  ways  Jit 
which  its  feveral  pans  are  mixed  with,  or  placed  near,  each 
other.  But,  becaufe  the  number  of  caufes  that  concur  in  pro« 
ducing  a  given  event,  or  eifeft,  /is  oftentimes  fo  immenfely 
great,  and  the  caufes  themfelves  are  fo  different  one  from  aii« 
qther,  that  it  is  extremely  difficult  to  reckon  up  all  the  different 
^Ajs  in  which  they  may  be  arranged,  or  combined  together^ 

,     F  %  it 


36  A  Tranjlation  of  the  foregoing  ExtraH 

it  often  happens  that  men^  even  of  the  beft  underftandingi 
and  igreatiu  circum4>eftjbn9  a^e  guilty  r<^  thAt  fauk  in  rea* 
foning  which  the  writers  on  logick  call  the  infufficient^  or  imper-- 
feSl  enumeration  offarts^  or  tajts :  irifomuch  that  I  will  venture 
to  aflcrt,  that  this  is*  tbe  ch'urf,  and  alnaoft  the  only,  fource  of 
the  vaft  number  of  erroneous  opinions,  and  thofe  too  very 
often  in  matters  of  great  importance^  which  we  are  apt  to 
form  on  all  the  fubjeds  we  refledt  upon,  whether  they  relate 
to  the  knowledge  of  nature,  or  the  merits  and  motives  of 
human  aftions.  It  muft  therefore  be  acknowledged,  that 
that  art  which  affords  a  cure  to  *  this  weaknefs,  or  defeft,  of 
our  underftandings,  and  teaches  us  fo  to  enumerate  all  the 
pofiible  ways  in  which  a  given  number  of  things  may  be 
mixed  and  combined  together,  that  we  may  be  certain  that 
ive  have  not  omitted  any  one  arrangement. of  them  that  can 
lead  fo  the  objeft  of  our  inquiry,  deferves  to  be  confidered 
as  mod  eminently  ufeful  and  worthy  of  our  higheft  efteem 
and  attention.  And  this  is  the  bufinefs  of  tbe  art,  or  doffrine 
if  combinations. 

Nor  is  this  art  or  doftrine  to  be  confidered  merely  a^.  % 
branch  of  the  mathematical  fciences.  For  it  has  a  relation 
to  almoft  every  fpecies  of  ufeful  knowledge  that  the  mind 
of  man  can  be  Employed  upon.  It  proceeds  indeed  upon 
mathematical  principles  in  calculating  the -number  of  the 
combinations  of  the  things  propofed  :  but  by  the  conclufioni 
that  are  obuined.  by  it,  the  fagacity  of  the  natural  pbilofo- 
pher,  the  exaftnefs  of  the  hiftorian,  the  fkill  and  judgment 
^  of  the  phyfician,  and  the  prudence  and  forefight  of  the  po- 
litician, may  be  aflifted  j  becaufe  the  bufinefs  of  all  thefe  im- 
portant frofeffions  is  but  to  form  reafonable  conjeSures  concera- 
jng  the  feveral  objefts  which  engage  their  attention,  and  all 
wife-  conjedures  are  the  refults  of  a  juft  and  careful  exami-< 
nation  of  the  feveral  different  effcfts  that  may  poffibly  arife 
from  the  caufes  that  are  capable  of  producing  them.  And^ 
I  prefumc,  it  was  from  a  fenfe  of  the  great  and  general  uti* 
Hty  of  this  doftrine  that  feveral  very  eminent  mathematicians 
have  undertaken  to  treat  of  it  in  their  public  writings  >  and 
particularly  Mr.  Van  Schooten  (the  learned  commentator 
on  Dcs  Cartes's  geometry),  Mr.  Leibnitz^  Dr.  Wallis,  ajwJ 
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Monficur  Preftet :  fo  that  the  reader  is  not  to  cx)nfider  etcrf 
thing  he  will  meet  with  in  this  treatife  as  entirely  new  and  of 
my  invention.  I  hi6re,-'howevef,  maddTome  improvementt 
on  the  fubjeft,  and  thofe  too  of  confiderable  importance^ 
which  I  may  jxi^y..  call,  my  OWA^  and  particularly  I  have^ 
difcovered  a  general  and  eafy  demonfttation  of  the  princi* 
pal  and  mod  remarkable  property  of  the  figurate  numbers, 
CO  wit,  ^*  that  *  of  the  proportion  between  the  fum  of  any 
number -of  terms  of,  a  feries  of  figurate  numbers  of  any  or* 
4ler  whatfoever  to  the  fum  of  the  fame  number  of  terms  ^l 
equal  to  the  laft  terni  of  the  feries  ;**  upon  which  propertjr 
many. of  the  following  propofitions  in  this  book  are  founded : 
for  of  this  property  I  believe  no  other  writer  has  ever  befor9 
given  a  depiondration. 

'  Indeed,  none  of  the;  tradts  hitherto  publilhed  on  this  fub« 
je£^,  can  be  faid  to  contain  a  full  and  (atisfa6lory  accoqnt 
of  it.  And  therefore  I  have  thought  it  would  be  agreeablq 
to  my  readers  to  fee  it  here  treated  in  a  regular  manner, 
firem  the  firft  and  moA  fimple  principles  on  which  it  is 
founded,  to  the  higher  and  more  exteniive  propofitions 
which  have  been  built  upon  them,'  without  being  under  the 
neceflity  of  referring  to  other  books  upon  the  fubjed.  Bur, 
though,  for  thefe  reafons,  i  have  laid  down  the  very  fifft 
elements  pf  the  dodrine,  and  have  endeavoured  to  demon* 
Urate  ^very  thbg  as  I  went  on,  to  the  end  that  the  chain  of 
reafonin^  might  be  uniform  and  compleat,  I  have  done  it  in 
as  concile  a  manner  as  I  could,  and  only  as  far  as  was  ne- 
ceflary  to  prepare  the  way  to  the  fubfequent  and  more  im- 
portant parts  of  the  book.  The  greater  part  of  the  treatife 
cohfi({s  qf  two  principal  heads,  of  which  the  firft  contains 
the  dodrine  pf  permutations^  and  the  fecond  contains  the 
dodrine  of  combinations  i  which  is  followed  by  a  third  branch,^ 
whi<;h  fprings  out  of  the  two  former,  and  treats  oi  pirmuta^ 
^ions  and  combinations  joined  together*  : 
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CONCERHIKG   FBKMITTATIOKS. 

Articlb  I.  T|  Y  the  permutations  of  a  number  of  things^ 
J|3  1  in^can  the  feveral  variacions  that  maiy  be 
made  in  their  relative  fituations,  or  pofitions,  or  in  the  orde^ 
in  which  they  may  be  made  to  follow  each  other,  while  their 
number  continues  the  fame.  So  that,  when  it  is  propofed 
to  find  in  how  m^ny  different  ways  a  given  number  of 
things  may  be  ranged,  or  difpofed,  without  omitting  any  of 
them,  this  is  faid  to  be  requiring  the  mmier  of  their  fermu- 
tations. 

2.  The  things  of  which  we  are  required  to  difcover  the 
number  of  permutations,  m^y  be  either  all  diftingui(hed 
from  each  other  by  fome  plain  mark,  fuch  as  a  difference  of 
(hape  or  colour,  as  cubes  from  fpheres,  or  black  balls  from 
white  balls ;  or  they  may  be  exaftly  like  each  other,  fo  as 
to  be  liable  to  be  miftaken  one  for  another,  as  two  fpherical 
bhck  b^IIs  of  exadly  the  fame  fize  and  weight.  In  the 
former  cafe  it  will  be  proper  to  denote  the  feveral  things  by 
as  many  different  letters  of  the  alphabet ;  and  iii  the  latter 
cafe  it  will  be  convenient  to  denote  fo  many  of  the  things 
as  are  exaftly  like  each  other,  by  the  fame  letter  of  the  al* 
phabet,  repeated  as  often  as  any  of  the  faid  things  which 
are  like  each  other  Ihall  occur,  as  will  be  feen^n  the  couriV 
of  the  following  pages.  We  will  firft  confider  the  former  of 
thefe  cafes,  or  that  in  which  all  the  things  are  diftinguiihedi 
from  each  oclier« 


fh 
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1U  fitfi  Cafe  of  Permutations^  in  whUb  all  the  tbingr  wbofi 
fermutatitms  are  riqubred  to  he  tffigned^  are  diJiinffuJbeifrM 
each  other. 


3*  As  it  is  obvious  that  the  number  of  changes  of  po- 
rtion that  may  happen  in  a  great  number  of  things  cannot  hi 
determined  without  firft  knowing  the  number  of  the  like 
changes  of  pofiuon  that  may  happen  in  all  ieifer  numbers  of 
fhem,  it  is  manifeftly  neceflary,  in  treating  of  this  Ibbjed, 
to  proceed  in  the  fynthetick  method,  and  begin  our  reafon- 
ings  from  the  firfl  and  moft  fimple  cafes :  which  m^y  be 
done  as  follows. 

4*  If  there  is  only  one  thing  to  be  arranged ,  which  » 
denoted  by  the  letter  a^  it  can  be  taken^  or  ranged^  only  in 
one  manner. 

5.  If  there  are  two  things  clearly  diftinguiOied  from 
each  other,  which  are  denoted  by  the  letters  a  and  ^,  it  it 
evident  that  we  may  either  place  a  before  b^  or  b  before  a% 
fo  that  there  will  be  two  different  ways  of  arranging  them, 
to  wit,  ab  and  ba^  or,  in  other  words,  there  will  be  two 
fermutations  of  them;     q.  e.  i. 

6.  If  there  be  three  things  diftinguifhed  from  each  other, 
and  denoted  by  the  three  different  letters  tf ,  b  and  r,  it  is 
evident  that  either  of  the  three  letters  may  be  phced  before 
the  other  two.  Now,  \ia  is  placed  firft,  the  other  two  let* 
ters  b  and  c  may  undergo  two  permutations,  by  what  has 
been  feen  in  the  laft  article,  and  the  three  letters  may  be 
placed  in  thefe  two  poiitions,  abc^  and  acb;  and  in  like 
manner,  if  b  is  placed  firft,  the  other  two  letters  a  and  c  may 
undergo  two  permutations,  and- the  three  letters  may  be  placed 
in  the  two  following  pofitipns,  towitj  ba^  and  beai  and, 
^  iaftjy. 
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laftty,  if  c  is  placed  firft,  the  other  two  letters  a  and  b  may 
undergo  two  permutations^  and  the  three  letters  may  be  placed 
in  the  two  following  pofitions^  to  wit,  ta^  and  €ba.  There* 
fore  the  whole  number  of  permutauons  which  the  order,  or 
ppficion,  of  the  three  letters,  tf,  ^,  and  ^  may  undergo,  is 
three  times  2,  or  6,  to  wit,  abc^  acb,  bac;  be  a,'  cdb, 
and  cba.    q^  e.  !•.  .  . >     . 

7.  In  like  manner,  if  there  vc .  four  diffei]ent'  things 
clearly  diftinguilhed  from  each  other,  and  denoted  by  the 
four  different  letters  a,  b^  r,  and^,  it  is  evident  that  either 
of  the  four  may  be  pkccd  before  the  other  three,  and  that, 
while  each  of  them  is  placed  firft,  the  other  three  may  un- 
dergo 6  permutations,  by  what  has  been. juft  now  fhewn  in 
art.  6*  Therefore  the  whole  number  of  permutations  which 
thefe  four  things^  or  letters,  may  undergo,  will  be  four  times 
6^  or  24.    Q.  £•  I. 

8*  And,  for  the  fame  reafon,  if  there  were  five  tKings 
denoted  by  the  five  different  letters  a^  by  r,  d  and  Cy  the 
number  of  their  permutations  would  be  five  times  as  great  as 
in  the  lafi:  cafe ;  or  would  be  5  times  24,  or  1 2o«  And  in 
general,  whatever  be  the  number  of  things  or  letters,  the 
number  of  permutations,  or  changes  of  pofition,  which  they 
may  be  made  to  undergo,  will  be  equal  to  the  produft  that 
arifes  by  multiplying  the  number  of  permutations  of  the  next 
fmaller  number  of  things  by  the  given  number  of  them.  So 
that,  if  ihe  whole  number  of  things,  or  letters,  be  »,  and 
the  number  of  permutations  in  »—  i  things,  or  letters,  be 
N,  the  number  of  permutations  in  all  the  n  letters,  will  be 
ecjual  ^  X  N.    And  hence  arifes  the  following 
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Ipjilefar  dijcovmng  the  wh^U  number  of  permutafiomj  or  rela* 
five  fbanges  of  pofttion^  which  any  given  numbef  n>  of  tlfings^ 
may  be  made  to  undsrgo. 


9.  Let  all  the  numbers  i,  2,  3,  4,  5,  6,  7,  &c,  in  their 
natural  order,  beginning  from  unity,  up  to  the  given  num- 
ber »,  of  things,  or  letters,  whofe  permutations  are  to  be 
inveftigated,  be  multiplied  one  into  the  other  ^  and  the  pro- 
duft  iX2X3X4X5X6xfX&c...X»  will  bc 
the  number  of  permutations  that  is  required,     q^  £•  i, 

10.  It  will  be  convenient  fometimes  to  ufe  a  full  point 
[ .  ]  inftead  qf  the  common  mark  of  multiplication  x  »  and 
then  1x2x3X4X5x6x7  X&c.  X  »  will  be  = 
I  .  2  •  3  .  4  .  5  .  6  .  7  .  &c  .  n,  or  (becaufe  i  lias  no  efFedt 
in  multiplication)  =1  2.3.4.5.6.7.  8cc  .  n;  .which 
will  therefore  bp  equal  to  the- whole  number  of  petmuta- 
tions,  or  changes  of  pofition,  which  n  things  may  be  mada 
to  undergo. 

11.  According  to  this  rule,  the  number  of  permutations, 
or  changes  of  pofuiori,  which  7  different  thjngs  may  bc 
made  to  undergo,  is  2  .  3  .  4  .  5  .  6  .  7,  or  5640.  Thus, 
for  example,  the  different  changes  that  may  be  rung  upou 
ievcn  different  bells  is  5040.  The  multiplications  of  thefc 
pumb^rs  into  ^ach  pthef  will  appear  in  the  following  table  ; 
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4* 
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^  the  foregoing  Extras 

fbe  Numhar  ttf  Things, 

The  Number  of  Permutations^ 

or  Oranges  of  Pojtion, 

I 

2 

2 

~- 

3 

3 

•—. 

4 

4 

"T" 

—           -        24 
5 

5. 

""" 

«->•             120 
6 

* 

6 

—         — •       720 

—2 

:  7 

— 

—                  5040     r 

8 

.^ 

8 

—        —      4o>3*a" 

9 

9 

— 

—        362,880 
10 

10    —    •-^    3,628,800 

II 


3  628  800 
36  a88:oo 


f\         S   -^  39,916,800 

12 


79  ^33  60Q 
399  168  00 


^*'   •^   *•    479>Qox,6oo 


12.  W^ 
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I  a.  We  may  fee  by  this  table  how  very  faft  the  numbci* 
of  permutations  increafes^  as  the  number  of  things  to  be 
arranged  becomes  greater  and  greater.  The  four  letters  that 
compofe  the  word  Rma  may  be  arranged  in  24  different 
ways ;  but  the  fix  letters  that  compofe  the  word  Romani  may 
be  arranged  in  720  different  ways;  and  the  feven  letters 
that  compofe  the  word  Romanis  may  be  arranged  in  no  lefs 
than  5040  different  ways.  We  are  now  to  confider  the 
fecond  cafe  of  permutations,  in  which  fome  of  the  things  to 
be  arranged  are  exaAly  like  others  of  them,  fo  as  not  to  b« 
diftinguilhed  from  them. 


S^be  Sicmd  Cafe  of  Permutations^  in  which  fome  u>f  the  things^ 
the  permutations  of  whieb  are  required  to  be  affigned^  are  liki 
others  of  them,  fo  as  not  to  be  diftinguijbed  from  them. 


13.  If  fome  of  the  things  of  which  we  are  required  to 
find  the  permutations,  are  exaftly  like  others  of  them,  fo  as 
not  to  be  diftinguifhed  from  them,  the  number  of  permuta- 
tions, or  changes  of  pofition,  which  they  may  be  made  to 
undergo,  will  be  much  fmaller  than  in  the  former  cafe.^ 
Thus,  for  example,  if  there  arc  fix  different  things,  where- 
of we  are  required  to  affign  the  permutations,  but  three  of 
them  are  exaftly  like  each  other,  fo  that  it  is  impoffible  to 
diftinguifti  either  of  them  from  the  other  two ;  as  is  the  cafe 
with  the  , fix  letters  aaabcdy  in  which  the  letters  occurs 
three  times ;  the  number  of  permutations  which  thefe  fii 
things,  or  letters,  can  undergo,  will  be  much  lefs  than  the 
number  of  permutations  they  could  undergo,  if  they  were 
all  diftinguiihable  from  each  other,  as  they  were  fiippofed 
to  be  in  the  former  cafe.  And  the  way  of  finding  out  how 
much  lefs  the  number  of  permutations  will  be  in  this  cafe 
than  in  the  former  cafe^  will  be  to  confider  how  many  per- 

G  %  mutations^ 


mutations;  or  changes' of  pofition,  the  thl'ee  nhi^gs  whicfl 
are  exactly  alike,  and  arc  denoted  by  the  fame' letter  //, 
might  undergo,  if  they  were  unlike  each  other,' 'ari^ » dif- 
tingullhable  one  from  the  odicr,  and -then  to  fubftitqtfe  aa 
•unit,  or  ohc  fingle  pofition,  in  lieu  of^all  'tficffcANTw^ral  per- 
mutations. Thusj  for  example,  if,  inftead  of 'the  three 
things  exaftly  alike  which  are  denoted  by  the  fame  lettdr  a^ 
vfc  were  to  take  three  things  that '^.N^erb  unlike  eacB  other, 
and  denote  them  by  the  three  leeters  ^V  **>*^nd  a,"  that  is,  bjr 
an  Italick  a,  a  Greek  »,  and  a  Roman  a,  it  i?  evidentf  from 
what  has  been  fliewn  in  art.  6,  that,  without ''makiog  any 
change  in  the  pofition  of  the  other  letters,  i,  f ,  ^,  thefe  three 
letters  n,  a,  and  a,  might  be  placed  in  fix  different  pofi- 
tions,  inftead  of  the  one  pofition  a  a  a  m  which  alone  the 
three  things  perfeftly  alike,  that  were  denoted  by  the  fame 
letters,  could  be  arranged.  The  number  of  permutations 
therefore  in  the  fix  things  denoted  by  the  letters  a,  a,  a,  i, 
€y  dy  Will  be  fix  times  as  great  as  that  of  the  fix  things  de- 
noted by  the  letters  tf,  j,  a^  b^  r,  d^  in  which  three  of  the 
things  arc  alike,  and  denoted  by  the  fame  letter  a.  And 
therefore,^ to  find  the  number  of  permutations  of  the  fix 
things  denoted  by  the  letters  ^,  a^  a^  b^  r,  d^  we  muft  firft 
find  the  whole  number  of  permutations  which  they  might 
undergo  if  they  were  all  unlike  each  other,  and  denoted 
by.  the  letters  ^,  «,  a,  by  r,  dy  and  then  we  muft  divide  the 
faid  number  by  6,  or  the  number  of  permutations  which 
the  three  tilings  denoted  by  the  fame  letter  a  might  undergo 
if  they  were  unlike  each  other,  and  denoted  by  the  three 
different  letters  a^  u,  and  a.  Now  the  whole  number  of 
permutations  of  fix  different  things  unlike  each  other,  that 
arc  denoted  by  the  letters  a,  oj,  a,  b,  Cy  d^  has  been  (hewn  to 
be  720.  Therefore  the  number  of  permutations  of  fix  dif- 
ferent things,  whereof  three  are  pcrfeftly  like  each  other, 


and 
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llhd  denoted  by  the  fame  letter  a^  or  of  fix  different  things 


denoted  by  the  letters  tf,  a^  a,  i,  c,  d^  will  be  -^,  or  120  = 


14;  Again,  if  the  fix  letters  whereof  we  were  required  to 
find  the  permutations,  were  aaahbc^  in  which,  befides  the 
letter  ^,  which  is  repeated  three  times,  the  letter  b  is  alfa 

*  The  truth  of  thia  article  may  be  made  vifible  to  the  eye  in  the  follow* 
ing  manner  : 

Let  U8  (to  avoid  a  great  number  of  permutations,  which  would  take  up 
a  great  deal  of  room,  and  tend  to  confound  the  fubjedih)  fuppofe  the  three 
ilifferent  letters  a,  tf,  and  ot,  to  be  Connected  only  with  one  more  letter,  to 
wit,  5.  Then,  by  art.  7,  the  whole  number  of  permutations  of  thefc  let- 
ters  will  be  24,  to  wit. 


a,  tf,  A,  hy 

a,  »,  tf,  hy 

ay  a,  a,  ^, 

ay  Oy 

tty  a, 

a,  ay 


ay  *, 
a,  ^, 


tf,  *,  «B, 

«,  by  tf, 

a,  hy  a, 

«,  hy  a, 

a,  by  Uy 

ay  hy  a. 


a,  hy 

a,  hy 

ay  hy 

ay  by 

a,  by 


Oy     O, 

o,  a, 

a,     Ay 
Uy     3, 

a,  «r, 
rf,  a, 


3, 


a<  tf,  «, 
a,  «,  tf, 
tf,  a,  a> 
tf,  «,  a, 
«,  a,  a, 
«,  tf,  a« 


Now,  let  the  Italick  letter  <f,  and  the  Greek  letter  «,  be  converted  into 
the  Roman  letter  a.  And  the  foregoing  permutations  will  thereby  be  con- 
vcfrted  into  the  following  ones,  to  wit. 


a  a  a  ^, 

a  a  6  a, 

a  a  a  ^, 

a  a  ^  a, 

a  a  a  ^, 

a  a  ^  a. 

a  a.  a  ^9 

a  a  ^  a. 

a  a  a  3, 

a  a  ^  a. 

a  a  a  ^, 

a  a  ^  a, 

a  ^  a  a, 

a  ^  a  a, 

a  ^  a  a, 

a  ^  a  a, 

a  ^  a  a, 

a  6  a  a. 


^  a  a  a, 

6  a  a  a, 

^  a  a  a, 

^  a  a  a, 

^  a  a  a^ 

3  a  a  a; 


of  which  the  firft  iix  are  all  exaftly  alike,  to  wit,  a  aa^,  and  therefore  muff 
be  reckoned  as  only  one  pofition,  or  permutation ;  aiid,  in  like  manner,  the 
next  fix  are  alfo  all  alike,  to  wit,  aa  Ja,  and  therefore  mud  be  reckoned  as 
only  one  pofition,  or  permutation ;  and  the  third  Cix  are  alfo  all  alike,  to 
wit,  a^aa,  and  therefore  mud  be  reckoned  as  only  one  pofition,  or  per- 
mutation; and  laftly,  the  fourth  fix  a^  alfo  all  alike,  to  wit,  ^aaa,  and 
therefore  mufl  be  reckoned  as  only  one  pofition,  or  permutation.  So  that, 
by  the  coincidence  of  fix  permutations  into  one  in  each  of  the  four  fets  of 
fix  permutations,  the  faid  twenty-four  different  permutations  will  be  reduced 
to  only  four,  or  V^,  different  permutations,  to  wit,  aaa£,  aa^a,  a^aa^ 
^aaa. 

And  it  is  eafy  to  fee  that  the  like  redudioo  muft  take  in  the  whole  num- 
ber of  permutations  that  may  happen  amongft  any  other  given  number  of 
things  that  are  all  different  and  aiilin|^uifhable  from  each  other,  when  any 
imber  of  the  (aid  things  are  rendered  like  to,  and  undil- 


other  and  leffer  number 
tioguifhoble  from^  each  other 


repeated 
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repeated  twice,  it  is  evident  that  the  number  of  the  pcrmq^ 
tations  which  the  (aid  letters  could  undergo,  would  be  but 
half  the  number  of  the  permutations  of  the  fix  letters  a  ad 
bed;  becaufe  every  two  permutations  of  thefe  letters  which 
would  be  diftioguidiable  from  each  other  when  the  two  dif-' 
ferent  letters  b  and  d  arc  made  ufe  of,  will  coincide,  or  be- 
come undiftinguifliable  from  each  other,  when  b  is  inferted 
inftead  of//.    And  therefore  the  number  of  the  permutations 

of  the  fix  letters  aaabb c  will  be  only  — ,  or  60. 

15%  And  in  the  fame  manner  it  may  be  ftiewn  that,  when 
feveral  of  the  letters,  of  which  wc  arc  required  to  affign  the 
number  of  permutations,  are  repeated,  or  taken  more  than 
once,  we  muft,  for  every  fuch  repetition  of  <he  fame  letter, 
divide  the  number  of  permutations  of  the  whole  number  of 
letters  by  the  number  of  the  permutations  of  fo  many  dif- 
ferent letters  as  there  arc  repetitions  of  the  fame  letter.  And 
hence  arifes  the  following 


Rule  for  dijcovering  the  number  of  permutations,  cr  relative 
changes  of  fofttion  diftinguijhable  from  each  other ,  which  any 
given  number  n,  of  things^  whereof  fome  are  exaBly  like  others , 
and  cannot  be  diflinguifhed  from  tbem^  may  be  made  to  un^ 

dergo. 


16.  Let  the  whole  number  of  permutations,  or  changes 
of  pofition,  which  the  faid  things  might  be  made  to  under- 
go, if  they  were  all  unlike  each  other,  and  could  be  clearly 
diftinguifhed  one  from  the  other,  be  divided  by  the  number 
of  permutations,  or  changes  of  pofition,  which  the  two,  or 
more,  things  which  are  like  each  other,  and  arc  denoted  by 
the  fame  letter,  might  be  made .  to  uadergo^  if  they  were 
4  unlike 
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unlike  to  es^ch  other,  and  clearly  diftinguifhed  from  each 
other.  And  the  quotient  will  be  the  number  of  permuta- 
tions  that  is*  required.  This  is  upon  a  fuppofition  that, 
amongft  the  things  that  are  given,  and  of  which  we  are  re- 
quired to  find  the  number  of  permutations,  there  is  only  one 
fet  of  things  that  are  exaftly  like  each  other,  and  therefore 
denoted  by  the  fame  letter.  ' 

But,  if,  amongft  the  things  of  which  we  are  required  to 
find  the  number  of  permutations,  there  (hould  be  two,  or 
more,  fets  of  things  that  are  exaAly  like  each  other,  and 
therefore  denoted  by  the  repetition  of  the  fame  letters,  we 
muft  multiply  the  number  of  all  the  permutations  which  the 
firft  fet  of  like  things,  denoted  by  the  firft  letter  that  occurs 
more  than  once  in  the  notation,  might  be~jnade  to  undei^ 
if  they  were  all  unlike  each  other,  into  the  number  of  all 
the  permutations  which  the  fecond  fet  of  like  things,  de- 
noted by  the  fecond  letter  that  occurs  more  than  once  in  the 
notation,  might  be  made  to  undergo  if  they  were  all  unlike 
each  other,  and  further  into  the  number  of  all  the  permu- 
tations which  the  third  fet  of  like  things,  denoted  by  the 
third  Utter  that  occurs  more  than  once  in  the  notation,  might 
be  made  to  undergo,  if  they  were  all  unlike  each  other^ 
and  into  the  numbers  of  all  the  permutations  which  the 
fourth  fet,  and  the  fifth  fet,  and  all  the  following  fets,  of 
like  things,  denoted  by  the  repetition  of  the  fame  letters, 
might  be  made  to  undergo,  if  the  things  in  each  fet  were 
unlike  each  other :  and  the  whole  number  of  permutations, 
which  all  the  n  things  that  are  given  (and  whereof  we  are 
required  to  find  the  number  of  permutations  diftinguifhable 
from  each  other)  might  be  made  to  undergo,  if  they  were 
all  unlike  each  other,  muft  be  divided  by  the  produ6t  of 
the  faid  multiplication.  The  quotient  will  be  the  number 
of  permutations  diftinguifhable  frum  each  other,  of  the  givet\ 
||umber  n  of  things,  which  was  required  to  be  found  • 

17.  This  dodrine  of  permutations  is  of  great  ufe  in  de« 
terminiflg  the  number  of  anagrams  th^t  may  be  made  of  any 
propofed  word,  or  the  number  of  different  ways  in  which 
](he  letters  that  compoiie  it  may  be  arranged.    Thus^  for  ex- 
ample^ 
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ample,  the  letters  that  form  the  word  Roma  may  be  arrange4 
in  2  .  3  .  4,  or  24,  different  ways ;  and  thofe  of  the  word 
Romani  (which  are  fix  in  number)  may  be  arranged  in  2  .  3 
.4.5.6,  or  720,  different  waysi  and  thofe  of  the  word 
Romanh  (which  are  feven  in  number)  m^y  be  arranged  in 
a  .  3  .  4  .  5  .  6  ,  7,  or  5040,  different  ways ;  as  we  have 
feen  in  art.  12.  In  like  manner  the  letters  of  the  word 
Trojanum  (which  are  eight  in  number)  may  be  arranged  in 
2  .3.4.5.6.7.8,  or  4o,32p,  different  ways;  and  thofe 
of  the  word  Do&rinam  (whigh  are  nine  in  number)  may  be 
aFrang^d  in  2  .  3  ,  4  .  5  ^  6  .  7  .  8  •  9,  or  362,880,  diffe- 
rent ways.  But  the  letters  of  the  word  LeopolduSj  though 
they  are  alfo  nine  in  number,  c^not  be  arranged  in  fo 
many  different  ways,  becaufe  of  the  repetition  of  the  letters 
/  and  (?,  each  of  which  occurs  twice.  The  number  of  dif^ 
ierent  ways  in  which  the  letters  of  th;s  word  can  be  arrange4 

15  =  ^  ^*    ?,  or  ^  ^\  ?y  or  90^720  \  becaqfe  the  two  /s,  if 

they  were  different  letters,  would  admit  of  two  permutations* 
aqd  the  two  ^s,  if  they  were  different  letters,  would  likewifc 
admit  qf  two  permutations,  and  confequently  thefe  number^ 
of  permutations,  to  wit,  2  and  2,  muA  (according  to  the 
foregoing  rule)  be  tnultiplicd  into  each  other,  fo  as  to  make 
the  produd  4,  and  then  the  number  362,880  (which  is 
the  whole  number  of  permutations  which  nine  different  let- 
ters may  be  made  to  undergo)  muft  be  divided  by  it,  which 
gives  the  quotient  90,720.  And  the  letters  of  the  word  Stu- 
diofuSy  though  likewife  nine  in  number,  will  admit  of  only 
30,240  permutations,  becaufe  of  the  repetition  of  the  letter 
n  twice,  and  the  letter  s  three  times.  For  the  permutation^ 
which  the  two  «s  might  be  made  to  undergo,  if  they  were 
different  letters,  are  2,  and  the  permutations  which  the  three 
5es  might  be  made  to  undergo,  if  they  were  different  let* 
ters,  is  6  ;  and  the  produd  that  arifes  by  multiplying  3  intg^ 
6  is  12.  We  muft  thereifore  divide  362,880  (which  \%  the 
whole  number  of  permutations  of  nine  differejc^t  letters)  by 
12  ;  and  the  quotient  30,240  will  be  the, number  of  all  tho 
permutations  of  the  nine  letters  of  the  word  Studiojus  t^at 
will  be  different^  or  diftinguiihable  from  each  othei:«^ 

'  '  '  ^  18,  It 
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i8,  Ic  is  only  by  the  affiftance  of  this  doftrine  of  per- 
mutations that  all  thofe  queftions  can  be  determined,  which 
fome  learned  and  ingenious  men  have  propofed  concerning 
the  number  of  the  variations,  or  tranfpofitions  of  the  words 
contained  in  certain  verfes,  which,  on  account  of  the  great 
number  of  fuch  tranfpofitions  which  may  be  made  in  them, 
have  been  called  Proteus  verjesy  in  allufion  to  the  Egyptian 
fea-god  of  that  name  mentioned  in  Homer's  Odyffcy,  who 
was  fo  famous  for  afluming  many  different  (hapes.  The 
moft  celebrated  of  thefe  verfes  are  thofe  \which  have  been 
given  us  by  Thomas  Lanfius,  and  the  learned  Jofcph  Scali- 
ger,  and  Bernard  Bauhufius,  a  Jcfuit  of  the  college  at  Lou- 
vain,  in  the  Auftrian  Netherlands,  The  following  two  verfes 
we  have  from  Thomas  Lanfius : 

LeXy  Rex,  Grext  Res^  Spes,  Jus,  TbuSj  Sal,  Sol,  (bona) 

Lux,  Laus : 
Mars,  Mors,  Sors,  Lis,  Vis,  Styx,  Pus,  Nox,  Fax^  (mala) 

Crux,  Fraus* 

In  each  of  thefe  verfes  there  are  eleven  words  of  one  fyl- 
lable,  and  one  word  of  two  fyllables,  to  wit,  bona  in  the 
firft,  and  mala  in  the  fecond.  Thefe  two  words  of  two  fyl- 
lables muft  always  remain  in  the  fame  place,  or  within  two 
words  of  the  end  of  the  lines,  in  order  to  preferve  the  mea- 
fure  of  the  verfes,  which  requires  that  the  fifth  foot  in  each 
verfe  (hould  be  a  dadtyl.  But  the  other  eleven  words  in 
each  vcu-fe  may  be  placed  in  any  order,  with  refpedt  to 
each  other,  that  we  pleafe,  without  altering  the  meafure  of 
the  verfes.  Now  the  number  of  permutations,  or  changes 
of  pcfition,  that  eleven  different  things  can  undergo  is 
39,916,800,  as  appears  from  the  table  in  art.  ii.  It  fol- 
lows therefore  that  the  words  of  each  of  the  two  foregoing 
verfes  may  be  tranfpofed  in  39,916,800  different  ways,  with- 
out fpoiling  the  meafure  of  them. 

19.  In  lome  other  inftances  of  thefe  Proteus  verfes  that 
have  been  given  by  ingenious  writers  on  this  fubjeft,  it  hap- 
pens that  many  of  the  tranfpofitions  of  the  words  contained 

H  ia 
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in  them  are  incompatible  with  the  mtaTure  of  the  veifes^ 
and  fome  of  them,  from  the  irregular  and  cmgrammatioal 
order  in  whtch  the  words  follow  eMh  other,  feem  to  convey 
no  fenfe  or  meaning  whatfoever,  or,  perhaps,  in  fomt 
cafes,  a  different  fenie  from  that  which  the  author  intended* 
But  in  ail  thefe  cafes  a  little  attention  and  care  will  enable 
us  to  diftinguifli  the  ufeful  tranfpofitions  from  the  abfurd 
ones,  and  to  determine  the  numbers  of  tranfpofitions  of  each 
fort  feparatdjr,  if  we  proceed  by  regular  fteps  according  to 
fbme  order,  or  plan  of  admiffion  or  excluiion,  in  naaking 
the  enquiry.  An  inftance  of  this  kind  occurs  in  the  follow^ 
ing  Hexameter  Latin  verfe,  which  was  made  by  the  above- 
mentioned  Bernard  Bauhufius,  the  Jefuit  of  Louvain,  in 
honour  of  the  blcfled  Virgin  Mary,  the  mother  of  our  Sa«- 
viour  Jefus  Chrift ;  to  wit, 

Tol  tibijunt  dotes,  Virpy  quotjidera  carlo. 

On  this  celebrated  verfe  fevcral  men  of  great  learning  and 
reputation  have  bellowed  a  great  deal  of  attention.  For,  in 
the  firft  place,  Ericius  PuteanuSy  in  a  little  book  which  he 
pubH(hed  under  the  title  of  fbaumata  Pietatis,  has  employed 
no  lefs  than  48  pages  in  reckoning  up  the  feveral  ufeful,  or 
rational,  tranfpofirions  that  may  be  made  of  the  words  con- 
tained  in  it,  and  makes  them  amount  to  as  many  at  leaft  as 
there  are  ftars  in  the  heavens,  the  numbcfr  of  which  is 
ufually  faid  to  be  1022;  leaving  out  (through  a  religious 
reverence  for  the  charaftcr  of  the  Virgin  Mary)  all  thofe 
tranfpodtions  which  feem  to  affirm  that  there  are  as  many 
ftars  in  the  heavens  as  there  are  virtues  in  the  Virgin's  cha- 
rafter,  becaufe  he  thinks  the  number  of  the  latter  to  be 
touch,  greater  than  that  of  the  former.  And,  idly,  Gerard 
Voffius,  in  the  7th  chapter  of  his  treatife  intided,  De  Scien- 
fits  Matbematicisy  has  affirmed  the  number  of  the  tranfl[>ofi- 
tions  which  may  be  made  in  the  words  of  this  verfe  without- 
Ipoiling  the  fenfe  or  the  meafure,  to  be  1022,  as  Puteamus 
had  made  it  before  him.  And,  jdly,  Monfieur  Prefiet^  a 
French  mathematician,  in  the  firft  edition  of  a  book  called 
»«  ne  Elements  of  the  Mathematicksy  page  348,  has  examined 
this  Proteus  verfe,  and  declared  it  to  admit  of  2196  trant 

pofitions 
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poficions  of  its  words  without  fpoiling  the  fenfe  or  the  mea* 
lure :  and  afterwards,  in  the  fecond  edition  of  his  faid  work^ 
vol.  i.  page  133,  having  re-coniidered  the  fubjeft,  has  in* 
creafed  the  number  of  thcfe  tranfpofitions  to  almoft  half  as 
many  more,  or  3276.  And,  4thly,  the  induftrious  compilers 
of  the  Leipfic  ASa  Eruditorum^  in  the  month  of  June,  1686, 
in  giving  an  account  of  Dn  Wallis's  Trcatife  of  Algebra» 
have  fixed  the  number  of  thefe  tranfpofitions  (which  Dr. 
Wallis  himfelf  had  not  in  that  trcatife  ventured  to  affign)  at 
a<8o.  And,  laftly.  Dr.  Wallis  himfelf,  in  a  Latin  edition 
of  his  works  which  he  publi(bed  afterwards  in  the  year  1693, 
page  49  4»  has  carried  the  number  of  thefe  tranfpofitions  to 
3096.  But  all  thefe  writers  have  been  miflaken  in  their  cal« 
culations,  and  have  afHgned  wrong  numbers  for  the  folu* 
tion  of  this  queflion  \  which  cannot  but  feem  rather  furprif^ 
ing,  as  fome  of  them  had  examined  the  fubjeA  twice  over* 
and  correfted  their  firfl  conclufions.  The  true  number  of 
tranfpofitions  of  its  words  which  this  famous  hexameter  verfc 
will  admit  of  without  fpoiling  either  the  fenfe  or  the  meafure 
of  it,  that  is,  without  admittmg  a  fpondee  in  the  fifth  place^ 
but  admitting  fuch  tranfpofitions  as  only  deflroy  the  csjura 
of  the  verfe,  I  have  found,  upon  a  careful  examinadon^  to 
be  3312* 

20.  I  here  conclude  the  chapter  on  the  dodrine  of  per- 
mutations, of  which  I  hope  the  fundamental  principles  have 
been  fufficiently  explained  ;  and  I  proceed  to  confider  the 
doftrine  of  combinations,  which  is  of  no  lefs  ufe  and  im« 
portance  than  the  former. 
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CHAPTER    IF- 

CONCERNING    COMBINATIONS. 
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Definition  i. 

►  Y  the  combinations  of  things,  I  mean  the  fevcral 

•  different  ways  in  which  any  given  number  of  things 

may  be  joined,  or  conncfted  with  each  other,  without  any 
regard  to  their  relative  pofitions,  or  the  order  in  which  they 
follow  one  another.  So  that,  when  a  certain  number  n  of 
things  is  given,  and  we  arc  required  to  find  in  how  many 
different  ways  thefe  n  things  may  be  taken,  by  taking,  firft, 
two  of  them  at  a  time,  then  three  of  them  at  a  time,  then 
four  of  them  at  a  time,  and  fo  on  in  all  other  poflible  con- 
jundions,  fo  that  no  one  heap,  or  parcel,  of  them  (hall  be 
taken  more  than  once,  we  are  faid  to  be  required  to  find 
all  the  poflible  combinations  of  the  faid  given,  number  of 
things. 


Definition  2. 

22.  The  number  of  the  things  given  which  is  direfted  to 
be  joined  together  in  one  heap,  or  parcel,  is  called  the  expo^ 
nentoi  the  combination  :  fo  that  if  we  are  diredtcd  to  com* 
bine  them  by  pairs,  or  in  parcels  containing  two  a*  piece,  the 
exponent  of  the  combination  will  be  2  ;  if  we  are  direfted 
to  combine  them  by  triplets,  or  in  parcels  containing  thi;ee 
a-piece,  the  exponent  of  the  combination  will  be  3  ;  and  if 
we  are'dircdled  to  combine  them  by  quadruplets,  or  in  par- 
cels containing  four  a-piece,  the  exponent  of  the  combina- 
tion will  be  4 ;  and,  in  general,  if  we  are  dire&cd  to  com- 
bine them  in  parcels  containing  m  a-piece^  the  exponent  of 
the  combination  will  be  the  number  m. 

Definitioh 
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Definition  3. 

23.  And  the  feveral  things  combined  in  thcfc  different 
manners  are  called  fairsy  or  couplets j  and  triplets,  and  quad^ 
ruplets,  &c,  or  binaries^  ternaries,  and  quaternaries,  &c,  oc 
Unions,  ternions,  and  quaternions,  &c ;  that  is,  all  the  diffe- 
rent conjandions,  or  combinations,  of  any  given  number  of 
things  in  parcels  conGfting  of  two  things  each,  are  called  all 
the  pairs,  or  couplets,  or  binaries,  or  binions,  in  the  faid 
number  of  things;  and  all  the  different  conjunctions  or 
combinations  of  them  in  parcels  confifline  of  three  things 
each,  are  called  all  the  triplets,  or  ternartes,  or  ternions,  in 
them ;  and  all  the  different  conjundlions  or  combinations  of 
them  in  parcels  confiding  of  four  things  each,  are  called  all 
the  quadruplets,  or  quaternaries,  or  quaternions,  in  them* 
And  fimilar  names  may  be  found  for  thefe  combinations, 
when  the  number  of  things  contained  in  a  fingle  parcel  is 
greater  than  4. 

24.  And  when  the  things  are  taken  fingly,  or  feparately, 
or  one  by  one,  it  will  be  convenient  to  denomijnate  them 
unaries,  or  unities,  or  to  give  them  fome  name  that  bears  a 
refemblance  to  the  names  by  which  we  diftinguiOi  the  feve- 
ral combinations  of  them  with  each  other  in  parcels  of  two, 
or  of  three,  or  of  four,  or  more  together  :  bccaufe,  though, 
when  they  are  taken  fingly,  they  cannot,  in  a  ftrift  fcnfe,  be 
faid  to  be  combined,  or  the  taking  them  fingly  cannot,  in 
ftridnefs,  be  called  a  combination  of  them,  yet  in  this  doc- 
trine of  combinations  it  is  often  neceffary  to  take  into  con- 
fideration  the  number  of  them  when  taken  fingly,  in  order 
to  determine  all  the  variations  that  can  be  made  upon  them  ; 
and  therefore,  in  a  loofer  and  more  extenfive  fenfe  of  the 
word  combinations,  the  things,  when  taken  feparatcly,  are 
confidered  as  undergoing  one  fppcies  of  combination,  or 
forming  one  clafs  of  the  feveral  clafles  of  combinations  which 
they  may  be  made  to  undergo.  This  is  a  fmall  inaccuracy 
of  language,  fimilar  to  that  by  which  a  unit  is  often  called 
9  number,  though  in  (Iridnefs  a  number  means  two  or  more 

unitSp 
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wtiiSy  or  Jingle  quantities^  joined  icgetber.  But  when  due  no- 
tice is  given  of  what  is  meant  by  fucb  inaccurate  expreflions 
(which  are  often  convenient  for  the  purpofe  of  avoiding  a 
multiplicity  of  words)  no  miftakes  can  arife  from  the  u(e  of 
them. 

25.  And  for  a  like  reafon  it  will  be  convenient  to  give  a 
name  to  the  aft  of  omitting  to  take  them  at  all^  either 
fingly,  or  combined  with  each  other,  or  to  confider  fuch 
omif&on  as  one  fpecies  of  their  combinations.  Such  an  omif- 
lion  of  them  may  be  called  a  nulUenation  (from  the  word 
nulHes,  which  means  no-times)  ;  and  the  nothings^  or  cyphers, 
fet  down,  inftead  of  the  things  themfelves,  on  thefe  occa* 
fions  may  be  called  nullenaries  (like  binariesy  ternaries^  and 
quaternaries)  or  nulUons.  The  yfe  of  this  fort  of  odd  lan- 
guage will  appear  in  the  courfe  of  the  following  pages. 

« 

26.  Some  writers  have  confined  the  word  combination  to 
the  ftrift  original  fenfe  of  "  taking  things,  by  binaries^  or 
pairsy  or  coupletSy  only,  or  parcels  confiding  of  two  things  ;'* 
and  have  called  the  taking  them  by  ternaries,  or  parcels  con- 
fifting  of  three  things,  contemation ;  and  the  taking  them  by 
quatrnariesy  or  parcels  confifling  of  four  things,  conquater^ 
nation ;  and  have  denominated  the  parcels  confifling  of  two 
things  each,  that  may  be  formed  out  of  a  given  number  of 
things,  the  combinations  of  the  faid  given  things ;  and  the 
parcels  confiding  of  three  things  each,  which  may  be  formed 
out  of  the  fame  given  number  of  things,  the'  contemations  of 
the  faid  given  things;  and  the  parcels  confifling  of  four 
things  each,  which  may  be  formed  out  of  the  fame  given 
number  of  things,  the  conquaternations  of  the  (aid  gtvea 
things.  But  this  degree  of  accuracy  in  our  expreifions  would 
evidently  lead  to  the  compofition  of  an  immenfe  number  of 
new  words,  in  order  to  exprefs  the  variety  of  conjundion^ 
that  may  be  made  of  the  things  given  in  parcels  of  diflfer^nt 
forts,  fuch  as  parcels  confifling  of  two  things,  parcels  con- 
fifling of  three  things,  parcels  confifling  of  four  things,  par- 
cels confifling  of  five  things,  parcels  confifling  of  fix  chingSj 
and  the  .like  j  the  ufc  of  which  multitude  of  new  words 

might 
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fl»ght  be  found  inconvenient.  And  therefore  other  perfons, 
who  were  apprehenfive  of  this  in^onvenieBce,  and  yet  were 
defirous  of  avoiding  the  inaccura«:y  of  employing  the  word 
^prntmatitms  for  parcels  coniifting  of  more  than  two  things^ 
have  propofed  to  make  ufe  of  the  more  general  words  com- 
plications  or  complexions  (derived  from  the  Latin  verb  complin 
€are^  which  fignifies  to  fold. up  together)  for  parcels  confifting 
of  three  things,  or  four  things,  or  five,  or  more>  things, 
each,  made  out  of  a  given  number  of  things  fucceffively  fo 
united  together :  and  fome  authors,  with  great  fagacity  and 
judgoient,  have  recommended  the  word  ele£fions  to  be  ufed 
on  tbis.occafion,  in  order  to  comprehend  thofe  methods  of 
reckoning  and  claffing  the  things  under  confideration  bf 
which  the  things  when  taken  feparately,  or  one  by  one,  are 
admitted  as  one  fpecies  of  combinations  of  them  ;  and  even^ 
when  nothings,  or  cyphers,  are  taken  in  their  ftead,  thofe 
nothings,  or  cyphers,  are  admitted  as  another  fpecies  of  their 
combinations,  or  eledions.  But  the  generality  of  writers  who 
have  treated  of  this  fubjeft,  make  ufe  of  the  word  combinations 
to  denote  all  the  diiferent  parcels  of  things,  ^yhether  coaiifting 
of  two  things,  or  of  three  things,  or  of  four  things,  or  of 
^uiy  greater  number  of  things,  which  can  be  formed  out  of  a 
given  parcel  of  things ;  and  even  to  denote  the  given  thingi^ 
when  taken  iingly  or  feparately ;  and  alfo  the  nothings,  or 
cyphers,  which  are  fet  down  inflead  of  them,  when  they 
are  not  taken  at  all :  nor  does  there  feem  to  be  any  neceility 
fat  inventing  new  words  on  the  occaiion. 

The(e  definitions  of  the  words  that  will  occur  mod  fre* 
quently  in  this  dodrine  of  combinations  being  premifed,  I 
now  proceed  to  coniider  the  dodtrine  itfelf. 

27.  Now  when  we  are  enquiring  mto  the  number  of  com^-' 
Innations  of  a  given  number  of  things,  the  faid  things  may 
either  be  all  unlike  and  clearly  diftinguifhable  from  each  other, 
lOr  fome  of  them  may  be  exadly  1^  others  of  them,  fo  as 
not  to  be  diftingui(baUe  from  them.  And  the  faid  tilings, 
may  either  be  fo  combined  together  that  no  one  thing  ihall 
be  contained  oftener  in  any  of  the  propofed  combinations 
than  it  occurs  in  the  original  number  of  things  which  are 

propofed 
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propofed  to  be  combined  together  ;  or  they  may  be  cofl»- 
bined  together  without  this  reftri(3:ior>,  or  fo  that  in  fome  of 
the  propofed  combioations  the  fame  thing  may  occur  often^r 
than  it  does  in  the  original  number  of  tilings  which  are  pro- 
pofed to  be  combined  together,  to  wit,  by  being  combined 
with  itfelf  *•     And  different  fuppofitions  may  be  made,  and 

different 

*  I  am  not  quite  certain  that  this  lad  ientence  is  a  faitliful  tranflation 
<ii  the  original,  which  I  fhall  therefore  here  fulyoln  for  the  reader's  atten- 
tive con  fid  era  t  ion.  Eaqut  vei  it  a  comhinart  deientf  ut  in  nvlld  eotnhinatume 
res  eadem  fefnus  ctmtineatur  quamipfa  reperitur  in  toto  return  mumero  ;  vel  Ju^ 
ut  in  tddem  camhinatiBne  res  eadem  etiam  Jepius  recurrere^  h^c  ejl^  ut/eam  ipf4 
quoque  comhinart^  poffit.  The  meaning  of  this  obfcure  fentencf  (as  far  as  I 
can  underhand  it)  may  be  illuflrated  by  the  two  foHowing  examples. 

In  the  firfl  place,  let  us  fuppofe  that  the  things  that  are  to  be  combined 
together  are  fix  in  npmber,  all  clearly  diftinguifhable  from  each  other,  and 
denoted  by  the  fix  letters  a,  h^  r,  d^  e^  /,  And  let  us  fuppofe  that  thefe 
fix  letters  are  to  be  comblnt:d  together  in  quaternions,  or  quadruplets,  or 
parcels  confiding  of  four  letters  each.  Then,  iayB  the  author,  thefe  oua- 
druplets  may  be  either  reftrained  to  thofe  only  which  confift  of  four  diffe- 
rent letters,  or  in  which  the  fame  letter  does  not  occur  oftcner  than  once,  or 
than  it  occurs  in  the  original  enumeration  of  the  fix  things,  tf,  i,  r,  ^,  r,^ 
out  of  which  thefe  quadruplets  are  to  be  formed,  fuch  as  the  quadruplets 
ahcd^  acde,  adef^  &c;  or  thefe  quadruplets  may  be  formed  without  this 
reflri^ion,  fo  as  to  admit  the  fame  letter  to  be  contained  in  them,  more  than 
once,  or  to  be,  as  it  were,  combined  with  itfelf,  a:s  happens  in  the  quadru* 
plets  aahCf  aacd^  aade^  ^<^cfy  aabd,  aabe^  aahf^  aucey  aaai^ 
maacy   uaady    &c* 

In  the  fecond  place,  let  us  fuppofe  that  the  things  that  are  to  be  com- 
bined together  are,  as  before,  fix  m  number,  but  that  two  of  them  are  ex- 
adly  like  each  other,  and  are  therefore  denoted  by  the  fame  letter  tf,  and 
that  three  of  them  are  alfo  exa&ly  like  each  other,  and  therefore  denoted  by 
the  fame  letter  by  and  the  fixth  is  different  both  from  thofe  of  the  firfl  fet» 
and  from  thofe  of  the  fecond  fet,  and  is  therefore  denoted  by  the  letter  r/ 
fo  that  the  fix  things  that  are  to  be  combined  together,  are  denoted  by  the 
letters  Oy  a^  3,  hy  by  c.  And  let  it  be  required  to  combine  thefe  fix  things, 
or  letters,  together  in  quaternions,  or  quadruplets,  or  parcels  confifting  of 
four  letters  each.  Then,  fays  the  author,  thefe  quadruplets  may  be  either 
So  reflfained  that  they  fhall  not  contain  either  of*  the  three  letters  ^ ,  3,  and  c 
oftener  than  it  is  contained  in  the  original  enumeration  o^  them,  to  wiff, 
ay  Oy  by  by  by  Cy  that  is,  that  no  quadruplet  fhall  contain  the  letter  a  oftener 
than  twice,  or  the  letter  b  oftener  than  three  times,  or  the  letter  c  oftener 
than  once  ;  as  is  the  cafe  with  the  quadruplets  abbcy  aabcy  aabb,  abbb^ 
Ibbc;  or  the  faid  quadruplets  may  be  formed  without  this  reflrifUon,  fo 
as  to  admit  the  letter  a  to  be  repeated  more  than  twice,  and  the  letter  b  to 
be  repeated  more  thaa  three  times*  and  the  letter  c  to  be  repeated  moi^t 

than 
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diflferent  qiieftions  confequently  may  be  propofcd,  Concern- 
ing the  manner  in  which  the  quantities  are  combined  toge- 
ther. For  it  may  either  be  required  to  find  the  number  of 
all  the  poffible  combinations  of  a  given  number  of  things, 
by  taking  them  firft  fingly,  then  in  couplets  or  parcels  of 
two,  and  then  in  triplets  or  parcels  of  three,  and  then  in* 
quadruplets  or  parcels  of  four,  and  fo  on  according  to  all 
the  exponents  they  will  admit  of;  or  it  may  be  required  only 
to  find  the  number  of  all  the  combinations  that  may  be 
made  of  the  fame  given  number  of  things  according  to  one, 
or  more,  of  their  exponents,  feparately  j  as,  for  inftance, 
by  difpofing  them  in  parcels  of  two  things,  or  in  parcels  of 
three  things,  or  in  parcels  of  four  things,  eadi.  In  each  of 
thcfe  ways  of  combining  the  things  under  confideration,  a 
great  variety  of  queftions  and  problems  may  be  propofed 
concerning  them,  the  full  difcuffion  of  which  would  lead  us 
into  a  very  ample  field  of  fpeculation.  But  of  thefe  we  (hall 
only  feledt  a  few  of  the  moft  curious  and  important,  which 
wc  conceive  to  be  neceflary  to  the  folution  of  the  queftions 
concerning  the  doArine  of  chances,  or  the  art  of  forming 
reafonable  conjeftures  concerning  future  events  depending 
on  chance^  which  will  be  considered  in  the  fubfequent  part 
of  this  treatife. 

28.  Let  it  then  be  required,  in  the  firft  place,  to  find  the 
number  of  all  the  poffible  combinations  that  can  be  formed 
of  a  given  number  of  things  according  to  all  the  exponents 
they  will  admit  of,  upon  a  fuppofition  that,  all  the  things 
that  are  to  be  combined  together,  are  unlike  to,  and  clearly 
diftinguifliable  from,  each  other,  and  confequently  are  de* 
noted  by  different  letters.  . 

Let  the  things  that  are  to  be  thus  combined  be  denoted 
by  the  feveral  fmall   letters  a,  b,  r,  d,  e^  &c.     Let  thefe 

than  once;  as  is  the  cafe  in  the  quadruplets  aaai,  aaac,  aaaa^  hhlbg 
0acc^  accc^  &c. 

This  is  the  only  meaning  that  I  can  find  for  the  foregoing  paflage  j  but 
I  cansot  help  entertaining  fome  doubt  whether  it  is  tae  true  one.    IM 

I  letters 
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letters  be  fet  down  ia  feparate  lioes^  or  rows^  one  under  an-^ 
other,  in  the  manner  followtng. 
In  the  firft  line  we  muft  place  the  firft  letter  «,  by  itfelt 

In  the  fecond  line  we  muft  place  the  letter  b  j  firft,  by  it- 
felf ;  apd  then  in  conjunftion  with  a,  fp  as  to  form  the  com- 
bination, or  couplet,  ab,  orbs.  For  ab  and  ba  are,  in 
this  doftrine  of  combinations,  to  be  confidercd  as  only  one 
combination,  becaufe  in  this  dodkrine  no  regard  is  to  be  had 
to  the  order  in  which  the  letters  are  placed,  as  there  was  in 
the  dodrine  of  permutations. 

In  the  third  line  we  muft  place  the  third  letter  c ;  firft,  by 
i(felf ;  and  then  in  conjundion  with  the  preceeding  letters  a 
and  by  fo  as  to  form  the  binions,  or  couplets,  acy  bc\  and, 
Jaftly,  with  the  preceeding  couplet  a  by  fp  as  to  form  thq 
jriplet  a  be. 


'J 

f ,  acy  be,  abc. 


dy  ady  bdy  cdy  obd ^  acdj  body  abed. 


Cy  afy  bey  ee,  de,  abe^  aee,  bee,  adsy  bde,  cdiy  abee,  abdcyaedeybedeyabede. 

In  the  fourth  line  we  muft  place  the  fourth  letter  d ;  firft, 
by  itfelf ;  and,  adly,  in  conjunftion  with  each  of  the  three  pre- 
ceeding letters  tf,  by  and  f,  fo  as  to  form  the  three  pairs  or 
couplets  of  letters,  ady  bdy  and  ri/;  and,  3dly,  in  con- 
junftion  with  each  of  the  three  foregoing  couplets,  a  by  a  f, 
bey  fo  as  to  form  the  three  triplets  a  bdy  aed,  and  bedi 
and,  4thly,  in  conjundtion  with  the  foregoing  triplet,  abe, 
fo  as  to  form  the  quadruplet,  abed. 

And  in  like  manner  the  fifth  letter  e  jnuft  be  placed  in 
the  beginning  of  the  fifth  line ;  firft,  by  itfelf;  and,  adly,  in 
conjundion  with  each  of  the  four  preceeding  letters  «,  b^  e^ 
dy  fo  as  to  form  the  four  pairs,  or  couplets,  aCy  bCyee,  anci 
^ei  and,  3dly,  in  conjundion  with  each  of  the  fix  foregoing 
.        ^  t:ouplets^ 


jlitom  Jims  BemouUfs  treditje  De  Arte  Cohjeftandi.    ^^ 

couplets,  ahy  acy  hc^  ad,  hd^  cd,  fo  as  to  form  the  fii 
triplets  abe^  ace^  bee,  ade^  bde^  and  tde\  and,  4thly, 
in  conjunftion  with  each  of  the  foregoing  triplets,  abc^ 
abdy  atdy  bcdy  fo  as  to  form  the  four  quadruplets  abce, 
abdiy  acdcy  erndbcde-y  and,  5thly,  in  conjunftion  with 
the  foregoing  quadniplet  abcdy  fo  as  to  form  the  quintuplet^ 
abcde. 

And  in  the  fam6  manner  muft  every  following  letter',  /, 
gy  by  &c,  be  combined  with  each  of  the  preceeding  letters, 
and  with  every  preceeding  combination  of  them,  if  the  num- 
ber of  things,  or  letters,  to  be  combined  together,  ^Vas  more 
than  five. 

29.  And  from  this  manner  of  combihing  any  givdn  num* 
ber  of  things,  or  letters,  together,  it  is  plain  that  we  (hall 
thereby  obtain  all  the  poffible  combinations  of  them,  fo  th^t 
no  combination  of  them  whatfoever  can  be  formed,  or  con- 
ceived, that  will  not  be  contained  in  one  or  other  of  the 
fucceffive  lines,  or  rows,  of  quantities  fo  generated  from  each 
other  :  and  likewife  it  is  plain  that  each  of  the  combinations 
fo  obtained  will  be  different  from  every  other,  or  that  no 
combination  will  occur  in  the  faid  lines  more  than  once. 
And  confequcntly  the  fum-total  of  all  the  combinations  fet 
down  in  the  lines,  or  rows,  of  quantities  fo  formed  out  of 
any  given  number  of  quantities,  will  be  the  number  of  all 
the  poffible  combinations  which  the  faid  given  number  of 
quantities  will  admit  of.  We  muft  therefore  endeavour  to 
find  the  number  of  all  the  combinations  of  a  given  number  of 
quantities  that  will  be  contained  in  art  equal  number  of  lines, 
or  rows,  of  quantities  formed,  or  generated,  from  each  othef 
in  the  manner  above  defcribed. 

30.  Now,  in  order  to  difcover  the  number  of  the  combi- 
nations  contained  in  ^  given  number  of  the  foregoing  lines* 
or  rows,  of  quantities,  it  will  be  proper  to  obferve,  '*  that; 
every  new  line,  or  row,  muft  contain  as  many  combinations 
as  all  the  preceeding  lines,  or  rowSj  added  together,  and  ond 
combination  ovtr ;"  and  for  this  reafon,  to  wit,  becaufe  the 
letter  which  is  at  the  beginning  of  every  new  line,  is  placed 

I  a  there. 
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there,  firft,  by  itfelf,  and  afterwards  in  conjunftion  with  all 
the  letters  and  their  feveral  combinations  in  all  the  preceed- 
ing  lines.  Thus,  for  example,  the  letter  e  is  placed  in  the 
beginning  of  the  fifth  line,  firft  by  itfelf,  and  afterwards  in 
conjunction  with  each  of  the  foregoing  letters  a,  b^  c,  d^  and 
with  every  combination  of  them  in  couplets,  triplets,  and 
quadruplets,  contained  in  all  the  four  foregoing  lines  j  and 
confequently  the  number  of  combinations  contained  in  this 
fifth  line  (reckoning  the  letter  e  by  itfelf  for  one  of  them) 
will  be  equal  to  the  number  of  all  the  combinations  con- 
tained in  all  the  four  preceeding  lines,  beginning  with  the 
letters  ^ ,  bj  Cj  and  dy  and  one  combination  over.  This  ob* 
fervation  is  of  great  ufe.  For  fi"om  it  we  may  deduce  the 
.whole  number  of  combinations  contained  in  any  given  num- 
ber of  thefe  lines,  or  which  may  be  made  with  any  given 
number  of  letters,  by  reafoning  in  the  manner  following. 


A  Lemma. 

31.  If  in  the  incrcafing  geometrical  prooreffion  i  +  2  + 
4  +  8  +  16  +  32  +  -64  +  128  +  &c,  of  which  the  firft 
term  is  i,  and  the  common  ratio  is  that  of  i  to  2,  we  take 
any  number  of  terms  whatever,  as,  for  example,  n  terms, 
and  call  the  fum  of  the  faid  n  terms  S,  and  afterwards  add 
another  term  to  the  faid  feries,  the  faid  new  term  will  be 
equal  to  S  +  i,  or  to  the  fum  of  all  the  former  n  terms  to- 
gether with  an  unit. 


DfiMONSTRATION. 


Since  the  terms  in  the  feries  i-|-2+4+8+-i6-f- 
32  +  64  •+•  128  4-  &c,  increale  continually  in  the  propor- 
tion of  I  to  2,  it  is  evident  that  all  the  terms  of  it  after  the 
firft  term  i  will  be  the  feveral  powers  of  a  in  their  natural 

%  order^ 


fri^m  Jams  BirmuUPs  treaiife  De  Arte  Conjedtandi.    €t 

ordar,  to  wit,  t\\  3%  2l%  a]*,  2I*,  3**,  ffj^,  &c,  and  confe- 

auenriy  that  the  «th,  or  laft,  term  of  it  will  be 7)*""*.     If 
Uiereforc  to  thefe  n  terms  we  add  another  term,  the  faid  new 

term  will  be  =  a  x  jH*"*,  os^.    Wc  arc  therefore  to 

jBiew  that'll*  is  =  S  +  i. 

Now,  fince  S  is  =  1+^+4+8  + 16 +  32  +  64 + 

128  +  &c  +^*"'^  a  Swill  be  =  2+4  +  8+16  +  32 

+  64  +  128  +  256  +  &c  +"i'*;  which  feries  confifts  of  n 
terms  as  well  as  the  feries  i  +  2  +  4  +  8  +  16  +  32  +  64 

+128+&C+I]""',  orS.    Therefore  (adding  i  to  both 
fides)  2  S  +  1  will  be  equal  to  the  feries  x+z  +  4  +  8  + 

16  +  32  +  64  +  128  +  256  +  &c  +l^y  that  is,    to  the 

feries  i  +  2  +  4  +  8  +  16  +  32  +  64  +  128  +  256  + 

&c  +"2)'"''  together  with  the  new  term  2)*,  or  to  S  +  2]^ 

Therefore  (fubtradbing  the  feries  S  from  both  fides)  the  new 

term^"  will  be  equal  to  S  +  i,  or  to  the  fum  of  all  the  n 
terms  of  the  feries  1  +  2  +  4  +  8  +  16  +  32  +  64+128 

+  &c  +"2)"""',  together  with  i.     a.  £.  d. 

CoitoLi.*  !•  It  follows  therefore  that  the  fecond  and  third 
wd  other  following  terms  of  the  increafing  geometrical  pro* 
greffion  X+2  +  4  +  8  +  16+32  +  64  +  128  +  &c, 
may  be  generated^  or  derived,  from  the  firft  term  i,  not 
only  by  doubling  it  continually,  but  by  the  application  of 
the  property  that  has  juft  now  been  (hewn  to  belong  to  the 
terms  of  fuch  a  feries,  to  wit,  by  adding  together  all  the 
preceeding  terms,  and  increafing  their  fum  by  an  unit.  Thus, 
I  +  I  will  be  =  2,  which  is  the  fecond  term ;  and  1+2 
+ 1,  will  be  (=  3  +  i)  =  4,  which  b  the  third  term ;  and 
1  +  2  +  4  +  1,  will  be  (=3  +  4  +  1  =  7  +  1)  =  8, 
which  is  the  fourth  term j  and  1  +  2  +  4+8  +  1  will 
be  (=  7  +  8  +  1  =  15  +  i)  =  16,  which  is  the  fifth 
term ;  and  1  +2  +  4+8  +  i6+i  will  be  (=  15  +  16 
+  I  =s=  31  +  i)  ss  32,  which  is  thefixth  term;  and  i  + 

a  +  4 
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a  +  4  +  8  +  i6  +  32  +  I  will  be  (=:  31  +  32  +  i  =*  6^ 
+  i)  s  64,  which  is  the  feventh  term ;  and  i  +  2  +  4  + 
8  +  16  +  32  +  64  +  I  will  be  (=  63  +  64  +  I  =  127  4- 
i)  ;=  128,  which  is  the  eighth  term.  And  in  the  lame 
manner  may  all  the  following  terms  of  this  progreffion^  how- 
ever numerous,  be  generated  from  thofe  that  preceed  them 
by  means  of  the  aforefaid  property* 

CoROLL.  2.  And  hence  it  fbllowsy  e  cmv^rfoj  that,  if  theie 
be  a  feries  of  terms  beginning  from  i,  the  terms  of  which 
are  generated  one  from  the  other  by  means  of  the  foregoing 
property,  or  by  adding  together  all  the  preceeding  terms, 
and  increafing  their  fum  by  an  unit,  the  faid  feries  will  be 
the  geometrical  progreflion  i  +2  +4  +  84-16  +  32  + 
64+  128  +  &c. 

32.  Now  it  has  been  (hewn  above  in  art.  28,  that  the 
numbers  of  quantities,  or  combinations,  contained  in  the 
above-mentioned,  lines,  or  rows,  beginning  with  the  letters 
a  J  b^  Cj  Jf  e,  &c,  are  generated  from  the  firft  quantity  a,  and 
from  each  other  in  the  manner  juft  now  defcribed,  or  that 
the  number  of  quantities  in  every  new  line  is  equal  to  the 
fum  of  the  numbers  of  all  the  quantities  in  all  the  preceed- 
ing lines,  together  with  an  unit.  It  follows  therefore,  from 
coroli.  2, 'of  the  foregoing  lemma,  that  the  numbers  of 
quantities  contained  in  the  faid  feveral  lines  muft  conilitute 
the  geometrical  progreffion   i +  2  +  4+8  +  16  + 32  + 

64  +  128  +  &C,  or  I   +  2\%    +  2]*,  +  2l%  +  2lS  +  ?*,  + 

2l«,  +  qW  +  &c  +"2^*"',   fuppofing  the  number  of  lines 

to  be  n.  Therefore  the  fum  of  the  numbers  of  quantities 
contained  in  all  the  n  lines  beginning  with  the  letters  «,  i, 
r,  d,  e,  &c,  will  be  equal  to  the  fum  of  the  firft  n  terms  of 
the  increafing  geometrical  progreffion  1  +  2+4  +  8  +  16 
+  32  +  64  +  128  +  &c,  or  to  the  feries  1  +  2  +  4+8 

+  16  +  32  +  64  +  128  +  &c  +1\^^\  or  I  +  2^',  +  al% 

+  2^',  +  2]*,  +  ^S  + 1\\  + 1\\  +  &c  +  2l""*\  But,  by 

the  foregoing  lemma^  this  feries  together  with  an  unit  is 

equal 
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equal  to*!)**    Therefore  this  feries  alone  is  equal  to  2)* — x. 

And  confequently  the  number  of  all  the  quantities  contained 
in  all  the  faid  n  lines,  or  the  number  of  all  the  poffible  com- 
binations of  the  n  letters  a,  by  c,  d,  e,  &c,  (reckoning  the 
faid  letters,  when  taj5:en  fingly,  among  the  faid  combinations) 

will  be  2=  2]*  —  1.     And  hence  arifes  the  following 


Ruk  for  Jmding  the  numher  $f  all  the  pjfibk  different  cotnbina^ 
ikm  of  a  given  number  of  things  according  to  all  their  different 
exponents. 


33.  Raife  the  number  ^  to  the  power  of  which  n  or  the 
given  number  of  things,  that  are  to  be  combined  together, 
is  the  index ;  and  fubtrad  i  from  the  faid  power.  The  re- 
mainder 2)'* —  I  will  be  the  number  pf  combinations  that 
was  required, 

34.  CoROLL.  I .  From  this  rule  it  follows,  in  the  firft 
place,  that,  if  we  confider  the  total  omiffion  of  all  the  n 
letters  as  one  way  of  combining  them,  the  number  of  all  the 
poiSble  combinations  will  be  greater  than  it  was  before  by 

an  unit,  and  therefore  will  be  =  2I' ;  and  it  follows,  in  the 
fpcond  place,  that,  if  we  exclude  this  cafe  of  the  omiffion  of 
all  the  letters  (which  may  be  called  the  nullion^  or  the 
combination  of  them  by  nones),  and  likewife  exclude  the 
feveral  letters  when  taken  fingly,  or  feparately,  (which  arc 
not  in  ftriftnefs  combinations  of  them),  the  number  of  the  re- 
maining combinations  of  n  different  things,  or  letters,  in  bi« 
i^ions  and  ternions  and  quaternions,  or  in  couplets,  and 
triplets,  and  quadruplets,  and  in  parcels  of  more  than  four 

JcttcTs  in  each,  will  ht2\''m^  i  -p-ff,  or  a)*— » ---  !• 

Thus^ 
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Thu5»  for  example,  the  number  of  all  the  different  con- 
junftions,  or  combinations,  that  may  be  made  of  the  (even 
planets,  to  wit,  Saturn,  Jupiter,  Mars,  Venus,  Mercury,  fh€ 
Earth,  and  the  Moon,  (taking  the  word  cambinaiians  m  the  ex- 
tent given  to  it  in  the  foregoing  rule)  will  be  =  2|^ — i  (—  aX 
2x2x2x2x2X2—  1  =  128 — i)  rr  127 ;  from  which 
if  we  fubtraft  7,  which  is  the  number  of  the  planets  takem 
fingly,  or  fcparatcly,  (in  which  cafes  there  are  not  properly 

any  conjun&ions  of  xbem),  the  remaining  number  "2!^  —  x 
—  7,  or  127  —  7,  or  120,  will  be  the  number  of  all  the 
poffible  conjundions,  or  combinations,  of  them  by  conjoin- 
ing two  together,  or  three  together,  or  four  together,  or  five 
together,  or  fix  together,  or  all  the  feveo  together  i  or,  it 
will  be  the  number  of  all  the  poffible  conjundlions  of  them 
properly  fo  called.  And  the  twelve  rafters,  as  they  are 
called,  or  rows  of  pipes  ia  a  mufical  organ^  by  means  of 
which  the  found  of  it  is  made  to  change  fo  remarkably  from 
a  foft  and  gentle  found  to  a  very  loud  and  folemn  one,  may 
he  made  ta  undergo  2]5*  —  1,  or  40^6  — •  i,  or  4095  com-t 
binations^  orTariatbns; 

35.  CoRROLL.  2.  If  we  examine  the  number  of  combi-* 
nations  of  the  letters  Cy  b^  r,  1/,  and  e^  in  the  feveral  lines, 
or  rows  of  quantities,  fet  down  above  in  art.  23,  we  (ball 
find  that  the  number  of  combinations  that  have  even  num- 
bers for  their  exponents  contained  in  each  of  the  faid  lines 
after  the  firft  line  (which  contains  only  the  fingle  quantity  j) 
is  equal  to  the  number  of  combinations  that  have  odd  num-. 
bers  for  their  exponents  contained  in  the  fame  line.  Thus, 
in  the  fecond  line,  which  begins  with  the  letter  *,  there  is 
one  quantity,  namely  ^,  with  an  odd  number,  to  wit,  i,  for 
its  exponent,  and  one  quantity^  namely,  a  *,  with  an  even 
number,  to  wit,  2,  for  its  exponent.  And  in  the  third  line 
beginning  with  the  letter  c,  there  are  two  quantities,  name- 
ly, €  and  ab€y  with  odd  numbers,  to  wit,  i  and  3,  for  their 
exponents,  and  two  (quantities,  namely,  ac  and  bCy  with 
an  even  number,  to  wir,  2,  for  their  exponent..  And  in  the 
founh  line  beginning,  with  the  letter  ^,  there  are  four  quan-i 
titles,  namely^  d^  ab4^  acd^  ^nd  bcd^  which  have  the  odd 

JDumbersj^ 
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numbers  i  and  3  for  their  exponents ;  and  there  are  four 
other  quantities,  namely>  ad,  bd,  cd,  and  abcd^  which 
have  the  even  numbers  2  and  4  for  their  exponents.  And 
in  the  fifth  line,  beginning  with  the  letter  e,  there  are  eight 
quantities,  namely,  e,  abe^  ace,  bee,  ade^  bde,  cdcyZsxA 
abcdey  which  have  the  odd  numbers  ii  3,  and  5  for  their 
exponents;  and  eight  other  quantities,  namely,  ae,  be,  ce^ 
de,  2ind  abce,  abde,  acde,  bcde,  which  have  the  even 
numbers  2  and  4  for  their  exponents.  And  the  fame  thing 
muft  happen  in  the  iixth  line  of  quantities  beginning  with 
the  letter/,  and  in  every  following  line,  becaufe  every  new 
line  is  formed  by  fetting  down  the  new  letter  firft  by  itfclf^ 
and  then  combinmg  it  with  the  firfl  letter  a,  and  afterwards 
with  all  the  quantities  contained  in  the  fecond,  third,  and 
other  following  lines  that  preceed  the  new  line.  Now  the 
combinatioa  of  the  new  letter  with  each  of  the  quantities  in 
the  fecond,  third,  and  other  following  lines,  will  turn  all  the 
quantities  that  have  odd  numbers  for  their  exponents  into 
quantities  that  have  even  numbers  for  their  exponents,  and 
all  the  quantities  that  have  even  numbers  for  their  exponents 
into  quantities  that  have  odd  numbers  for  their  exponents. 
And  therefore,  as  the  number  of  quantities  with  odd  num* 
bers  for  their  exponents  in  each  of  the  faid  fecond,  thirds 
and  other  following  lines,  was  equal  to  the  number  of  quan- 
tities with  even  numbers  for  their  exponents,  it  follows  that 
of  the  new  quantities  in  the  new  line  arifing  from  the  com- 
bination  of  the  isew  letter  with  all  the  quantities  contained  in 
the  fecond,  third,  and  other  following  lines,  there  will  be  as 
many  that  have  odd  numbers  for  their  exponents  as  there 
will  be  that  have  even  numbers  for  their  exponents.  And, 
if  we  add  to  thefe  quantities  the  new  letter  itfelf,  which  is  to 
be  placed  in  the  beginning  of  the  new  line,  and  of  which 
the  exponent  is  i,  and  the  combination  of  the  new  letter 
with  the  firft  letter  a,  of  which  combination  the  exponent  is 
the  even  number  2,  whereby  we  (hall  obtain  all  the  quanti* 
ties  fet  down  in  the  new  line,  it  is  evident  that  the  addition 
of  thefe  two  quantities  (of  which  the  firft  has  the  odd  num- 
ber I,  and  the  fecond  has  the  even  number  2,  for  its  ex- 
ponent) will  not  altei;  the. equality  of  the  numbers  of  com- 

K  binations^ 
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fainationa,  or  qfiuntitics^  of  each  kind,  but  cbat  the  numbtt' 
of  quantities  in  the  new  line  that  have  odd  numbers  for 
their  exponents  will  ftill  be  equal  to  the  number  of  quaa^ 
tities  in  the  fame  Une  that  have  even  numbers  for  their  ex* 
pooents* 

36.  CpROLL.  3.  If  therefore  we  add  all  the  quantities 
contained  in  all  the  lines  except  the  firft  line  (which  coo« 
tains  only  the  fingle  quantity  a)  together,  it  is  evident  that 
the  number  of  quantities  in  fuch  fum  that  will  have  odd 
num:bers  fbr  their  exponents  will  be  equal  to  the  number  of 
quantities  dia£  will  have  even  numbers  for  their  expooenu. 

37*  CoftoLL.  4*  And,  if  we  add  together  all  the  quanti* 
ties  contained  in  all  the  lines,  including  the  firft  line,  which 
contains  the  fingle  quantity  a  (the  escponent  of  vi'hich  is  the 
odd  number  \\  the  number  of  quantities  in  fuch  fum  that 
will  have  odd  numbers  for  their  exponents  will  exceed  by 
ab  unit  the  number  of  quantities  that  will  have  even  num* 
bcrs  for  their  exponents* 

38.  CoROLL.  5«  And,  if  to  all  the  quantities  contained 
in  all  the  lines  together  we  add»  as  another  combination,  the 
cafe  denoted  by  a  cypher  o,  or  the  cafe  of  the  omiffion  of 
ail  the  letter^,  which  we  have  above  in  art.  34,  called  the 
combination  by  rmts^  or  the  imUiiPi,  and  confider  o>  or  the 
exponent  of  this  combination  as  an  even  number,  the  num* 
ber  of  quantities  in  the  faid  fum  that  will  have  odd  num* 
liers  for  their  exponents  will  be  exa&ly  equal  to  the  number 
of  quantities  that  will  have  even  numbers  fix  their  expo* 
nents. 

39.  CoROLL.  6.  It  has  been  fliewn  in  CorolL  i,  that  the 
number  of  all  the  quantities  in  all  the  n  lines  taken  together^ 

and  the  cafe  of  the  nuUion  is  equal  toTf.  It  follows  there- 
fore from  CorolL  5,  that  the  number  of  quantities  in  this 
fiim  that  will  have  odd  numbers  for  their  exponents  will  bo 

equal  to  half  of  71",  or  to  ^i  or  al*""^,  atid  the  number  of 

quantities 
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quantities  in  cbe  fame  fum  that  will  have  even  numbers  for 
their  expotiencs,   including  the  nullion,   will  likcwtfe  b^ 

2!*"*  ;  and  confcquently  the  number  of  quantities  in  the 
faid  fum  that  will  have  even  numbers  for  their  exponents^ 

without  including  the  nuUion,  will  be*?*"^*— !•  The  fame 
thing  will  be  demonftrated  in  another  manner  here  below  in 
^e  6th  Corollary  of  Chapter  4, 


CHAPTER    m. 

Of  the  Mumhrs  of  cmhinations  that  may  be  made  of  a  given 
number  of  things  in  parcels  confijiing  of  two  things ^  or  qf  three 
things^  or  of  four  thiugs^  or  of  any  other  particular  number  of 
things^  each  j  and  of  the  numbers  known  by  the  name  of  the 
jSgurate  numbers,  and  their  frapertiesy  with  which  the  itpjef 
tigation  of  the  faid  combinations  is  conneSed. 


40.  TT'ROM  an  attentive  confideration  of  the  five  lines,  or 
X}  rows,  of  quantities  in  art.  28,  of  the  foregoing 
chapter,  beginning  with  the  letters  tf,  by  c^  dy  and  ey  an.l 
which  exhibit  all  the  different  combinadons  that  can  be 
formed  out  of  thofe  five  letters,  it  will  be  evident,  that  the 
bintonsy  or  coupletSy  or  parcels  confiding  of  two  letters,  ii^ 
every  new  line  of  quantities,  are  formed  by  combining  the 
fingle  letter  which  is  placed  in  the  beginning  of  fuch  new 
line,  with  each  of  the  fingle  letters  contained  in  all  the  fore- 
going lines  of  quantities ;  and  that  the  temions  or  triplets y  or 
parcels  confiding  of  three  letters,  in  fuch  new  line,  arc 
formed  by  combining  the  fingle  letter  which  is  placed  in 
the  beginning  of  fuch  new  line,  with  each  of  the  Onions  01 
couplets,  contained  in  all  the  foregoing  lines  $  and  the  jua- 
ternionSj  or  quadruplets^  or  parcels  confiding  of  four  letters, 

1^  z  in 
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in  fuch  new  line,  are  formed  by  combining  the  iingle  let* 
ter  which  is  placed  in  the  beginning  of  fuch  new  line,  with 
each  of  the  ternionSj  or  tripletSy  contained  in  all  the  forego- 
ing lines ;  and,  in  like  manner,  in  all  higher  combinations 
than  quaternions^  the  combinations  denoted  by  any  exponent 
m  in  fuch  new  line,  are  formed  by  combining  the  faid  iingle 
letter  which  is  placed  in  the  beginning  of  fuch  new  line, 
with  all  the  combinations  denoted  by  the  next  lower  -expo- . 
nent  m  —  i  contained  in  all  the  foregoing  lines.  It  follows 
therefore  that  the  number  of  Unions,  or  couplets,  of  letters  in 
every  new  line  will  be  equal  to  the  number  of  all  the  iingle 
letters  in  all  the  foregoing  lines  taken  together ;  and  that  the 
number  of  ternions,  or  triplets,  of  letters  in  fuch  new  line, 
will  be. equal  to  the  number  of  all  the  binions,  or  couplets, 
of  letters  in  all  the  foregoing  lines  taken  together ;  and  the 
number  of.  quaternions,  pr  quadruplets,  of  letters  in  fuch 
new  line,  will  be  equal  to  the  number  of  all  the  ternions, 
or  triplets,  of  letters  in  all  the  foregoing  lines  taken  toge- 
ther; and  in  like  manner,  that  the  number  of  combinations 
of  any  higher  order  than  quaternions,  denoted  by  the  expo- 
nent w,  in  fuch  new  line,  will  be  equal  to  the  number  of 
combinations  of  the  next  lower  order,  which  is  denoted  by 
the  exponent^  w — i,  in  all  the  foregoing  lines  taken  to- 
gether. From  thefe  obfervations  we  may  derive  the  follow-, 
ing  conclufions: 

41 .  Firji  Conclufion.  As  there  is  only  one  iingle  letter  in 
each  of  the  faid  lines,  or  rows,  of  quantities,  to  wit,  the 
letter  in  the  beginning  of  the  line,  the  Iingle  letters  in  all 
the  lines  fuccefSvely  will  exhibit  a  fct  of  units,  to  wit, 
f ,  I,  I,  I,  I,  I,  I,  I,  &c,  which  are  the  figurate  numbers 
•f  the  firft  order, 

42.  Second  Conclujion. '  As  there  is  no  binion,  or  couplet, 
of  letters  in  the  firft  line  (which  contains  only  the  letter  a), 
and  there  is  only  one  binion  in  the  fecond  line,  to  wit,  ab; 
and  two  binions  in  the  third  line,  to  wit,  ac,  bci  and 
three  binions  in  the  fourth  line,  to  wit,  ad^  hd,  cd;  and, 
in  general,  as  the  number  of  binions  in  every  new  line  is 

8  equal 
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equal  10  the  number  of  the  iingle  letters  in  all  the  precced- 
ing  lines  taken  together  s  it  follows  that  the  numbers  of  bi- 
nions,  or  couplets^  of  letters  in  the  firfl,  fecond^  third,  and 
fourth,  and  other  following  lines,  will  be  o,  i,  i  +  i,  i  + 
i  +  i,  i+i  +  i  +  i,  i  +  i  +  i  +  i  +  ii  &c,  or  o,  I, 
^y  3»  Ay  Sy  ^^y  ^^  ^^  feries  of  numbers  i,  2,  3,  4,  5,  &c, 
in  their  natural  order,  with  a  cypher,  o,  prefixed  to  them, 

Thefe  numbers  form  an  arithmetical  progreffion,-in  which 
the  common  difference  of  the  terms  is  i ;  and  they  are  of- 
ten called  the  natural  numberSj  or  a  feries  of  lateral  num- 
bers, or  the  figurate  numbers  of  the  fecond  order. 

43.  ^ird  Conclufion.  As  there  are  no  temions,  or  triplets^ 
of  letters  in  the  two  firft  lines ;  and  there  is  one  ternion,  or 
triplet,  to  wit,  abc^  in  the  third  line ;  and  1+2,  or  3  ter- 
nions,  to  wit,  abdy  acdy  and  bcdj  in  the  fourth  line;  and 
1+2+3,  ^^  ^  ternions,  to  wit,  abe^  ace^  bce^  ade^  bde^ 
cdcy  in  the  fifth  line;  and,  in  general,  there  are  as  many 
ternions  in  every  new  line  as  there  are  binions  in  all  the 
foregoing  lines  together ;  it  follows  that  the  numbers  of  ter- 
nions, or  triplets,  of  letters  in  the  firft,  fecond,  third, 
fourth,  fifth,  and  other  following  lines,  of  rows,  of  quan« 
titles,  will  be  o,  o,  i,  3,  6,  10,  15,  21,  28,  &c,  which 
are  formed  by  the  continual  addition  of  the  numbers  of  the 
binions  contained  in  the  faid  lines,^  or  of  the  terms  of  the 
feries  o,  i,  2,  3,  4,  5,  6,  7,  &c,  with  a  new  cypher,  o,  pre- 
fixed to  them. 

Thefe  numbers  o,  o,  i,  3,  6,  10,  15,  21,  28,  &c,  are 
often  called  the  trigonal^  or  triangular,  numbers,  or  the  figu- 
rate numbers  of  the  third  order. 

44.  Fourth  Conclujion.  As  there  are  no  quaternions,  or 
quadruplets^  in  the  three  firft  lines ;  and  there  is  one  quater- 
nion, or  quadruplet,  to  wit,  abcd^  in  the  fourth  line;  and 
i+3i  or  4,  quaternions,  to  wit,  abce,  abdcy  acde,  and 
bcdej  in  the  fifth  line;  and  as>  in  general,  there  are  as 
many  quaternions  in  every  new  line  as  there  are  ternions  in 
all  the  foregoing  lines  together ;  it  follows  that  the  nbmber 
ef  quaternions,  or  quadruplets,  of  letters  in  the  firft,  fecond, 

third. 
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third,  founh,  fifth,  and  other  following  lines,  or  rows,  of 
quantities,  will  be  o,  o,  o,  I,  4,  10,  20,  55,  56,  84,  &C| 
refpe^ivelys  which  numbers  are  formed  by  the  continual 
addition  of  the  ternions,  or  triplets,  contained  in  the  faid 
lines,  or  of  the  terms  of  the  laCt  preceeding  fcrics  0,0,  i, 
3,  6,  JO,  15,  21,  28,  &C9  with  a  new  cypher,  o,  prefixed 
to  them. 

Thefc  numbers  o,  0,0,  i,  4,  10,  20,  35,  56,  84,  &c, 
are  often  called  the  pyramUal  numbers,  or  the  figurate  num- 
bers of  the  fourth  order. 

45.  Fifth  Conclufim.  In  like  manner  the  numbers  of  the 
quinions,  or  quintuplets,  of  letters  contained  in  the  feveral 
fuccefllve  lines,  or  rows,  of  quantities  beginning  with  the 
letters  ^,  b,  Cj  d,  e^  &c,  will  be  o,  o,  o,  o,  i,  5,  15,  35^ 
70,  126,  210,  &c,  refpeftively;  which  are  formed  by  the 
continual  addition  of  the  quaternions,  or  quadruplets,  con- 
tained in  the  faid  lines,  or  of  the  terms  of  the  lad  preceeding 
feries  o,  o,  o,  i,  4,  10,  20,  25*  5^9  ^4»  ^^9  ^^^^  anew 
Cypher,  o,  prefixed  to  them. 

Thefe  numbers  o,  o,  o,  o,  x,  5,  15,  35,   70,  126,  210, 

&c,  are  often  called  the  iriangulo-pyramidal,  or  irigono-fyra* 

midal^  numbers,  or  the  figurate  numbers  of  the  fifth  order. 

And  they  are  alfo  fometimes  called  die  triangulo^triangular^ 

or  trigom-trigonal^  numbers. 

46.  Sixth  Conclujitm.  And»  in  like  manner,  the  numbers 
of  the  fenionSf  or  fextuplets^  of  letters  contained  in  the  faid 
feveral  fucceflive  lines,  or  rows,  of  quantities  beginning  with 
the  letters  a,  h^  f,  //,  ^,/,  g^  b,  &c,  will  be  o,  o,  o,  6,  o,  i, 
6,  21,  56,  126,  252,  462,  &c,  refpeftively ;  which  arc 
formed  by  the  continual  addition  of  the  quinions,  or  quin- 
tuplets, contained  in  the  faid  lines,  or  of  the  terms  of  the  laft 
preceeding  feries  o,  o,  0,0,  i,  5,  15,  35,  70,  126,  210,  &Ca 
with  a  new  cypher,  o,  prefixed  to  them. 

Thefc  numbers  o,  0,0,0,  o,  i,  6,  2 if  56,  126,  252^ 
462,  &c,  are  often  called  the  ^ramido-fyramidal  numbers, 
and  fometimes  the  triangulo -pyramidal^  or  trigtmo^fyramidal^ 
numbersi  or  the  figurate  numbers  of  the  fixth  order. 

47.  And 
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•  47.  And  in  the  fame  manner  the  humbers  cf  x)ktf^ti9U^ 
titSy  ot  fept^Uts^  and  oBcnaties^  or  cSupktSj  and  othet 
higher  combinations  of  the  letters  a,  i,  Cy  J,  e,  /,  g^  by  iic, 
contained  in  the  faid  feveral  fucceffive  lines,  or  rows»  of 
quantities  beginning  with  the  faid  letters  ief{>eAivel]r,  will 
form  the  fevendi  and  eighth  and  other  following  higher  or-^ 
ders  of  the  figurate  numbers  refpeftively. 

48.'  And  thus  we  have  unexpededly  been  led  by  the  coft« 
lideration  of  the  nature  of  combinations  to  the  contempla-* 
tion  of  the  Jigurate  numbers,  or  of  the  numbers  that  are 
formed  from  a  feries  of  equal  numbers,  or  units,  to  wit, 
I,  I,  X,  1^  I,  I,  I,  1,  X,  I,  &c,  by  the  continual  addition 
of  all  the  terms,  and  by  the  like  addition  of  all  the  terms  of 
every  following  feries  fo  obtained;  For  thefe  are  the  num<- 
bers  to  which  arithmeticians  have  given  the  name  of  the 
Jgurale  numbers^ 

49.  In  order  to  reprefent  the  feveral  orders^  or  feriefes, 
of  thefe  figurate  numbers  in  one  view,  and  thereby  to  ren-* 
der  what  1  have  further  to  obferve  concerning  them  more 
eafy  to  be  apprehended,  I  have  fubjoined  the  following 
table  of  them,  containing  the  firft  twelve  terms  of  the  ficK 
twelve  orders,  or  feriefes,  of  the  faid  numbers ;  which  the 
reader,  if  he  choofes  it,  may  eafily  continue  to  a  greater  ex*- 
tent,  both  downwards,  or  towards  the  bottom  of  the  page, 
and  fideways  towards  the  right  hand«  In  this  table  the  In« 
dian,  or  Arabian,  figures  i,  2,  3,  4,  5,  6,  7,  8,  9,  10,  ii, 
12  (that  are  placed  on  the  left  fide  of  the  table  in  a  direction 
parallel  to  the  fide  of  the  page,  and  feparated  from  the  table 
by  a  double  black  line)  exprefs  the  places,  or  numbers,  of 
the  feveral  horizontal  rows  of  numbers  to  which  they  are  ad* 
jacent  refpedively,  and  alfo  the  numbers  of  letters,  or  things 
tiiat  are  to  be  combined  together*  And  the  capital  Roman 
figures  I,  11,  III,  IV,  y,  VI,  VII,  Vin,  IX,  X,  XI,  and 
XII,  (that  are  placed  direftly  over  the  table,  parallel  to 
the  top  of  the  page)  exprefs  the  places,  or  numbers,  of  the 
feveral  vertical  columns,  and  are  likewife  the  exponents  of 
the  combinations  of  the  letters  a^  b,  c,  d,  /,  /,  g,  b,  &c, 

which 
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which  are  reprefcnted  by  the  faid  vertical  columns  refpec* 
cively.  And  the  laid  vertical  columns  tbemfelves  are  the  fe-* 
veral  orders,  or  feriefes,  of  figuratc  numbers^  or  of  the  fcve- 
ral  combinations  of  the  firft,  fecond^  third,  and  other  fol^ 
lowing  orders,  as  far  as  the  twelfth  order,  of  which  the  Ro- 
man numends  I,  II,  III,  IV,  V,  VI,  VII,  VIII,  IX,  X,  XI, 
and  XII,  at  the  top  of  the  table,  are  the  exponents,  with 
the  proper  number  of  cyphers,  o,  prefixed  to  them.  Thus, 
the  firft  vertical  column  on  the  left-hand  fide  of  the  table, 
tinder  the  Roman  numeral  I,  is  a  feries  of  units,  to  wit^ 
I,  I,  I,  I,  I,  I,  I,  I,  I,  I,  I,  I,  or  the  firft  order  of  figuratc 
numbers,  which  Dr.  Wallis  calls  MmadkkSy  and  reprefents 
the  numbers  of  the  letters  «,  ^,  <,  dy  e^  /,  ^,  fc,  /,  kj  /,  and 
191,  fhat  occur  fingly,  or  without  being  joined  with  any 
other  letter,  in  the  feveral  lines,  or  rows,  of  quantities  that 
are  (et  down  in  chap*  2,  art.  28,  and  which  are  fuppofed 
to  be  continued  to  the  twelfth  line ;  and  the  feconcf  vertical 
column  on  the  left-hand  fide  of  the  table,  under  the  Ro- 
man numeral  II,  is  the  feries  o,  i,  2,  3,  4,  5,  6,  7,  8,  9,  10, 
14,  or  the. fecond  order  of  figurate  numbers  called  the  na- 
tural^  ox  lateraly  numbers^,  with  a  cypher,  o,  prefixed  to 
them,  and  reprefents  the  numbers  of  binions,  or  couplets,  of 
the  letters «,  by  r,  ^,  ^,  /,  gy  by  1,  ky  /,  and  »i,  or  combi- 
nations of  them  by  two  in  a  parcel,  that  occur  in  the  laid 
twelve  fuccefiive  lines,  or  rows,  of  quantities ;  and  the  third 
vertical  column,  under  the  Roman  numeral  III,  is  the  feries 
o,  o,  I,  3,  6,  10,  15,  21,  28,  36,  45f  SS^  ^^  ^he  third  order 
of  figurate  numbers,  called  the  trigpftsly  or  triangular y  num- 
bers, with  two  cyphers  prefixed  to  them,  and  reprefents  the 
numbers  of  ternions,  or  triplets,  of  the  letters  «,  by  Cy  dy  r, 
/j  gy  by  h  ky  ly  and  »i,  or  combinations  of  them  by  three  in 
a  parcel,  that  occur  in  the  faid  twelve  fucceifive  lines :  and 
the  fourth  vertical  column,  under  the  Roman  numeral  IV, 
is  the  feries  o,  0,0,  i,  4,  10,  20,  35,  56,  84,  120,  165,  or 
the  fourth  order  of  figurate  numbers  (called  the  pyramidal 
numbers)  with  three  cyphers  prefixed  to  them,  and  repre- 

*  See  Dr.  John  WalliVs  Difcmirfe  of  ComKnatioHSp  Miratimis,  and  Ali^ 
fU9t  Partsy  bound  up  with  his  Alj^niy  page  109* 

fents 
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fents  the  numbers  of  quaternions/  or  quadruplets,  of  the  let- 
ters a,  *,  €,  dy  e,  /,  gf  b^  i,  k,  /,  and  «r,  or  combinations  of 
them  by  four  in  a  parcel,  that  occur  in  the  faid  twelve  fuc* 
ceffive  lines  :  and  the  fifth  vertical  column,  under  the  Ro* 
man  numeral  V,  is  the  feries  o,  o,  o,  o,  1,  5,  15,  35,  769 
126,  252,  462,  or  the  fifth  order  of  figurate  numbers 
(called  tho  friangulc-pyramidal^  or  trigono-fyramidaly  numbers) 
with  four  cyphers  prefixed  to  them,  and  reprefents  the  num* 
bers  of  quintuplets,  or  quinions,  of  the  letters  a^  ^,  r,  dy  e^ 
/,  gj  ^,  iy  kj  If  and  iv,  or  combinations  of  them  by  five  in 
a  parcel,  that  occur  in  the  faid  twelve  fucceifive  lines  :  and 
the  fixth  vertical  column^  under  the  Roman  numeral  VI,  is 
the  feries  o,  o,  o,  o,  o,  i,  6,  21,  56,  126^  252,  462,  or 
tl)e  fixth  order  of  figurate  numbers  (called  the  pyramido^ 
fyramidal  numbers)  with  five  cyphers  prefixed  to  tbem,  and 
reprefents  the  numbers  of  fextuplets,  or  fenions,  of  the  let* 
ters  tf,  bj,  Cj  d,  e,  /,  g,  by  /,  ky  /,  and  m^  or  combinations 
of  them  by  fix  in  a  parcel,  that  occur  in  the  faid  twelve 
fuccefiive  lines  ^.  And,  in  like  manner,  the  fix  following 
vertical  columns,  under  the  Roman  numerals  VII,  VIII,  IX, 
X,'XI,  and  XII,  contain  the  feventh,  eighth,  ninth,  tenths 
eleventh,  and  twelfth  orders  of  figurate  numbers,  with  fix^ 
feven,  eight,  nine,  ten,  and  eleven,  cyphers  prefixed  to 
them  refpedively,  and  reprefent  the  numbers  of  feptuplets^ 

*  Dr.  'Jol^o  Wallis,  in  his  Dtfcourfe  if  CamUnatipnSf  jtbemstknit  aud 
Mquot  Parts f  bound  op  with  his  Algebra,  page  109,  and  Mr.  Nidiolas 
Mercator,  in  his  LoianAmoUckma^  puuiftied  in*  the  firft  volume  of  this  col- 
leAion  of  trads,  aoled  Scriptures  Lo^artthmid^  page  178,  call  the  5th  order 
of  figurate  numbers,  to  wit,  o,  0,0,  o,  I,  5,  15,  3J,  70,  126,  210,  330, 
&c,  the  triangul^^iangulary  or  trigoM-tr^&ndl^  numbers,  and  the  6th  older 
of  figttnte  niin^crs,  to  wit,  0|0,  o,  o,  Op  i,  6,  ai,  56,  126,  25a,  46a,  ftc« 
the  trianguh-^f^miialf  or  tritt$H9-fyrttmdaly  numben,  indead  of  calling  the 
former  the  trianguh-fivramidaSf  or  trigM^-fyramiMf  numbers,  and  the  kttef 
the  pfrdmidffjytiamiJal  numbers,  as  our  author  calls  them.  So  that  there 
appeats  to  be  a  yariatioa  amongft  diflFerent  writers  on  this  fubje&  with  refpeft 
to  the  names  t<^  be  gifen  to  the  figurate  numbers  of  the  5  th  and  6th,  and 
other  higher  oilers.  And  therefore,  to  avoid  ambiguity,  it  feems  to  b^ 
tnoft  convenient  to  denote  the  figurate  nudibers  of  the  5th  and  6th,  and  aO 
higher,  orders,  oi^y  bt  the  numbers  or  exponents,  of  their  orders,  caDing 
them  the  figurate  numbers  of  the  fifth,  and  t%6th|  and  the  ;^ih^  and  th« 
8th,  tnd  outr  following  higher  oid^rs* 
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odtuplcts,  noiKupkts,  decuplets,  undecuplets,  and  duodc- 
cuplets,  or  of  fcptenions,  oftonions,  novenions^  denionSf 
undenions,  and  duodenions,  of  the  Jetters  a,  b^  f,  i/,  ^,  /, 
gy  hy  /,  i,  /,  and  w,  refpetaively,  or  combinations  of  them 
by  feven  in  a  parcel,  and  by  eight  in  a  parcel,  and  by  nine 
in  a  parcel,  and  by  ten  in  a  parcel,  and  by  eleven  in  a  par- 
cel, and  by  twelve  in  a  parcel,  that  occur  in  the  laid  twelve 
fucceffive  lines. 


J  Table  oftbefirft  twelve  orders,  orferiefes^  offigurate  numbers^ 
or  of  all  the  different  combinations  that  tnay  be  maJeoftwehe 
different  letters  a,  b,  c,'d,  e,  f,  g,  h,  j,  k,  1,  and  m,  fy 
taking  tbemy  firfi^  finglj^  and  then  combining  them  with  each 
ether  in  parcels  conjijling  of  two  letters,  of  three  Utters,  of  four 
letiers,  of  Jive  letters,  of  fix  letters,  of /even  letters,  of  eight 
letters,  of  nine  letters^  of  ten  letters j  of  eleven  letters^  and  of 
twelve  letters^ 


The  Roman  numerals  at  the  top  of  the  table  are  the  exponents  of 
the  combinations  of  the  letters  a,  b,  c,  d,  e,  f,  g,  h,  i,  k,  1,  m, 
'    exhibited  by  thefeveral  vertical  columns  in  it. 
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The  firft  vertical  column  on  the  left  hand  contains  the 
letters  that  are  to  be  combined  together. 

The  fecond  column  expreffes  the  numbers  of  letters  that 
arc  to  be  combined  together.  *  ^ 

50.  The  propenies  of  the  numbers  exhibited  in  the  fore* 
going  table  are  truly  curious  and  furprifing.  For  it  not 
only  contains  in  it  (as  we  haVe  feen  in  the  foregoing  pages) 
the  clue  to  the  myfterious  dodrine  of  combinations,  but  id 
is  alfo  the  ground,  or  foundation,  of  moft  of  the  important 
and  abftrufe  difcoveries  that  have  been  made  in  the  other 
branches  of  the  mathematicks,  as  is  well  known  to  thofc 
perfons  who  are  (killed  in  the  higher  parts  of  geometry.  We ' 
ftiall  here  give  a  flight  Iketch,  and  but  a  flight  one,  of  fomc 
of  the  faid  properties,  without  a  formal  demonftracioA  of  any 
of  them  except  the  twelfth  and  laft,  which  is  that  which  is 
moft  immediately  connefted  with  the  fubjeft  of  coiiibina- 
tions  which  we  are  here  inquiring  into  5  the  other  eleven 
properties  being  cither  eafy  confequcnces  of  the  iaid  12th 
property,  or  being  fufEciently  evident  from  the  manner  in 
which  the  foregoing  table  was  conftrufted,  or  the  feveral  or- 
ders of  figurate  numbers  were  generated  from  each  other. 


Zomt  wonderful  properties  of  the  foregoing  table  of  combinations. 


51.  The  firft  property.  The  fecond  of  the  vertical  co- 
himns  of  numbers  in  the  faid  table,  or  that  which  is  placed 
jnder  the  exponent  II,  begins  with  one  cypher;  the  third 
;olumn  begins  with  two  cyphers ;  the  fourth  column  with 
rTirce  cyphers ;  and,  io  general,  every  column  with  as  many 
cyphers,  wanting  one,  as  there  arc  units  in  the  exponent  of 
the  combinations  reprcfented  by  it,  fo  that,  if  the  exponent 
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of  the  column  is  ^,  the  number  of  cyphers  in  the  bcginntag^ 
of  the  column  will  be  c — i. 

This  property  is  too  evident  to  need,  or^  perhaps,  to  a4* 
cnit  of^  any  proof. 

51.  The  fecond  property.  The  firft  fignificant  terms  of 
die  feveral  vertical  columns,  taken  in  their  order  in  a  ilant-^ 
ing  line  downwards  from  the  •  top  of  the  cable  on  the  left 
}iand  to  the  bottom  of  it  on  the  right  hand,  are  the  fame 
with  the  (ignificant  terms  of  the  fird  vertical  column ;  and 
the  fecond  fignificant  terms  of  the  feveral  vertical  columns^ 
faken  in  the  fame  manner,  are  the  fame  with  the  fignificant 
terms  of  the  fecond  vertical  column  ;  and  the  third  fignificant 
terms  of  the  feveral  vertical  columns,  taken  in  the  fame 
manner,  are  the  fame  with  the  fignificant  terms  of  the  third 
vertical  column ;  and,  in  like  manner,  die  fourth,  fifths 
fixth,  and  other  following,  fignificant  terms  of  the  feveral 
vertical  columns  are  the  fame  with  the  fignificant  terms  of 
the  fourth,  fifth,  fixth,  and  other  following,  vertical  columns, 
refpeftively  :  fo  that  the  firft  of  thofc  obUque  lines  of  tern^s 
cbnftitutesa  feries  of  units,  or  i>  i,  i,  I5  ij  i,  i,  i>  if  i>  if 
I,  or  the  firft  order  of  figurate  numbers;  and  the  fecond  of 
thofe  oblique  lines  of  terms  conftitutes  a  feries  of  the  natural, 
or  lateral,  numbers,  or  i,  2,  3,  4,  5,  6,  7,  8,  9,  ip,  11,  or 
the  fecond  order  of  figurate  numbers ;  and  the  third  of  thofe 
oblique  lines  of  terms  conftitutes  a  feries  of  the  trigonal  or 
triangular  numbers,  to  wit,  i,  3,  6,  10,  15,  21,  28,  36,  45f 
^S,  or  the  third  order  of  figurate  numbers;  and,  in  like 
manner,  the  fourth,  fifth,  fixth,  and  other  following  oblique 
lines  of  terms,  conftitute  the  fourth,  fifth,  fixth,  and  other 
following  orders  of  figurate  numbers  refpcfttvely. 

^  53.  The  third  property.  The  fec9nd  term  in  every  ver- 
tical column,  beginning  from  i,  is  the  fame  number  as  the 
exponent  of  the  combinations  exhibited  by  the  faid  column, 
or  as  the  number  denoted  by  a  Roman  numeral  at  the  top 
of  the  columni  which  denotes  its  place  or  order  in  the  table. 
Thus,  the  fecond  term  of  the  fourth 'vertical  column  i,  4^ 
10,J2Q,  35,  ^6,  841  |2Q^  165,  reckoning  from  X|  is  4«. 

and 
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ZT^  the  fcqond  term  of  the  6fih  vertical  column  is  5*  and 
the  fecond  term  of  the  fixth  vertical  column  is  6  ;  and  tbc 
(ame  thing  may  be  obferved  in  all  the  following  columns. 

This  property  is  too  evident  to  need  a  proof. 

54.  The  fourth  property.  Every  term  in  the  foregoing 
table  \%  equal  to  the  fum  of  all  the  tenns  time  ftan4  ftbpve  ic 
in  the  nexc  preceediog  venical  column*  Thus,  for  eumple^ 
56  (which  is  the  iiKtb  fignificanc  |erm  in  the  fourth  vertical 
colunin)  is  equal  to  the  fum  of  i^  3,  6,  iq,  15,  and  ai» 
which  are  the  firfb  fix  fignificant  terms  of  the  next  preceed^ 
ing,  or  thirds  vertical  column,  and  which  all  (land  above 
the  (aid  term  56,  or  above  the  term  28  in  the  third  vertical 
column,  which  ftands  even  with  die  (aid  term  $i  in  the 
fourth  column. 

Thi«  property  b  manifeil  from  art.  40,  41,  42,  &c.  — 
—  48. 

t$.  The  fifth  property.  Every  term  in  the  table,  after  the 
firft  term  1  in  each  horizontal  row  of  terms,  is  equal  to  the 
fum  of  the  two  terms  that  (land  immediately  above  it  in 
the  fame  vertical  column  and  in  the  next  preceeding  vertical 
column.  Thus,  for  example,  56  (which  is  the  9th  term  in 
the  fourth  vertical  column,  including  the  cyphers,  or  the 
fixth  term  exclufive  of  the  cyphers)  is  equal  to  the  fum  of 
J5,  which  i3  the  term  next  above  56  in  the  fame  vertical 
column,  and  21,  which  is  the  term  next  above  56  in  the 
next  preceeding  or  third  vertical  column.  And,  from  the 
manner  in  which  the  table  is  formed,  the  fame  thing  is  evi« 
dent  of  every  other  term  in  the  table. 

56.  The  fixth  property.  The.  terms  of  every  tranfverfe, 
or  horizontal,  column  increafe  gradually  from  i  to  a  certain 
magnitude,  and  then  decreafe  again  by  the  fame  degrees  to 
I,  to  as  to  make  the  terms  that  are  equidiftant  from  the 
beginning  and  the  end  of  the  column  be  equal  to  each  other. 
Thus,  for  example,  the  terms  of  the  7th  tranfvcrfe,  or  bo^ 
ris:ontal  column  are  1,  6,  15,  ao,  15,  6,  i,  in  which  the 
firft  and  the  laft  term  are^  both  01  them^  x>  the  fecond 
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term  and  the  laft  term  but  one,  are,  both  of  them,  6,  the 
third  term  and  the  laft  term  but  two  arc,  both  of  them, 
15;  and  the  middle  term  is  20,  which  is  greater  than  any  of 
the  others*  And  the  fame  thing  may  be  obferved  in  all  the 
other  tranfverfe  or  horizontal  columns. 

57.  This  property  may  be  (hewn  to  be  general  or  to  ex- 
tend to  all  the  tranfverfe,  or  horiscontal  columns,  how  nu- 
merous foever,  to  which  we  may  fuppofe  the  table  to  be 
continued,  as  well  as  to  the  twelve  columns  fet  down  in  the 
foregoing  table,  by  proving  that,  if  it  is  true  in  any  one 
horizontal  column,  (as  we  have  feen  that  it  is  in  all  the  ho- 
rizontal columns  fet  down  in  the  foregoing  table),  it  will 
alfo  be  true  in  the  next  following  horizontal  coluihn.  Now 
this  may  be  proved  in  the  manner  following. 

'  It  appears  from  the  fifth  property  already  mentioned,  that 
the  fecond  and  other  following  terms  of  every  new  tran{^ 
verfe,  or  horizontal,  column  are  equal  to  the  fums  of  the 
two  terms  that  ftand  immediately  above  them  in  the  fame 
vertical  column,  ^nd  in  the  next  preceeding  vertical  column, 
refpeftively,  or  to  the  fucceffive  fums  of  the  terms  of  the 
next  preceeding  horizontal  column,  taken  two  by  two. 
Thus,  for  example,  the  fecond,  third,  and  other  fdllowing 
terms  of  the  8th  horizontal  column  are  7,  21,  35,  35,  21, 
7,  and  I ;  of  which  7  is  =  x  +  6,  or  the  fum  of  the  firft 
and  fecond  term  of  the  next  preceeding,  or  7th  horizontal 
colurtin  I,  6,  15,  ao,  15^  6,  i ;  and  21  is  =  6  +  15,  or 
the  fiun  of  the  fecond  and  third  terms  of  the  faid  feventh 
horizontal  column ;  and  35  is  =  15  +  20,  or  the  fum  of 
the  third  and  fourth  terms  of  the  faid  feventh  horizontal 
column ;  and  the  fecond  j^^  is  =  20  -f-  1 5,  or  the  fum  of 
the  fourth  and  fifth  terms  of  the  faid  feventh  horizontal  co- 
lumn ;  and  the  fecond  21  is  =  15  -f  6,  or  the  fum  of  the 
fifth  and  fixth  terms  of  the  faid  feventh  horizontal  column  ; 
and  the  fecond  7  is  =6  +  i,  or  the  fum  of  the  fixth  and 
feventh  terms  of  the  faid  feventh  horizontal  column ;  and 
the  fecond  i  is  =r  i  +  o,  or  the  fum  of  the  feventh  and 
eighth  terms  of  the  faid  7th  horizontal  column.  So  that 
the  terms  of  the  laid  8tb  horisont^^l  column,  x,  7,  21,  35, 
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35,  ai,  7,  I,  may  be  derived  from  the  term?  of  the  next 
preceeding,  or  7th^  horizontal  column,  i,  6,  15^  20|  15^ 
6,  1 9  by  fetting  down  the  latter  terms  twice  following  in 
two  parallel  horizontal  rows,  with  the  terms  in  the  lower 
row  advanced  one  ftep  to  the  right  hand  beyond  thofe  in  the 
upper  row,  fo  that  the  firft  term  of  the  fecond  row  (hall  be 
immediacely  under  the  fecond  term  of  the  firft  row,  and  the 
fecond  term  of  the  fecond  row  under  the  third  term  of  the 
firft  row,  and  the  third  term  of  the  fecond  row  under  the 
fourth  term  of  the  firft  row,  and  every  following  term  of  the 
fecond  row  under  the  next  higher  term  of  the  firft  row,  and 
then  adding  the  torrefpondent  terras,  or  the  terms  which 
iland  in  the  fame  vertical  lines,  together,  in  the  manner 
following. 

If  6,  15,  20,  15,     6,  I 
I,    6,  15,  20,  15,  6,  1 

^  7'  ^i»  35»  3Sy  ^«*  7j  I 
Now  from  this  manner  of  deriving  the  terms  of  the  8th  ho- 
rizontal row  of  numbers  from  the  7th  horizontal  row  of 
numbers,  it  is  manifeft  that,  fince  the  terms  of  the  feventh 
row  that  ard  equidiftant  from  the  two  extreme  terms  i  and  i, 
are  equal  to  each  other,  the  terms  of  the  8ih  row  which  are 
equidiftant  from  the  two  extreme  terms  i  and  i,  muft  like- 
wife  be  equal  to  each  other,  being  the  funis  of  equal  num- 
bers that  are  added  together  in  an  oppofite  order,  to  wit, 
6  +  I  and  1  +  6,  15  +  6  and  6  +  15,  and  20  +  15  and 
15  +  ^0.  And  this  method  of  reafoning  will  prove  in  like 
manner  thkt,  fince  the  terms  of  the  8th  horizontal  row  of 
numbers  that  are  equidiftxint  from  the  two  extreme  terms  i 
and  I  are  equal  to  each  other,  the  terms  of  the  9th  hori* 
zontal  row  of  numbers  that  are  equidiftant  from  the  two  ex- 
treme terms  i  and  i  will  alfobe  equal-  to  each  other;  and 
confequently  that,  to  whatever  extent  the  table  be  fuppofed 
jto  be.  continued,  the  terms  of  every  following  horizontal 
f  ow  of  numbers  that  are  equidiftant  from  the  two  extreme 
terms  i  and  x  will  be  equal  to  each  other. 

58.  The 
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58.  The  fcvcnth  pfopcny.  If  wc  take  a  ceitatn  number 
of  venicd  cotuoirts  of  numbers  in  the  foregortig  table,  and 
continue  the  terms  in  each  column  till  they  are  as  many  ^ 
there  are  columns,  and  then  add  up  the  feveral  numbers  in 
each  column,  and  plstce  the  fums  thereby  obtained  in  a  new 
horizontal  line,  or  row,  at  the  bottom  of  the  faid  columns, 
the  firft  of  thefe  fum?  will  be  equal  to  the  laft  but  one,  the 
fecond  of  them  to  the  laft  but  two,  the  third  of  them  to  the 
laft  but  three,  and  in  general,  the  ixrrh  term  to  the  laft  but 
m.  Thus,  for  example,  if  we  take  the  firft  eight  vertical 
columns,  and  continue  them  to  eight  terms  each  (including 
the  cyphers  in  the  beginning  of  all  but  the  firft  column), 
and  then  add  the  numbers  in  each  feparate  column  into  one 
lum,  the  fums  thereby  obtained  will  be  8,  28,  j6,  70,  56, 
28,  8,  and  i  ;  of  which  the  firft  fum  8  is  equal  to  the  Tall 
but  one,  the  fecond  fum  28  is  equal  to  the  laft  but  two,  and 
the  third  fum  56  is  equal  to  the  laft  but  three,  and  the  fourth 
term  70  is  itfclf  the  laft  term  but  four* 


I  ' 

0 

0 

0 

0 

0 

0 

0 

« 

I 

0 

0 

0 

0 

0 

0 

J 

2 

I 

0 

0 

0 

• 
0 

a 

3 

3 

1 

0 

0 

0 

0 

1  ' 

4 

6 

4 

I 

0 

0 

0 

i  ^ 

5 

10 

10 

S 

I 

0 

0 

1  ^ 

6 

15 

20 

IS 

6 

I 

0 

I  ^ 

7 

21 

^5 

35 

21 

7 

I 

1  ^ 

28 

50 

70 

56 

28 

8 

I 

59.  This  property  follows  from  the  fourth  property,  which 
is  mentioned  above  in  art.  54.  For,  by  that  property,  each 
of  the  faid  fums  is  equal  to  the  next  following  term  of  the 
next  horizontal  row  of  numbers,  that  is,  in  the  example 
here  given,  of  the  ninth  horizontal  row  of  numbers  in  ih* 
foregoing  table,  which  is  i,  8,  28,  56,  70,  56,  28,  8,  and 
1 J  to  wit,  the  fum  of  the  units  in  the  firft  vertical  column 
is  equal  to  the  fecond  term  8  of  the  faid  ninth  horizontal 
row  of  numbers,  and  the  fum  of  the  numbers  i,  2,  3,  4, 

6,  7,  in  the  fecond  vertical  column  ^s  equal  to  the  third 

8  term. 
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term  iff  of  the  faid  ninth  horizontal  row  of  numbers ;  and  the 
fum  of  the  nunibcrs  i,  3,  6,  10,  15,  21,  in  the  thiril  Vertical 
column  is  equal  to  the  fourdi  term  56  of  the  faid  ninth  hori- 
zontal row  of  numbers  i  and  in  like  manner^  the  fums  of  the 
numbers  i,  4, 10,  20,  35,  in  the  fourth  vertical  column,  and 
of  the  numbers  i,  5,  15,  35,  in  the  fifth  vertical  column^ 
and  of  the  numbers  in  the  fixth,  feventh,  and  eighth  verti- 
cal columns,  are  refpeftiveljr  equal  to  the  numbers  70,  ^6^ 
28,  8,  and  i,  ot  the  fifth;  fixth,  feventh,  eighth,  ana  ninths 
terms  of  the  faid  ninth  horizontal  ro^  of  numbers.  But,  by 
the  fixth  property  (Vrhich  has  been  mentioned  aboVe  in  art. 
56,  and  demonftrated  in  art.  57)  the  terms  of  the  faid  ninth 
horizontal  row  of  numbers,  i,  8,  28,  56,  70,  $6y  28,  8, 
and  I,  that  are  equidiftant  from  the  two  extreme  terms  i  and 
I,  are  equal  to  each  other,  and  muft  be  fo  frotn  the  man- 
ner in  which  they  are  generatcfd.  Therefore  the  faid  fums 
of  the  numbers  contained  in  the  faid  eight  vertical  columns, 
being  equal  to  the  fecond,  third,  fourth,  and  other  follow- 
ing terms  of  the  faid  ninth  horizontal  row  of  numbers,  muft 
be  fuch  that,  if  an  unit  be  prefixed  to  them  (whereby  their 
number  will  be  increafed  to  nine  terms),  the  terms  that 
are  equidiftant  from  the  two  extreme  terms  i  and  i  will  be 
equal  to  each  oth*er.  And  confequently,  if  an  unit  be  not 
prefixed  to  them,  the  firft  of  thofe  fums  will  be  equal  to 
the  laft  of  them  but  one,  and  the  fecond  of  them  will  be 
equal  to  the  laft  but  two,  and  the  third  of  them  will  be 
equal  to  the  laft  but  three,  and  the  mth  of  them  will  be 
equal  to  the  laft  bur  m.  And  this,  it  is  evident,  will  be  true, 
if  inftead  of  eight  vertical  columns  continued  to  eight  terms 
each,  we  were  to  take  any  other  number  of  vertical  co- 
lumns, how  great  foever,  and  continue  them  till  the  num- 
ber of  the  terms  in  each  column  (including  the  cyphers)  was 
equal  to  the  number  of  the  columns.  And  therefore  it  is 
tnie  univerfally.         q.  e.  d. 

60.  The  eighth  property.  The  horizontal  rows  of  num- 
bers in  the  foregoing  table  of  combinations,  beginning  with 
the  fecond  row,  exhibit  the  co-efiicients  of  the  feveral  fuc- 
ceflive  powers  of  a  binomial  quantity,  as  4  +  ^«    Thus,  the 

M  numbers 
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numbers  in  the  fecond  horizontal  row,  to  wit,  i  and  i,  arr 
the  co-e/ficients  of  the  two  members  a  and  b  of  the  faid  bi« 
nomial  quantity  a  +  b  itfelf^  or  (as  it  is  fometimes  called) 
of  the  firfty  or  fimple,  power  of  the  faid  binomial  quantity. 
The  rvumbers  in  the  third  horizontal  row,  to  wit,  I9  2> 
and  1,  are  the  co- efficients  of  the  feveral  terms  aa^  zab, 
and  bb^  of  the  compound  quantity  aa  +  lab  +  bb^  which  is 
the  fquare,  or  fecond  power,  of  the  faid  binomial  quantity. 
The  numbers  in  the  4th  horizontal  row,  to  wit,  x,  j,  3, 
and  I,  are  the  co-efficients  of  the  (everal  terms  of  the  com- 
pound quantity  a^  +  3^*^  +  ^ab*  +  bt,  which  is  the  cube, 
or  third  power,  of  the  faid  binomial  quantity.  The  num« 
bers  in  the  5th  horizontal  row,  to  wit,  i,  4,  6,  4,  and  i, 
are  the  co-efficients  of  the  feveral  terms  of  the  compound 
quantity  a^  +  4a*b  +  6a*b*  +  4ab^  +  ^,  which  is  the  4th 
power  of  the  faid  binomial  quantity.  And,  in  like  man* 
ner,  the  numbers  in  the  6th,  7th,  8th,  9th,  and  every  fol-  - 
lowing  horizontal  row  to  the  iich  row  {n  being  any  whole 
number  whatfoever)  will  be  the  co-cfficicnts  of  the  terms 
of  the  jth,  6th,  yth,  8th,   and  every  following  power  of 

the  faid  binomial  quantity  a-^b,  to  the  n — ijth  power, 

refpeftively;  and  the  numbers  in  the  «  +  Tjth  horizontal 
row  of  terms  in  the  faid  table  will  be  tKe  co-efficients  o£^ 
the  terms  of  the  »th  power  of  the  faid  binomial  quantity. 

61.  This  property  will  appear  from  the  manner  in  which 
the  powers  of  the  binomial  quantity  a  +  b  are  generated 
from  each  other  by  multiplication,  which  is  as  follows : 


a+b 
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a+b 
a+b 


aa+ab 

+ab     -\-bb 

aa+zab  +bb  =  a+l\* 
a+b 


a*  +  xcfb  +abb 
+  a'b  +t4bb  +b* 

a*+2d'b+3ab*  +^=J+^» 
a+b 

a*  +  34*b+3a*l^+ab* 
+   i^b+$a*b'+3/Ui*+b* 

a*  +  4a*b  +  6a*i^  +  j^h*  +M  =  «+?j». 

Or,  if,  for  brevity's  fake,   we  fubftitute  i  +  i  indead  of 
4t+^,  the  multiplication  will  be  as  follows : 

i  +  i 
i  +  i 

i  +  i 
+  1+1 


I +2  + I  =  I  +  !]• 
I  +  I 


1+2+1 
+!+«+! 


I+3+3+'  =  H-»1' 

I+I 

»+3+3+< 
+I+3+3+' 

I +4+6+4+"  =  »  +  i|*. 

"M  «  Here 
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Here  we  fee  that  every  new  power  of  the  binomial  quan* 
tity  I  +  I  is  formed  by  adding  together  the  terms  of  the 
next  preceeding  power  of  it  by  two  at  a  time,  or  in  fetting 
down  the  terms  of  the  preceeding  power  twice  following  in 
two  parallel  horizontal  rows,  with  the  terms  in  the  lower 
row  advanced  one  ftep  to  the  right  hand  beyond  thofe  in 
the  upper  row;  which  is  the. manner  in  which  the  feveral 
horizontal  rows  of  numbers  in  the  foregoing  table  of  combi-* 
nations  are,  or  may  be,  derived  from  each  other,  as  appears 
from  the  5th  and  6th  properties  above-mentioned  in  art.  55, 
56,  and  57.  Therefore,  fincc  thefe  co-efficients  of  the  terms 
of  the  powers  of  the  binomial  quantity  i  +  \  are  generated 
from  i+i>  in  the  fame  manner  a£  the  3d,  4th,  5th,  and 
other  following  rows  of  numbers  in  the  foregoing  table  of 
combinations  are  generated  from  the  fame  number^  i  and  i 
in  the  fecond  horizontal  row,  it  follows  that  the  numbers 
contained  in  the  3d,  4tb,  5th,  and  other  fubfequent  hori- 
zontal rows  muft  coincide  with,  or  b,e  the  fame  with,  the 
co-efficients  of  the  terms  of  the  fquaie,  (;ube,  fourth  power, 
and  other  following  correfpondent  powers  of  the  faid  bino-r 
mial  quantity.        Qj  e.  d. 

62.  The  ninth  property.  The  fums  of  the  numbers 
contained  in  the  feveral  fucceffive  horizontal  rows  in  the 
foregoing  table  of  combinations  increafe  continually  in  the 
proportion  of  i  to  2  j  or  the  fum  of  the  numbers  in  everj' 
new  horizontal  row  is  double  of  the  fum  of  the  numbers  in 
the  next  preceeding  horizontal  row.  Thefe  fums  are  as 
follows : 

In  the  ift  horizontal  row  14.0+0  &c  are  =  i. 
In  the  2d  horizontal  row  i  4- 1  +0  +  0  &c  arc  =  2. 
In  the  3d  row  1  +  2 -hi  4-04-0  &c  are  =:  4. 
In  the 4th  row  14-34.^4.1+0^0  &c  are  =  8. 
In  the  5th  row  14-44-64-4+ I  4-p  +  d  &c  are  =  i6, 
Jn  the  6th  row  i +5  + lo  +  io-tj-fi  &c  are  =  32. 
Inthe7ihrovv  i+6+15+20+15  +  6-f-^  are  =  64. 
In  the  8th  row  i +  7 +  21 +35+35 +  21 +  7  +  i  are  =  128. 

'    ,  pacb 
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Each  of  thefe  fums  is  double  of  the  futn  immediately 
preceeding  it.  And  the  fame  thing  is  true  of  the  fums  o£ 
the  terms  of  the  four  following  horizontal  rows  in  the  fore- 
going table,  and  of  the  fums  of  the  terms  of  all  the  follow* 
ing  horizontal  rows  that  would  belong  to  it,  if  it  were  con- 
tinued to  any  greater  number  of  vertical  columns  and  hori- 
zontal rows  wluitfoever, 

63.  This  property  follows  from  what  has  been  (hewn 
above  in  art.  57,  to.  wit,  that  every  new  horizontal  row  of 
numbers  in  the  faid  table  may  he  derived  from  the  next 
preceeding  horizontal  row  of  numbers  by  fetting  down  the 
numbers  of  the  faid  preceeding  row  twice  following  in  two 
parallel  horizontal  rows,  with  the  terms  in  the  lower  row 
advanced  one  ftep  funher  to  the  right  hand  than  the  terms 
in  the  upper  row,  and  then  adding  the  terms  of  the  two  rows 
that  {land  in  the  fame  vertical  lines  together.  For  the  fum 
of  the  numbers  contained  in  the  new  horizontal  line  arif-' 
ing  from  the  addition  .of  the  faid  two  lines  together,  muft 
evidently  be  double  of  the  fum  of  the  numbers  in  only  one 
of  the  lines  fo  added.  Thus,  if  we  fet  down  the  numbers 
of  the  7th  horizontal  row  of  numbers,  to  wit,  1,  6,  15,  20, 
I5>  6,  I,  twice  following  in  two  parallel  rows  one  under 
the  other,  as  follows^ 

1,  6,  15,  20,  15,    6,  I 
I,     6,  15,  20,  15,  6,  I, 
and  then  add  the  two  rows  together,  fo  as  to  make  a  new 
line  of  numbers,  to  wit, 

it  is  evident  that  the  fum  of  the  numbers  contained  in  this 
new  line  muft  be  dotible  of  the  fum  of  the  numbers  con- 
tained in  either  of  the  two  former  Jines.      q^  e^  d. 

64*  This  property  may  alfo  be  derived  from  the  laft  or 
8th  property,  fet  forth  and  proved  in  art*  60  and  6|.  For, 
fince  every  new  power  of  the  binomial  quantity  i  +  i  muft 
be  greater  than  the  next  proceeding  power  of  it  in  the  pro« 
portion  of  1  +  x,  or  2,  tp  1 ;  and  it  has  been  (hewn  in  art. 
61,  that  the  feveral  horizontal  rows  of  numbers  ia  the  fore« 

$  going 
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going  table  exhibit  the  members  of  the  feveral  fucceffive 
powers  of  the  binomial  quantity  i  +  i  ;  it  follows  that  the 
faid  horizontal  rows  of  numbers  mud  be  greater,  one  than 
the  other,  in  the  fame  proportion  of  i  + 1,  or  2,  to  i . 

Q^   £•   D. 

6^.  The  tenth  property.  If  the  fums  of  the  numbers 
contained  in  the  feveral  horizontal  rows  of  the  foregoing 
table  of  combinations  be  continually  added  to  each  other, 
the  new  fums  thence  arifing,  or  the  fums  of  ihe  former  fums, 
"will  form  a  feries  of  numbers,  which  will  be  equal  to  the 
feveral  powers  of  a,  with  an  unit  fubtrafted  from  them,  or  to 
a  —  i,*2l* — I, "0)5  —  i,'2)4 — i,"Ii» — I,  2]*  —  1,'al^ —  i> 
&c,  or  to  z  —  I,  4  —  1,  8  —  X,  16 — i,  32  —  1,  64  — it 
iz8  — I,  &c,  or  I,  3,  7,  15,  31,  63,  127,  &c. 

Thus,  for  example,  the  fums  of  the  eight  firfl  horizontal 
TOWS  of  numbers  are  1,  2,  4,  8,  16,  32,  64,  and  128,  re* 
fpeflively,  as  we  have  feen  in  art.  62.  Now,  if  thefe  fums 
are  added  together,  we  (ball  have 

1=1=2 — I 

1  +  2=3=4— 1=2)*— I, 

I  +  a+4  =  7=  8—  i=:l)'-.i, 

1+2+4  +  8=15=16—  I='2\4— I, 

1  +  2  +  4+8  +  16=31=32— 1  =  2|*— I, 

1  +  2+4  +  8+16  +  32  =  63=64— 1  =  2^*- I, 

1+2+4+8+16+32  +  64=127=128 — 1=^* — I,  and 
1+2+4+8  +  16  +  32  +  64+128=255=256— 1=2|*— I. 

And  univerfally,  if  the  number  of  the  horizontal  rows  be  m 
the  fum  of  the  fums  of  all  the  numbers  conuined  in  them 

will  be  2I*—  I. 

66.  This  is  evident  from  art.  33.  For  the  fum  of  all  thefe 
fums  is  the  number  of  all  the  poffible  combinations  of  n 

letters ;  which  is  fhewn  in  art.  33  to  be  =  ^*  —  i.    There- 
fore the  fucceffive  fums  of  the  fums  of  all  the  numbers  con* 

tamed 
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tained  in  the  (aid  horizontal  rows  will  form  the  foies*  i^ 
2  —  1,  2|*— 1,  ?^— .i,aH— I,  2!*  — I,  zl*— -i,^*— .f, 
ai*—  1,  &c  •  •  •  •  2I***'.        Q^  £•  D. 

67.  The  eleventh  property.  If  we  divide  the  terms  of 
the  fecond,  or  any  other  of  the  vertical  columns  of  the  fore- 
going table  of  combinations  by  the  correfponding  terms  (or 
terms  fituated  in  the  fame  horizontal  line)  of  the  next  pro- 
ceeding vertical  (olumn,  the  feveral  quotients  thence  arifing 
will  be  eoual  to  the  terms  of  an  aritbmeticalprogreffion  con- 
iifting  of  traftions^  of  which  the  common  difierence  is  a  frac- 
tion of  which  an  unit  is  the  numerator,  and  the  number 
which  is  the  exponent  of  the  firfl:  of  the  faid  vertical  columns 
(by  the  terms  of  which  the.  terms  of  the  other  vertical  column 
are  divided)  is  the  denominator. 

Thus,  for  example,  if  we  divide  each  of  the  terms  of  the 
fecond  vertical  column  0,1,  2,  3,  4,  5,  6,  7,  8,  c^  10,  xx 
(omitting  the  firil  term,  which  is  a  cypher,  oro),  by  the 
correfponding  term  of  die  firfl  vertical  column  i,  i,  1,  i, 

X,  I,  I,  I,  I,  I,  I,  I,  the  quotients  will  be —,  ~,  — ,  ^, 
—,—,—,  — ,  —  12  ii  which  differ  from  each  other  by 
the  common  difference  — . 

X 

And,  if  we  divide  each  of  the  terms  of  the  third  vertical 
column  0,0,  I,  3,  6,  10,  15,  21,  28,  36,  45,  ss  (omit- 
ting  the  two  cyphers)  by  the  correfponding  term  of  the  fe- 
cond vertical  column,  o,  i,  2,  3,  4,  5,  6,  7,  8,  9,  10,  11, 

the  quotients  will  be-,  |,  -^,  j-,  ■;^,  j,  ip,  ^,  5^,  and 


— ,  which  are  rcfpeftively  equal  to  — , 


2 
-2.,  — ,  ^,  and  — ,  which  differ  from  each  by  the  fradion 

-^,  of  which  I  is  the  numerator,  and  2,  or  the  exponent  of 

the  fecond  vertical  column  0,1,2^  3,  4,  5,  6,  7,  8^  9, 

10, 
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1O9  1 1>  (by:  the  tertto  of  which  the  tanbs  of  the  thircD  ^er» 
cai  column  are  divided)^  is  the  denomiiutbr. 

If  we  divide  the  terms  o(  the  fourth  vertical  cohjmn 
(omitting  the  cyphers  at  the  beginning)  by  the  correfpond- 
ing  terms  of  the  third  column,  the  quotients  will  be  as  fol- 
lows  p  CQ  wit, 

1    I 

jL  —  JL 

6    -   3 

10  —   3_ 
10  3 

20  ^   4 

il  —  1. 

3<^>  3 

120  __   8 

"iT""   3 

and  i-^  —  i-^  which  differ  from  each  other 
5S         3 

by  the  fradion  — ,  of  which  i  is  the  numerator,  and  3,  or 

the  exponent  of  the  third  vertical  column  (by  the  terms  of 
which  the  terms  of  the  fourth  vertical  column  are  divided), 
is  the  denominator. 

In  like  manner  the  quotients  that  arife  by  dividing  the 
terms  of  the  fifth  vertical  column  by  the  cdrrefponding 
terms  of  the  fourth  vertical  column  are  the  following,  to  wit^ 

T'  1^^  w'  If'  is'  •^'  tS'  *°^  fli'  ^^'^'^  ^^«  refpedtively 
equal  to  i,  ^,  ^,  1,  i-,  t,  1,  and  i. 

And  the  quotients  that  arife  by  dividing  the  terms  of  the 
£xth  vertical  column  by  the  correfponding  terms  of  the 

fifth 
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fifth  vertical  column  arc  -^,  — ,  — ,  — ,  •^■,  — »  and  — , 

which  arc  rcfpcftively  equal  to  -^,  — ,  — ,  ^,  — ,  —  i 

and  — • 
5 

The  quotients  that  arifc  by  dividing  the  terms  of  the  fe- 

venth  vertical  colomn  by  the  correfponding  terms  of  the 

fixth  column  arc  \,  ^,  i|,  ^,  ii^,  and  g^,    which   are 

refpedivcly  equal  to  ^,  g-,  X,  ±.  |.,  and  5. 

The  quotients  that  arife  by  dividing  the  terms  of  thef 
eighth  vertical  column  by  the  correfpondent  terms  of  the  fc» 

venth  column  are  — ,  -s,  |-,  — ,  and  ^,    which   are   rc- 
7'  a8    84'  a  10*         46a' 

f|>ea:irely  equal  to  -2-,  y,  -^^  ^,  and  -^. 

The  quotients  that  arife  by  dividing  thfe  terms  of  the  nintK 
verucal  column  by  the  correfponding  terms  of  the  eighth 

column  arc  j ,  ^^  ^,  and  -i-^,    which    arc    rcfpeftivcly 
equal  to  i,  -f,  f,  and^. 

The  quotients  that  arife  by  dividing  the  terms  of  the  tentli 
vertical  column   by  the  correfpondent  terms  of  tKc  nihtb 

column  are  -,  ^,  -^,  which  arc  refpcAively  equiai  to— r 

— ,  and  4** 
9  9 

And  the  quotients  that  arifc  by  dividing  the  term*  of  the 

eleventh  vertical  cohamn  by  the  cofrefpondent  terms  of  the 

tenth  cdumn  art  -^  and  — »  which  are  refpedivcly  equal  w 
-rand— :• 

68.  This  property  of  theie  numbers  might,  if  it  were  fte- 
f  eflary  to  the  main  objeft  of  this  Treatife,  be  derived  from 

N  the 
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the  following,  or  12th,  property  of  the  faid  numbers,  >^4iich 
we  will  now  proceed  10  fee  forth  and  to  demonftrate. 

69.  The  twelfth  propcrtj'.  The  fum  of  all  the  numbers 
contained  in  any  one  of  the  vertical  columns  of  the  forego- 
ing table  of  combinations,  is  to  the  fum  of  the  like  number 
of  terms  that  (hould  be  all  equal  to  the  la(l  term  of  the 
column,  in  the  fame  proportion  as  i  to  the  exponent  of  the 
column,  or  the  number  which  denotes  the  p}ace  of  the  co- 
lumn, and  which  is  marked  by  a  Roman  numeral  figure  at 
the  top  of  it. 

Thus,  in  col.imn  ift,  which  confifts  entirely  of  units,  the 
fum  of  all  the  twelve  terms  rs  12,  which  is  to  the  fum  of 
twelve  terms  ail  equal  to  the  laft  term  as  i  to  i,  or  the  ex- 
ponent of  the  fii-ft  column.     This  propofitioh  is  felf-evident. 

In  the  2d  column  the  twelve  terms  are  o,  1,  2,  3,  4, 
5»  6,  7,  8,  9,  10,  and  11  ;  the  fum  of  which  is  66.  And 
the  fum  of  twelve  terms  equal  to  the  laft,  or  greateft,  term 
II,  is  132.  Now  66  is  fo  132  as  i  is  to  2,  or  the  exponent 
of  this  fecond  column. 

In  the  3d  column  the  twelve  terms  are  o,  Oj  i,  3,  6,  10, 
15,  21,  28,  36,  45,  and  55  i  the  fum  of  which  is  220,  And 
the  fum  of  twelve  terms  equal  to  the  laft,  or  greateft,  term 
55,  is  660.  Now  220  is  to  660  as  i  is  to  3,  or  the  expo- 
nent of  .the  third  column.  , 

la  the  4th  column  the  twelve  terms  are  o,  0,0,  i,  4, 
10,  20,  35,  56,  84,  120,  and  165  ;  th.e  fum  of  which  is  495. 
And  the  fum. of  twelve  terms  equal  to  the  laft,  or  greateft, 
term  165,  is  1980.  Now  495  is  to  1980  as  i  is  to  4,  or  the 
exponent  of  the  fourth  column. 

In  die  5th  column  the  twelve  terms  are  o,  b,  0,0,  i,  5, 
15,  35,  70,  126,  210,  and  330;  the  fum  of  which  is  792. 
And  the  fum  pf  twelve  terms  equal  to  the  laft»  or  greateft^ 
terra  330,  is  3960.  Now  792  is  to  3960  as  i  is  to  5,  or  the 
exponent  of  the  fifth  column.  - 

In  the  6th  column  the  twelve  terms  are  o,  o,  o,  0,0,1, 
^  2f»  56^  126,  1152,  and  462;  the  fum  of  which  is  924. 

I        8  And- 
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And  the  futn  of  twelve  terms  equal  to  the  laft,  or  greateft, 
term  462,  is  5544.  Now  924  is  to  5544  as  i  is  to  6,  or  the 
exponent  of  the  fixth  column. 

.    In  the  7th  column  the  twclveterms  are  o,  o,  o,  o,  o,  o, 

I,  7,  28,  84,  2IO,  and  462  ;  the  fum  of  which  is  792.  And 
the  fum  of  twelve  terms  equal  to  the  laft,  or  greateft^  tern^ 
462,  is  5544.  Now  792  is  to  5544.  as  i  is  to  7,  or  the  expo- 
nent of  the  fcventh  column. 

In  the  8th  column  the  twelve  terms  are  o,  o,  o,  o,  o,  o,, 
o.  If  8,  36,  i2o>  and  330  ;  the  fum  of  which  is  495.    And 
the  fum  of  twelve  terms  equal  to  the  laft,  or  greateft,  tern>. 
330,  is  3960.    Now  495  is  to  3960  as  1  is  to  8>  or  the  expo- 
nent of  the  eighth  column. 

In  the  9th  column  the  twelve  terms  are  o,  o,  o,  o,  o,  o^ 
0,0,  I,  9^45,  and  165;  the  fum  of  which  is  220.  And 
the  fum  of  twelve  terms  equal  to  the  laft,  or  greateft^  term 
165,  is  1980.  Now  220  is  to  1980  as  i  is  to  9,  or  the  expo- 
nent of  the  faid  ninth  column. 

In  the  loth  column  the  twelve  terms  are  o^  o,  o,  o,  o,  o, 
o,  o,  o,  i|  10,  and  53  ;  the  fum  of  which  is  66.  And  the 
fum  of  twelve  terms  all  equal  to  the  laft,  or  greateft,  term  ^^^ 
is  660.  Now  66  is  to  660  as  i  is  to  10,  or  the  exponent 
of  the  faid  tenth  column. 

In  the  I  ith  column  the  twelve  terms  are  o,  o,  o,  o,  o,  o, 
o,  o,  o,  o,  I ,  and  1 1 ;  the  fum  of  which  is  1 2.  And  the 
fum  of  twelve  terms  all  equal  to  the  laft,  or  greateft,  term 

II,  is  132.  Now  12  is  to  132  as  i  is  t8 11,  or  the  exponent 
of  the  (aid  eleventh  column. 

In  the  1 2th  column  the  twelve  terms  are  o,  o,  o,  o,  o,  o, 
o,  o,  o,  o,  o,  and  i ;  the  fum  oi  which  is  i.  And  the  fum 
of  twelve  terms  all  equal  to  the  laft,  or  greateft,  term  i,  is 
12.  Now  1  is  to  i;i  as  1  is  to  the  exponent  of  the  fa!d 
twelfth  column,  that  exponent  being  12. 

And  the  fame  thing  will  be  found  to  be  true,  if,  inftead 
of  taking  twelve  terms  in  each  of  the  faid  vertical  colun^ns, 
vfe  were  to  take  any  feffer  number,  as  five,  or  fix,  or  fcven, 
terms,  or  any  greater  number  of  terms  whatfocver,  as  fif- 
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teen,  or  twenty,  or  a  hundred  terms,  continuing  the  tabic 
both  downwards  and  fideways  for  that  purpofe,  namely,  that, 
if  the  exponent  of  any  one  of  the  vertical  columns  be  called 
e,  the  fum  of  all  the  terms  in  the  faid  column,  continued 
itp  any  number  of  terms  whatfoever,  will  be  to  the  fum  of  as 
many  terms  all  equal  to  the  laft^  or  greateft,  term  of  the 
(aid  column,  as  i  b  to  ^  ^. 

70.  This 

*  Yhe  attentive  reader  ina)rpei{iap8ha?e  obferved^xa  reading  the  foregoing 
Iraoflation  of  the  twelve  furpriung  properties  of  the  numbers  contained  m  the 
table  of  combinations,  exhibited  in  page  74,  (which  properties  are  fet  forth  in 
pag««  7S»  76.  77>  78,. 79,  80,  81,  8j,  8i,  84,  85,  86,  87,  88,  89,  90,  and 
91)  that  the  7th  property  (which  is  fet  forth  in  art.  58,  page  80)  is  not  the 
fame  with  the  7tR  property  in  the  author's  orisrinal,  (which  is  contained  in 
page  19)9  but  anfwers  to  the  8th  property  fet  forth  in  the  faid  original ;  and 
that  there  is  no  property  in  the  tranllation  that  exafUy  anfwers  to  the  {aid 
7th  property  in  the  original.  The  reafon  of  this  omiilion  is,  that  the 
7th  property  fet  forth  in  the  author's  original,  feemcd  to  me  to  be  the 
lame  with  the  next  preceeding,  or  6th»  property,  and  therefore  to  be  an  un« 
neceffary  repetition*  But,  whether  it  is  fo,  or  not,  muft  be  referred  to  the 
reader's  judgment.  And  therefore  I  will  here  fet  down  both  the  6th  and 
the  7th  property,  as  they  are  exprelTed  in  the  original. 

The  fixth  property  is  exprefled  in  thcfe  words.  Columns  cujufvls  tranf 
^ovja  ttrmtti  ab  unitate  aHquoufqm  crefeunt^  deinde  per  e^dem  gradus  ntrsum 
decrtfcunU  Idem  intdltgi  de  fummU  columnarum  verticalium  stqut'oiiartOMp 
ecu  terminis  fequentis  columna  tranfvirftff  per  quartMtn  frcfrielatcm* 

And  the  feventh  property  is  exprefled  in  thefe  words.  Columnarum  vef 
ticalium  nque-aliarum  hafes^  Jive  termini  colummr  tranfverfte  eujujlihet^  primus 
qmdem  et  ultimus  ^gnificativus  perprtub  inter fe  aquanfur^  ut  et  fecundus  it  pe* 
uultimusy  tertius  et  antepenuitimus^  atque  ita  porrd^  fi  columna  pluribus  terml" 
wis  fgnificativis  eonjiet. 

Now  this  7th  property  r#cms  to  me  to  be  a  mere  repetiti6n  of  the  foregoing 
^th  property,  and  particularly  of  the  firft  fcntcncc  of  it,  to  wit,  Columna 
eujufw  tranfverfx  termini  ab  unitate  aliquoufque  crefcunt^  delude  per  eofdem 
gradus  runum  detrefcunt,  Thcfe  words,  *'  ah  unitate  crefcunt^  deinde  per  eof- 
'dem  gradus  rursum  decrefcunt^^^  feem  only  to  be  paraphrafcd,  or  more  fuUy 
explained  j  by  the  words  of  the  7th  property,  to  wit,  primus  quidem  et  uhi* 
mus  perpetub  inter  fe  aquantur^  ut  et  fecundus  et  penultimus^  tertius  et  ante* 
per^Uimusy  atque  ita  porro  Therefore,  as  I  coula  find  no  new  meaning  to 
the  words  of  the  7th  property,  whereby  it  could  be  diftinguifhcd  from  the 
6th  property,  I  thought  it  belter  to  omit  it. 

Yet  we  may  obfcryc  thsft  there  are  twelve  properties  of  the  figurate  numbers, 
or  numbers  contained  in  the  foregoing  t^blc  of  combinations,  fet  down  in 
the  tranHatton  as  well  as  in  the  author's  original*  This  is  owing  to  my  hav- 
ing divided  the  ioth  property  of  thefe  numbers  mentioned  in  the  author's 

'»-'        •  '     •  original 
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70*  This  Is  the  moft  important  property  belonging  to  the 
figurate  numbers,  and  that  which  will  be  of  moft  ufe  ro  w% 
in  treating  of  the  dod^rine  of  chances,  or  the  art  of  forming 
probable  conjectures  concerning  events  that  depend  on 
chance,  which  is  the  fubjcft  of  this  treatife.  I  (hall  there- 
fore  now  endeavour  to  demonftrate  this  property  of  the  faid 
numbers  in  a  fcieotific  and  fatisfadory  manner,  and  fo  as  to 
convince  my  readers  that  it  muft  be  true  in  all  cafes  whaifo- 
cver  (however  great  the  number  of  vertical  columns,  and 
that  of  the  terms  in  each  vertical  column,  may*  be  fuppofed 
to  be  taken)  as  well  as  in  the  fmall  number  of  cafes  exhibited 
in  the  foregoing  table  of  combinations.  And  in  order  to  this 
I  fhall  proceed  to  lay  down  the  four  following  preliminary 
propofitions,  or  lemmas,  as  the  ground-worlc  of  the  follow- 
ing demonftration. 


Lemma    L 

71.  The  fum  of  any  number  of  terms  whatfoever  in  the 
firft  vertical  column  in  the  foregoing  table  of  combinations,  is 
equal  to  the  fum  of  an  equal  number  of  terms  that  are  all 
equal  to  the  laft  term. 

original  (which  confifts  of  two  branches)  into  two  feparate  profxerties,  call- 
ing the  firft  branch  of  the  faid  loth  property  In  the  original  (which  is  ex- 
prefTed  in  thcfe  words,  **  Summa  ferierum  tranfverfarum  froffrediuntur  in 
c^ntinud  ratiom  dupld^*)  the  9th  property  in  the  tranflation;  and  the  fecond 
branch  of  it  (which  is  expreffed  in  thefe  words,  **  Summarum  'utrh  fumma^ 
4ib  initio  coUeBa^  terminos  conjlituunt  prngrefjionis  dupla  umtate  multaUs**') 
the  joth  property  in  the  tranflation. 

The  differences  therefore  between  the  properties  of  thefe  numbers,  as  ex- 
preifcd  in  the  tranflation,  and  as  expreUcd  in  the  original,  are  as  follows* 
^e  fix  fitil  properties  of  thefe  nambers  in  the  tranflation  anfwer  to  the  fix 
firft  properties  of  them  in  ^  the  original  refpedively ;  the  7th  property  in 
the  tranflation  anfwers  to  the  8th  property  in  the  original :  the  8th  pro- 
perty in  the  tranflation  anfwers  to  the  9th  properly  in  the  original  :  the  oth 
and  I  oth  properties  in  the  tranflation  anfwer  to  the  firfl  and  fecond  branchea 
of  the  I'oth  property  in  the  original :  and  the  i  ith  and  12th  properties  in 
Ihe  tranflation  anfwer  to  the  ixth  and  12th  properties  in  the  original,  re- 
fpcdivcI^Tt 

Demon- 
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Demonstration. 

This  IS  evident,  becaufe  all  the  terms  in  the  firfl  column 
are  units,  or  equal  to  the  Jaft  term.  Therefore  tl>e  fum  of 
all  the  faid  terms  is  the  fum  •  of  the  fame  number  of  term^ 
equal  to  the  laft  term.,     q^  k.  p. 


Lemma    II. 

72.  If  in  any  one  of  the  vertical  columns  of  numbers  in 
-  the  foregoing  table  of  combinations,  after  the  firft  column, 
we  take  as  many  terms  (including  the  cyphers  in  the  begin- 
ning of  the  column)  as  there  are  units  in  the  exponent  of 
the  column,  the  fum  of  all  the  faid  terms  will  be  to  the 
fum  of  the  fame  number  of  terms  that  are  all  equal  to  the 
laft  of  them  in  the  fame  proportion  as  i  is  to  the  exponent 
of  the  faid  column. 


Demoksfration. 

By  the  firft  property  of  thefe  figurate  numbers,  fet  forth 
in  art.  51,  the  number  of  cyphers  at  the  beginning  of  each 
of  the  faid  vertical  columns  is  lefs  by  an  unit  than  the  ex- 
ponent of  the  faid  column.  And,  by  die  fecond  property  of 
ihefe  numbers,  fet  forth  in  art.  52,  the  firft  term  in  every 
column  after  the  cyp!:ers  is  an  unit.  Therefore  the  fum  of 
all  the  terms  of  the  vertical  column  that  are  fuppofed  \x\  this 
lemma  to  be  taken  (which  are  only  as  many  as  there  arc. 
units  in  the  exponent  of  the  column)  will  be  the  fum  of  fome 
cyphers  and  an  unit,  and  confequendy  will  be  equal  only  to 
an  unit.  And  the  fum  of  the  fame  number  of  terms  all 
equal  to  the  laft  will  be  equal  to  the  fum  of. the  fame  num- 
ber of  rerms  all  equal  to  an  unit,  or  will  be  equal  to  the  ex- 
ponent of  the  column.  Therefore  the  fum  of  all  the  terms 
in  the  faid  vertical  column  will  be  to  the  fum  of  as  many. 

terms 
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terms  all  equal  to  the  lad  term  (which  is  an  unit)  in  the  (ame 
proportion  as  i  is  to  the  exponent  of  the  cblumn. 

Qc    £•   D. 

Thus,  for  example,  in  the  4th  vertical  column,  if  we  take 
only  the  four  firft  terms  o,  o,  o,  «,  the  fum  of  thefe  terms 
will  be  ==  I,  and  the  fum  of  four  terms  all  equal  to  the  laft 
term,  which  is  i,  will  be  (—  i  +  i  +  i  +  i)  —  4,  And 
therefore  the  former  fum  is  10  the  latter  as  \  is  to  4,  which 
is  the  exponent  of  the  faid  column.  And,  in  general,  if 
the  exponent  of  the  column  be  f,  and  we  take  c  terms  in  it. 
the  r— I  terms  will  be-all  cyphers,  and  the  aXi  term  will 
be  I.  Therefore  the  fum  of  the  faid  c  terms  will  be  i. 
And  the  fum  of  r  terms  all  equal  to  the  laft  term  (which  is 
1 )  will  be  c.  Therefore  the  former  fum  will  b^  to  the  latter 
fum  as  X  is  to  c. 

This  lemma  is  the  fame  with  the  general  propofition  here- 
after to  be  proved,  or  the  12th  property  of  the  figurate 
numbers,  in  the' cafe  of  taking  only  the  firft  fignificant  term 
in  each  of  the  vertical  columns,  which  firft  term  is  always 
an  unit. 


Lemma   III. 

73.  If  the  above  defcril^d  12th  property  of  the  figurate 
numbers  (which  we  are  preparing  to  demonftrate  the  truth 
of)  fhould  be, found  to  be  true  in  any  one  of  the  vertical 
columns  of  numbers  contained  in  the  foregoing  table,  of 
Combinations,  or  the  fum  of  any  number  of  terms  taken  in 
the  faid  colunm  (hould  be  to  the  fum  of  the  fame  number 
of  terms  all  equal  to  the  laft,  or  greateft,  term,  always  in 
the  fame  conftant- proportion,  whatever  be  thp  number  of 
terms  fo  taken  ;  and  this  proportion  be  that  of  i  to  a  cer- 
tain^ number  denoted  by  r,  fo  that  the  fum  of  the  terms  fo 
taken  (hall  always  be  equal  to  the  quotient  that  arifes  by  di- 
viding the  latter  fjm  (or  the  fum  of  the  fame  number  ol 
terms  all  equal  to  th$  laft  term)  by  the  number  r  i  the  excefs 

of 
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of  the  number  of  the  terms  fo  taken  above  the  number  r 
will  be  to  the  excefs  of  the  number  of  terms  fo  taken  above 
1  in  the  fame  proportion  as  the  lad  term  but  one  of  the  terms 
ib< t^ken  to  the  lad  term  of  all. 


Demonstration. 

Let  the  terms  fuppofed  to  be  taken  ixi  the  faid  vertical  co- 
lumn be  A,  B,  C,  D,  &c  .  .  .  .  K,  L,  of  which  L  is  the 
laft,  and  K  the  lafl  but  one*  And  let  the  number  of  the 
terms  fo  taken  be  n.  We  arc  then  to  prove  that  n — r  will 
be  to  n — I  as  K  is  to  L. 

Now,  fince  the  fum  of  all  the  n  terms  A,  B,  C,  D,  &c 
.  .  .  •  K,  L  i s  fuppofed  to  be  to  the  fum  of  n  terms  all  equal 
to  the  laft  term  L,  or  to  n  X  L,  in  the  proportion  of  i  to  r'j 
and  the  fum  of  all  the  terms  A,  B,  C,  D,  &c  .  .  .  .  K,  L, 
except  the  laft  term  L,  or  the. fum  of  all  the  »  —  i  terms 
A,  B,  C,  D,  &c  • .  •  .  K,  is  aifo  fuppofed  to  be  to  the  fum 

of  »— I  terms  all  equal  to  the  laft  term  K,  or  to  »•— -T)  X 
K,  in  the  fame  proportion  of  i  to  r;  it  follows  that  the  fum 
of  all  the  n  terms  A,  B,  C,  D,  &c  . .  . .  K,  L  will  be  =: 

i^,  and  the  fum  of  all  the  n—  i  terms  A,  B^  C,  D,  &c, 

K,  will  be  =  ^Zililf.  But  this  latter  fum,  or  A  +  B  +  C 
4-  D  +  &c  +  K,  is  lefs  than  the  former  fum,  or  A  +  B  + 
C  +  D  +  &c  K  +  L,  by  L.    Therefore, ^l^Ili^*'  is  = 


«— IXK  .  «XI. 

incrciore 

»XL— rXL  «— rXL  J  r  -.1       ■        "I  ^  rr 

=  /  =  ,  and  confequently  »~i|  X  K. 

is  =  »— .r]  X  L»    Therefore  »  —  r  is  to  »— i  as  K  is  to  L. 

<^  £••  I>. 


L«S&CMiL 


Kfr.  faMes  MermuU^s  tnai^e  Ce  Arte  ConjcaailcH.    gj 


Lemma  IV* 

74.  If  in  the  foregoing  table  of  combinations,  ot  figuratft 
numbers,  we'  take  two  contiguous  vertical  columns ;  and 
the  numbers  in  the  firft  of  the  two  columns  are  found  to 
have  the  twelfth  property  above-defcribed,  or  the  fum  of 
any  number  of  terms  of  it  is  to  the  fum  of  as  many  terms 
all  equal  to  the  laft,  or  grcateft,  term,  in  the  fame  propor- 
tion as  the  fum  of  any  other  number  of  its  terms  is  to  the 
fum  of  as  many  terms  all  equal  to  the  laft,  or  greateft,  of 
this  latter  number  of  terms ;  and  the  faid  proportion  is  that 
of  I  to  the  number  r ;  and  in  the  fecond  of  the  faid  two 
contiguous  vertical  columns  it  be  found  that  for  a  certain 
number  of  terms  the  numbers  in  the  faid  column  are  like- 
wife  pofleffed  of  the  fame  12  th  property,  and  that  the  fuiii 
of  the  faid  number  of  terms  is  to  the  fum  of  as  many  terms 
all  equal  to  the  laft,  or  greateft,  term  in  the  proportion  of 
1  to  r  +  I,  and  that  the  fum  of  any  leffer  number  of  its 
terms  is  to  the  fum  of  as  many^  terms  all  equal  to  the  laft, 
or  greateft,  of  the  faid  leffer  number  of  terms,  in  the  fame 
proportion  of  i  to  r  +  i  ;  I  fay,  then,  that,  if  we  take  an* 
other  term  in  the  faid  fecond  vertical  column  above  the 
number  before  taken,  and  in  which  the  faid  12th  property 
has  been  found  to  take  place,  the  faid  12th  property  will 
take  place  likewife  with  refpeft  to  the  numbers  in  the  faidL 
fecond  column,  when  increafed  by  the  faid  new  term,  and 
the  fum  of  all  the  terms  in  the  faid  column,  including  the 
faid  new  term,  will  be  to  the  fum  of  as  many  terms  all  equal 
to  the  faid  new  term,  in  the  fame  proportion  of  i  to  f^r  I* 

Demonstration. 

Let  »  be  the  number  of  terms  that  atre  taken  in  the  fecond 
of  the  two  vertical  columns;  and  let  the.  fame  number  of 
terms  be  taken  in  the  firft  of  them.  Let  the  tcrrtis  in  the 
faid  firft  column  be  A,  B,  C,  D,  &c  .  .  .  •  K,  L,  and  thofe 
in  the  fecond  column  be  a,  b^  Cy  d^  ^c  .  . .  ^  *,  /.  Then, 
by  the  fuppofition,  the  fum  of  the  n  terms  A,  B,  G,  D,  &c 
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•  «  • .  K,  Ly  will  be  to  the  fum  of  n  terms,  all  equal  to  the 
lafl:  term  L,  or  to  »  X  L,  in  the  proportion  of  i  to  r ;  and 
the  fum  of  all  the  n  terms  tf,  b,  Cj  dj  6?r  .  ,  ,  .  k,  I,  will  be 
to  the  film  of  n  terms  all  equal  to  /,  or  to  »  X  /,  in  the 
proportion  of  i  to  r+  i.  Now  let  another  term  m  be  added 
to  the  former  terms  a,  b^  c^  d^  ^c  .  . .  .  k^  /,  of  the  fecond 
of  the  faid  two  vertical  columns.  We  are  then  to  prove 
that  the  fum  of  all  the  terms  a^  b^  c,  dy  iSc  •  .  .  .  k,  I,  and 
m  (the  number  of  which  is  »+  i)  will  be  to  the  fum  of  as 

many  terms  all  equal  to  the  laft  term  w,  or  to  »  +  i  X  », 
in  the  fame  proportion  of  i  to  r+ 1. 

Now,  by  the  4th  property  of  the  figurate  numbers  above 
fct  forth  in  art.  54,  it  is  manifeft  that  /,  or  the  »th  term  of 
the  fecond  of  the  two  vertical  columns,  will  be  equal  to  the 
fum  of  all  the  terms  in  the  preceeding  vertical  column  ex- 
cept the  laft  term  L,  or  to  the  fum  of  the  n  —  i  terms  A, 
B,  C,  D,  &c  .  .  .  .  K.  But,  by  the  fupp^fition,  the  fum  of 
thefe  terms  is  lefs  than  the  fum  of  as  many  terms  equal  to 
the  laft  terra  K  in  the  proportion  of  i  to  r,  or  is  equal  tcr 


^  Therefore /is  =  — = — . 

r  r 

But,  bccaufe  the  above-defcribed  12th  property  is  fup- 
pofed  to  belong  to  the  numbers  of  the  firft  of  the  laid  two 
vertical  columns,  to  wit.  A,  B,  Q  D,  &c  .  .  .  .  K,  L,  and[ 
the  fum  of  any  number  of  terms  in  the  faid  column  is  fup- 
pofed  to  be  to  the  fum  of  as  many  terms  all  equal  to  its  laft 
term  in  the  conftant  proportion  of  i  to  r,  it  follows  from 
lemma  3d,  art.  73,  that  n — r  will  be  to  n — i  as  K  is  to  L. 

Therefore  «— ri)  X  K  will  be  =  n — r\  X  L;  and  confequently 

•321ii  will  be  =  "3jL\ 


«— lIXK. 


Therefore  /  (which  has  been  (hewn  to  be  =  )  will 

be  n  """^       J  and  confequently  n  —  r  will  be  to  /  as  r  is 
to«L. 

But,  by  the  fuppofition,  the  fum  of  the  terms  A,  B,  C, 
D,  &c  •  •  •  K,  L»  is  to  the  fum  of  the  fame  number  of  terras 

aU 
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all  equal  to  the  laft  term  L,  or  to  »  X  L,  in  the  proportion 
of  I  to  r.  Therefore  r  x  A+B  +  C  +  D  +  &C  +  K  +  JL 
is  =  »  X  L  ;  and  confequently  r  is  to  L  as  »  is  to  A  +  B  + 
C+D+&C+K+L. 

Therefore  n  —  r  will  be  to  /  as  »  is  to  A+  B  +C+  D  + 
&C+K  +  L. 

But,  by  the  4th  property  of  the  figurate  numbers  above 
fet  forth  in  art.  54,  m  (which  is  the  »  +  ith  term  of  the  fe* 
cond  vertical  column)  is  equal  to  the  fum  of  A,  B,  C,  D, 
&c,  K,  L,  or  the  n  firft  terms  of  the  preceeding  column. 
Therefore  n  —  r  will  be  to  /  as  »  is  to  /»  ;  and  confequently 

n  —  r]  X  »  will  be  =  «  x  /. 

But,  by  the  fuppofition  concerning  the  numbers  in  the 
fecond  vertical  column,  the  fum  of  the  firft  n  terms  of  it, 
to  wit,  a  +  i  +  c  +  d  +  (f?€  +  k  +  lj  is  to  the  fum 
of  as  many  terms  all  equal  to  the  laft  term  /,  or  to  n 
^  /,  in  the  proportion  of  i  to  r-f-  i.  Therefore  r+i 
X  a  +  t+c  +  d+Ucc+k-^l  is  =  »  X  /;  and  con- 
fequcntly  n  —  r]x  m  (which   is  equal  to  »  X  /)  will  be  =: 


r-ri  xa  +  if+c  +  d  +  6cc+k'ti.  Therefore  n  —  r 
:r+i  ::  a  +  i  +  c  +  J  +  &CC  +  k  +  I  :  m.  Therefore, 
componendo^  we  (hall  have  (^n-^r  +  r  +  i,  or)  »  +  i  :  r+ 
l  ::  a  +  i  +  c  +  J  +  6cc  +  k  +  I  -i-  m  :  m;  and  permu-^ 
tando^  »+i  :tf  +  *+r,+  ^+&c +*  +  /  +  /»  ::r+ I 
:  m i  and,  invertendo^  a  +  t  +  c  +  d  +  &c  4-  k  +  I  +  ml 

n  +  1  ::  m  :  r  +  I.  But  »  +  i  is  to  n  +  i\  x  m  ::  r+  i\ 
;  r4-  1]  X  m.  Therefore,  ex  ^quo,  a  +  i  +  c  +  d  +  ice 
+  k+l  -Jhm  :  n+i]  X  m  ::  m:  r+  i]  x  mi:  1  Ir+.i', 
that  is,  the  fum  of  the  firft  n  +  i  terms  of  the  fecond  verti- 
cal column  will  be  to  n+i  times  the  laft,  or  it+  i]th,  term, 
mf  of  the  faid  column  in  the  fame  proportion  of  i  to  r-f- 1  in 
which  the  fum  of  the  firft  n  terms  of  it  was  to  n  times  tho 
laft,  or  «ch,  term*         q^  e.  d. 

CoROLL*     It  follows  from  this  lemma,  that,  if  the  num. 
ber  of  tern^s  in  the  fecond  of  the  two  vertical  columns  be 

O  4  iacreafed 
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increafed  from  n  terms  to  any  other  nufOber  of  terms  whac«> 
focver  denoted  by  »  +  ^,  it  will  be  true  with  refpcft  to  the 
column,  when  fo  increafed,  that  the  fum  of  all  its  terms 
will  be  to  «  +  /  times  the  lad,  or  greateftj  term  of  it  in  the 
fame  proportion  of  i  to  r  -4- 1.  For  the  lemma  may  be 
fucceffively  extended  from  a  column  confifting  of  ir  +  1 
terms,  to  a  column  confiding  of  n  +  2  terms,  and  to  a  co- 
lumn confifting  of  n^  3  terms,  and  to  a  column  confiding 
of  ff  +  4  terms,  and  fo  on  till  we  come  to  the  column  of 
n+p  terms ;  the  reafonings  being  exaftly  the  fame  in  this 
extenfion  of  it  to  thefe  feveral  columns  of  ir  +  z  terms, 
0+3  terms,  11  +  4  terms,  &c,  as  in  the  lemma  itielf,  in 
which,  upon  a  fuppofition  that  the  fum  of  n  terms  of  the 
ipolumn  is  to  n  times  the  lad,  or  greated,  or  ffth,  term  of  it 
in  the  proportion  of  i.to  r  +  i,  it  is  (hewn  that  the  fun* 
9f  «  +  I  terms  of  it  will  be  to  11  +  1  times  the  lad,  or 

greated,  or  k  +  ilth,  term  of  it  in  the  lame  proportion  of 
^  to  r  +  I. 


jl  iemonftratien  $fthe  zd,  3^,  and  j^b  fpregcing  l^emmas,  con^ 
tamed  in  art,  72,  73,  and  74,  hj  Mr.  John  Bemoul^,  the 
4Uitbeft  tr0iber. 


75.  Many  years  ago,  when  I  communicated  the  foregoing 
propofitions  concerning  the  figurate  numbers  to  my  brother, 
Mr.  John  Bernoulli,  he  obferved  to  me  that  the  demondra- 
tions  of  tKem  might  be  made  (horter  and  more  elegant  by 
yniting  the  three  lad  of  the  four  preceeding  lemmas  into 
pne,  in  the  manner  following* 
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A  Lemma. 

.  .  If  in  a  table  of  the  figjurate  numbers  (fuch  as  the  (foregoing 
table  of  combinations,  in  page  71,  art.  49)^  ic  be  the  pro* 
perty  of  the  terms  of  any  one  of  the  vertical  columns  that, 
jf  we  take,  ift,  any  number  of  fucccffive  terms  in  it,  and> 
2dly,  the  fame  number  of  terms,  all  equal  to  the  laft,  of 
greateft,  of  the  faid  fucceffive  terms,  the  fum  of  the  faid 
lucceffive  terms  (hall  be  to  the  fum  of  the  fame  number  of 
terms,  all  equal  to  their  lad,  or  great  eft,  term,  in  the  conftant 
proportion  of  i  to  a  certain  number  denoted  by  the  letter  r; 
then  it  will  follow  that,  if  in  the  next  higher  vertical  column 
of  the  faid  table  of  figurate  numbers  .we  take  a  number  of 
fucceffive  terms  greater  by  an  unit  than  the  number  of  fuc^ 
ceffive  terms  taken  in  the  former  vertical  column,  the  fum 
of  thefe  fucceffive  terms  in  this  fecond  column  will  be  to  the 
fum  of  the  fame  number  of  terms,  all  equal  to  the  laft,  or 
greateft,  of  the  iaid  fucceffive  terms>  in  the  proportion  of  i 
to  r+  I, 

Demonstration. 

Let  the  terms  of  the  former  of  the  two  vertical  columns 
be  a^  ^,  r,  d,  ey  and  /,  of  which  the  number  is  6,  or  in 
general,  n ;  and  let  the  terms  of  the  next  higher  vertical  co« 
lumn  be  o,  gy  by  i,  /,  p,  ;,  of  which  the  number  isn+  u 

The  upper  term  of  this  fecond  column  is  a  cypher,  Of 
becaufe  every  new  vertical  column  of  terms  muft  have  one 
more  cypher  preceeding  its  fignificant  terms  than  the  columii 
immediately  preceeding  it. 

Thefe  two  venici^l  columns  of  terms  will  be  as  follows ; 


n  +  u 


a 

0 

b 

g 

€ 

b 

d 

i 

€ 

I 

f 

t 

1 

If 
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If  thefe  columns  are  the  id  and  2d  columns  of  the  table, 
the  terms  tf,  b,  r,  ^,  e^  and/  will,  each  of  them,  be  equal 
to  I,  and  g,  b,  /,  /,  p,  y,  will  be  i,  2,  3,  4,  5,  6.  If 
thefe  columns  are  the  2d  and  3d  columns,  a  will  be  o,  and 
by  r,  J^  e,  f  will  be  1,  2,  3,  4,  5,  and  g,  b,  1,  /,  />,  q  will 
be  o,  I,  3,  6,  10,  15.  If  thefe  colunms  are  he  3d  and 
4th  columns,  a  will  be  o,  and  b  will  alfo  be  o,  and  r,  ^, 
r,  /  will  be  I,  3,  6,  10,.  and  gj  by  i,  ky  py  q  will  be  o,  o, 
I,  4,  10,  20.  And  in  like  manner  more  of  the  upper  terms 
of  both  thefe  vertical  columns  will  be  cyphers,  or  o,  the 
fanher  the  columns  are  taken  to  the  right  hand  in  the  table 
in  page  71.  But,  wherever  the  columns  are  taken,  the 
number  of  terms  in  them  muft  be  fo  great  as  to  reach  below 
the  cyphers,  and  take  in  fome  of  the  fignificant  terms.  Thefe 
things  being  premifed,  the  demonftration  of  this  lemma  will 
be  as  follows. 

By  the  4th  property  of  the  figurate  numbers  fet  forth  above 
in  art.  54,  we  fhall  have  q  =  a+b+c+J+e-^f, 
and  p  =  a  +  b+c+d+e, 
and  /  =:  a+b+c+dy 
apd  /  =  a+b  +  c, 
and  b  n  a+b^ 
and  g  —  a. 

And,  by  the  fuppofition,  the  fum  of  the  n  terms  ay  by  r, 
dy  Cy  f  will  be  to  n  times  the  laft,  or  greateft,  term/,  as  i 
is  to  r ;  and  the  fum  of  the  »  —  i  terms  tf,  by  r,  dy  e  will 
be  to  n — I  times  the  laft,  or  greateft,  term  tf,  in  the  fame 
proportion  of  1  to  r ;  and  the  fum  of  the  »— 2  terms  tf ,  by 
Cy  d  will  be  to  n  —  2  times  the  laft,  or  greateft,  term  dy  iti 
the  fame  proportion  of  i  to  r.;  and,  in  like  manner,  a  +  b 
+  c  will  be  to  »-r-3  times  r  ^s  i  to  r;  and  a  +  b  will 
be  to  n — 4  times  ^  as  i  to  r ;  and  a  will  be  to  n^^S  ^^^^^  ^ 
as  I  to  r. 

Therefore  a+3  +  ^  +  ^  +  ^+/  will  be  =  ^,  and 


a  +  b  +  c-^-d+e  will  be  =:       ^'^^  and  a  +  b  +  c  + 
dmW  be  =  i=~^,  Md  a  +  b  +  c  will  be  =;  ^5^% 

w4 
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and  ix  +  *  will  be  =  ^2ilf ,  and  a  will  be  =  ^zSil?. 

Therefore  J  (which  is  equal  to^+^  +  ^  +  ^+  ^+/) 
will  be  =:  — ;  and  jp  (which  is  equal  to^  +  ^  +  f  +  ^  +  0 

will  be  = ' —  ;  and  / (which  is  equal  to  tf  +^  +  r  +^ 

will  be  =:  *^^'^   ;  and  /  (which  is  equal  to  ^  +  3  +  0 


will  be  =  *    ^  ^-  ;  and  i&  (which  is  equal  to  a  +  h)  will 
be  =3  """^'^-  ;   and  ^  (which  is   equal  to  tf)   will  be  = 

Therefore  y+/+/+^"+*+^ will  be  =  ^+  "tZl^  + 

«  — 2)  x</    ,    «— slxr   ,     »— 4lx*         «  — si  Xa  ^  ttf        ne  ^e     , 
r  r  r  r  r     ■         r         * 

r  ~r         *"        r  r        *"  r 

^^    ^a^  «3tf  —43  — jtf  _  » X/-Hg+<^-fg+^+^~ 

r         r        r        r        T    '^  r 

— g— 2</—3f^4^— ^tf  _  «xg  -^— 2</-3c— 4i^— ^41   _  gX(y 
r  ~     r  r  ""      r 

^e^d'i^c—h'-a  ^d^e--h^a  — ^--£— £   — £^  "" *. <»Xg 

r"  r  r  r  r  '^      r 

-£  -JL  -"1  -*.  -1.  :::::  ^H  '^fjlLziz^J,  rr 
r        r        r         r        r  r  r 

r 

Therefor*  (if  we  multiply  both  fides  by  r)  we  fhall  have  r 
Xq+p+i+i+b+g  =  nq—^—l—i—  b—gt  ot  rq  +  r  x 
^^l^i^  b+g:z  fiq — p—  l-'i—b — 1:.  And  confequently 
(adding  p  +  /  +  /'+  b  Jfg  to  both  fides)  we  Ihall  have  rq  + 
ry.p  +  1-vi+h-^g+p  +  /  +  »'+/&+ 1:  =  »y,  or ry  + 
r+il  X  />  +  /  4-  «■  +  />  +  jf  =:  »y  ;  and  (fubtrading  rq  from 
both  fides)  r+il  X  />  +  /  +  /  +  *  +  ^  =  »£  —  ry. 

Therefore 
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Therefore  (dividing  both  fides  by  r+i)  we  (hall  have 
P  +  1+  i  +  b  +  g  zz  *^]"7  »  ^^^  (adding  q  to  both  fides) 

^+i&  +  /  +  /  +  ^i-j,  will  be  to  «+ 1  X  ?  as  I  is  to  r+ 1, 
or  the  {urn  of  the  n+t  fucceffive  terms  o»  gf  b,  i,  /,  jp,  q, 
of  the  fecond  vertical  column  of  terms  will  be  to  the  fum  of 
JH- 1  times  the  laft  term  q,  or  the  fame  number  of  terms,  all 
equal  to  the  laft,  or  greatefi:^  term  q,  in  the  proportion  of  i 
tor+i  *.         c^.  B.  D. 


Tbe  friniipal  Propofitieny  or  tbe  iitb  property  ahove-deferiM 
of  thefigutate  numbers^  or  numbers  contained  in  tbe  foregoing 
table  of  combinationSf  is  as  follows. 


76.  Tbe  fum  of  any  number  of  terms  in  any  of  the  ver- 
tical columns  contained  in  the  foregoing  uble  of  combina^ 
tions  is  to  tbe  fum  of  thcf  fame  number  c^  terms  all  equal  to 
the  lafi:  term  of  them^  in  the  proportion  of  i  to  the  expo* 
nent  of  the  faid  column ,  or  to  the  number  which  denotes,  or 
exprefles>  its  place  in  the  faid  table. 

Thus>  in. the  firft  column,  of  which  the  exponent  is  i, 
the  fum  of  any  number  of  terms  of  it  denoted  by  n  will  be 
to  n  times  the  laft  term  of  it  in  the  proportion  of  i  to  1,  or 
a  proportion  of  equality*     In  tbe  fecond  column,  of  which 

•  Sec  upon  this  fubjcft  the  works  of  Mr.  Joha  Bernoulli  hhnfdf,  pub* 
liOied  at  iLaufannc,  in  Switzerland,  in  the  year  174a,  in  four  volttmet/ 
quarto,  vol.  iii,  page  521,  in  the  47th  ledure  on  the  dodrine  of  the  In« 
tegration  of  Infinitely  fmall  differences,  or  tbe  Inrerfe  method  of  dificienceti 

the 
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tlie  exponent  is  2,  the  fum  of  n  terms  of  it  will  ht  to  the 
fum  of  n  terms  all  equal  to  the  laft  or  greateft  tferiri,  ift  the 
proportion  of  1  to  2.  In  the  third  columnj  of  which  the 
exponent  is  3,  the  fum  of  n  terms  of  it  will  be  to  the  fum 
of  n  terms  all  equal  to  the  laft,  or  greateft,  term,  in  th6  pro- 
portion of  I  to  3.  In  the  fourth  column,  of  which  the  ex- 
ponent is  4,  the  fum  of  n  terms  of  it  will  be  to  the  fum  of 
n  terms  all  equal  to  the  laft,  or  greateft,  term,  in  the  pro- 
portion of  1  to  4.  And,  in  general,  in  the  rth  column,  of 
that  of  which  the  exponent  is  r,  the  fum  of  n  terms  of  it 
will  be  to  the  fum  of  n  terms  all  equal  to  the  laft,  or  greateft^ 
or  »th,  term,  iii  the  proportion  of  i  to  r . 


DfiMONStRATION* 

77.  The  truth  of  this  propofition  with  rcfpefl:  to  the  ift- 
vertical  column  (which  confifts  wholly  of  units)  is^  (hewn 
above  in  lemma  i,  art.  71,  and  indeed  is  almoft  felf-evi- 
dent*  And  with  refpeft  to  the  terms  of  the  fecond  verdcal 
column,  to  wit,  o,  i,  2,  3,  4,  5,  6,  7,  8,  9,  10,  and  11, 
&c,  it  may  be  proved  by  means  of  the  fecond  and  fourth 
of  the  foregoing  lemmas  in-  the  manner  following.  Since 
in  the  firft  vertical  column  the  fum  of  ahy  number  of  terms 
I,  I,  1,  I,  I,  &c.  denoted  by  »,  is  to  the  fum  of  as  many 
terms,  all  equal  to  the  laft  term  i,  as  i  is  to  i  ;  and  in  the 
fecond  vertical  column  the  fum  of  the  two  firft  terms  o  and 
I  is  to  the  fum  of  two  terms,  both  equal  to  the  laft  term  i, 
as  I  is  to  I  + 1,  as  is  (hewn  iii  lemma  2,  art.  72  ;  it  follows 
ft"om  lemma  4,  art.  74,  that  in  the  fame  fecond  vertical  co- 
lumn the  fum  of  the  three  firft  terms  o,  i,  and  2,  will  be 
to  the  fom  of  three  terms  all  equal  to  the  laft:  term  2,  in 
the  f^me  proportion  of  i  to  i  +  i^  or  2,  and  confequently 
that  the  fiim  of  the  four  firft  terms  o,  i,  2,  and  3,  will  be 
to  the  fum  of  four  terms  all  equal  to  the  laft  term  3,  and 
the  fum  of  the  five  firft  terms  o,  1,  2,  3,  and  4,  will  be 
to  the  feim  of  five  terms  all  equal  to  the  laft  term  4,  and, 
io  general,  the  fum  of  any  number  of  its  terms  denoted 
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by  n  will  be  to  the  fum  of  n  terms  all  equal  to  the  lad  of 
them,  in  the  fame  proportion  of  i  to  i  +  i,  or  2. 

(Vft  £•   !>• 

78.  This  may  like^ife  be  proved  of  the  numbers  con- 
tained in  the  faid  fecond  vertical  column,  independently  of 
the  foregoing  lemmas,  in  the  manner  following. 

\  The  numbers  contained  in  the  faid  fecond  venical  column 
are  o,  i,  2,  3,  4,  5,  6,  7,  8,  9,  10,  11,  &c.  Now,  if  we 
fet  down  tbefe  numbers  twice  over  in  two  horizontal  lines^ 
one  under  the  other,  but  in  contrary  orders,  fo  that  in  the 
lecond  line  the  laft  term  of  the  firft  line  fhall  be  placed  firft, 
and  the  laft  term  but  one  of  the  firft  line  fliall  be  placed 
fecond^  and  fo  on,  as  in  thefe  two  lines, 

Oy     1,  2,  3,  4,  5,  6,  7,  8,  9,  10,  n, 
,  II,  10,  9,  8,  7,  6,  5,  4,  3,  2,     I,     o, 

it  is  evident  that  the  fum  of  every  two  numbers  ftanding  in 
the  fame  vertical  line,  will  be  equal  to  11,  or,  in  general, 
to  the  laft,  or  greateft,  term  of  the  feries,  or  (if  the  ferics 
Confift  of  n  terms,  and  confequently  the  laft  term  be  »— i) 
to  «— I.  Therefore  the  fum  of  both  feriefes  will  be  equal 
to  a  feries  confifting  of  the  fame  number  of  terms,  or  n 
terms,  all  equal  to  the  greateft  term  »— i  ;  and  confequently 
the  upper  feries  0+1+2  +  3  +4  +  5+6  +  7  +  8  + 
9+ 10 +  11  +  &c..» —  I  alone  will  be  equal  to  only 
half  of  the  feries  of  n  terms  all  equal  to  »—  i,  or  will  be  to 
it  in  the  proportion  of  1  to  2.      .  q^  e.  d* 

79.  To  demonftrate  the  faid  12th  property  with  refpeft  to 
the  numbers  contained  in  the  third  and  fourth  and  other 
following"^ vertical  columns  of  the  foregoing  table  of  combi- 
nations, we  muft  have  recourfe  to  the  fecond  and  fourth 
lemmas,  as  in  the  firft  demonftration  juft  now  given  of  the  faid 
property  with  refpeft  to  the  numbers  in  the  fecond  vertical, 
column.     This  may  be  done  in  the  manner  following. 

By  lemma  2d  it  appears  that  this  property  takes  place  in 
all  the  vertical  columns,  if  we  continue  the  terms  of  each 
column  only  till  their  number  is  equal  to  the  exponent  of 

ihe 
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tht  coiumn>  or  fo  as  to  take  in  only  the  firft  fignificant  term 
of  the  column^  which  is  always  an  unit.    Therefore  in  the 
third  vertical  coUimny  continued  only  to  the  three  terms  o,  o, 
I,  the  fum  of  the  faid  three  terms  is  to  the  fom  of  three 
terms  all  equal  to  the  laft  tjerm  i,  in  the  proportion  of  i  to 
3,  or  1  to  2  + 1.     But  it  has  been  (hewn  that  in  the  fecond 
vertical  column  o,  i,  2,  3,  4,  5,  6,  7,  &c.  it  is  true  uni- 
verfally  that,  whatever  be  the  number  we  take  of  its  terms/ 
the  fum  of  the  faid  terms  will  be  to.  the  fum  of  as  many 
terras  all  equal  to  the  ]aft  term  in  the  proportion  of  i  to  2t 
Here  therefore  we  have  the  cafe  of  lemma  4,  to  wit,  that 
of  two  contiguous  vertical  columns,   the   fecond  and   the 
third,  in  the  former  of  which  the  fum  of  any  number  of 
terms*  denoted  by  n  is  to  the  fum  of  the  fame  number  of 
terms  all  equal  to  the  lafl:  term  in  the  proportion  of  i  to  a 
certain  number,  which  we  there  denoted  by  r,  and  which 
here  is  2,  and  in  the  latter  of  which  the  fum  of  the  three 
firft  terms  0,0,  i,  is  to  the  fum  of  three  terms  all  equal  to 
the  laft  term  1  as  i  is  to  r+  i,  or  2  +  !•    It  follows  there- 
fore from  lemma  4th,  that,  if  we  take  the  next  term  3  of 
the  faid  latter  vertical  column,  or  continue  the  faid  column 
to  four  terms,  the  fum  of  the  faid  four  terms  o,  o,  i,  3, 
will  alfo  be  to  the  fum  of  four  terms  all  equal  to  the  laft 
teim  3  in  the  fame  proportion  of  i  to  2+i,     And,  for  the 
fame  reafon,  the  fum  of  the  five  firft  terms  of  the  faid  third 
vertical  column  will  be  to  the  fum  of  five  terms  all  equal 
to  the  fifth  term  of  it,  and  the  fum  of  the  fix  firft  terms  of 
it  will  be  to  the  fum  of  fix  terms  all  equal  to  the  fixth  term 
of  it,  and,  in  general,  the  fum  of  any  greater  number  of  its 
terms,  denoted  by  »,    will  be  to  the  fum  of  n  term?  all 
equal  to  the  »th  term  of  it,  in  the  fame  proportion  of  i  to 

2  +  I,  or  of  I  to  3.        Q4  £.  p. 

In  like  manner  we  ipay  prove  that  in  the  4th  vertical  co- 
lumn the  fum  of  any  number  n  of  its  terms  is  to  the  fum  of 
n  terms  all  equal  to  its  «th  term  in  the  proportion  of  1  to 

3  +  1,  or  I  to  4.  For,  fince  we  have  proved  that  the  pro- 
ponion  of  thefe  two  fums  in  the  third  column  is  that  of  i 
to  3 ;  and  by  lemma  %  it  appears  tl»t,  if  wc  take  only  the 

P  %  .  foqr 
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fpur  firft  terms  of  the  4th  column,  to  wit,  0,0,0,  i,  the 
proportion  of  thefe  fums  will  be  that  of  i  to  3+ 1,  or  4 ;  it 
rbllows  from  lemma  4th  and  its  corollary,  that,  if  we  take 
five  terms  of  this  fourth  column,  or  fix  terms  of  it,  or  fevea 
terms  of  it,  or,  in  general,  n  terms  of  it,  the  proportion  of 
the  fum  of  t}ie  tprms  fo  take^  to  the  fum  of  the  fame  number 
of  terms  all  equal  to  the  laft  term  will  always  be  the  fame 
proportion  of  i  to  3  +  f ,  or  qf  i  tq  4.         o^  e,  d. 

And  by  proceeding  to  supply  lemma  a  and  lemma  4  in 
th^  fame  manner  to  the  fifth,  and  fixth,  and  feventh,  and 
other  following  vertical  columns,  it  may  be  (hewn  that  the 
proportion  of  the  fum  of  any  number  of  terms  denoted  by 
n  to  the  fum  of  tf  terms  all  equal  to  the  laft,  or  greateft 
term,  wjU  be  in  the  fifth  column  that  of  i  to  4-1-  i,  or  5, 
and  ip  the  fi^th  column  that  of  i  tp  5  +  1,  or  6,  and,  in  the 
feventh  column  that  of  i  tq  6  + 1,  or  7,  and,  in  general,  in 
the  rth  column  that  of  no  c*        ft^  e.  p, 

80.  CoROLL.  I.  In  each  of  the  aforefajd  vcnical  columns 
pf  numbers  the  fuin  of  any  number  of  the  terms  beginning 
with  I,  or  the  firft  figiiificant  term  of  the  column,  and  not 
reckoning  the  cyphers  that  preceed  it,  as  we  have  hitherto 
done,  will  be  to  the  fum  of  the  fame  number  of  terms  all 
tqual  to  the  next  term  in  the  faid  column  after  the  cerms  fo 
fummed^  in  the  proportion  of  i  to  f,  or  the  exponent  of 
the  column. 

Let  the  terms  in  the,  prppofed  vertical  column,  whereof 
we  are  to  fum  up  the  fignificant  terms  be  tf,  by  c^.d^  fcc, 
*,  and  /,  including  the  cyphers,  fo  that  fome  of  the  firft 
letters  tf,  b^  f,  &c,  fliall  (land  for  cyph«rs,  agreeably  to  the 
notation  in  lemma  4 ;  and  let  the  whole  number  of  thefe 
terms,  including  the  cypher%  be  »,  agreeably  to  the  fame 
notation.  And  let  m  be  the  term  that  coines  immediately 
after  /  the  laft  term  of  the  fee  whofe  fum  we  are  CD  e:^'aminei 
or,  in  other  words,  let  m  be  the  w+7]th  term  of  the  pro- 
pofed  vertical  column,  including  the  cyphers.  Alfo  let  c  be 
fhe  exponent  of  the  faid  column,  and  r  be  z:  f —  x,  Thei\ 
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by  the  firft  property  of  the  figurate  numbers  fet  forth  above, 
in  art.  51,  r  will  be  the  number  of  cyphers  in  the  begin* 
BJngof  the  faid  vertical  column,  and  confequently  n — r 
will  be  the  number  of  figniBcant  terms  in  the  faid  co- 
lumn, without  the  cyphers.  We  are  therefore  to  prove  that 
the  fum  of  all  the  n  —  r  fignificant  terms  of  the  /aid  co- 
lumn a^  by  c,  J,  &c,  k  and  /  is  to  the  fum  of  »  —  r  terms 
all  equal  to  the  next  term  m  in  the  proportion  of  i  to  r  or 
of  I  to  r+i. 

Now  the  fam  of  all  the  »  —  r  fignificant  terms  of  the  faid 
vertical  column  is  equal  to  the  fum  of  all  the  n  terms  of 
the  faid  column,  including  the  cyphers,  becaufe  the  cyphers 
are  all  equal  to  nothing.  And  it  is  ihewn  in  the  latter  part 
of  the  demonflration  of  lemma  j^,  that  the  fum  of  the  n 
terms  tf,  i,  r,  dy  &c,  k  and  /  is  to  the  next  term  m  in  the 
fame  proportion  as  n  —  r  is  to  r+  i.  Therefore  the  fum 
of  all  the  n  —  r  fignificant  terms  of  the  faid  column,  will  be^ 
to  the  next  term /»  in  the  fame  proportion  of  n^fto  r  +•  !• 

But  m  is  to  li  —  r\  X  fv  in  the  fame  proportion  as  r  +  i  is 
to  »~rX  r+i.  Therefore,  ex  aquoy  the  fum  of  all  the 
»  — r  fignificant^  terms  of  the  faid  column  will  be  to  »— rl 
^  my  or  to  the  fum  of  »  —  r  terms  ail  equal  to  the  next 

term  fw,  asisr-rr-r  is  to  »  —  rVx  r+iy  and  confequently  as 
I  is  to  r+ 1,  or  as  I  is  to  r,        q.  e.  d. 

81.    CoROLL.  a.    By  the  help  of  the  foregoing  corollary 
we  may  find  the  fum  of  any  given  number  of  terms  in  any 
of  the  vertical  columns  of  the  foregoing  table  of  combina- 
tions, without  aftually  adding  the  terms  together,  by  pro 
ceeding  in  the  following  manner. 

Let  the  number  of  terms  to  which  the  feveral  vertical  co* 
lunms  are  continued,  be  n.  Then,  as  there  is  one  cypher 
prefixed  to  the  fignificant  terms  in  the  fecond  column,  and 
two  cyphers  in  the  third  column,  and  three  cyphers  in  the 
fourth  column,  and,  in  general,  ^  —  i  cyphers  in  the  rth 
column ;  it  is  evident  that  the  nuinber  of  terms  in  the  fe- 
con4  column,  without  the  cyphers/  will  be  »—  i  j  and  that 
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of  the  terms  in  the  third  column,  without  the  cyphersi  wiH 
ht  n  —%i  and  that  of  the  terms  in  the  fourdi  column,  with* 
out  the  cyphers^  will  be  ir  —  3  ;  and,  in  general,  that  of  the 
terms  iti  the  ^h  column,  without  the  cyphers,  will  be  »«— 

IIT—  17  or  Ji  —  r  +  I.  The  fums  of  the  terms  in  thefe  fe- 
veral  columns  may  therefore  be  thus  determined. 

In  the  firft  place,  the  fum  of  the  n  fignificant  terms  in 
the  firft  column,  which  are  all  units,  will  be  ir  X  i,  or  ^. 

2dly,  The  fum  of  the  »— i  fignificant  terms  in  the  fe- 
cond  column  will,  by  the  foregoing  corollary,  be  to  »  ^  i 

time$  the  next  following,  or  »  +  i^th,  teem  of  the  fecond 
column  as  I  is  to  z.    But>  by  the  4th  property  of  the  figu- 

rate  numbers  above  fet  forth  in  art.  54,  the  n  +  ilth  term  of 
the  fecond  column  is  equal  to  the  fum  of  the  firft  n  terms  of 
the  firft  column,  that  is,  to  n.  Therefore  the  fum  of  the 
ff  — -I  fignificant  terms  of  the  fecond  column  will  be  to  »— i 

times  ff,  or  to  nx  n — i^  as  i  is  to  2,  and  confequently 
will  be  equal  to  *  ^  * "" '.        o^  b.  i, 

3dly,  The  fum  of  the  »— a  fignificant  terms  in  the  third 
column  will,  by  the  foregoing  corollary,  be  to  « —  2  times 

the  next  following,  or  n  -f^th,  term  of  the  fame  third  co- 
lumn as  I  is  tcr  3*     But,  by  the  4th  property  of  the  figurate 

numbers  above  fet  forth,  the  n  4-  i]ch  term  of  the  third  co* 
lumn  is  equal  to  the  fum  of  the  fii-ft  n  terms  of  the  fecond 
column,  including  the  cyphers,  or  (which  comes  to  the  fame 
thing)  to  the  fum  of  the  firft  n  —  1  fignificant  terms'  of  the 
faid  fecond  column  1  which  has  juft  now  been  fhewn  to  be 

eqiiai  to  ^  ^  ^""  \  Therefore  the  fum  of  the  »  — *  2  figni- 
ficant terms  in  the  3d  column  will   be  to  ir  — 2  times 

r— ,  or  to r-j  as  I  IS  to  3,  and  confequently 

Will  be  equal  to — ~;        cu  £•  u 

^'  aX3» 
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V  4thly,  The  fum  of  the  »— 3  fignificant  terms  in  the 
fourth  column  will,  by  the  foregoing  corollary,  be  to  «  —  3 
times  the  next  following,  or  u  +  i|th,  term  of  the- fame 
iburth.  column  as  i  is  to  4*  But,  by  the  fourth  property  of 
the  figurate  numbers,  the  n+  ijth  term  of  the  fourth  co- 
lumn is  equal  to  the  fum  of  the  firft  n  terms  of  the  tfiird 
column,  including  the  cyphers,  or  of  the  firft  n  —  2  figni- 
ficant  terms  of  the  faid  dnrd  column  :  which  has  juft  now 

been  (hewn  to  be  equal  to  *^""'' ^  ^"^  ^    Therefore  the 

2x3 

fum  of  the  «  — 3   fignificant   terms  in   the  4th  column 

Will  be  to  »  —  3  times  ,  or  to 

_^^^    ^^ ZX3        ' 

«x  j»  -I  x«-a     *"^^  as  t  is  to  4,  and  confequently  will 

,  nX  i  — I  X  «— 2  X  «— 3 

be  =  '   '    ' — ^-        q.  £•  I.      I 

2x3x4  ^ 

5thly,  In  like  manner  the  fum  of  the  n —  4  iignlfjcant 
terms  in  the  fifth  column  will,  by  the  foregoing  corollary, 

be  to  »  —  4  times  the  next  following,  or  n  +  ilth,  term  of 
the  fame  column  as  i  is  to  5.    But,  by  the  4th  property  of 

the  figurate  numbers  above  fet  forth,  the  »  +  i] th  term  of 
the  fifth  column  is  equal  to  the  fum  of  the  firft  n  terms  of 
the  fourth  column,  including  the  cyphers,  or  to  the  firft 
n^^  fignificant  terms  of  it;  which  has  juft  now  been  (hewn 

to  be  =  ^x*-'x«-^x»-3^    Therefore  the  fum  of  the 

2x3x4 
21— -4  fignificant  terms  in  the  fifth  column  will  be  to  ay-— 4 

n  X  «— I  X  «— 2  X  «— 3      «  ^    «x  «— 1  X  «— 2*V«— 3  X  «— 4 
times  — I 2,  or  to  ^         f 

2x3x4  ^  2X^X4 

as  I  is  to  5,  and  confequently  will  be  = 
»x»— ix»*-3x«  —  3X  fT^  ^       /*    »    T 

2x3X4x5 

And  in  like  manner  it  is  evident  that  the  fum  of  the  n 
firft  terms  of  the  ah  column,  including  the  r— i  cyphers  in 

the  beginning  of  it,  or  the  fum  of  the  »— |c— 1,  or  »--^+ 1, 
^  5       ,  firft 
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firft  fignlficant  terms  of  the  faid  ^h  column^  will  be  equal  t<X 
the  fraflion  :>^  >»-»  ^  '^>^  '^'^  ^^x^''^^"-^,  in  the 

numerator  of  which  the  laft  faftor  is  »  —  \c —  i,  or  »  —  c 
+  1,  and  in  the  denominator  of  which  the  laft  faftor  is  c. 

Zz*  CoROLL.  3.    Since,  by  the  4th  property  of  the  figu- 

rate  numbers  above  fet  forth  in  art.  54,  the  »  +  i  ]th  terms 
of  the  fecond,  third,  fourth,  and  other  following  vertical 
columns  of  numbers  in  the  foregoing  table  of  combina- 
tions, are  refpeftively  equal  to  the  fums  of  the  n  firft  terms 
of  the  firft,  fecond,  third,  and  other  following  vertical  co- 
lumns, which  fums  have  been  fliewn  to  be,  refpeftively, 

equal  to  »,  liiiHJ,  "ilHULlZl^  &c,  it  follows  that  the 


2x3 


n  -{-  ijth  terms  of  the  fecond,  third,  fonrth,  fifth,  iixth,  and 
other   following  vertical  columns  will   be  »,    ^ — -— ^» 

»x  «  — 1  X  «— 2     gX«— I  X  w— 2X  «— 3  • 

aX3'"       ^      ^ 2x3x4  • 

«  X«  — I  X  «  — 2  X  «  — 3  X  «— 4     A  J  /•  1 

i— -jr^  &c ;  and  conlequently,  as  every 

term  in  the  firft  vertical  column  is  =  i,  the  n  +  i  jth  terms 
of  the  firft,  fecond,  third,  fourth,  fifth,  fixth,  and  other  fol- 

•  .              -It               -ii  u               «x  «— I    #ix«— ix«  — 2 
lowing  vertical  column^  will  be  i^n^    , , 

jfX  »  — I  X  «  — ix  «  — 3     «x  «  — I  X«-^2  X  «— 3X  «— 4   o  J     • 

^^ 2, ^ 3  &c,  and,  in 

2x3x4 ^  ^   2x3x4x5  '      •       ^ 

general,    the  n  +  i]th  term  of  the  rth  column  will   be 

•  X  »— IX«— ?X  «— 3X  a  — 4X  &C  X  »~r+2 

2X3X4X5&C  X   c  — f 

83.  CoROLL.  4»  Since  the  n  +  i|th  terms  of  the  firft, 
fecond,  third,  fourth,  fifth,  fixth,  and  other  following  ver- 
tical columns  of  the  foregoing  table  of  combinations  ar^  i. 
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*  2       *  3X3         '  2X3X4  ' 

ffXit  — iXff— aXff  — gx»  — 4     * 
2x3x4X5  ' 

2X3X4XSX  &c  xc-x 
terms  of  the  faid  vertical  columns  will  be  fuch  as  arife  by 
fobflituting  »-— I  inflead  of  n  in  the  foregoing  values  of  the 

n  -Hi]th  tennSy  and  confequently  will  be  as  follows,  to  wit,  i. 

If— IX<  — 2      II— I  Xg  — 2X«  — 3      •— 1  X  «  — 3  X  g-*3X»->4 

'2        '  2x5  '  2>;3X4 

«-.IXn^2Xn  — Sxir^Xn— g     & 

2X3X4X5  ^  ^ . 

»— I  Xn— 2X11— 3Xii— 4X»'*5  X  Iccii— f-f  I 

2X3X4X5  X  &C  Xf— I 


An  Example  pf  the  truth  of  CorolL  4. 


84.  As  an  example  of  the  truth  of  this  corollary  we  will 
derive  in  this  manner  the  numbers  that  form  the  loweft 
horizontal  row  of  terms  in  the  foregoing  table  of  conxbina« 
tions,  or  the  twelfth  terms  of  the  (cveral  vertical  columns 
of  the  faid  table. 

Now  in  this  cafe  »,  or  the  number  of  terms  in  the  feveral 
vertical  columns,  is  =  12.  Therefore  »— i,  »-— 2,  »— 3, 
»— 4>  nSy  »— 6,  »— 7,  »— 8,  »— .9,  »— 10,  and  »— ji, 
are  refpeftively  equal  to  ii,  10,  9,  8,  7,  6,  5,  4,  3,  2, 
and  I.    Therefore  n — i,  or  the  twelfth  term  of  the  fecond 

vertical  column  will  be  =  ii  ;  and  llJLii!Lz2,  or  the  12th 

QL  term 


f  14  A  franjlatm  of  thefmregokg  ExtraSl  from 

term  of  the  third  vertical  column,  will  be  (=:  n —  i  y^ 
!^  =  II  X  i=2  =:  II  X  y)  =  II  X  5  =5  51; ;  and 
llJ — ;-i    «-3^  Qj.  jj^g  j^ji^  jgj.j^  Qf  ^jj^  fourth  vertics^  cp- 

lumn,  wiU  ^  (=!l:ii^JlZi  x  ^  «  55  X  —31  =  55  X 

Ji  =  55  X  3)  =  X65;  andHk.El2«zaEJ,  or  the 
2         :7j         J/  j»  2x3x4  ' 

12th   term    of  the    5th    vertical    column,    will    be    (zr 

?Z7x— zx.-rj      ,_-^^         x"-^=i65X-^  =  i65 
ax  3*  4  ^^4  •'^4  ^ 

.  J  «— xx«— 4y»-*9X«-^4X)r— c  ,  - 

X  2)  =:  330;  and^ = — ^2 — -^ 1    or  the  12th 

i    .    ^^    ^  3X3X4XS  ' 

term  of  the  6th  yesrtjcal  column,  will  be  (= 

66  X  7)  =  462;  and,  in  like  manner,  the  12th  term  of  the 
>  ^  11—6  *  6 

feventh  vertical  column  will  be  (=  462  x  -r—  =  462  X  -g- 
sc  462  X  i)  ac  462  s  and  thf  I2ih  term  of  thp  eighth  ver- 
tical column  will  be  (=:  462  x  ^^  =  462  x  |  =  66  X  5) 
^  330;  and  the  lath  term  of  the  ninth  vertical  column 

yill  be  (?=?  33^  X  ^  sr  33?  ?<  f  =  33^  X  \)  =165; 
and  the  12th  term  of  the  tenth  vertical  column  will  be  ( =5 
i65x:^=i65x|-  =  i65x|=^)  =  iSl  and 
the  12th  term  of  the  eleventh  vertical  column  will  be  (:== 
55  X  ":^  =  55  x^  =  55  X  7  =  f)  ="  s  and  the 
1  ath  terrn  of  the  twelfth,  or  laft,  Vertical  column  will  bQ 
C  =  1 1   X  -^^  =:  1 1  X  — }  =  I.   Therefore  the  12th  terms 

of  the  faid  twelve  vertical  columns  will  be  as  follows,  to 
wit,  I,  II,  55,  165,  330,  462,  462,  330,  165,  ^c^^  \u 
and  I ;  which  are  the  nuqibers  fet  down  ii^  the  foregoing 
table. 

85.   CoROLt. 
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,  8$.  CoROLL.  5.  It  has  been  Ihewn  above  in  art,  60  and 
61,  that  the  horizontal  rows  of  numbers  in  the  iforegding 
table  of  combinations^  beginning  with  the  fecond  row^  ex- 
hibit the  cd-efficients  of  the  terrhs  of  the  feveral  fucceffive 
powers  of  a  binomial  quantity^  fuch  2Lsa+i,  every  »th  ho- 
rizontal row  of  numbers  being  the  cd-ef&cients  of  the  terms 

of  the  n — ^ilth  power  of  the  faid  binomial  quantity ;  whence 

it  follows  that  the  numbers  contained  in  every  n  +  i]th  ho- 
rizontal row  of  numbers  in  the  faid  table  will  be  the  co-effi- 
cients of  the  terms  of  the  mh  power  of  the  faid  binomial 
quantity.     But  it  is  evident  that  the  numbers  contained  in 

every  »+i]th  horizontal  row  of  terms  in  the  faid  table  are 

the  n  +^ch  terms  of  the  firft,  fecond,  thirds  fourth,  fifthi 
iixth,  and  other  following  vertical  columns  of  terms  in  the 
faid  table,  reckoning  the  terms  from  the  top  of  the  faid  ta^ 
ble,  and  including  the  cyphers  at  the  tops  of  all  the  feveral 

vertical  columns,  except  the  firft.  Therefore  the  n  +  i]th 
teirms  of  the  firft^  fecond,  third,  fiourth,  fifth,  fixth,  and 
other  following  vertical  columns  6f  terms  in  the  faid  table 
will  be  the  co-efficients  of  the  terms  of  the  irth  power  of  the 
faid  binonlial  quantity.     But  it  has  beeii  (hewn  above  in  art» 

82,  coroU.  3,  that  the  n  +  i]  th  terms  of  the  firft,  ftcond, 
third,  fourth,  fifth,  and  lixth,  and  other  following  vertical 

columns  of  terms  in  the  faid  table  are  i,  ;r,  »  x  ^^,  n  x 

^  X  !f ,  »  X  '-f  X  =f  X '-=3,  «.d  .  X  i^  X  ^ 

X  2^  X  ^^,   &c.      Therefore  the  co-efficients  of  die 
4  S 

terms  of  the  nth  power  of  the  faid  binomial  quantity  a  +  i 
will  alfo  be  1,  ft,  nx  ^,  nx^x  ^  »  x  ~   X 

•j:2.  X  !^,  andi.  X  ^  X  "-=«^  X  ^  X  2:1:4,  &c;atid 
3  4  *  3  4  5 

tonfequendy  the  quantity  a  +l\^,  or  the  faid  nth  power  if- 
felf  01  the  faid  binomial  quantity  a  +  t,  will  be  equal  to  the 

Q^  ^  ferici 
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feries  /  +  na""h  +  «  x  tlZi  «— »i«  +  „  x  i^^i  X  ^^ 

^-H*  +  «x^l=i.  X  '-=^  X  — '  Z""*^  +  »  X  i^  X 

*  I  4  « 

^^  X  ^^^  X  ^^  -»""^^*  +  &c,  or  (if  we  put  A  for  i, 

and  B  for  «  and  C  for  »  X  i^,  and  D  for  »  +  IH  x  !^*. 

and  E  for  »  X  ^^  X  ^=^  X  !^^,  and  F  for  »  x  J^-Ili 

i  3  4  2 

X  illi  X  2^^  X  2^=^,  and  G,  H,  I,  K,  L,  &c,  for  the 

3  4  5 

numeral  co-efficients  of  the  fcvcnth,  eighth,  ninth,  tenth, 
eleventh,  and  other  following  terms  of  the  fcrics  refpedivcly) 

to   the   feries  /  +  ^  A/""^  +  2=i  B/^'*»  +  "i^:^ 

4  ^       S  ^ 

7  B  9 

i»  +  ?r2K/-"V  +  ^Li»""-'>  +  fee;   which 

feries  will  continue  till  the  numerator  of  the  generating  frac- 
tion becomes  »—  »,  or  o,  and  confequently  the  faid  fraAion 
itfelf  becomes  equal  to  o  likewife,  and  therefore  the  term  in 
which  the  faid  fradion  enters  as  a  fador,  will  alfo  be  equal 
to  o,  as  will  alfo  all  the  following  terms  of  the  feries,  which 
would  be  derived  from  the  (aid  term  by  continual  multi- 
plications. The  feries  therefore  will  break  off,  or  end  with 
the  term  next  preceeding  the  faid  term  which  is  equal 
to  o*. 

We  will  now  proceed  to  illullrate  and  confirm  the  truth 
of  this  corollary,   by  applying  the  foregoing  feries  to  the 

*  Tbu  16  the  famous  binomial  theorem  invented  by  Sir  Ifaac  Newton^  bot 
of  which  he  has  no  where  giren  a  demonibation*  And  the  dcmonftration 
here  given  of  it  by  Mn  James  Bemonllt,  is  that  to  which  I  alluded  in  the 
firft  volume  of  the  Couedioa  of  Trafb,  in  two  volumes,  quarto,  called 
Scrtpiofet  Logaritbmiclf  page  349,  art.  4,  and  in  the  fecond  volume  of  the 
iame  Colle&on,  page  157,  art.  9. 

com- 
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compvDation  of  the  cerms  of  fome  of  tb«  loweft  po^^^ers  of 
the  binomial  quantity  a+b^  (b  as  to  produce  by  means  of  ic 
all  the  numbers  contained  in  the  foregoing  table  of  combi* 
nations,  m  page  74, 


Examples  of  the  applicatim  of  the  foregoing  feries  to  the  compu^ 
tution  of  the  terms  of  the  fowers  of  the  ikwndal  fuantity 
a  +  b. 


W.  In  the  firft  place  let  us  fuppofe  »  to  be  =  i.    TJien 
we  (hall  have  the  feries  /  +  ^  A/"'*  +  ^:ii  Btf**> 

+  !lr!  Ca^-'H^  +  &c,  (=  tf*  +  ~  X  I  X  a^^b  +  l=l5 

B/i'^V  +  — *  X  Ca^h^  +  &c,  =  tf*  +  ^  X  *  +  •? 


X  Ba*^V  +   i:i?  X  C  X  a'^^P  +  &c,  =  ij»  +  I  X  4 
3 

+  0  +  0  +  &c,)  rr  4  4-  ^;  or  the  feid  ferics  is  in  this 

cafe  equal  to  the  binomial  quantity  a^  b  itfelf ;  as  it  ought 

to'be. 

87.  Now  let  11  be  =  2. 

Then  we  fhall  have  the  feries  d^  +  ^Ka^^b    +   2Jli 

Ba'-V  +  *-^  C/"V  +  &c,  (=  «•  +  i.  X   I   X 
s  .1 

a^'^l,  +  iZl  Btf*"*^»  +  ^^  C«^~3^»  +  &c,  z=  a»  + 
la^b  +  i  X  2  X  aV  +  -  X  Gj'"'^^*  +  &c,  =  «*  + 


2 


2^  +  —  X  I  X  ^*  +  o  +  &c)  =  a*  +  a<a^  +  i*  3  or  the 

£ud  feries  will  in  this  cafe  be  eqiia)  CD;  th^  trinomial  ^uan* 

tity 


1 18  A  ^rta^aSM  of  iht  ftregmng  Extras  from 

tity  <i*  +  2i(^  +  ^ }  as  it  oaght  to  be,  becaufe  that  quantity 
is  the  fquare  of  the  binomial  quantitj  a  +  ht 

88.  If  » is  rt  3^  we  fhall  have  the  feries  tf*-^  —  A«*~** 
&c  (=  «»  +  -i  X  1   X  «'"'*+  ^  X  -^  X  I  X  «*~*^ 

+  5z?  c«3~'^  +  1::$  Dfl3-"*i*  +  &c,  =2  «J  +  3«**  + 

i  X  3  X  *V  +  i-  C  X  «V  +  -2^  D  X  a^-V  +  &c  =  «s 
»        *  3  4 

-f  3«'*  +  3«*'  +  J  X  3  X  I  X  *»  +  o  +  &c)  =  «»  + 

3«**  +  3*^*  +  hK  Therefore  a  +  ^*,  or  tf  +  ^|»,  or  the 
cube  of  the  binomial  quantity  a  +  b,  will  be  equal  to  the 
quadrinomial  quantity  «*  +  ^t^b  -f-  %al^  +  ^* ;  as  it  will  be 
found  to  be  upon  trial. 


89.  If  0  is  =  4,  we  fhall  have  the  fcHes  a   +  ^  Aa  "  b 

«  3  4  S 

E«""5i*  +  &c  (=  «♦  +  f-  X  I  X  tf*""*+i~  Btf*"V 

+    i=ICa*-ibs  +i=^Da*-*b*+  iZiEa^'^b*  + 
3  4  S 

&C  =  a*  +  4»»3  +  f  X  4  X  «*^  +  -  X  C  X  ay  +  -i 

Dx«'*X^  +  -Ex  «*""^is  +  &c  =  «♦  +  4fl'*  +  6«*^* 

+  4x6x<»^'+  4DxixM  +  o  +  &c.  =a*  + 
3  4 

4a*6  +  6a*b*  +  4aP  +  ^x^xi*  +  o  +  kc)=:i^  + 

^t^b  +  (>a*b*  +  4«*'  +  ^*.   ThereforeT+7|*,  or~7+7l*, 
or  the  fourth  power  of  the  binomial  quantity  a-^b,  will  be 

equal 


Jli>-.  ^Mu$  HenmiO^s  Treati/e  t>e  Arte  Conjedandi.    1 19 

«qual  to  the  quinquinomial  quantity  a*  +  A*^  +  ^^*  + 
4^^  +  ^*;  as  it  will  be  found  to  be  upon  trial. 

90.  If  » is  =  5,  we  Oiall  have  «*  +  -J-  ha"'^h  +  —^ 

3  4  5 

^•-^3»+ 1^  F/""V  +  &c,  (=  «»  +  -f  X  I  X  fl5"'i 

*  ^3  4  '5 

E«5-^^  +  iZi  Fa^'V  +  &c  =  fl»  +  5tf«*  +  -^  Bfl»i^ 

+  ^  Ca*i'  +  ^  Dfl»^*  +  4-  Etf'^  +  4  X  Fa^^V  +  &c 
3  4  5  6  ^. 

=  4*  +  5<i*^  +  2Bfl*^«  +  C4*i»  +  -  Dii«^  +  JL  E  X 

^  5 

I    X  **   +  O  +    &C)    =  d»   +  jg^^    +   IQgSy  +    lOtfV  + 

5f^  +  **.  Therefore  a+^\  or  o+^S  or  the  fifth  powcf 
pf  the  binomial  quantity  ^-j"^>  ^^^^  ^  equal  to  the  fezti- 
nomial  quantity  a^  +  ^a^h  +  ioa^b^  +  loaV  +  5^  +  ^; 
gs,  upon  trial,  it  will  be  found  to  be. 

91.  If  »  is  2:  6,  w(5  fhall  have  the  feries  «*  +  -^  A^p  *"  3 

«  3  4  ^5 

E4*-^S^»  ^  lis  F/"V  +  !t=±Ga'"''^P  +  &c  (=  ^ 

4  5^  6  7 

*  3  4 

P^^4  +  i^Etf"**  +  i-FtfV  +  -2.G/^*V  +  &c)  =  a^ 
50  7 

+  6a^t  +  I5ii4**  +  zoi^P  +  i5«*^  +  6^**  +  i\  There 

fore 


zao         A  Trai^atwi  ofibef9rigping  EMr^fnm 


fore  a+iV^  or  a  +  fjty  or  the  fixth  power  of  tfie  binomial 
quantity  a+iy  will  be  equal  to  the  feptinomial  quantity  a^ 
+  6a^b  +  1 5^43'  +  20tf'^  +  15a***  +  eab^  +  b^.  And 
fo^  upon  trials  it  will;l)e  found  to  be. 


•-^ij 


92.  If  »  is  =  7,  wc  fhail  have  the  ferics  ^  +  —  Aa       t 

a  3  4 

5  6  ^7  ^8 

'4  5  ^6  ^7  *8 

H<i'^"V  +  &c  =  i»»  +  y««*  +  2ii»»i^  J-  35«*^  +  3|«»^ 
+  aitfV*  -f  y/?^*.  +  1  X  ^'  +  o  +  &c)  —  a'  +  7/»*^  + 
2itf»3»  +.35a4^*  +  35aJM  +  2j«*^  +  7«^*  +  ^».  There- 
fore 4+/f,  or  a-^iV,  or  the  fcventh  power  of  the  binomial 
quantity  a  •\-  b^  will  be  equal  to  the  oftioomial  quantity  a' 
+  7W  +  aifl'^»  +  35«<*^»  +  35tf'M  +  2X«*^  +  ^ab*  + 
^'.    And  fo,  upon  trial,  it  will  be  found  to  be. 

93.  If  »  is  =:  8,  we  fttall  have  the  ferics  «"  +  —  A«*~U 
^    »  3  ^4  5 

O  7  «' 

Z-*^'  4.  !1Z?  la'^i"  +  &c  (=  *'  +  1  X  1  X  a^i  + 

^  B/J*  +  -  C«*^  4-  -^  D/i4^  +  -t  Ea'^»  +4.  Fa«^  +  i 
i  3  4  5  6  7 

8  9 

««d***  -f-  .56tf»*»  +  7orf***  +  5€«»**  +  a8«'*'  +  8^'  +  i 
X  ^»  +  o  +  &c)  =  a*  +  Za'b  +  aSaV  +  56d»^»  ^-joa^b^ 
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$6a^i^  +  aSa^l^  4.  8ai^  +  ^•.  Therefore  tf+7)*,t)rtfT^% 
or  the  eighth  power  of  the  binomial  quantity  a+^^  will  be 
equal  to  the  compound  quantity  a^+  Za'b  -f*  28^*^+56^*^* 
+  ^oa^y  +  56^'^/  +  ^Za^b^  +  Zab^  +  b^.  And  fo,  upon 
trials  it  will  be  found  to  be. 

•        V 

94.  If  «  is  =  9,  we  (hall  have  the  feries  « .  +  «•  A«  ""  h 

^E«-5^»  +  !L=iF«-V  +  '^Gd'^H'  +  if? 
5  .    /         o  7    »  ■   .         » 

10 


Hia'^V  +  ^  I  /"V  +  ^9  K»"~'°^'*'  f  &c  (=  a\ 


+  -2.  X  I  X  a*^  +  -2.  B«»^»  +  1  Ca'P  +  -  Da»i*  +  -^ 

E««^»  +  ±  -^a'b*  +  -i  Ga*^'  +  4  Hfl'i*  +  J-  I  «o^»  +  ^ 
6  1  8  "^9  •    10 

Ka'~'V  +  &c  =  «•  +  9tf*^  +  idai}^  +  84ia»3»  +; 
i26tf'^*  +  xzda^h^  +  84<»'^«  +  36«*^»  +  9a/5*  +  i  x  3'  + 
o  +  &c)  =  «•  +  9/»*^  +  36<»'<^'  +  84^*^*  +  126<»*M  + 
i26<»*^»   +   84^*^*  +   ^ba^y  +  9«^»  +   ^•.      Therefore 

<<  +  ^]*,  or  fl+^l',  or  the  ninth  power  of  the  binomial  quan- 
tity a^by  will  be  equal  to  the  compound  quantity  a»  4. 
9««^  +  jfia-'l^  4-  84tf«^*  +  i26i»»^  +  126a**'  +  84«»^*  + 
iha^b''  +  9*^*  +  b".  And  fo,  upon  trial,  it  will  be  found 
to  be. 


95.  If  « is  z:  10,  we  fliall  have  the  feries  a*  4-  —  Atf*"'^ 

2lri£a"-5^»  4  :i^F/"V  4-  ^G/~7^r  4  IILZ 
S  0  '7  ^8 

Ha'-V  4-  ~  I'»""'^'  4'--=9k«''-'V  4- 


9  •    •  .    10  :     •         II 


La"-" 


}  2»         A  traHjtatUn  of  tUfortfjnng  ExtraSfrom 

Ltf  •-"^"  +  &c  (=  tf"+i^  X  I  X  «'3  +-2.  Ba»i'  +  ~ 

4  S  °  7  ■  * 


^6.  Laftly,  let  »  be  =  ii.     Then  will  the  fcries  a"  +  " 

/-4^4  +ii:4  E^-S^.  +  iZi  F«*~V  +  ^  Ga~'h' 
S  *  7 

o  9  lo 

+  -j^  Ltf        *"  +  -^  M^       ^'*  +  &c  be  (=r  4"  + 

»  *  3  4  S 

D  7  8  9  lo 

nw     Tf,*»       .  1     ^       Aft*       .        O      »  -r       11  — la,.. 
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fore  a+^^y  or  7+7|",  or  the  eleventh  power  of  the  bino- 
mial quantity  a -hi,  will  be  equal  to  the  conapoand  quan- 
tity «"  +  iitf'''*  +  SS^^^^  +  165^*^'  +  330^^**  +  462«*^s 
462^*3*  +  330^*^^  +  165^'^*  +  ssa*if^  -f  114^"  +  h'\ 
And  fo,  upon  trials  it  will  be  found  to  be. 

97,  It  appears  therefore  that  the  feries  ^j*  +  --  A  «*""  t 

*  3  4  ^     S 

Etf*""^^*  +   —^  Ftf*""  ^^  +  &c,  which  has  been  obtained 

in  the  foregoing  5th  corollary  for  the  value  of  the  quantity 

a  +  lYy  or  the  nth  power  of  the  binomial  quantity  s  +  A, 
does  truly  exhibit  the  value  of  the  faid  power  when  the  in- 
dex n  b  equal  to  either  i,  or  2>  or  3^  or  4^  or  5,  or  6,  or  7, 
*  or  89  or  9^  or  lo,  or  1 1  ^  in  which  cafes  the  co-efficients  of 
the  terms  of  the  faid  feries  are  equal  to  the  numbers  contained 
in  the  ieveral  fucceffive  horizontal  rows  of  terms  in  the  fore- 
going table  of  combinations,  in  page  74,  beginning  with 
the  fecond  row. 


Additional  Corollaries^  not  contained  in  the  original  text  of 
Mr.  James  Bernoulli. 


98.  To  thefe  five  corollaries,  which  are  contained  in  Mr. 
James  Bernoulli's  original  text,  it  may  not  be  amifs  to  add 
the  following  corollaries,  which  are  eafily  deducible  from 
Mr.  Bernoulli's  propoiitions,  and  which  will  enable  us  to 
find  a  general  expreffion  for  the  terms  of  any  of  the  verti- 

R  a  ,  cat 


124  -^  TranJlatioM  cf  tbi  foregoing  Extras  from 

C$1  columns  in  the  foregoing  table  of  combinations^  or,  ia 
o^her  words,  for  the  figurate  numbers  of  any  propofed  order. 

99.   CorolL  6.   It  has  been  (hewn  in  art.  82,    corol.  3, 

page  112,  that  the  n  +  ilth  terms  of  the  firft,  fccond,  third, 
fourth,  fifth,  fixch>  and  other  following  vertical  columns  of 
terms  in  the  foregoing  table  of  combinations  are  i,  »,  n  x 

^j-,  »X-^X~,  »X—  X  —  x-^,  »x*^ 

X  "LZ£  X  ^!^  X  1^,  &c.     But  the  ^THth  terms  of  the 
3  4  5 

firft,  fecond,  third,  fourth,  fifth,  fixth,  and  oth^  following 
vertical  columns  of  terms  in  the  faid  table  are  the  firft,  fe- 
cond, third,  fourth,  fifth,  fixth,  and  other  following  terms 

of  the  »+ilth  horizontal  row  of  terms  in  the  faid  table. 
Therefore  the  firft,  fecond,  third,  founh,  fifth,  fixth,  and 


in  the  faid  table  are  1,  ;^,  »  X  ^ — y  n  X  ^^  x  ^*,  n  x 

Vx  -J-  X  -rp^  and»  x-y^  X  ^  X  -^  X  — *, 
&c.  '  ... 


100.  Coroll.  7.   Since  the  feveral  terms  of  the  n  +  fjth 
horizontal  row  are  i,  1^,  »  X  ^^^,  n  x  ^^  X  ^^,    »   X 

-T-  X  T-..^  — ^  and«  X  _-  X  _-  X  — ^  X  -y^, 

&c,  it  follows  that,  if  p  be  any  whol^  number  greater  than 
»,  as,  for  example,  »+i,  or  «+2,  orir+3,  or»4-4,  &c, 
the  feveral  terms  of  the  JTTjth  horizontal. row  will  be  i,/>, 

P  >^'-?,  f  X  ^-^  xi^.  Px^x  i=^  X  ^-f.^dp 

X  ^.  X  ^  X  ^  X  ^,  &c.     And  confequently  the 

third  term  of  the  p+  i]ch  horizontal  row  of  terms,  when  p 
js  equal  to  »+ 1,  or  the  ;hird  term  of  the  ?+2|th  h<yiiontal 

rovy 
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row  of  terms,  will  be  the  quantity  which  arifes  by  fubfti^ 

tuting  n+ 1  inftead  of  p  in  the  third  term,  p  xtH^  of  the 

laft-mentioncd  feries,  that  is,  »+i  x  iii^,  or  »-f  i  x 

•|,  or  »  X  ~  ;  and  the  fourth  term  of  the/+T|th  horizoo- 

tal  row  of  terms  when  ^  is  =  »  +  2,  or  the  fourth  term  of 
the  »  +  3]  th  horizontal  row  of  terms  y/ill  be  that  which 
ariiea  by  fubftituting  n+  i  inftead  of  p  in  the  fourth  term, 

^  X  ^=i  X  ^=^,  of  die  laft  feries,  that  i?,  ^  X  i±i=:i 
*     *   '  3  * 

X  — - — ,  or  n+2  X  — --  X  -r>  or  n  x  •— -  X  -— •• 

3  .*  3  *  3 

And,  in  like  manner,  if  we  fubftitute  n+^  inftead  of^ 
in  the' 5th  term  p  X  ^^  x  ^^  X  — ^  of  the  laft  ferics,  we 

(hall  haveT+J  x  '^^  X  -^  X  ^-^K  orT+J- 

X  l±i  X  i±i  X  ■^,  ornx^x  '^  X  "-i^,    for    the 
^*       *      3  4  *  3  4 

^ih  term  -of  the  n  +  4lth  horizontal  row  of  terms ;  and,  if^ 
we   fubftitute  »  +  4  inftead  of  p  in  the  6th  term,  p  x 

tul  X  ^^  X  ^^  X^^j  of  the  laft  feries,  we  fljall  have 

rr^xi±li:^x  i±i=:ixd^r3     i±±z.*,  orTTT 
.3.3  4  5 

X  -Jli  X  i±?  X  ^  X  iL,  or  «  X  i±i  X  i±2  X  Iti  X 
••*.  3  4  S       _^ ^  3  4 

J^— ^,  for  the  6th  term  of  the  w  +  Tlch  horizontal  row  of 

terms.  So  that  the  3d  term  of  the  n+  2]th  horizontal  row 
of  terms,  and  the  4th  term  of  the  »  +  3lch  horizontal  row, 
and  the  5th  term  of  the  »+4)ch  horizontal  row,  and  the  6th 
tprpj  of  the  fH^ih  horizontal  row,  will  be  ^  X  ^^,  n  X 


l»6         A  Trai^ldtm  o/tbe/oregMtg  Exiraff/rm 

a  S   *  »  3 

X  ^:±2  X  iii,  refpeaivelf. 


X  Itf,  „  X  -+i  X  i^  X  i±5,  aad  »  X  --ii  X  it-* 

as  »34  »3 


loi.  CoroU.  8.  Thefc  four  terms  n  x  ~^,  »  X  ^  X 
!i±i,  »  X  i±i  X  ^*  X  ?^,  and»  x^  X  ^xii-3 
X  ^^1  are  derived  from  the  number  n  by  che  contibual 
multiplication  of  the  fractions  ^^,  ^^,  ^^,  and  2^,  the 

numerators  and  denominators  of  which  both  increafe  con- 
tinually by  an  unit.  Therefore,  if  ^e  put  C  for  the  firft, 
X)  for  the  fecond,  E  for  the  thirds  and  F  for  the  fourth  of 

thefe  terms,  we  (hall  have  C  =  2±i  x  n,  and  D  =  ~ 

X  C,  and  E  =  ^^  X  D,  and  F  =  ^  X  £• 
4  5 

And,  from  the  manner  in  which  thefe  four  terms  were 
derived  from  the  3d,  4th,  5th,  and  6th  terms  of  the  feries 

p  X  ^  X  ^  X  ^  X  ^,  &c,  in  the  laft  corollary, 

to  wit,  by  fubftituting  «  +  i,  n+i^  »  +  3,  and  ^  +  4,  in- 
ftcad  of  p  in  the  faid  3d,  4th,  5th,  and  6ih  terms,  rcfpec* 

tivcly,  it  is  eafy  to  fee  that  the  7th  term  of  the  if+6lth  ho- 
rizontal row  of  terms,  and  the  8th  term  of  the  n+^kh  ho* 
rizontal  row,  and  the  9th  term  ;gf^he  »+8)th  horizontal 
row,  and  the  i  oth  term  of  the  »+9lth  horizontal  row,  and 
the  nth,  1 2th,  13th,  14th,  r5th,  and  other  following  terms 

of  the  n+iclch,  »+ir|ch,  »+i2|th,  »+i3lth,  » +  i4lth, 
and  other  following  horizontal  rows  of  terms  in  the  faid  table, 

refpeftiYcly,  will  be  equal  to  ^  X  F,  i±^  x  G,  ^^"^ 

XH, 
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X  H,!5±!  X  I,  J^  X  K/-±i?  xL,i±ii  X  M,-^  X 
N,  ^^Y^  X  O,  &c,  in  which  the  capital  letters  G,  H,  I, 

K,  L,  M,  N,  O,  &c,  denote  the  7th,  8ch,  9th,  loth,  nth, 
12th,  13th,  14th,  i5tb,  and  other  next  following  ternlSy  of 

the  n  +  6 1  thy  n  +  ylth,  n  +  8]th,  T+^th,  n  +  io)th,  apd 
other  following  horizontal  rows  of  terms,  refpedively,  as 

they  arifc^  and  the  generating  fraftions  ^^,  ^- — ,  ^!j^,  "-i-, 

«+o    11+10    ji+ii    «+i2    Jf+13    «  ^-       .•  r 

-^-2,  --^-— •  -^--,  — ^— ,  ^,  &c,  are  a  continuation  of 

the  foregoing  generating  fraftions  2_L^  iZi^  ^_3^  ^±4^ 

and  are  derived  from  them  by  the  continual  addition  ot  aa 
unit  to  both  their  numerators  and  denominators. 

102.  CorolL  9*  It  is  (hewn  above  in  the  6th  property  of 
the  numbers  contained  in  the  foregoing  table  of  combina- 
tions, art.  56  and  57,  pages  77  and  78,  that  in  every  hori- 
zontal row  of  terms  in  the  faid  table  of  combinadons,  the 
firil  and  laft  term  are,  each  of  them,  an  unit,  and  the  terms 
that  are  equidiftanc  from  the  firft  and  \^^  terms  are  equal 
to  each  other*    It  follows  therefore  that  the  3d  term  of  the 

»  +  2I  th  horizontal  row,  reckoned  from  the  end  of  it,  or 
from  the  right  hand  to  the  left,  will  be  equal  to  the  3d  term 
of  it  reckoned  from  the  beginning,   or  from  the  left  hand 

to  the  right;  and  that  the  4th  term  of  the  »+pch  horizon- 
tal jrow,  reckoned  from  the  end  of  it,  or  from  the  right 
hand  to  the  left,  will  be  equal  to  the  4th  term  of  it  reckoned 
from  the  beginning,  or  from  the  left  hand  to  the  right ;  and 

that  the  5th  term  of  the  »  +  4^^h  horizontal  row,  reckoned 
from  the  end  of  it,  or  from  the  right  hand  to  the  left,  will 
be  equal  to  the  jth  term  of  it,  reckoned  from  the  begin- 
ning, or  from  the  left  hand  to  the  right ;  and  that  the  6th 

term  of  the  n  +  c]ch  horizontal  row,  reckoned  from  the  end 
of  it,  or  from  the  right  hand  to  the  left,  will  be  equal  to  the 
6th  term  of  it,  reckoned  from  the  beginning,  or  from 
the  left  hand  to  the  right  j  and,  in  like  manner,  that  the 

5  7^1^^ 
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7th,  and  8th,  and  9th,  andioth,  and  other  following  term* 

of  the  »+T|'h,.  wTylth,  n  +8Vh,  if  f  9|th,  and  other  fol- 
lowing horizontal  rows  of  terms,  rcfpcftively,  reckoned  froni 
the  ends  of  the  faid  rows,  or  from  the  right  hand  to  the  left, 
ivill  be  equal  to  the  7th,  and  8tb,  and  9th,  and  loth,  and 
other  following  correlponding  terms  of  the  fame  horizontal 
rows,  refpeftively,  reckoned  froni  the  beginnings  of  the  faid 
rows,  or  from  the  left  hand  to  the  right.    But  it  was  (hewn 

in  corollary  7th,  that  the  3d  term  of  the  »  +  2]th  horizon- 
tal row  of  terms,  reckoned  from  the  beginning  of  it,  or 

%  from  the  left  hand  to  the  right,  is  »  x  ^— ^ ;  and  that  the 

— — ^  ^ 

4th  term  of  the  »+3lth  horizontal  row  of  terms,  reckoned 

from  the  beginning  of  it,  or  from  the  left  hand  to  the  right, 

is  »  X  ^ — -  X  ^ — ^  »  and  that  the  5  th  term  of  the  »+4|th 
horizontal  row  of  terms,  reckoned  from  the  beginning  of  it, 
or  from  the  left  hand  to  the  right,  is  »  X  ^-^  X  -?> — ^  X 

^ — 'I  and  that  the  fixth  term  of  the  . » +^Uh  horizontal 

row  of  terms,  reckoned  from  the  beginning  of  it,  or'  from 

the  left  hand  to  the  right,  \%  n    x^^X  —  X^    X 

*  3  ^ 

2—^ :  or  that,  if  the  faid  third  term  of  the  »+2)ch  hori- 
zontal row  of  terms,  reckoned  from  the  beginning  of  it,  be 
called  C,  and  the  faid  4th  term  of  the  «  +  71th  horizontal 
row  of  terms,  reckoned  from  the  beginning  of  it,  be  called 
D,  and  the  faid  5th  term  of  the  n  +  4^th  horizontal  row 
of  terms,  reckoned  from  the  beginning  of  ;t,  be  called  E, 
and  the  faid  6th  term  of  the  n  +  5]ih  horizontal  row  of 
terms,  reckoned  from  the  beginning  of  it,  be  called  F,  we 

(hall  have  C  =  «  x  2±-\  and  D  =  J^'  X  C,  and  E  =  2±3 

2      '  3  4 

X  D,  and  F  =  ^  X  E.    And  it  is  obferved  in  the  laft, 

pr  8tb,  corollary,  that,  if  the  7th  term  of  the  n  +  t\  h  ho- 
rizontal 
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riiomal  row  of  terms  be  called  G,  and  the  8th  term  of  the 

n  +  7|:h  horizontal  row  be  called  H,  and  the  9th  term  of 

the  n  +T]th  horizontal  row,  and  the   loth  term  of  the 

n  -f^th  horizontal  row,  and  the  nth  term  of  the  y+iolth 

horizontal  row,  and  the  lath  term  of  the  »  +  i  il  h  horU 
zontal  row,  and  the  next  following  terms  of  the  next  fol- 
lowing horizontal  rows,  all  reckoned  from  the  beginnings 
of  thofe  (everal  horizontal  rows,  or  from  the  left  hand  to 
the  right,  be  called  I,  K,  L,  and  M,  &c,  refpedtively,  we 

(hall  have  G  =  i±i  x  F,  and  H  =  "-±1  X  G,  and  I  = 
^^  X  H,  and  K  =  ^  X  I,  and  L  =  ^l±5x  K,  and  M 
—  iil?  X  L,  and  confequentljr  that  the  3d  term  of  the 


»  +  2lth  horizontal  row  of  terms,  and  the  4th  term  of  the 

»+pch  horizontal  row  of  terms,  and  the  5th,  6th,  7th,  8th, 
9th,  loth,  nth,  and  12th,  and  other  next  following  terms 

of  the  »  +  4Vh,  »-h5]th,  iH-6\ih,  w+ylh,  »+8]^h,  w  +  c]"h, 

»+io'Lh,  and  »+i  liih,  and  other  next  folldwing  horizontal 
rows  of  terms,  reckoned  from  the  beginnings  of  thofe  fe- 
vcral  horizontal  rows,  or  from  the  left  hand  to  the  right, 

will  be  equal  to  »  X  ^,  or  C,  and  i±?  x  C,  !^±i  x  D, 

i±4  X  E,  4i  X  F,  --±^  X  Gf,  !1±1  X  H,  ^  X  I,  ^ 

X  K,  and  I^i^  x  L,  &c,  refpeftively.  It  follows  there- 
fore, that  the  3d  term  of  the  V+2\^h  horizontal  row  of 

terms,  and  the  4th  term  of  the  11  +  3|th  horizontal  row  of 
terms,  and  the  5th,  6th,  7th,  8th,  9th,  loth,  nth,  and  12th, 

and  other  next  following  terms  of  the  «  +^ch,  n  +  5]:h, 
jr+6]ch,  »+7th,  »  +  {:]  h,  »+9lth,  /r+iclth,  andtf  +  ti^ch, 
and  otber  next  following  horizontal  rows  ut  terms,  reckoned 
from  the  cxkIs  of  thofe  feveral  horizoaul  rows,  or  from  the 

S  ,  righC' 
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right  hand  to  the  left,  will  alfo  be  refpedively  equal  to^n  X 
:±?,  or  C,  and  --±i  X  C^^^  x  D,  ^^^  x  E/^  N   F, 

"^  X  G,!±IxH,l±!  X  I,  i^  X  K.  and-4ie  x  L.. 


&c. 


Of  tbijiguriite  numhersy  or  tbcftgnifkarfi  'tirms  of  tbi  virticat, 
columns  of  terms  in  tbe  foregoing  table  of  combinations^  t^ff^ 

.74. 


103.  Coroll.  10.  We  come  now  to  confider  the  vertical 
columns  of  terms  in  the  foregoing  table  of  combinationsi 

Now  it  is  evident,  in  the  firft  place,  that  the  firft  (ignifi- 
cant  term  in  every  vertical  column  of  terms  in  the  faid  table 
is  an  unit,  and  that  the  fecond  fignificant  term  is  the  num* 
ber  which  is  the  exponent  of  the  column  ;  as  has  been  ob- 
ferved  above  in  art.  53,  page  7^.  So  that,  if  the  wJiole- 
number  n  be  the  exponent  of  the  column.,  the  two  firft^  fig- 
nificant  terms  of  the  faid  column,  immediately  following  the 
cyphers  at  the  top  of  it,  will  be  i  and  ».-  Ir  remain^  that 
we  find  the  values  of  the  following  .terms  in  the  faid  co- 
lymn,  after  the  terms  i  and  n.  Now  this  may  be  done-  by 
means  of  the  foregoing  corollaries,  in  the  manner  following. 

In  the  foregoing  table  of  combinations  the  number  of 
cyphers  at  the  top  of  the  vertical  columh  of  which  the  ex- 
ponent is  »,  is  n — I ;  as  is  obferved  above  in  aru  51,  page 
75.  And  confcquently  the  ftrft  fignificant  term  in  the  faid 
vertical  column,  to  wit,  1  ^  will  be  the  »th  term  of  it,  and 
cpnfequently  will  be  fituated  in  the  »th  horizontal  row  of 
t?rros  in, the  faid  tablf j  and  the  fecond  fignificant  term  in 
tte  f^d  verucal  column  of  terms,  to  wit,  ny  wiD  be  fituated 

in 
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in  the  n+  i^th  horizontal  row  of  terms ;  and  the  3d  fignifi* 
cant  term  in  the  faid  vertical  column  will  be  fituated  in  the 

HHKzlth  horizontal  row  of  terms;  and  the  4th  fignificant 
figure  in  the  faid  vertical  column  will  be  fituated   in  the 

»+3lih  horizontal  row  of  terms;  and>  in  like  manner,  the 
5th,  and  6th,  and  7th,  and  8th,  and  9th,  and  loch,  and 
other  following  fignificant  terms  in  the  faid  »th  vertiod  co* 
lump  will  be  fituated  in  the  « +  4th,  and  »  +  jl:h,  and 
»  +  6\h,  and  n  +  y^\th,  and  »+8lth,  and  »+9lch,  and  other 
following  horizontal  rows  of  terms  refpedively. 

And,  further,  the  firft  fignificant  term,  to  wit,  i,  in  the 
faid  »th  vertical  column  of  terms,  is  likewife  the  firft  term, 
reckoned  from  the  right  hand  to  the  left,  of  tlie  horizontal 
row  in  which  it  is  fituated  ;  and  the  fecond  fignificant  term 
in  the  faid  »th  vertical  column  of  terms,  to  \yit,  »,  is  like- 
wife  the  fecond  term,  reckoned  from  the  right  hand  to  the 
left,  of  the  horizontal  row  in  which  it  is  fituated ;  and  the 
3d  fignificant  term  in  the  faid  »th  vertical  column  is  like- 
wife  the  third  term,  reckoned  from  the  right  hand  to  the 
left,  of  the  horizontal  row  in  which  it  is  fituated  ;  and  the 
4th  fignificant  term  of  the  faid  mh  vertical  column  is  like- 
wife  the  4th  term,  reckoned  from  the  right  hand  to  the  left, 
of  the  horizontal  row  in  which  it  is  fituated  ;  and,  in  like 
manner,  the  5th,  6th,  7th,  8th,  and  other  following  figni- 
ficant terms  of  the  faid  »th  vertical  column  of  terms,  are 
likewife  the  5th,  6th,  7th,  8th,  and  other  following  terms, 
reckoned  from  the  right  hand  to  the  left,  of  the  feveral  ho- 
rizontal  rows  of  terms  in  which  they  are  fituated,  refpec- 
tively. 

But  It  has  been  (Iiewn  that  the  ift,  id,  3d,  4th,  5th,  6th, 
and  other  following  fignificant  terms  in  the  mh  vertical  co- 
lumn of  terms  are  fituated  in  the  »th,  »+ilth,   »  +  2|ch, 

«  +^th,  n  +  4Uh,  n  +  5|th,  and  odier  next  following  hori- 
zontal rows  of  terms,  refpeftively. 

Therefore  the  ift,  2d,  3d,  4th,  5th,  6th,  and  other  fol- 
lowing fignificant  terms  of  the  ;ith  vertical  column  of  terms 

S  2  'arc 
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arc  likcwjfe  the  ift,  2cl,  3CI,  4tb,  5th,  6th,  and  other  next 
following  terms,  reckoned  from  the  right  hand  to  the  left, 

of  the  »th,  »+Tlth,  »  +  2lch,  n  +  3lch,  n  +  ^Ith,  iT+^th, 
and  other.next  following  horizontal  rows  of  terms,  refpec- 
lively. 

But  it  has  been  (hewn  in  coroll.  9,  that  the  3d  term  of 
the  »  +  2lth  horizontal  row  of  terms,   reckoned  from  the 

right  hand  to  the  left,  is  equal  to  »  X  ^^,  or  ^—^  X  »j  or 

^^  X  B ;  and  that  the  4th  term  of  the  r+Jlth  horizontal 

row  of  terms>  reckoned  from  the  right  hand  to  the  left,  is 

»  X  ~  X  i±-^  or—  X  C;  and  that  the  5th  term  of  the 

i?+4]th  horizontal  row  of  terms,  and  the  6th  term  of  the 

»+  hh  horizontal  row  of  terms,   and  the  7th,  8th,   9th, 

loth,  and  other  next  following  terms  of  the  n  +  6|ih, 

ff+'l:h,  »  +  8ith,  »  +  chh,  and  other  next  following  hori- 
zontal  rows  of  terms,  refpedively,  all  reckoned  from  the 

right  hand  to  the  left,  arc  equal  to  ^i^  X  D,  ^^  X  E, 

!i+j  X  F,  !:i-S  G,  &c. 

0  7 

Therefore  the  3d  figniScant  term  of  the  mh  vertical  co* 
•    himn  of  terms  will  be  equal  to  »  x  ^^,  or  ^— ^  x  ir>  or 
^^  X  B ;  and  the  4th  iignificant  term  of  the  fame  verti- 
cal column  will  be  equal  to  »  x  " — ^  X  ^^»  or  i— ?  x  C  ; 

*  3  5 

and  the  5rh,  and  6th,  and  7th,  and  8th,  and  9th,  and  lotb, 
and  other  following  fignificant  terms  of  (h^  lame  vertical 

column  will  be  equal  to  2±i  x  D,  il±*  x  E,  ^  X  F,-^ 

X  G,  ^^xH,—:*  X  I,   &C.J  and  cqnfecjuently  the 

whole 
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vhok  of  the  faid  »th  vertical  column  of  terms,  including 
the  two  firft  fignificant  terms  i  and  n^  or,  in  other  words, 
the  whole  feries  of  figurate  numbers  of  the  nth  order,  will 

be  I,  »,  or  ^  A,  111  B, --ii  C,  1±1  D,  !±i  E. -4iF.i±* 

G,  112 H, "-±1 1.  l±i  K,i±L*L,  Itii M,l!lIiN,iiil 

O,  I^— ^  P,  &c,  ad  infinitum^  o    »    t 

15  H4  *•  •• 


Examples  cf  the  applicaticn  of  the  for egeing  feries  to  the  eompu* 
tatim  of  the  figurate  numbers  of  fever al  fucceffive  orders. 


104.  In  the  firft  place  we  will  fuppofe  the  letter  n  to  de-» 
note  I. 

Then  we  (hall  have  »  +  t  (r=  i  +  1)  =  2,  and  n  +  % 
(=  I  +  2)  =  3,  and  IT  +  3  (=  I  +  3)  =. 4,  and  »  +  4 
(=:  I  +  4)  =  5,  and  »  +  5,  »  +  6,  IT  +  7,  »  +  8,  »  +  9, 
n  +  xoy   &c,   =  6,   7,  8,   9,  10,  II,    &c,  refpedively. 

Therefore  the  feveral  terms  i,  -  A,  i±-^  B,  !l±i  C,  i±-i 

I^  &c,  will,  in  this  cafe,  be  equal  to  i,   ^  A,  -^  B,  -^  C, 

|D,-iE.|F,  2-G,|h,±I,  ||K.!lL,&c,refpec. 

lively,  or  to  i,  i  A,  i  B»  i  C,  1  D,  1  E,  i  F,  i  G,  i  H, 
I  I,  I  K,  I  L,  &c,  or  to  I,  I,  I,  I,  I,  1,  1,  I,  I,  I,  I,  i^ 
&c ;  and  therefore  the  twelve  firft  terms  in  the  firft  ver- 
tical column  in  the  foregoing  table  of  combinations^  or  the 
twelve  fitft  figurate  numbers  of  the  ift  order,  obuined  hf 

means 
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means  of  tbc  foregoing  feries,  will  be  i,  I,  i,  i,  i,  i,  i, 
ly  i^  I9  I,  and  I,  or  a  fee  of  xioks;  as  they  ought  Co  be^ 
tod  as  they  are  in  the  foregoing  tabk  of  contbinatioiis. 

105.  In  the  next  place  we  will  fupp^fe  the  exponent  n  to 
be  equal  to  2,  in  order  to  obtain,  by  means  of  the  foregoing 
ftries,  the  fignificant  terms  in  the  fecond  vertical  column  in 
the  foregoing  table  of  combinations,  or  the  figurate  oumbers 
of  the  lecpod  order. 

Now,  if  »  is  =  2,  the  terms  of  the  feries  i,  —  A,~  B, 

li+a  ^   g  +  3  £)  ^4-4  £  ^+5  p  |H^ Q  "^±1  j^  «+J  J  «+9 
5       ^4        ^S         '^       *7        '*         *9*io 

K,  &c,  will  be  refpeSively  equal  to  ii  —  A,  ^-^  B,  2 — t 
C,  £JtlD,i±fE/4SF,i±.*G,*-±lH,i±il,i±-^ 

'4         '5         '6         '7  '8  '9'     10 

K,&c,  ori,^A,AB,.lC,.^D,  iE,4-F,l  G, -| 

*^*  7  ^'  IS  ^*  ^^»  ^^  '^  ^*  3>  4,  5>  ^>  7f  8>  9^  ^Oy  I'j 
&c«  Therefore  the  firft  eleven  fignificant  terms  in  the  fe- 
cond  vertical  column  of  terms  in  the  foregoing  table  of  com* 
btnations,  or  the  firil  eleven  figurate  numbers  of  the  fecond 
order,  obtained  by  means  of  the  foregoing  feries,  will  be 
the  natural  numbers  i,  2,  3,  4,  5,  6,  7,  8,  9,  lOi  and  11  ; 
as  they  ought  to  be. 

106.  In  the  3d  place  we  will  fuppofe  the  exponent  n  to 
be  equal  to  3,  in  ofdcr  to  obtain,  by  means  of  the  foregoing 
ieries,  the  figRiScant  terms  in  the  3d  vertical  column  of  terms 
in  the  foregoing  table  of  combinations,  or  the  figurate  num- 
bers of  tlie  third  order,  or  (as  they  are  often  called)  the 
triangular  numbers. 

Now,  if  »  is  =  3,  the  terms  of  the  ferie*  i>  -^  A,  ^-^  B, 

llJlC/^D,l±iE,l±iF,"^  I, 

&c. 
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lie,  wilt  be  refpcftivcly  equal  to  i,  i-  A,  iii  B,  21±J  G^ 
3  +  3  D  3±4e  3ji  F,  3+iG,4?H,i±«  I,  &c,ar  I,  i 

A,  ^B,-iC,-^D,^E,|-F,^G,fH,^  L  «cc,  or 

^,  ^,  6,  10,  15^  xjy.iS^  36,  45,  55,  &c.    ThcrcfoTOtlm  .j 

firft  ten  iignificant  terms  in  the  third  yerttcai  CQhinmvofl  i 

terms  in  the  foregoing  table  of  combinations,   or  the  firft  \ 

ten  figurate:  numbers  of,  the  third  order,   or  the  firft  tea  ] 

triangular  numbers,  obtained    by  means  of  the  fgregoing^  \ 

ferics,  are  i,  5,  6,  10,  15,  21,  18,^36,  45,  and  5^5  ;  which* 
are  the  fame  numbers  with  thofe  fct  down  above  in  page  74, 
in  the  third  vertical  column  of  th^  foregQing  table  or  com* 
binations. 

107,  In  the  4th  place  we  will  fuppofe  the  exponent  n  ta 
be  =  4,  in  order  to  obtain,  by  titans  of  the  foregoing  lb* 
ries,  the  lignificanc  terms,  in  the  4tfa  vertical  column  ki  the. 
foregoing  table  of  combinations,  or  the  figurate  numbers  of 
the  4th  order,  or  (as  they  are  often  .called)  the  ^ramidd 
numbers. 

Now,  if  »  is  =  4,  the  terms  of  the  feries  1,  —  A,  *     ^^ 

Will  be  refpeaivdy  eqyal  to  i,,4.A,  t±-i  B,  iii  C,>i^ 
D,l±ie.^F,l±^G,lf'H,&c,ori,  iA^ 

C,  ^  D,  1  E,  1^  F,  ~  G,-^  H,  &c>  or  i,  4,  10,  ao,  35,; 

56,  84,  12a,  165,  &c.  Therefore  the  firft  nine  figaificanc^ 
terms  in  the  fourth  vertical  column  of  terms  in  die  fore-^- 
going,  table  of  combinations,  or  the  firft  nine  figurate  num- 
bers of  the  4th  order,  or  the  firft  nine  pyramidal  numibers, 
obtained  by  means  of  the  foregoing  feries,  are  j,  4,  10, 
20,  ^^y  56,  84,  i20,.andL65  i.whicb  are  the  &mfi  num- 
7  ^  bers 
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bers  with  rhofe  fet  down  above  in  page  74,  in  the  fburtli 
vertical  column  of  the  foregoing  table  of  combinations. 

io8.  In  the  5th  place  we  will  fuppofe  the  exponent  n  to 
be  =:  5»  in  order  to  obtain,  by  means  of  the  foregoing  fe* 
rie8»  the  iignificant  terms  in  the  5th  vertical  column  of  terms 
in  the  foregoing  table  of  combinations^  or  the  figurate  num- 
ber of  the  5th  order. 

N0W9  if  n  is  =  ^i  the  terms  of  the  ferics  i,  -  A,  ^^^  B, 
J±i  c,  Ji±?  D,i±.^  E,!!+i  F,  !i±^  G,  &c,  will  be  refpec- 
lively  equal  to  i,  f  A,  i±.'  B,  5±i  C,  i±lD,i±i  E,  ii^ 
F,  i^^G,&c,ori,^A,  1b,  |C,i.D,|E,^F, 

^^  G,  &c,  or  I,  5,  15,  35,  70,  126,  210,  330,  &c-  There- 

fore  the  firft  eight  (ignificant  terms  in  the  5th  vertical  co- 
lumn of  terms  in  the  foregoing  table  of  combinations,  or 
the  firft  eight  figurate  numbers  of  the  5th  order,  are  i,  5, 
15,  35,  70,  126,  2IO,  and  330;  which  are  the  fame  num- 
bers  with  thofe  fet  down  above  in  page  74  in  the  5th  vcr(i« 
cal  column  of  the  foregoing  table  of  combinations. 

109.  In  like  manner,  if  the  exponent  n  is  =  6,  the  terms 
of  theferies  i,i^A,l±i  B,  i±^  C,l±iD,  JL±JE,!4i 

F,  &c,  will  be  refpcdively  equal  to  i,  —  A,  —  B,  —  C,  -2 

o  ■ 

D,  -J  E,^  F>  &c,  or  I,  6,  21,  56,  126,  252,  462,  &c. 

and  confequently  the  firft  feven  fignificant  terms  of  the  6th 
vertical  column  of  terms  in  the  foregoing  table,  or  the  firft 
feven  figurate  numbers  of  the  6th  order,  will  be  i,  6,  ai, 
56,  126,  252,  and  462;  which  are  the  fame  numbers  with 
thofe  fet  down  above  in  page  74  in  the  6th  vertical  columa 
of  the  foregoing  uble  of  combinaiions. 

^  xio.  And, 
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110.  And,  if  the  exponent  »  is  n  7,  the  terms  of  the 
feries  i,  ^  A,  ^^-t-'  B,  ii^  C,  ^^-ti  D,  "-±i  E,  &c,  will  be. 

refpedively  equal  to  i,  ^  A,  i  B,  2-  C,  -  D,  j  E,  &c;  or 

X,  7,  28,  84,  2io»  461,  &c;  and  confequently  the  firfl  fix 
fignificant  terms  of  the  7th  vertical  column  of  terms  in  the 
foregoing  table  of  combinations,  or  the  firft  fix  figurate* 
numbers  of  the  7th  order,  will  be  i,  7,  28,  84,  210,  and 
462  ;  which  arc  the  fame  numbers  with  thofe  fet  down  above, 
in  page  74,  in  the  7th  vertical  column  of  the  foregoing  table 
of  combinations. 

III.    And,  if  the  exponent  ;i  is  =  8,  the  terms  of  the 
feries  i,  ^  A,  ^^  B,  J:±i  C,  ^i^  D,  &c,  will  be  refpcc- 

lively  equal  to  i,  —  A,  -2.  B,  —  C,  "  D,  &c,  or  i,  8,  ^^^ 

1  *  3  4 

120,  330,  Arc;  and  confequently  the  firft  five  fignificant 
terms  of  the  8th  vertical  column  of  terms  in  the  foregoing* 
table  of  combinations,  or  the  firft  five  figurate  numbers  of 
the  8th  order,  will  be  i,  8,  36,  120,  and  330;  which  are 
the  fame  numbers  with  thofe  fet  down  above  in  page  74, 
in  the  8th  vertical  column  of  the  foregoing  table  of  combi- 
nations. 

•112.   And,   if  the  exponent  »  is  =  9,  the  terms  of  the 
feries  i,  —  A,  ^ — ^  B,  ^ — ^  C,  &c,  will  be  refpeftively  equal 

to   I,  i.A,^B,  y  C,   &c,  or  I,  9,  45,  165,   &c;    and 

confequently  the  firft  four  fignificant  terms  in  the  9th  ver- 
tical column  of  terms  in  the  foregoing  table  of  combinaiions, 
or  the  firft  four  figurate  numbers  of  the  9th  order,  will  be 
^y  9«  45>  a^d  165  ;  which  are  the  fame  numbers  with  tliofe 
fet  down  above  in  page  74,  in  the  9th  vertical  column,  of  the 
foregoing  table  of  combinations. 

T  113.  And, 


115.  And^  if  the  exponent «  is  =  io»  the  terms  i,  ^  A^ 

^ B,  &c,  will  be  rcfpeftively  equal  to  i,  —  A,  "B,  &c, 

w  U  i^>  Sii  &<^>  a^d  confequently  the  three  firft  figni- 
ficaiu  ierms  of  the  loth  vertical  column  of  terms,  in  the 
forgoing  table  of  combmatiohs,  or  the  three  firft  figuratc 
xiutiibers  of  .the  loth  order,  will  be  i,  10,  and  55;  which 
are  the  fame  numbers  with  thofe  fet.down  above  in  page 
74,  in  the  lodi  vertical  column  of  the  faid  table  of  com- 
binations^ 

114.  It  appears,  therefore,  that  all  the  numbers  fet  down 
above  in  page  74,  in  the  ten  firft  vertical  columns  of  the 
foregoing  table  of  combing^tions,  may  be  obtained  by  the  ap- 
plication of  the  general  feries  i,  ~  A,  ^ — ^  B,  ^^^  C,  J — ? 

&c  i  which  is  a  confirmation  of  the  truth  of  the  faid  lories^ 
and  of  the  reafonings  by  which  ic  was  obtainedf 


4  gena^al 
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jf  general  expreffitni  of  the  vatue  of  thefraSHtm  =:Lt-,  ortbere* 

ctprocal  of  any  integral  power  of  the  hinomtal  quality  a  +  b^ 
hi  an  infirite  ferns. 


ti^.   doroll.  II.   From  the  forgoing  coroll^  we  rsabf 
derive  a  general  ezpreffion  fof  the  value  of  the  quantity 

^  +  ^i~  >  or V  »  in  an  infinite  ferics  of  terihs.  tvben  the 

index  n  is  any  whole  number  whatfoever< 

For  the  quantity  ^i.==:r-  is  equal  to  the  feries  which  refultsf 

from  the  divifion  of  the  numerator  i  by  the  binomial  quan« 
tity  II  4-  ^  as  many  times  as  there  are  units  in  the  index  «• 
And  the  quotients  that  arifc  from  thefc  divifions  are  a  fet  of 
infinite  feriefes  confifting  of  terms  marked  alternately  with 
the  fign- — and  the  fign  +,  and  of  which  the  numeral  co-^'* 
efficients  will  be  the  figurate  numbers  of  the  feveral  fucceffive 
orders.  This  will  appear  by  making  a  few  of  thefe  divi- 
fions ;  which  1  (hall  therefore  now  proceed  to  make :  but, 
in  order  to  render  the  operations  fomewhat  fhorter  and  eafier 
than  they  otherwife  would  be,  I  (hall  fubftitute  the  binomial 
quantity  i  +  *  inftead  of  the  binomial  quantity  tf  +  *> 
which  will  make  no  change  whatever  in  the  numeral  co^? 
efficients  of  the  terms  of  the  feveral  quotients  that  will  re- 
fult  from  thefe  divifions :  and  I  (hall  luppofe  the  quantity 
X  to  be  lefs  than  1,  to  the  end  that  the  powers  of  x  in  the 
terms  of  the  feveral  quotients  may  be  decreafmg  quantities* 


T  t  M<w  The 
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xi6.  The  firft  of  thefe  divilions  will  be  as  follows  : 
Divifor.  Qjiotient* 


Dividend, 


i  1 


•+** 
+«»+«> 

-*♦ 

» 

•  -*» 

*+*» 
+*•+«• 

' 

•+*'<' 

+*"+*" 

•   -*" 

-*»'-*» 

By  this  divifion  it  appears  that  the  fradkion  -r~  is  equal 

to  the  infinite  feries  i — x  +  x*  — x^  +  x^  —  x^  +9fi  —  a;^  + 
«*-^x*  +^'^ — ;v"  +  &c,  in  which  the  fecond,  fourth,  fixth, 
eighth,  tenth,  and  twelfth  terms  are  marked  with  the  fign 
' — ,  or  are  to  be  fubtrafted  from  the  firft  term  15  and  the 
third,  fifth,  feventh,  ninth,  and  eleventh  terms  are  marked 
with  the  fign  +,  or  are  to  be  added  to  the  firft  term  i. 
And  it  rs  eafy  to  fee,  firom  the  manner  of  making  this  divi- 
£00,  that,   if  the  operation  was  to  be  continued  to  any 

greater 
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greater  numb^  of  terms  whatfoevcr,  the  14th,  and  i6th, 
and  1 8th  terms,  and  all  the  following  even  terms  in  the  quo- 
tient would  alfo  be  marked  with  the  (ign  —  ;  and  thai^  the 
13th,  and  15th,  and  17th  terms,  and  all  the  following  odd 
terms  in  the  quotient  would  be  marked  with  the  fign  + . 
And  the  numeral  co-efEcients  of  all  the  terms  in  this  quo- 
tient are  units,  or  are  the  terms  of  the  firft  vertical  column 
of  terms  in  the  foregoing  t^ble  of  combinations,  or  the  figu- 
rate  numbers  of  the  firft  order;  agreeably  to  what  has  been 
juft  now  aflerted. 

117.  The  next  divifion  will  be  as  follows  : 
Divifor.  •  Quotient. 

Dividend* 


x+« 

*-2*+*» 

—a*— 2** 

-*» 

' 

•-^3**. 

+  3** +3*' 

»  - 

-4*»+** 

-4*'-4** 

*  +5**- 

-*» 

+  S**+5*» 

*  . 

-&*»+;«• 

- 

-6«»-6*« 

-*' 

*  +7*' 

+7** 

+7*' 

■ 

-.T» 

• 

+9*«+9*» 

*  . 

-I0;r9+, 
-10*'— 

.*" 

» 

+ 

M*^*'- 

±^ 

II*"+ 

lU" 

»     -^ 

i2*-"-H&c. 

V 

.I2A-" 

&C. 

By 
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By  this  divifion'it  appears  that  the  firafiion  ^.J-^,  is  equal 

to  the  infinite  ferles  i  —  i^  +  3:c*  —  4**  +  5** — 6Ar*  -I-  fx^ 

—  8x^  +  9x* —  \ox^  +  ii*'*" —  i2x"  +  &c,  in  which,  a» 
in  the  former  quotient,  the  fccond,  fourth,  fixth,  eighth, 
tenth,  twelfth,  and  other  following  even  terms  have  the  fign 

—  prefixed  to  them,  or  are  to  be  fubtrafted  from  the  firft 
term  i  •,  and  the  third,  fifth,  fevcnth,  ninth,  eleventh,  and 
other  following  odd  terms  are  marked  with  the  fign  + ,  or 
are  to  be  add_ed  to  the  faid  firft  term.  And  the  numeral  co- 
efficients of  the  fcvcral  terms  of  this  quotient  are  the  natural 
numbers  i,  2,  3,  4,  5,  6,  7,  8,  9,  10,  11,  12,  &c,  or  tfcc 
terms  of  the  fecond  vertical  column  of  terms  in  the  forego^ 
ing  table  o&  combinations^  or  the  figurate  numbiers  of  ther 
fecond  order^ 


118.  The 
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1 1 8.  The  third  divifion  will  be  as  follows  : 
Divifor.  Quotient. 

Dividend. 

t-hx 

♦  — io;r»+5** 

*   —21*54- 7** 

+  28jC*  +  28x* 

•   4.'66l^-i2*»« 
-f66A«o-h66x" 


By  this  divifion  it  appears  that  the  fradion  '  is  equal 

to  the  infinite  fcrics  i  — ^^  3*  +  6x*  —  10*'  +  15^ — zijf'  + 
28;c*  —  36;^^  +  45JC*  —  55Ar»  +  66x*''  —  78;^"  +  &c,  in  which, 
as  in  the  two  former  quotient€»  the  fecond,  fourth^  fixth^ 
eighth,  tenth,  twelfth ^  and  other  following  even  terms  have 
the  fign  —  prefixed  to  them,  or  are  to  be  fubtraded  from 
the  firft  term  i;  and  the  third,  fifth,  feventh,  ninth,  eleventh, 
and  other  following  odd  terms  have  the  fign  +  prefixed  to 

them. 
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tnem,  or  are  to  be  added  to  the  faid  firft  term.  And  the 
numeral  co-efficienrs  of  the  feveral  terms  of  this  quotient  arc 
the  terms  of  the  third  vertical  coUiran  in  the  aforefaid  table 
of  combinations,  or  the  iigurate  numbers  of  the  third  order, 
or  the  triangular  numbers. 

1 19.  The  founh  divifion  will  be  as  follows  : 

Divifor.  Quotient. 

x+*)     (I— 4*+io**  — 20jr'  +  ^5**— 5di?'+84jr*— iio*»+i654r*^8u:. 

Dividend. 

*-44r+6.va 

*  +10JI*  — TO;r* 

—  nojf'  — aox*    - 
*    +3S**  — *!*• 

+  84£*+£4Jr^ 

*    —  x20)f'+45*' 

-■>  I  20JC^  —  1  20**     '  ^ 

♦     -Ac. 

By  this  divifion  it  appears  that  the  fra<5lion  — —    is  equal 

to  the  infinite  ferles  t  —  40:  +  ioa*— 20.v'  +  35**^—  56 x 
+  84A-«  —  120A:'  +  165A* —  &c,  ad  infinitum^  in  which,  as 
in  the  three  former  quotients,  the  fecond,  fourth,  fixth,  and 
eighth,  and  other  following  even  terms  have  the  fign  —  pre- 
fixed to  them,  or  are  to  be  fuotrafted  from  the  firll  term  i  ; 
and  the  third,  fifth,  feventh,  ninth,  and  other  following 
odd  term*  have  the  iign  +  prefixed  to  them,  or  are  to  be 

added 
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added  to  the  faid  firil  term*  And  the  numeral  co-efHclents 
of  the  feveral  terms  of  this  quotient  are  the  terms  of  the 
fourth  vertical  column  in  the  aforefaid  table  of  combina- 
tionsy  or  the  figurate  numbers  of  the  fourth  order,  or  the 
pyramidal  numbers. 

120.  The  fifth  divifion  will  be  as  follows :  ' 

Divifon  Quotient. 

i+x)     (i-.5*+i5«»— 3J;r'+7o;r*— Ii6;r*+ai04?*— ficc. 

Dividend. 
I— 4sp+io«*— 20Ar'+3S4P*— s6Af*+84;t*— 120*^+  &c.; 
i±f 

*  +15**— 2ar' 
+  I5;r*+is;jc> 

*   -|-70;r*— j6j:* 
+  70^+7o-y^ 

*    -i26t»+  84*« 
—  laGjc*— I26x^ 

*     +2IOJP*—  &C« 

By  this  divifion  it  appears  that  the  fraction     '■  ■    is  equal 

to  the  infinite  feries  1  —  5*  +  15^;*  —  35^:*  +  70^* —  I26x* 
+  2ioa:^  —  &c,  ad  if^tum^  in  which,  as  in  the  four  pre- 
ceeding  quotients,  the  fecond,  fourth,  fixth,  and  other  fol* 
lowing  even  terms  have  the  fign  —  prefixed  to  them,  or  are 
to  be  fubtradled  from  the  firft  term  i ;  and  the  third,  fifth, 
feventh,  and  other  following  odd  terms  have  the  fign  +  pre- 
fixed to  them,  or  are  to  be  added  to  the  faid  firfl  term. 
And  the  numeral  co-efficients  of  the  feveral  terms  of  this 
quotient  are  the  terms  of  the  fifth  vertical  column  in  the 
foregoing  table  of  combinations,  or  the  figurate  numbers  of 
the  fifth  order* 

U  lai. 
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t2i.  The  fixth  divifton  will  be  aB  followl  t 
Diyifon  Quotient. 

Dividend. 

i±f 
•-6*+ 1 5** 

*  -M»6**— 136,»* 

—  2^2***- Ac 

By  this  divifion  it  appears  that  the  fr^ftion         -^  is  equal 

to  die  infinite  feries  i  —  6^  +  zi^if*  —  ^Sx^  +  izSx^  — 
252;^*  +  &c;  in  which,  as  in  the  five  former  quotients,  the 
fecond,  fourdi,  fixth,  and  other  following  even  terms  have 
the  fign  —  prefixed  to  them,  or  are  to  be  fubtra£bed  from 
the  fim  term  i ;  and  the  third,  and  fifth,  and  other  follow- 
ing odd  terms  have  the  iign  +  prefixed  to  them,  or  are  to 
Jbe  sidded  to  the  faid  firft  cermb  Aod  the  numeral  co^efficients 
of  the  fevera!  terms  of  this  quotient  are  the  terms  of  the  iixth 
vertical  column  in' the  foregokig  uUe  of  combinations^  or 
the  figurate  numbers  of  the  fizdi  ordo*. 


drndu/hm 
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Concluftms  from  the  foregmg  Operations  of  Divifion. 


112.  From  the  operations  of  the  foregoing  fix  divifions  with 
the  fame  divifor  i  +  of,  I  prefume  that  it  will  be  evident  to 
the  reader,  that,  if  we  were  to  continue  each  of  the  fore- 
going quotients  to  any  number  of  terms,  how  great  foever, 
the  faid  terms  would  continue  to  be  marked  with  the  figns 
+  and  -*—  alternately,  and  that  the  co-efficients  of  the  fol- 
lowing terms  after  thofe  that  have  been  above  computed, 
would  be  the  following  numbers  of  the  fkme  order  of  figu« 
rate  numbers  to  which  the  co-efficients  of  the  terms  above 
computed  in  the  faid  quotients,  belonged,  refpeftively.  And 
I  likewife  prefume  that  it  will  be  evident  to  him,  that,  if 
we  were  to  divide  the  laft,  or  fixih,  quotient  by  1  +  x, 
and  the  next,  or  fevcnth,  quotient,  by  the  lame  quantity 
1  +  Xy  and  the  feveral  next  following,  or  the  eighth,  ijinth^ 
tenth,  and  eleventh,  &c,  quotients,  continued  to  any  num-? 
ber  whatfoever,  by  the  fame  quantity  i  -f-  ^  (whereby  wc 
(hould  obtain  feveral  infinite  feriefes  that  would  be  equal  to 

the  fraftions  =Lr7,  =^51  =r;»  ==vo»  ==Tn^  &c)»  and 
TT*^     i^x)     x-M     i+*|      i-M 

were  to  continue  each  of  the  faid  divifions  till  we  had  ob* 

tained  any  number  of  terms  in  the  quotient,  how  great  fo- 

ever,  the  feveral  even  terms  in  every  quotient  would  be 

marked  with  the  fign  — ,  or  fubtrafted  from  the  firft  term 

I  ;  and  the  third,  fifth,  feventh,   and  other  following  odd 

terms  in  every  quotient  would  be  marked  with  the  fign  -f-| 

or  added  to  the  faid  firft  term  j  and  alfo,  that  the  co-efficients 

of  the  terms  of  the  faid  7th  quotient  (that  would  be  equal 

to  the  fraftion     '.^J  would  be  the  figuratc  numbers  of  the 

.   1+^'   -  .  . 

7th  order,  and  the  co-efficients  of  the  terms  of  the  faid  8th 

U  ^  quotient 
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quotient  (that  would  be  equal  to  thfe  fradtion  ■   '    , )    would 

i  +  xl 

be  the  figurate  numbers  of  the  8th  order,  and  that  the  co* 
efficients  of  the  terms  of  the  9th,  loth,  nth,  and  other  fol- 
lowing quotients  (which  would   be  equal  to  the  fraftions 

^  r^,  ==wi»  &c)  wo^ild  be  the  figurate  numbers 


of  the  9th^  loth^  nth,  and  other  following  orders,  r^fpec- 
tivcly. 


Obfirvatms  an  the  foregoing  Operations  of  Divijhny  tending  t§ 
eftablijb  the  foregoing  Concbifions. 


1^3.  The  foregoing  conclufions  may  be  derived  from  the 
following  obfervations,  which  cannot  but  occur  to  every 
perfon  who  fhall  go  through  the  foregoing  operations  of 
algebraick  divifion  with  attention,  namely, 

1ft,  That  in  every  feparate  operation  of  divifion,  by 
which  a  new  term  in  the  quotient  is  to  be  obtained,  the  di- 
vidend will  always  confift  of  two  terms  which  will  have  dif-. 
fcrent  figns  +  and  —  prefixed  to  them  ;  fo  that,  when  the 
firft  of  ihe  two  has  the  fign  -|-  prefixed  to  it,  the  fecond 
will  be  marked  with  the  lign  —  ;  and  when  the  firft  has 
the  fign  —  prefixed  to  ir,  the  fecond  will  be  marked  with 
the  fign  +. 

2dly,  That  the  fubtrahend,  or  quantity  which  is  to  be 
fubtradled  from  the  faid  dividend,  will  always  confift  of  two 
terms,  which  will  be  both  marked  with  the  fame  fign  +  of 
— .,  which  fign  will  alfo  be  the  fame  with  that  of  the  firft  of 
tlie  two  terms  of  the  dividend  from  which  the  faid  fubtra- 
hend is  to  be  fubtraded;  and  therefore  the  fign  which  Ts 

prefixed 
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prefixed  to  the  fecond  term  of  the  faid  fubtrahend  will  be 
contrary  to  that  which  is  prefixed  to  the  fecond  term  of  the 
faid  dividend,  from  which  it  is  to  be  fubtraded  ;  whence  it 
follows  that  when,  in  order  to  fubtrad:  the  faid  fecond  term 
of  the  fubtrahend  from  the  fecond  term  of  the  dividend, 
which  is  placed  juft  above  it,  we  (hall  (according  to  the  rules 
of  algebraick  fubtrafiion)  have  changed  its  fign  into  the 
contrary  fign,  and  have  added  it,  with  its  (ign  fo  changed, 
to  the  fecond  term  of  the  dividend,  the  refidue  thence  re- 
fulting  (which  will  be  the  firft  term  of  the  next  dividend) 
will  have  the  fame  fign  prefixed  to  it  as  is  prefixed  to  the 
fecond  term  of  the  former  dividend,  or  the  contrary  fign  to 
that  which  is  prefixed  to  the  firft  term  of  the  former  divi- 
dend J  fo  that  the  firft  terms  of  every  two  contiguous  divi- 
dends throughout  the  whole  divifion  will  be  marked  with 
contrary  figns,  and  confequently  every  two  contiguous  terms 
in  the  quotient  (which,  have  always  the  fame  iigns  with  the 
firft  terms  of  the  two  dividends  from  which  they  are  derived) 
will  alfo  be  marked  with  contrary  figns. 

3dly,  Since  the  two  terms  of  the  divifor  i  +  ^,  to  wit, 
1  and  Xy  have  the  fame  numeral  c6-efiicient  i,  and  every 
new  fubtrahend  is  produced  by  multiplying  the  divifor 
1  +  ^  i^^o  ^he  laft-found  term  of  the  quotient,  it  follows 
that  the  numeral  co-efiicient  of  the  fecond  term  of  every 
new  fubtrahend  muft  be  the  fame  with  the  numeral  co-effi- 
cient of  the  firft  term  of  the  fame  fubtrahend.  And  con- 
fequently, when  the  fign  of  the  fecond  term  of  the  fubtra- 
lien<i  is  changed,  and  thereby  become  the  fame  with  the 
iign  of  the  fecond  term  of  the  dividend,  which  is  juft  above 
it,  and  it  is  added,  with  its  fign  fo  changed,  to  the  faid  fe- 
cond term  of  tbe?dividend,  the  co-efficient  of  the  quantity 
refulting  from  this  addition,  or  algebraical  fubtradion  (which- 
is  evidently  the  fqm  of  the  co-efficient  of  the  fecond  term  of 
the  fubtrahend  and  of  the  co-efficient  of  the  fecond  term  of 
the  dividend)  will  alfo  be  the  fum  of  the  co-efficient  of  th^ 
firft^erm  of  the  fubtrahend  and  of  the  co-efficient  of  the 
iccond  term  of  the  dividend,  and  confequently  (becaufe 
the  firft  term  of  the;  fpbtrahci^d  is  always  equal  (o,  o(  the 

fame 
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Um^  withy  the  firft  term  of  the  dividend)  will  aifo  be  tli9 
fum  of  the  co-efficient  of  the  firil  term  of  the  diyidend  and 
the  co^efiicient  of  the  fecond  term  of  che  dividend ;  that  is, 
the  co*efficient  of  the  firft  term  of  every  new  dividend  will 
be  the  fum  of  the  co-efikiems  of  the  firft  and  fecond  terms 
of  the  next  preceeding  dividend.  Aod  consequently  the  co* 
efficient  of  every  new  term  in  the  quotient  (which  is  the 
fame  with  the  co-efficient  of  the  firft  term  of  die  dividend 
from  which  it  is  derived)  will  be  the  fom  of  the  two  co* 
efficients  of  the  two  terms  of  the  next  preceeding  dividend. 
But  the  fecond  term  of  the  next,  preceeding  dividend  is  a 
term  of  the  lail  preceeding  feries,  or  quotient  obtained  by 
the  divifion  by  i  +  « ;  and  the  co-efficient  of  the  firft  term 
of  the  faid  next  preceeding  dividend  is  equal  to  the  fum  of 
the  co-efficients  of  all  the  preceeding  terms  of  the  faid  laft 
preceeding  (ertes^  or  quotient  obtained  by  the  divifion  by 
1  +  Af.  Therefore  the  coefficient  of  every  new  term  in  the 
quotient  arifing  from  the  prefent  divifion  by  i  +  «  will  be 
equal  to  the  fum  of  all  the  co-efficients  of  the  terms  in  the 
foregoing  feries,  or  quotient,  as  far  as  the  correfponding 
term,  or  term  involving  the  fame  power  of  y,  and  includ- 
ing the  (aid  term.  Thus*  if  the  former  feries,  or  quotient, 
be  called  A,  and  the  prefent  quotient,  now  arifing  from  the 
divifion  of  the  feries  A  by  i  -|-  at,  be  called  B,  and  m  be 
a  whole  number  denoting  the  place  of  any  term  in  the 
quotient  B,  the  co-efficient  of  the  «th  term  of  the  feries > 
or  quotient,  B,  will  be  equal  to  the  fum  of  the  co-efficients 
of  all  the  terms  of  the  preceeding  feries,  or  quotient.  A,  as 
far  as  the  m\\\  term  of  the  faid  feries,  and  including  the  faid 
07th  term. 

And  therefore,  4thly,  that  the  co  efficients  of  the  terms  of 
the  feveral  feriefes,  or  quotients,  arifing  by  the  continual 
divifion  of  i  by  the  binomial  quantity  i  4*^  ^>U  be  the 
feveral  orders  of  figurate  numbers,  or  the  terms  of  the  feve- 
ral vertical  columns  of  terms  in  the  foregoing  table  of  com^- 
binations ;  fince  both  the  faid  co*efficients  of  the  terms  of 
the  faid  feriefes,  or  quotients,  and  the  faid  figurate  num*>. 
bers,  or  terms  of  the  feveral  vertical  columns  of  tera>s  in  the 

faid 
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faid  table  of  combinations^  arife  in  the  fame  manner  from  a 
feriesof  units,  t,  i,  i,  i,  i,  i,  i,  i,  i,  i»  1,  ij  &c,  to  wit, 
by  the  continual  addition  of  them  to  each  other,  and  by  the 
like  continual  addition  of  the  terms  of  every  feries  generated 
from  them  to  each  othen 


Jpflicaihn  of  the  foregoing  reBfomttgs  to  the  finding  of  a  general 
expreffim  nf  the  value  xf  4be  fraSion  ...■■'■■■■  in  em  infinite  A- 
riei  of  fimple  Urms^ 


124.  ft  having  been  no^v  proved  that  the  terms  of  the  (t^ 
veral  feriefes,  or  quotients,  that  are  equal  to  the  fraftions 

■—— ,  ,«jw:,  u— i^-,  «=^>    — ,,»  ■■  ■    .^u  &c,  ai  infinitum^ 

(beginning  with  the  fecond  term  in  each  feries),  are  to  be 
marked  with  the  iign  — ^  and  the  (ign  +  alternately,  and 
rfiat  the  co-ef&cients  of  the  terms  of  the  faid  feriefes  will  be 
the  figurate  numbers  of  the  correfponding  orders;  and  it 
having  been  proved  above  in  coroU.  10,  that  the  figurate 
numbers  of  the  nt\i  order,  or  the  iignificant  terms  of  the 
jtrth  vertical  column  of  terms  in  the  foregoing  table  of  com* 
btnaitions  (»  being  put  for  any  whole  number  wliatfocver) 
are  equal  to  the  terms  of  the  following  fedes^  to  wit,  i, 

'ii?  1,  ^^  K,  ^ii?  L,  &c,  ad  infinitum ;  it  follows  that  the 

fradUon     '      will  be  equal  to  the  infinite  feries  i  —  —  Aa: 

+, 

4 
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I   7  '       8«  I   9  '10 

["J^L*"  +  &c,  ad  infinitum. 

125.  Now  let  —  be  fubftituted  inftead  of  x.     And  the 
fra&ion  — r-  will  then  be  =  — ^•,  and  the  feries  i  —  —  A* 

*  I  3  4  56 

I    7  8  *    9      ^  i<^ 

K  ;tf'^  —  f^  L  ;v"  &c,  tfi  //j;i«///ii»,  will  be  =  I  ^  ~  A 


K^— I^^^^L^  +  &c,   ad  infimtum.    Therefore  the 

M  III  A 

fradion  ,^_L.   will  be  equal  to  the  feries  i  —  —  A  —   + 

F^_  (3!  G  4  +  "4-' H  4- PI I  i' +  "JlS  K  *S 
^.jliil  L—  +  &cj  and  confequcntly  (dividing  both 
fides  pf  this  equation  by  a)  we  (hall  have  ( — ^ 


or 


or ■ ,  or  _  /".  or) , — r-,  =  — —  -—  A 


^«+8       I  9  ^«+9  10         ^«  +  io       I    II  ^+11 

+  &c,  ad  infinitum ;  or,  according  to  Sir  Ifaac  Newton's 
notation  ^ith  negative  indexes  ot  powet?,   we  fhall  have 

a  -+■  iy"  s   the  ferics  <»""*— i-  A  «"*~*  *  +    ^-r — 

I  9  10 

"  La"**""  *"  +  &c,  ad  infimtm.  «ii  8.  i,   , 


126.  This  lad:  feHes  is  the  fame  with  that  which  would 
refult  from  Sir  Ifaac  Newcon*s  original  feries  for  ezprefling 

the  value  of  the  quantity  a+^^  or  the  mh  power  of  the 

binomial  quantity  4+^,  to  wit,  the  feries  /^^  +  -i  a*"*'  i  + 

iri  X  ^'  X  !^«*-***  +i  X  ifi  xi^'  X i?  X 

*  3  4  '  *  3  4 

i^a"*"^  ^  +  &c,  by  fuppofmg  the  index  n  of  the  faid 

power  to  be  negative^  or  by  fubftituting  -*  n  inftead  of  n 
in  the  terms  of  the  faid  feries. 

X  For^ 
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For,  if  this  fubfttcution  be  made  in  the  terms  of  the  (aid 
feriesy  it  will  become  equal  to  a*"*""— a"*""'  ^*  ""-^   X 

-:=i  X  "^  X  -^  X  .— *M-i  X  -i=ix  -^ 

X  ""^J^  X  ""^^  X  oT^^^  h  —  &c,   and  confequently, 

(becaufe     —  X     -—  is  =  ^--  x      -^,  and     X 

— 2is=     -^X      — =^),   equal   to  <i         —a  h* 

4  3  4   '       ^  I 

T^T^  3^         4  *^        1^         a^ 

.+f±i  X  ^^  X  -^-»-"-^  ^'  -  &c,  =   a-"—] 

a-^-'P  +1  X  --±L VI-- V  +  7  X  ^  X  -pp 

«— 3^+:  X  ^  X  "-i^  X  JI±2«— 4^+^  X  l|i 

X  il±i  X  ^X  -.|H±J^-"-S  ^5  +  &c,  =  a"-^ 
3  4  '5  ^  ,' 

2 I    3  ^     4 

D  «""-*  *♦  -pTEfl-'-S  ^»  +  &c;  which  is  the  ferie» 
we  juft  now  derived  from  Mr.  James  Bernoulli's  dodrine  of 
combinations  for  the  value  of  the  quantity  a  +  ^-*,  or 

— —.  Qc   E.   T>. 


if  general 
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A  general  exprejjion  of  the  value  of  the  fraSion  ,i  '  ■ ,   wr  (f  tbt 

reciprocal  of  any  integral  power  of  the  refidual  quantify  <i— ^, 
in  an  infinite  /cries. 


12J.  Coroll.  12.  The  fraftion  ==r-  will  be  equal  to  the 
leries  —  +  —  A  — ; — J-  --I—  B  — : — H  — ^   C  — r-  + 


^^ — ^  L h   hcy  ad  infinitum,   which  confifts  of  the 

IX  ll+II  7  J  7 

a 

very  fame  terms  as  the  ferics  obtained  in  the  foregoing  co- 
rollary for  the  value  of  the  fradlion ,— L,^ ,  but  with  the  figa 

+  prefixed  to  all  the  terms  after  the  firft  term—,  inftead  of 


n 

a 


being  prefixed  only  to  the  3d,  5th,  7th,  9th,  and  other  fol- 
lowing odd  terms  of  it,  as  in  the  former  fcries. 

1 28,  This  will  appear  by  dividing  i  two  or  three  times 
following  by  the  refidual  quantity  1  — x  inftead  of  the  bi« 
nomial  quantity  1  +  x.  For  we  (lull  eafily  perceive  that  all 
the  terms,  after  the  firft  terms,  in  the  quotients  arifing  from 
thofe  divifions  will  be  maiked  with  the  fign  -f,  or  muft  be 
added  to  the  firft  terms.  The  three  firft  of  thefe  divifions 
will  be  as  follows : 

X  2  tbo 


1^6  A  TrMjlaihn  of  ibefongdng  BMraUfnm 

Tbe  firji  Divifion^ 
Divifor*  Quotient* 

Diiridend. 

I— X 

•  +*'      '^ 


7}# 
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*tbi  /ecmd  Divifion. 
Pivifor.  Quotient. 

Dividend. 

I— « 

+7j^-7Jfy 


7%# 


158  A  TfMflatim  tf  thefmgoh^  Extra£tfrm 

Tihe^ third  Divijitm. 
Divifon  Quotient. 

Dividend. 

129.  It  is  eafy  to  fee  that,  both  in  thefe  three  divifionsi 
and  in  all  the  following  diviiions  that  may  be  made  of  the 
laft  quotient  hereby  obtained,  by  the  fame  divifor  i — x,  all 
the  terms  of  the  feveral  quotients,  after  the  firft  terms,  will 
be  marked  with  the  fign  +,  or  be  added  to  the  firft  terms, 
and  that  the  co- efficients  of  the  feveral  terms  will  be  the  very 
fame  numbers  as  the  co-efficients  of  the  correfponding  terms 
in  the  former  quotients  which  refulted  from  the  divifions  by 
the  binomial  quantity  i+x.     Ic  follows  therefore  that  the 

fradlion  — ^   will   be  equal  to  the  infinite  feries  i  +  -^ 

6789 

Lx"  +  &c,  ad  infifdtum^  and  confe-. 

qucntly 
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quemly  (fubdituting  ->  inftead  of  ^  in  this  equation)  that 
the  fradion  '==?rv  will  be  equal  to  the  infinite  feries  i  +  ^ 

+  nr  ^iF  +  —  ^-d>-^-T^iF^T^'^  ^ 

!i±2  K^S  +  ^^^  L-^!  +  &c,  «i  /;»fwV«w,  and  confe- 
quemly  (dividing  both  fides  of  the  laft  equation  by  a)  that 
the  fraftion  C«=L=r  •  or J ,  »  or  ==— ==r>  or) 


I  — - 


•"'*»*-ir  «xi-4-i 


■      ■_  will  be  eqi,ul  to  the  infinite  feries  —  +  7  A  — --  + 

I  JL  +  1±9  K  -^  +  i±I?  L  -4;-  +  &c,  «i  /Ijifei. 
turn.        <^  s.  D. 

130.  If  we  make  ufe  of  Sir  Ifaac  Newton's  notation  with 
negative  indexes  of  powers,  the  laft  equation  will  be  as  fol- 
lows,   to    wit,   a  —  ^]""*  =   the  infinite  feries    «""*  +  — 

A  ^-^-^  h  +  i±i  Bi.— "^  ^»  +  ^  Ca^"""^  b^  +  ".±2 

507 

5  G« 
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'8  9  ■      lo 

K^i'-^-'^'^'^  +  ^iliSLtf^*-""  b^^  +   &c,   ad  infinitum. 

But  the  other  way  of  exprefling  this  equation  feems  to  be 
clearer  and  more  natural  than  this  way,  and^  for  ordinary 
purpofes,  preferable  to  it, 

131.  This  laft  feries  is  the  fame  with  that  which  would  re* 
fulc  from  Sir  Ifiuc  Newton's  original  feries  for  expreffing  the 

value  of  the  quantity  a — ^i  ,  or  the  »th  power  of  the  re- 
fidual  quantity  a — b^  to  wit,  the  feries  tf*  —  -  /?*"*   ^*4- 

•L  X  —*«"•''  i'  -  i  X  ^  X  —  a-^  h*  +^X^ 
12  123  "la 

X  —  X-y^     *A*  -  —  X-7-X  —  X— 'x -yS 

n****  l^  +  &c,  by  fuppofing  the  index  n  of  the  faid  power 

to  be  negative,  or  by  fubflituting  —  n  inllead  of  n  in  the 
terms  of  the  faid  feries. 

For,  if  this  fubftitution  be  made  in  the  terms  of  the  faid 
feries,  it  will  become  equal  to  «*"•"*"-  tf^"""'  i»  ""—  x 

2  1  a        '  3 

..  ,  ^  -^x-"-=l^— *i*  +^  X  -J=lx-i=ix 

234  1-23 

4  5  «  < 

X  +^  X  +=f  x.+^»  -»-*-♦  ^*  +^  X  +  '-^^  X 

+-_Li  X  +^3  j^  +!l±i^--5  ^  +  &c,  =  4-'+  ^ 

3  4  $  * 


^  ~  -  i.  +4  X  -J^  X  -!L::i^— 3^  -4-  X 
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^— 3  ^  +  i  X  2^*  X  2±i  X  "Jtla'—^h^  i- 
X  --±-i  X  :^*  X  *-±^  X  2±i«— 5^»  +  &c,  =  *- 

*  3  4  S 

I  '2  '3 

+  i±i  Dtf"*"*  b^  +  'i^  Etf""~«i»  +  &c ;  which  is  the 
4  5 

feries  wc  juft  now  derived  in  art.  130,  from  Mn  James  Ber- 
noulli's do£trine  of  combinations  for  the  value  of  the  quantity 

^  Q.    E.  D, 

132.  We  have  now  feen  how  from  Mr.  James  Bernoulli's 
doftrine  of  combi  nations,  and  his  explanation  of  the  pro« 
perties  of  the  figurate  numbers  derived  from  it,  may  be  de- 
duced juft  and  regular  demonftrations  of  Sir  Ifaac  Newton'a 
famous  binomial  and  reiidual  theorems  in  the  cafe  of  the 
integral  and  negative  powers  of  a  binomial  and  a  refidual 
quantity,  or  of  the  reciprocals  of  their  integral  and  affirma- 
tive powers,  as  well  as  in  the  cafe  of  their  integral  and  af« 
firmative  powers  themfelves,  in  which  Mr.  Bernoulli  him- 
felf  has  demonftrated  them  above  in  coroU.  5.  And  I  doubt 
whether  any  other  method  of  demonftrating  thefe  two  famous 
theorems  in  the  cafe  of  the  integral  and  negative  powers  of 
a  binomial  and  a  reiidual  quantity  has  yet  been  found  out^ 
that  is  equally  clear  and  fatisfaftory. 


JDiffi^ 


i6z  A  Iranlkilon  of  ibe  foregoing  Extraafrom 


A  ^Difficulty  that  tnay  (fccur  concerning  the  foregoing  theorem 
relating  to  the  integral  and  negative  Powers  of  a  refidual 
^antity^  iij^  a  —  b,  ^r  i  —  x. 


133.  Before  we  conclude  this  fubjcft  of  the  binomial  and 
refidual  theorems  in  the  cafe  of  integral  and  negative  powers, 
I  will  endeavour  to  clear  up  a  difficulty  which  may,  per- 
haps, occur  to  the  reader's  mind  concerning  the  latter  of  the 
faid  theorems. 

It  has  been  (hewn  in  art.  129,  that  i— H""",  or  '  ,  is 
equal  to  the  infinite  ferics  i  +  ~  Ajif  +  ^ii  Bat*  +  ^" — ^ 

4  5^7 

&c,  ad  infinitum^  in  which  all  the  terms  following  the  firft 
term  i  arc  marked  witli  the  fign  +,  or  are  to  be  added  to 
the  faid  firft  term.  And  the  co-efHcienrs  of  the  terms  in 
this  feries  continually  incrcafe,  when  n  is  of  any  magnitude 

greatcr-than  1.  Thus,  if  »  is  z:  2,  we  fhall  have  -  (=r  —  ) 
=  2,  and (zz  — )  rr   — ,  and --^  (rr )  =  — , 

.nd-j^,  — i,  -^,  — ,  &c,  equal  to  ^,  y ,  ^,  y,  &c, 

rcrpe<5lively  ;  in  all  which  fraftions  the  numerators  exceed 
the  denominators  by  an  unit ;   and,  if  »  is  =  3,  we  (hall 

hiive  — ,  -^,  -^,  —^y  —^,  -^,  — ,  &c,   equal  to 

|-,  -J,  -^,  — ,  p  -g-,  y,  &c,    refpedively ;   in  all  which 

fraftions    the  numerators   exceed  the  denominators  by  2. 

And  the  like  excefs  of  the  numciators  above  the  denomi* 

5  natora 
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nators  will  take  place  in  a  flill  higher  degree  in  the  faid  ge- 

nerating  fra^aions y,  -j-,  — -,  — ,  -— ,  -^,  — -,&c, 

when  the  index  n  is  equal  to  4,  or  5,  or  6,  or  any  higher 
number.  And  confequently  the  co-efficients  B,  C,  D,  E, 
F,  G,  &c,  which  are  derived  from  the  firft  term  i,  or  A, 
by  the  continual  multiplication  of  the  faid  generating  frac* 

tions  — ,  — ^,  -^— ,  -1--%  — -?,  -r^,  -^— ,  &c,  muft  con- 
1*2*34507 

tinually  incrcafe  in  all  thcfe  feriefes.     And  accordingly  we 

find  that  the  figurate  numbers  of  every  order,  or  the  feveral 

fignificant  terms  in  every  vertical  column  of  terms  in  the 

foregoing  table  of  combinations,  page  74,  (which  are  equal 

to  the  co-efficients  of  the  terms  of  the  foregoing  feries 

I  H —  A*  +  — i—  B**  -I — -i—  C;r'  +  — ^  Di;if4  +  -i-i 

«  ^  3  4  $ 

E«*  +  ^^  F;if**  4-  &c,  ad  infinitum)^  increafe  continually* 
And  hence  it  may  happen  that,  if  x  is  but  little  lefs  than  i^ 
the  whole  terms  at  the  beginning  of  the  feries  i  +  —  Ax+ 

![±iBx*  +  "±-'C;c'+  J^Dx^  +  :±iE**  +^5f^* 
23  4  S  6 

+   &c,  ad  itifinitum^   may  (by  means  of  this   increafe  of 

their  coefficients)  be  increafing  quantities. 

Now,  from  this  circumftance  it  may,  perhaps,  be  appre* 
bended,  that  all  the  terms  of  this  feries  will  in  fome  cafes 
diverge,  or  increafe,  continually,  to  what  number  of  terms 
foever  the  faid  feries  may  be  continued,  and  confequently 
that  the  faid  feries  (confifting  of  an  infinite  number  of 
terms  that  are  every  one  greater  than  that  next  before  it) 
will  be  infinite  in  magnitude  as  well  as  in  the  number  of  its 
terms,  and  therefore  cannot  be  equal  to  the  finite  quantity 

■  r  '   -^a    This  is  a  difficulty  that  feems  naturally  to  arife  upon 

diis  (ubjea.  But  it  may  be  removed  by  the  following  con- 
fiderations. 
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An  Explanation  of  ibe  foregoing  Difficulty. 


134.  The  proportion  of  the  nuoienitors  of  the  federal  ge« 

neratmg  fraftionsy,  -J-,  ^,  -^,  -p,  -^,  -^,  &c, 

to  their  denominators  (though  it  is  always  a  proportion  of 
majority,  when  n  is  greater  than  1)  approaches  continually 
nearer  and  nearer  to  a  ratio  of  equality^  as  its  limit ;  fo  that^ 
if  n  be  ever  fo  great  a  number,  we  may,  by  continuing  the 
feries  of  thefe  generating  fractions  to  a  great  number  of 
terms,  come  to  one  in  which  the  ratio  of  the  numerator  to 
the  denominator  (hall  be  lefs  than  any  propofed  ratio  of  ma- 
jority. Thus,  for  example,  if  »  is  =  locx),  and  the  ratio 
of  majority  that  is  propofed,  or  given,  and  with  which  the 
ratios  of  the  numerators  of  thefe  generating  fradions  to  their 
denominators  is  to  be  compared,  is  that  of  i  to.  0.99999,  or 
of  1 00^000  to  99,999,  it  will  be  poflible,  by  continuing  the 
feries  of  the  faid  generating  fraftions,  to  afl5gn  one  in  which 
the  ratio  of  the  numerator  to  the  denominator  (hall  be  lefs 
than  the  ratio  of  i  to  0.99999,  or  of  100^000  to  99^999. 
This  may  be  (hewn  in  the  manner  following.  Let  z  be  the 
general  reprefentative  of  the  feveral  numbers  added  to  the 
index  n  in  the  numerators  of  thefe  fucce(rive  generating  frac- 
tions ;  fo  that  the  faid  numerators  (hall  be  equal  to  the  fe-t 
veral  fuccelTive  values  of  »  +  ;5,  or,  on  the  prefeat  fuppo(i- 
tion  that  »  is  :;=  1000,  to  the  feveral  fucc^fixve  values  of 
1000  +  2.  Then  will  the  denominators  of  the  faid  fuccef- 
five  generating  fractions  be  denoted  by  the  fucce(five  values 
of  2  +  I,  and  the  faid  generating  fraftions  themfelves  will 
be  equal  to  the  feveral   fuccefSve   values  of  the  fraftioa 

— T — i  ^^' — T — •    -Now  K  IS  evident  mat,  by  contmuauy 

increafing  the  number  2,  the  proportion  of  the  numerator 
z  +  1 000  to  the  denominator  2+1  may  be  made  to  ap- 
proach 
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proach  ts  near  as  we  j^eafc  to  the  proportion  of  2  to  2,  or 
the  proportion  of  equality.  The  number  z  may  ther^ore  be 
increafed  till  the  faid  proportion  of  z  4*  1000  to  z  +  i  (hall 
be  nearer  to  a  proportion  of  equality,  or  (hall  be  a  lefs  ratio 
o£  majority,  than  the  propofed  ratio  of  1  to  0.99999,  or  of 
100,000  to  09,999.  And  the  fame  thing  might  be  done 
if  the  propofed  ratio,  inftead  of  being  that  of  1  to  0.99999^ 
or  of  100,000  to  99)999,  had  been  that  of  i  to  0.999,9999 
or  of  1000,000  to  999>999,  or  that  of  i  to  o.999,999»9» 
or  of  10,000,000  to  9>999>999»  or  any  other  ratio  of  majo* 
rity,  how  fmall  foever.  'I  hercfore,  however  nearly  the  quan- 
tity X  may  approach  to  an  equality  with  i  (than  which  it  is 
always  fuppoied  to  be  fomewbat  lefs)  it  will  always  be  pofli« 
ble  to  increafe  the  number  z  till  the  proportion  oi  z  +  n  to 
z  +  1,  or  of  »  +  z  to  2  +  1,  becomes  lefs  than  the  pro- 
portion of  I  to  x^  or  till  the  fradion^^  becomes  lefs  than  the 


fradi< 

)n  — •     And, 

as  the  numbei 

'  z  increafes  with  the  i 

Qutn- 

her  of  terms  of  the  fcries  i  H — 

A*  + 

2 

B*«  + 

Cx^ 

+  i±.'D^ 

5 

^•-¥ 

F*' 

^'■^ 

G*t 

4  &c  (being  always  lefs  by  2  than  the  number  of  the  terms 
from  the  beginning  of  the  feries  to  the  term  in  which  it  oc* 
curs,  including  the  faid  term),  it  is  evident,  that,  by  con* 
tinuing  the  terms  of  the  feries,  we  muft  always  come  to 

a  term  in  which  the  generating  fradion  -^  (hall  be  lefs  than 
the  fradion  — .    And  when  we  are  arrived  at  this  term,  the 

next  term  of  the  feries  will  be  lefs  increafed  by  being  mul- 
tiplied into  the  next  generating  fradion  (which  will  be  left 

than  the  fradion— )  than  it  will  be  diminifhed  by  being  mul- 
tiplied into  the  fradion  ^^  or  the  reciprocal  of  the  ficadioa 
-1 ;  and  confequemly  it  will  be  kfs  than  the  hSi  preceedrng 

term  of  the  feries  from  which  it  is  derived.    And  therefore^ 

whea 
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when  wc  are  come  to  this  term,  all  the  following  terms  of 
the  iaid  feries  (which  have  hitherto  been  increaiing  quanti* 
ties)  will  decreafe  continually,  and  in  a  greater  and  greater 
proportion  continually,  as  the  feries  advances.  And  confe- 
qucntly  the  faid  feries  will  in  all  cafes  be  of  a  finite  magni- 
tude, however  nearly  the  quantity  x  may  approach  to  an 
equahty  with  i.        (^  £•  d. 

End  of  tU  Mditiondl  Corollaries  not  contained  in  the  original 
text  of  Mr.  James  Bernoulli^  which  began  in  page  123. 


A    SCHOLIUM. 


135.  We  may  here  take  occafion  to  obferve,  that^  though 
many  writers  on  mathematical  fubjeds  (as  for  example, 
Faulhaber  and  Remmelin  of  the  city  of  Ulm  in  Germany,  ' 
and  Dr.  John  Wallis  of  Oxford,  Mr.  Nicholas  Mercator  in 
his  Logarithmotechnia  *,  and  Monfieur  Prefter,  a  learned 
French  mathematician)  have  made  the  properties  of  the 
figurate  numbers  the  fubjedt  of  their  confideration,  yet  no 
one  has  hitherto  given  the  publick  a  general  and  fcientifick 
demonilration  of  the  foregoing  important  1 2th  property  of 
them.  At  lead  I  may  (ay,  that  no  fuch  demonftration  has 
ever  come  to  my  knowledge.  Dr.  Wallis,  indeed,  in  that 
part  of  his  learned  treatife  on  the  arithmetick  of  infinites,  in 
which  he  eftablifiies  the  foundations  of  his  method,  has  in- 
veftigated  by  arguments  of  indudion  the  proportions  which 
a  feries  of  the  fquares  of  a  given  number  of  the  natural 
numbers,  i,  2,  3,  4,  5,  6,  7,  8,  9,  &c>.  and  a  feries  of 
their  cubes,  and  a  feries  of  their  founh  powers,  and  feriefes 

*  See  VoL  L  of  tbe  CoDeAioa  of  Titfis,  in  qonrto,  tntitkcl,  Scrifi^t 
LogaritimUif  pages  192,  193. 

of 
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of  their  following  higher  powers,  would  be^r  to  a  feries  con* 
filling  of  the  fame  number  of  terms  all  equal  to  the  laft^  or 
grcateft,  term  of  the  former  feries  5  and,  after  performing 
thefe  inveftigations,  has,  in  his  176th  propofition,  made  a 
tranfition  to  the  contemplation  of  the  trigonal,  or  triangular, 
and  the  pyramidal,  and  trigon'o-pyramidal,  or  triangulo* 
pyramidal,  numbers,  and  other  following  orders  of  the  iigu- 
rate  numbers.  But  1  apprehend  he  would  have  aded  more 
judicioufly  and  more  agreeably  to  the  nature  of  the  fubjedt 
he  was  confidering,  if  he  had  taken  the  contrary  CQurle,  and 
begun  with  the  inveftigatioA  of  the  properties  of  the  figurate 
numbers,  and  then,  after  having  difcovered  thofe  proper- 
ties, and  given  a  juft  and  general  demonflration  of  them, 
had  proceeded  to  inveftigate  the  fums  of  the  powers  of  the 
natural  numbers  i,  a,  3,  4,  5,  6,  7,  8,  9,  &c.  For,  befides 
the  objedions  that  may  be  jufUy  made  to  his  method  of 
making  thefe  inveftigations  by  indudions  from  particular 
examples,  as  being  by  no  means  fcientifick  or  fatisfadory 
to  a  mind  accuilomed  to  more  accurate  modes  of  reafon- 
ing,  and  likewife  as  being  more  prolix  and  tedious  than 
need  be,  on  account  of  the  neceffity  of  having  a  feparate 
inveftigation  for  every  new  feries  of  powers  $ — 1  fay,  befides 
thefe  objedipns  to  his  method  of  treating  this  fubjed,  it  may 
be  confidered  as  inelegant  and  unnatural  on  another  ac- 
count, namely,  becaufc  it  treats  of  the  mort,  abftrufe  parts 
of  the  fubjed,  to  wit,  the  inveftigation  of  the  fums  of  powers, 
before  the  more  fimple  and  eafy  parts  of  it,  or  the  dodrine 
of  the  figurate  numbers.  For  thefe  numbers  may  be  juftly 
efteemed  to  be  more  fimple  and  eafy  to  be  underftood  than 
the  powers  of  the  natural  numbers,  partly,  becaufe  the  fe- 
veral  orders  of  them  are  generated  one  from  another  by  the 
eafy  operation  of  addition ;  whereas,  the  powers  of  num- 
bers are  produced  by  the  more  complicated  operation  of 
multiplication ;  and  partly  and  efpecially,  bccauie  the  fums 
of  the  feveral  orders  of  figurate  numbers  (reckoning  from 
the  beginning  of  the  foregoing  table  of  them,  or  including 
the  feveral  cyphers  prefixed  to  the  fignificant  terms  of  the 
feveral  vertical  columns  of  the  faid  table)  are  (as  we  have 
feen)  exad  aliquot  parts  of  the  feriefes  that  confift  of  the 

fame 
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fame  numbers  of  terms  kll  equal  to  their  laft,  or  greateft,' 
terms,  refpeftively ;  whereas  the  fums  of  the  powers  of  the 
Aaniral  numbers  i>  z»  3,  4,  5^  69  7,  8,  9,  &c>  never  are 
exad  aliquot  parts  of  the  fums  of  equal  numbers  of  terms 
equal  to  the  laft;,  or  greateft,  of  them,  rcfpeAiveiy,  but  al- 
wap  exceed,  or  fall  (liort  of,  fuch  aliquot  parts  by  fome  fmall 
finite  quantity,  how  great  foever  the  number  of  the  terms  of 
fuch  feriefes  may  be  fuppofed  to  be,  and  what  number  of 
cyphers  foever  we  may  prefix  to  the  faid  feriefes  coniifting 
of  the  powers  of  the  natural  numbers.  Nor  can  it  be  aU 
led^ed,  that  it  was  neceflary  for  Dr.  Walfis  to  begin  by  in* 
veftigating  the  fums  of  the  powers  of  the  natural  numbers 
I,  2,  3,  4,  5,  6,  7,  8,  9,  &c,  on  account  of  the  difficulty 
of  deducing  the  values  of  thofe  fums  from  the  doArinc  of 
the  fums  of  the  figurate  numbers.  For;  it  is  full  as  eafy  to 
deduce  the  futns  of  the  faid  powers  from  the  fums  of  the  ' 
feveral  orders  of  figurate  numbers,  as  to  deduce  the  latter 
from  the  fums  of  the  powers  of  numbers  in  the  manner 
adopted  by  Dr.  Wallis :  as  I  fhall  now  proceed  to  (hew  by 
deducing  the  fums  of  the  faid  powers  from  the  fums  of  the 
feveral  orders  of  figurate  numbers,  which  we  have  already 
invcftigatcd. 


Jbi  invefiigatim  of  tbefum  of  the  natural  mmbm  X|  2,  3>  4^ 
5 J  6,  7,  8,  9,  10,  II,  i^Cj  amtinued  to  my  given  number 
ef  terms  ^  and  of  the  fums  of  their  fquareSy  and  of  their  cubes  ^ 
and  of  their  fourth  powers^  and  otter  higher  powers,  continue  J 
to  the  fame  number  of  terms. 


136.  If  the  letter  x  be  made  to  denote  the  feveral  fuccef^ 
five  terms  of  the  feries  i,  2,  3,  4,  5,  6,  7,  8,  9,  10,  i  j,  &c, 
continued  to  the  i^ih  term,  which,  it  is  evident,  will  be  n, 

the 
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the  facceflive  values  of  tbe  refidual  quantities  ^  —  li  x-^i, 
«— I,  X — I,  flf  —  I,  X —  1,  *—  I,  «:— I,  *  — 1,  *— X, 
^-*-i,  &c,  continued  to*«  terms,  will  be  i~i,  z  —  i, 
3— I,  4~i,  5  —  1,  6  — I,  7  — I,  8  —  1,9—1,  lo—i, 
II  —  I,  &c,  continued  to  n  terms,  or  o,  i,  2,  j,  4,  5,  6, 
7,  8,  9,  10,  &c,  continued  to  n  terms«  But,  by  coroll.  2, 
of  the  foregoing  propofition,  art.  81,  theferieso,  i,  2,  3, 
4>  5>  6,  7,  8,  9,  10,  &c,  (which  are  the  terms  contained 
in  the  fecond  verticil  column  of  the  foregoing  table  of  com* 

binations),  continued  to  n  terms,  is  :^  ''^'""'  =  21^  =  - 

^  — •    Therefore  the  funi  of  ill  the  n  fucceffive  values  of 

2 

if  —  I  Will  be  equdl  to  22  —  --;/  and  confequently,  if  wc 

denote  the  laid  fum  by  S.x^^r,  we  (hall  have  S.at— 1  =: 

22  -i  — .  But  the  fum  of  the  n  fucceffive  values  of  *?  —  i 
2        2 

is  equal  to  the  excefs  of  the  n  (ucc^ve  values  of  x  above 
the  n  fucceffive  values  of  x,  or  (making  ufe  of  the  fame 
kind  of  notation)  to  S.  4P  —  S.i*    Therefore  S.x —  S.i  will 

fee  =  22  «  i^  and  confequently  (adding  S.i  to  both  fides) 
Sjc  will  be  =  22  -  i.  +  S.i.    But  the  fum  of  the  n  fuc- 

Mr  t 

ceffive  values  of  i  is  evidently  the  number  n.    Therefore 

S.;^  will  be  :£:  2!  _  i  +  ^  n  22  +  iL,  or  the  fum  of  all 

the  H  fucceffive  values  of  a-,  to  wit,  i  +2  +  3  +  4  +  5 
+  6+7  +  8  +9   +10  +  11   +&c+»  will  be  =3 

T-      T*       Q^  H-  D. 

Thus,  for  example,  if  «  is  r:  12,  the  fum  of  the  twelve 
terms  of  the  feries  1  +  2  +  3  +  4  +  5  +  6  +  7  +  8  + 

o  +  10  +  II  +  12  will  be  =  H2LL^  +  -  r:  12  x  6  +  6 

Z  =7a 
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=  72  +  6  =  78-    And  fo  wc  Ihall  find  it  to  be  by  aftoall/ 
adding  up  the  terms. 

I 

2 

3 

4 

5 
6 

•         I 

9 
10 

.11 

12 

"78" 


Of  tbe/um  oftbejquares  of  the  natural  numbers^  i>  ^>  3>  4>  5> 
6?^,  continued  to  anj  given  number  n.  ' 


137.  Let  it  now  be  required  to  find  the  fum  of  the  fquares 
of  the  natural  numbers  1^2,  3,  4,  5,  6,  7j  &c,  continued  to 
Pj  or  the  fum  of  the  numbers  i,  41  9,  i6»  25,  36,  49^  &€» 
5Conxinued  to  the  irth  term,  which  will  be  nn.  This  may  be 
done  in  the  manner  following. 

Let  X  be  put,  as  before,  for  the  feveral  fucceffive  terms 
of  the  feries  1,  2,  3,  4,  5,  6,  7,  8,  9,  10,  1 1,  &c,  n.  Then, 
Cnce  by  coroll.  4,  of  the  foregoing  propofition,  art.  83, 
t"he  «th  term  of  the  third  vertical  column  of  the  foregoing 

table  of  combinations  is  =  "^^  ^ '^^  =  im^Jll!,   ic  fol- 
-      "*  '  lows, 
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lows,  that  every  xth  term  of  the  fame  vertical  column  will  be 
_*£— j£Hj^  or  that,  if  x  be  made  fucceffively  equal  to  i, 
*>  3>  4»  5»  6,  &c,  the  fucceflive  values  of  the'  fraftion 
y-S^+^^  ^jjl  produce  the  firft,  fecond,  third,  fourth,  fifth, 
fij^di,    and   other  following  terms  of  the  lame  vertical  co- 


lumn, which  are  o,  o,  i,  3,  6,  10,  &c.     Thus,  for  ex- 

xx  —  ^x  +  i  ^^  17-3-1-2   __  o 

a         ^2 


ample,  if  ;ir  is  r:  i,  we  fhall  have — 

=:  o*;  and,  if  x  is  =  2,  we  fhall  have  ^""^^^  =  ^"^  "^^ 
=:  I  =:  o ;  and,  if  ;c  is  =  3,  we  (hall  have  "^-^"^^^"^^  = 
^""^  ^  ^  =f  i-  =  I  ;  and,  if  ap  is  =  4,  we  (hall  have 
«1Z±[±1  =  Il-iill  =  £  =  3  J  and,  if  *  is  =  5,  we  fhall 

2  2  2  "^  -^^ 

Have  ^:i:i2;±i  =  ^^:::iii^  =  '-^  =  6  J  and,  if  ;r  is  =6, 

2  2  a  '  ' 

we  (hall  have ^^ n  £ —  —    =    lo  ;    which 

1  21' 

numbers  o,  o,  i,  3,  6,  and  10,  are.  the  firft  fix  terms  of 
the  faid  third  vertical  column.  And  the  fame  thmg  will  be 
found  CO  be  true  in  any  greater  number  of  its  terms.  But, 
by  the  fecond  corollary  of  the  foregoing  propofition,  art.  81, 
the  fum  of  all  the  ;j  —  2  fignificanc  terms,  or,  including  the 
two  cyphers  at  the  beginning  of  it,  the  fum  of  all  the  n 

terms,  of  tlie  faid  third  vertical  column  is  zz  ^^""^^  *''"* 
' 2x3 

^  Mxnu-^n+z  ^  -^n+£»^  Therefore  the  fum  of  all  the 

1x3  6 

n  fucceffive  values  of  the  fraftion  ^^"^^ — ^  will  be  = 

2 

— -^— ^-     But  the  fum  of  all  the  n  fucceffive  values  of 

o 

^""^^^      is  evidently  equal  to  the  fum  of  all  the  n  fucceffive 

Z  2  values 


17^         A  3'ranflaHon  of  the  foregoing  Extrailfrpm 

values  of  ~,  together  with  the  fum  of  all  the  p  fqccel&vft 
values  of  A^  or  i,  dimini(hed  \)y  the  fum  of  all  the  n  fuc- 
ceffive  values  of  ^,  or  (according  to  our  former  notation) 
S.  EEilf  is  :s  S.  ^  +  S.  1  — S.H=:  s.^+S.  I- 

I  2  ,    2  i      a  2.  » 

S.^zzS.^  +  n—S.^,  Therefore  S.^  +  »  —  S.-^ 
will  be  =  iixLJiii?.  But  S .  ^  is  eyidcnjly  =f  i.  x  S . «. 
Therefore  S ,  -  +  «  — •  4  X  S ,  ;c  will  be  =  S .  ?!f  +»— 
S .  ^,  and  cpnfequen^ly  wijl  be  =  ^-^^p?U4^t  But  it  ha^ 
been  (hewn  in  art,  136,  that  S  ,  ^  is  =  ^  +  —•  Therefor^ 
IxS.^wiU  bc  =  f  x(7+J  =  2J?  +  ^.  Therefor^ 

s;if  + ,,  ~  1??_52  wiUbe  =  2!^'J:i2,  or s.?l  -. 

32?  +  1  will  be  =:21Z3^»,  orS.^  -  ??  +  2lwillb« 
2=  :^  —  ^  +  4£.  Therefore  (adding  2!^;  to  both  fides)  we 
(hall  have  S.^+^rz^'l  +  ^  +  ^izud  (fubtraaing22 
from  both  (ides)  we  (hall  have  S.^rr^+4r-+--    = 

T  +  --  H >  ^nd  cpnfcquently  S.xx  (x  2  X  S •  ^) 8354- 

+  J  +  ^  ;  tl^at  is,  the  fum  qf  ^U  the  ^  fquarcs  i,  4,  9^ 
16,  25,  36,  49,  &c,  of  the  n  firft  natural  numbers  i,  2i 
3*  4»  5»  6,  7i  &c  •  •  .  .  ^  will  be  =  ^  +  ~  +  i,  pr  oqe^ 

third  of  the  cube  of  the  greateft  number  9,  together  with 

•      ?         half 
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balf  the  fquare  of  the  {aid  number»  and  a  fixth  part  of  the 
faid  number  itfelf.  Qj  s.  i» 

Thus^  for  example>  i(  n  is  =  iz,  we  Ihall  have  nn  = 
144,  andn'  =  1728,  ^d"^  +  "2,  +  IL^^U^ +1^  + 
^  a  576  +  72  +  2)  =  650.    Therefore  the  fum  of  the 

following  t^irelye  nucntjers^  to  witj  i^  4^  9,  169  2  j,  36,  49^ 
64,  8;,  looy  12X9  and  I44>  (which  are  thefquares  of  thq 
twelve  ^tural  numbers  x,  2,  3^  4^  59  6j  7^  8^  9,  io>  zi, 
and  12)  will  be  equal  tq  650.  And  fp>  upoa  addling  ihfo^ 
i)p  together^  we  dxall  $^d  them  to  be 

I 

4 

9 
16 

49 
64 

81 
100 

121 

144 


^f 


o 


or 


lj4t         ^  Trai^tmof  A^fans^g  Exfra^fhm 


Of  thejum  of  the  cubes  of  the  natural  numbers  i,  a,  3,  4,  5, 
^Cy  cMintfsi  Ul  UKf  given  number  n. 


13J.  L^l  Of  bepuji,  IS  before,  for  the  fcveral  fucceffivc 
l«rnis  of  the  feries  i^  z,  3,  4,  5,  6|  7,  8,  9,  1O9  1 1»  &c,  if. 
Then,  fiace  by  corolU  4,  of  the  foregoing  propoiition,  art. 
85,  the  ^th  tern;  of  the  fourth  vertical  column  of  the  fore- 
going table  of  combinations  is  =  -^ — —- — — ^  = 
^     ^  2x3 

2-JL-  X  — '  = r 9  >^  follows,  that  every  «th 

230. 

term  of  the  fame  fourth  column  will  be  =  — ^^ r — ^^^  , 

or  that,  if  x  be  made  fucceffively  equal  to  i,  2,  3,  4,  5,  6, 

&c.  the  fucceffive  values  of  the  fraftion  ^  "  *^    "'^""      ^Jij 

o 

produce  the  firft,  fecond,  third,  fourth,  fifth,  fixth,  and 
other  following  terms  of  the  fame  vertical  column,  which  arc 
o,  o,  o,  I,  4,  10,  20,  35,  &c-  But,  by  the  2d  corollary  of 
the  foregoing  propofuion,  art,  81,  the  lum  of  all  the  terms 
of  the  faid  fourth  vertical  column  (the  number, of  which, 
including  the  three  cyphers  a^  the  beginning  of  it,  is  n)  is 

=: ?  =  ^ .     Therefore  the 

2x3x4  14 

fum  of  the  «  fucceffive  values  of  the  fraftion  *  ""  ^*    ""^^ 

o 

ivill  be  =  »  —  »  -{-iinn^  n^  ^^^  according  to  our  former  nota- 

f^i         A I 

tion,  S 


r r  Will  be  =  ^ .    But  S . 


7 13  =  S--;r  -S.-^  +  S.— --S--r=.S. 


^  -p-  S .  Af;if  +  ^'  XS.  X  —  S .  I  =  (by  the  two  foregoing 


articles  136 and  137)  S-~  —  j  —  ^— ^  +  ^'x  (f  +  f- 

Q^     x^        n^         nm         n  iinn         im  c    ** 

—  »==s.^— -  — ^— g.+  —  +  — ~»  =  s,^ 

-2!!=s4'-iL^  +  i^-i.    Therefore  S. J -?!  + 
12  6         3  ^    12  4  63^ 

•^ — ~  will  bc=:  "  ^  vf***^  *  •  and  confequently 
(adding   i^  +  -  to  both  fides)  S.  ^  +  ^    wUl    be    = 

24  3  4  *4  ^   14  ^^  24. 

_  «M2^ii2!  .  and  (fubtrafting'^  from  both  fides)  S.^ 
'11  K^   —  «*+2Ji'4-iiff«  5n«     ^^    ii*  +  2fi54-ii«i  icMi 

=  ^mial+J!!.   Therefore  S.  x*  will  be  =  6  X  t±}!f!±^ 
24  24 

-!l±l«l±l«  ==  !l  +  f  +  !!,  orthefum  of  then  fucccfr 
♦  .4  4^24*  .  ^^ 

five  values  of  x^,  or  of  the  feveral  cube  numbers  1,8,  27, 

64^  I25^  116,  343,  512,  729,  1000,  133 1,  &C9  continued 

^  %  Ml      1  «*  If*       ,       ««  • 

to  »\  will  be  =  —  H 4 .        <ii  £•  !• 

'  424 

Thus,  for  example,  if  »  is  =  12,  we  (hall  have  Jwr  = 
144,  and  »•  =  1728,  and  »*  =  20,736,  and  confequently 

t(=  !5ZL«)  =  5,84,  and  -i  (=  i^«)  =  864,  and  L"  (:= 
^iii  =  36,  and  ^+^'  +  1"   (=  5184  +  864  +  36)  = 

i-  4*4 

6084.  Therefore  the  fum  of  the  twelve  numbers  i,  8,  27, 
64,  125,  216,  343,  512,  729,  1000,  1331,  and  1728, 
^which  are  the  cubes  of  the  firft  twelve  natural  numbers  i. 


17^         JtrimflatioHoftbeftregmgtkiraSfrom 

«»  3»  4*  5»  6»  7»  8,  9»  'o»  "»  «n<J  »»)>  ^»11  ^  =  ^o'4» 
And  fo  we  (hall  find  die  faid  fum  to  be,  if  we  adually  add 
tip  together  the  iaid  twelve  cube  numben* 

X 

8 

*7 
64 

343 
51* 

xooor 

133^ 
1728 


6084 


^ 


Cy  /i^^^  of  $be  fourth  f  overs  of  the  natural  nimhers  i,  t;  $^ 
4*  5>  ^'i  eotittnued  to  atg  ffven  ntmier  n. 


139.  Let  X  be  pu^  as  before,  for  the  federal  ^c£efiiire 
terms  of  the  feries  i>  2^  3,  4,  5,  6j  7,  8,  9>  10,  1 1,  &c,  n, 

Theiii   fince  by  coroll.  4,  of  the  foregoing  propofitiooi^ 
art.  83,  the  irth  term  of  the  fifth  vertical  column  of  the 

foregoing  table  of  combinations  is  »-' x  «-«  x  «.-3  x^:^ 
**      **  aX3X4 

,»-^«,+,„~6      tz±^  tzl^mSStz^aiii, itfoUowa 

that 
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that  every  *th  ter;n*  of  tbc  fame  fifth  column  wiU  be  =r 

""■'^ — iiflZli^-lfi^  or  that,  if  x  be  made  fucceflSvely 

equal  to  i,  2,  3,  4,  5,  6,  7,  8,  9,  10,  11,  &c,  the  fucceffive 

values  of  the  fraaion*''"'^^'"'-3J^^""^^*-^'^  will  produce  the 

firft,  fecondi  third,  fourth,  fifth,  Cxth,  and  other  following 
terms  of  the  fame  vertical  column,  which  are  o,  o,  o,  o, 
'»  5>  '5*  35».7o»  ^^  But,  by  the  fecond  corollary  of 
the  foregoing  propofition,  art.  81,  the^fum  of  all  the  terras 
of  the  faid  fifth  vertical  column  (the  number  of  which« 
including  thefour  cyphers  at  the  beginning  of  it,  is  n)  is 

—  ^x  <r— I  X  «  — 2  X  «—3  y  »^4 !>*  — 10^^+  BS*'^  — ^o««+  ^4* 

■^  2x3x4x7"  120 

Ther€ft)re  the  fum  of  all  the  n  fucceffive  values  of  the  fradion 

24  X20  • 

or,    according   to    our    former   notation. 


S  f^*"  tojr*4'  u^y^y— 5o<cTT4     ...  ,      _  «<  — to<f*+3$g»^^oiiri>+24n 
t  24  "^  120  • 

Buts.GEIE±IEEE±f4  is  =  s.^  -  s.i^  + 

»4  34  «4  H        «4  *4 


xS.Aw  —  i-xS*-fS.  1  =iS. X 

24  34       24 


4         *  ^  4 


+  21  X 


3  ■*-  »  +  6  -^x|-r  +  7  +  »  =  S'74^ 
g6         48         96  "^    7«  '*'   48   "*"  144      IT  ■"  "i;?  +  * 

.       *  «4  ""   48         "H4  96  »44  '*'    96  >44        9* 

/^o«    ,    '44"    __    e     il  _  5?;!    1    4£?f  _  40«<    ,    J9« 

144  "*"    144    —       •   »4         48  "**    <44  "~    96    "*"  144' 

»  A  There- 


/ 


178  A  TranJlaiioH  of  the  f(^egoing  EKtraltfrom 

J4  48    '      144  96     »     144 

,»-lo.4^^3y»^^,o.,^^>4,^    ^d  confcquently  (adding  i^  + 

12^  to  both  fides)  we  (hall  have  S .  —  +  -12^  +  ^2JL 

96  ^  J4     »44     »44 

«»-.xoj»*+35fl»  — 50i»«  +  i4«    5«*    40Jf«  _  ««    «♦  ,  7«« 
^  lao  48    96    120    u    24 

■^  la  """  s    4^    "    **^    48  "*"  24    11  ''"  7 
J44    144  "^  "O    4^    ^44     7^0    144    720  "*■  110 

+  T  +  777  —  ztO  —  771  +  7q  H ;   and  conle- 

'148       144      720'        120  •   48       71       720 

quently  S .  x^  will  be  (=  24  X  ^  +  24  x  ^  +  24  X  ^ 

—  24  X  — )  =  !L  -I-  L  +  ! i;  or  the  fum  of  the  n 

fucceffive  values  of  ;ir*,  or  of  the  fevcral  fourth  powert  of 
the  neural  numbers  i,  2,  3,  4,  5,  6,  7,  8,  9,  10,  11,  &c, 

4fS  4V^  ff^  M 

contioued  to  »,  will  be  =  —  +  —  + .      a.  b.  i, 

S        »        3       30 

Thus,  for  example,  if  «  is  =   I2,  we  (hall  have  »*  « 
1728,  and  «♦  =:  20,736,  and  »*(=:»*  x  »  =  20*736  X 

12)  =  248,832,  and  confcqucndy  -  =  l^^^  and  - 
(=i^  =  ,0,36a,  andf  (=,  i^)'576,  a,!di^^  (=  ii) 
=.J.,and^  +  4  +  ^-i(=il«^'  +  xo,368  + 

576  —  y  =  '4Hl^  +  10,368  +  576  =  49,766  +  10,368 

+  576)  =  60,710,    Therefore  the  fum  of  the  twelve  num- 
bers 
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bers  i»  i6|  819  256^  625,  1296,  2401,  40^6^  656I5  loooo, 
I464i»  and  20^736,  (which  arc  the  fourth  powers  of  the  fird 
twelve  natural  numbers  i,  2,  3,  4,  5,  6,  7,  8,  9,  10,  11, 
and  12),  will  be  =:  60,710.  And  fo  we  Ihall  find  the  faid 
fum  to  be,  if  we  actually  add  up  together  the  faid  twelve 
numbers,  or  fourth  powers  of  the  firft  twelve  natural  num* 
bers  %  which  may  be  done  as  follows. 

I 

i6 

Si 

256 

625 

1,296 

a,4oi 

4,096 

6,561 

10,000* 

*4>64i 
20,736 


6oj7Io» 


1404  The  foregoing  examples  are,  I  prefumc,  fufflcient 
to  Ihew  how  the  Ibms  of  the  feVeral  powers  of  the  natural 
numbers  i,  2|  3,  4,  5,  6,  7,  8,  9^  io>  1 1,  &c,  continued  to 
any  number  »,  may  be  deduced  from  the  fums  of  the  feve- 
ral  correfponding  orders  of  figurate  numbers  contained  in 
the  foregoing  tabic  of  combinations.  I  (hall  not  therefore 
add  the  inveftigations  of  the  fums  of  any  higher  powers  of 
the  numbers  i,  2,  3,  4,  5,  6,  7,  8,  9,  10,  11,  &c^  than  the 
foregoing  ones»  but  (liall  only  fet  down  the  refults  of  the  like 
inveftigations  which  I  have  made  for  my  own  fatisfadtion 
with  refpeft  to  the  fums  of  the  fix  next  higher  powers  of 
thofe  numbers,  to  wit,  the  fifth  powers,  the  fixih  powers, 
the  feventh  powers,  the  eighth  powers,  the  ninth  powers, 
and  the  tenth  powers  of  them.    Thefe  refults  are  as  follows. 

a  A  2  The 


iBz         A  Trafffiaim  of  thifi^eg6lng  KKtraafrm 


And  for  the  fiim  of  the  fixth 
powers  of  the  firfl:  twelve  natural  numbers,  i,  2,  3,  4,  5, 
^)  7)  8>  9>  109  II,  and  12,  (which  powers  are  1;  64; 
729;  4,096;  15,625;  46,656;  117,649;  262,144;  53t, 
441;  1,000,000;    1,771,561  ;   and  2,985,984),    we  (hall 

have  -  +  -  +  ~  - -g  + -,  or  —  4- -7- +  -  - -^ -»- 

la     ^    i7)^x  \2    .    ]}\*  J    i3! iH'  J.  iL  —    ^»9^?t9^4  X  12 

4a'    -         7        ■*"     2'  "^     a  6     +    7    "  7 

^  ^985^984  ^  148^  _  i^  +  2  ::::  ?y>^3i>8o8  ^  ^^^^^^^^^ 

+  124,416  —  288  +  y  =  ^-'^^''^'^  +  1,492,99a  +  124, 
416  —  288  =  5,118,830  +  1,492,992  +  124,416  •—  288 

=  5,118,830  +  1,492,99a  +.  124,128)  =  6,735,950.  And 
fo  we  (hall  find  the  faid  fum  to  be,  if  we  add  up  together 
the  faid  twelve  numbers,  or  fixth  powers  of  the  firft  twelve 
natural  numbers  i,  2,  3,  4,  5,  6,  7,  8,  9,  10,  11,  and  \z. 
This  addition  will  be  as  follows. 

X 

64 

4,096 

46,656 
117,649 
262,144 

531.441 
1 ,000,000 
1,771,561 
2,985,984 

6>73S»95o- 

And 
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And  for  the  fum  of  the  feventh 
powers  of  the  firft  twelve  natural  numbers  i,  2,  3,  4,  5,  6, 
),  8,  9,  10,  II,  and  12,  (which  powers  are  i  ;  iz8  ;  2,187  ; 
16,384;  78,125;  279,936;  823,543;  2,097,152;  4,782, 
969;   10,000,000;  19,487,171;  and  35,831,808),  we  fhall 

,    '      «•.«',     7«*         7«*    ,     nn  Til*    .     H^    ,     ixTzfi 

have^  +  -  +  H--!^  +  1I»  Of  T  +  -T+  -rr  - 
zzi^'  +J^  +  7x1^'  —  ^-  +  12  =3x11^.828 

.    ^(,811,808     .  o   o  7X1728        , 

+  ^^"7^— +  7  X  448>83i  —  ^-T"     +    12   =   3    X 

17,915,904  +  17,915,904  +   1, 741.824  —  7  X  864  +   12 

=  4  X  17,915,904  +  i,74»,824  —  6048  +  12  = 
71,663,616  4-  1,741,824—  6048  +  12  —  73,405,452  — 
6048)  =  73,399,404.  And  fo  wc  fliall  find  the  laid  fuiii 
to  be,  if  we  add  up  together  the  faid  twelve  numbers,  or 
feventh  powers  of  the  firft  twelve  natural  numbers  1,  2,  3, 
4>  5>  (>>  '7>  8,  g,  10,  ii>  and  12.  This  addition  will  be 
as  follows. 

I 

128 

2,187 

16,384 

78,125 

279.936 

823.543 

2,097,152 

4,782,969 
1 0,000,000 
»9,4S7,i7i 
35,831,803 

73.399»404' 

And 


i&^  A  Tranjlaticn  of  ibefiregomg  Exttaafrom 


And  for  the  fum  of  the  eighth 
powers  of  the  firft  twelve  natural  numbers  i,  2,  3,  4,  5,  6, 
7,  8,  9,  10,  II,  and  12,  (which  powers  are  i ;  256;  6,561 ; 
65*536;  590,625;  1,679,616;  5,764,801;  16,777,216  i 
43,046,721;  100,000,000;  214,358,881;  and  429,981,6^6) 

we  Ihall  have  —  +  —4. —  + »  or  —  + 

9*3  «S  9  30  9 

*  3       ""^5  9  30  ^"~        2^* 

irxTH^ yxTI)^         ix  n»  ^^  J[^  ^  4xT2\'        H^^        ixTI^^ 

3    '  <5  ,9  5    *"       3  *  3 

—  7^^^  4,  *X'7^^ £_  _  4x4.29,981,696    ,    419,981,60 

'5  9  S  "■  3  « 

ix^S>^P>8o8 7X346>83»    .    34£6  _  J^  _  1,719,926,784     . 

3  »f  9  5    "  3 

^.  . Q.Q    ,    7'>66^6^6        1,741,824     ,       p  .2     _ 

214,990,545  + ■  ^,     ■     +    384 —    = 

573*308,928  +  2x4,990,84s  +  23,887,872  —  i?~^  + 

384  -  y  =  812,188,032  r-  ^^^^  =  812,188,032  — 

116,12  )  =:  8x2,071, 910,  And  fo  we  (hall  find  the  faid 
lian  to  b^,  if  we  add  up  together  the  faid  twelve  numbers, 
or  eighth  powers  of  the  firft  twelve  natural  numbers  x,  2, 
3,  4,  5,  6,  7,  8,  9,  10^  IX,  and  12.  This  addiiion  will 
be  as  folio >A  3. 
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X 

6,561 

65*536 

390,625 

1*679^616 

5,764,801 

16,777,216 

43*046,72 1 

100,000,000 

2i4»358,88i 

429,981,696 


812,071,910 


m 


And  for  the  fum  of  the  ninth 
powers  of  the  firft  twelve  natural  numbers  i,  2,  3,  4,  5,  6, 
7,  8,  9,  10,  1 1  and  12,  (which  powers  are  i ;  512  ;  19,683 ; 
262,144;  1,953*1^5  >  10,077,696;  40,353*607;  134,217, 
7-8;  387,420,489;  1,000,000,000;  2,357,947,691;  and 

5,159*780,352?)  we  (hall  have  ^+^  +  2j!-^2lV^ 

_.  — ,  or +  -^  +  — •+  —  — 

20'  10  2      '         4  10  %  aq 

'"^     10      "^   2  4  10     "*"  2  29 

12x^159,780,3?^    .    5»tS9t78o>35>    I    3  X 4^9*98 »>6q6  _^ 


z: 


10  2  4 

[5,984      30,736 ^^  3x144  _  61,91 7, $( 
10  '       2    "^     20  10 


7x2,985,984      30,736       3x144  _  61,917,364,124  . 

tS +  ~I IT i^ +  ^>579>»90i 

176  4.  ^^89,94?,o88         20,901,888         ^^     gg  _  3x71    _ 
'4  10  ^^'  10      "* 

'2jS11^11^  +  a,579>890,i76  +  3«,48M72 -^^^ 
+  xo,368  -^^  =  £li2!2:^^li2H  -  !2i9^  +  ,,575,890, 

2  B  176 


x86  A  Tranflaticn  of  tb^  foregoing  ExtraSlfrom 

176  +  322,486,272  +  10,368   =  ^^-^96>46^T.o  ^   ^^^^^^ 

386,816  =  6,189,646,212  +  2,902,386,816)  =  9,092, 
033,028,  And  fo  we  (haU  find  the  faid  fiim  to  be,  if  wo 
add  lip  together  the  faid  twelve  numbers,  or  ninth  powers 
of  the  firft  twelve  natural  numbers  i,  2,  3,  4,  5,  6,  7,  8,  j, 
10,  II,  aad  12.    This  addition  will  be  as  follows: 

I 

19,683 
262,144 

10,077,696 

40,353*607 

134,217,728 

387,420,489 

1,000,000,000    ' 

?»357i947»69^ 
5>^59>78o,35^ 

9,092,033,028- 


And  for  the  fum  of  the  tenth 
powers  of  the  firft  twelve  natural  numbers,  1,  2,  3,  4,  5,  6, 
7,  8,  9,  10,  II  and  12,  (which  powers  are  i;  1,024; 
59,049;  1,048,576;  9,765,625;  60,466,176;  282,475, 
249  ;     1,073,741*824 ;    3,486,784,401 ;    10,000,000,000 ; 

25,937,424,601  i  and  61,917,364,224),  we  fhall  have  ^  + 

_  ,71-  +  TH-  -- ?  + 1^-  (=  li^  +  BlV^* 

—  ill*  +  m*  —  3!  4.  12  =:  '^^^^>9^7.3^4>iH     . 

6T,Qi7,364,2i4 

w         ■  '■"■  ^ 

2 
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6.,9.?.^^64.«4  ^  5X^.i5y8o.?y«  ^  35^831,808  +  248,83a 
^  ^  +  ;-^  ±:  743.008.370.688  ^    30,958,682,112  +   5    X 

859.963  »3  94  —  35.83^808  +  248,832  —  864  +  ^  = 
»43>oo8.^^7o.6^8    ^    30,9^8,682,112    +     4.299.816,960    - 

35,831,808  +  248,832  -  864  =  67,546,215,518  + 
30,958,682,112  +  4.299.816,960  —  35,831,808  +  248, 
832  —  864   =    102,804,963,422    —  35,832,672)     =     102, 

769,130,750.  And  fo  we  fliall  find  the  (aid  fum  to  be,  if 
We  add  up  together  the  faid  twelve  numbers,  or  tenth 
powers  of  the  firft  twelve  natural  numbers,  i,  2,  3,  4,  5, 
6>  7>  8,  9,  10,  II,  and  12.  This  addition  will  beasfoU 
lows: 

t 
1,014 

59.«549 
1,048,576 

9.765.625 
60,466,176 

282,475,249 

Sv.  t.073.741.824 

3,486,784,401 

10,000,000,000 

*5>937.424.6oi 
61,917,364,224 


102,769,130,750. 


141.  If  the  foregoing  expreflions  of  the  values  of  the  fums 
of  thefe  feveral  fets  of  powers  of  the  natural  numbers  i,  2, 
3,  4,  5,  6,  7,  8,  9,  10,  II,  &c,  continued  to  »,  be  fee  down 
one  under  the  other  in  a  regular  table,  the  faid  table  will  be 
as  follows : 

2  B  2  A  TaiU 


iS&  A  Tranflation  of  the  foregoing  ExtraS  from 

A  Table  of  tb£  values  of  the /urns  of  the  natural  numbers  i,  2^ 
J-  4>  5>  6,  7,  8,  9,  10,  II,  (ffcy  continued  to  n  terms,  and 
of  the  fquaresi  ^*^  ^*^  cubes^  aiid  the  fourth  powers ,  and 
other  following  powers  of  the  faid  numbers ,  as  far  as  the 
tenth  powersy  inclujhilj. 


The  fum  of  the  firft  n  terms  of  the  faid  ferics  of  natural 
numbers  is  equal  to 


nn     .      n 

The  fum  of  the  fquares  of  the  faid  n  terms  Is 

-  Y  +  —  +  J- 

The  fum  of  the  cubes  of  the  faid  n  terms  i^ 
The  fum  of  the  fourth  powers  of  the  faid  n  terms  is 
The  fum  of  the  fifth  powers  of  the  faid  n  terms  is 

=   -—+ }-^».J . 

6  *      2      '     12  12 

The  fum  of  the  fixth  powers  of  the  faid  n  terms  is 

7  a      '      2  6         '42 

The  fum  of  the  feventh  powers  of  the  faid  n  terms  is 

The  fum  of  the  eighth  powers  of  the  faid  n  terms  is 

9  ^3  »5  9  30 

The  fum  of  the  ninth  powers  of  the  (aid  n  terms  \% 
:::!ll4.^  +  3i\_7fi!».j^»_3^^ 
lo-  2^4  10  2  20* 

And  the  fum  of  the  tenth  powers  of  the  faid  n  terms  is 


n 


"         2!!^S^»_«»*a.«s,_«i..5« 
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^Ji>e  la'ix)  of  the  generation^  or  derivations  of  the  terms  of  the 
Jeveral  expr^onsjet  down  in  the  foregoing  taHe^  one  from  the 
other. 


142.  By  an  attentive  confzderation  of  the  foregoing  tabic 
we  may  difcover  the  law  by  which  the  terms  of  the  feverai 
expreffions  of  which  it  confifts,  may  be  derived  one  froni 
the  other  ;  after  which  we  (hall  be  able  to  continue  the  faid 
table  to  the  fums  of  the  eleventh  and  twelfth  and  other 
higher  powers  of  the  numbers  i,  2,  3,  4,  5,  6,  &c,  without 
entering  into  the  long  trains  of  reafoning  and  making  the 
laborious  fubftitutions  of  the  fums  already  known  irf  the  ex- 
preflion  of  the  value  of  the  new  fum^  which  have  been  ufed 
in  obtaining  the  foregoing  fums.  This  law  will  be  found  td 
be  as  follows. 

Let  the  natural  numbers  1,2,  5,  4,  5,  6,  7,-  8,  9,  10,  tt^ 
&c,  be  fuppofed  to  be  continued  to  any  number  n;  and  let 
it  be  required  to  find  the  fum  of  the  rth  powers  of  the  faid 

n.  terms,  or  the  value  of  the  feries  "il^  +    2!*^  +  "3)*^  +  4!^ 

+  5^'  +  l^'  +  7r  +  "8]^  +  ^^  +  i"^"  +  ril'+&c,coA- 

tinuedto»f.     Let  the  capital  letters  A,  B,  C,  D,  &c,  be 

put  for  the^  co-efficients  of  the  laft  terms  of  the  fums  of  the 
iijuares,  and  the  fourth  powers,  and  the  fixth  powers,  and 
the  eighth  powers,  and  the  other  following  even  powers  of 
the  numben  i,  2,  3,  4,  5,  6,  7,  8,  9,  10,  11,  &c,  al- 
ready computed,  with  the  fame  figns  +  or  —  prefixed  to 
them,  as  are  prefixed  to  the  faid  laft  terms,  of  which  they 
are  the  co-efficients.  Thus,  becaufe  the  laft  term  of  the 
fum  of  the  fquarcs  of  the  numbers  i,  2,  3,  4,  5,  6,  7,  85c, 

n  +  J-,  or  +  -g*  X  ;y,  A  will  be  =   -|-  -^  ;  and,  becaufe 

the 
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the  laft  term  of  the  fum  of  the  fourth  powers  of  the  faid 

toumbcrs  is  —  — ,  or-— —   X  i^,  B  will  be  = ;  ahd^ 

becaufe  the  laft  term  of  ihe  fum  of  the  iixth  powers  of  the 

faid  numbers  is  +  — ,  or  +  —  X  /r,  C  will  be  =  +  --7 ; 

and>  becaufe  the  laft  term  of  the  fum  of  the  eighth  powers 

of  the  faid  ilumbers  is  —  — ,  or  —  —  X  »,   D  will  be  ±t 

30  30 

«^-^;  and,  becaufe  the  laft  term  of  the  fum  of  the  tenth 
Jjowers  of  the  faid  numbers  ^s  +  -gg,  or  +  ^  X  »,  E  ^ill 
be  —  +  •^.  Thefe  being  the  feveral  values  of  the  capital 
letters  A,  B,  C,   D,  E,  &c,   the   fcries    1^  +  2!^  +  3^ 

&c,  +'»r  will  be  equal  to  the  feries-^  x  n        +  -i— ^ 

•^     2x3x4x5x6 

rxnTx^^^Xf~x7I7xc--^xc->6    T)J-f 
^       2x3x4x5x6x7x8        ^ 

.    f Xf  iXc— 2XC  — 3Xc«>4Xc  — 5Xg«-6Xtf--7Xc^8  p    r— ^ 

,***  2.  3.  4.5.  6,7.  8.   9.   10  X     tsH 

4-  &c ;  in  which  the  indexes  of  the  powers  of  n,  after  the 
third  term -^  X  An^\  decreafc  continually  by  2,  till  wc 

come  at  laft  to  n  or  »»,  and  the  co-efficients  of  An'^^g 

B/-3^  C/-5^  D«'^^E»'•"^   &c,  are  formed  by  the 

continual 
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continual  multiplication  of  i  into  the  fradions  -^^  ^^  >< 

&c,  riU  »e  co,„.  to  i^EI  X  ^,  or  '^'  X  i=^.  or 

^  X  ~;^,  w  ~j  X  ;^,  which  will  be  =  o.    And  tbu$ 

we  fliall  determine  the  powers  of  n  in  all  the  terms  of  the 
faid  feries,  and  alfo  thg  co-efficients  of  the  faid  powers  of  n 
in  all  the  terms  of  the  faid  feries^  except  the  lad  term.  And 
this  lad  co-efficient  may  be  derived  from  the  co-efficients  of 
the  preceeding  terms,  by  an  eafy  addition  or  fubtraAion^ 
being  always  the  quantity  which  is  neceflary  to  be  added  to^ 
or  fubtraded  from,  the  refult  ci  all  the  preceeding  co-effi- 
cients,   in  order  to  niake  fuch  refult  become  equal  to   i« 

Thus,  in  the  firft  fum  in  the  foregoing  table,  to  wit,  —  +  *, 

the  co-efficient  of  the  laft  term  ^  is  ~,  which  is  the  quan-* 

tity  which  muft  h^  added  to  — ,  the.co-^fficiqnt  of  the  firft 

term  ^,  in  order  to  make  it  equal  tQ  i ;  and,  in  thefecond 

fum,  —  + h  -5-,  the  qo-efficient  of  the  laft  term  i  is  |, 

which  is  the  quantity  that  muft  be  added  to  -i-  +  — ,  or  the 

fum  of  the  coefficients  of  the  firft  apd  fecond  terms,  — ^^  + 

— ,  in  order  to  make  it  equal  to  i }  and  in  the  third  funi, 

—  +  —  +—,  the  co-efficient  of  the  laft  term  is  —,  which 
4*4  4 

is  the  quantity  that  muft  be  added  to  ~  +  — »  or  the  fum  of 

the  co-efficients  of  the  firft  and  fecond  terms,  —  +  — ,  in 

order 
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order  to  make  it  equal  to  i ;  and  in  the  fourth  fum, h 

—  +  — ^,  the  co-efficient  of  the  laft  term  is—,  which 

is  the  quantity  which  muft  be  fubtra6led  from    -  +  i  4.-!^ 

or  the  fum  of  the  co-efficients  of  the  three  firft  terms  —  + 

S 

\-  — ,  in  order  to  make  it  equal  to  i.     And  the  fame 

thing  is  true  with  refpeft  to  the  co-efficients  of  the  li^ft  terms 
of  all  the  following  fums  * ;  and  confequemly  the  faid  co- 
efficients, and  the  figns  +  or  — ,  to  be  prefixed  to  them, 
may  always  be  determined,  by  means  of  the  coreffici^nts  of 
the  prcceeding  terms  of  the  fums  to  which  they  belong. 

And  thus  all  the  terms  of  the  feries  -i-  X  ^^^^  +  -  X  n 

2  a  3  4  a  3 

•  And  hence  it  will  appear  that  the  co-cfficicnt  of  the  laft  term  of  the 
expreifion  that  is  equal  to  the  fata  of  the  ninth  powers  of  the  natural  num^ 
bers  I,  2,  3t  4,  5^  6,  7,  8,  9,  10,  11,  &c,  continued  to  «,  mud  be  — 

— ,  aiid  not ;  agreeably  to  what  was  obfcrved  above  in  the  note  at  the 

20  12 

bottom  of  page  180.   For,  as  the  fevcral  terms  of  that  expreffion  prcceeding^ 

the  laft  term  are  — + h •^—  H ,  of  which  the  co-emcients  are 

10       2         4  10        2 

—  4.  -.+^ -1-4 ,  which  are  =  —  4-  -  +  -: 1  +  -   or 

IQ        2        4       10       a  20       20       20       20       20 

—  H »  or  —  ,  or  —  +  -^,  or  1  +  —  (from  which  it  is  neccflary  to 

29       20        20         2f)        ^o  20  ^  ^ 

fubtrad  tlje  fraftion  —  in  order  to  make  it  become  equal  to  1),  it  foQowc, 

according  to  the  rule  here  laid-  down  by  the  author,  that  the  co-efficient  of 

the  laft  term  of  the  faid  expreffion  muft  be  ^  — ,  and  confeqnentty  that  the 

,   Uft  term  of  ihc  faid  expnefiSon  muft  be  —  -i^. 

'^  20  Q.   K.  D, 
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xi=ix£^x^xDi.'-'  +  ^x^x'-=i  X 
'-f  x^*x^x^x^'x'-^«xE,'-'+&c, 

may  be  determined,  and  confequently  the  value  of  the  feries 

+  To|^  +  TTj'  +  &c  +lif  (to  which  the  faid  feries  is  equal) 
may  be  affigned,  without  the  help  of  the  long  reafonings 
and  laborious  fubftitutions  that  were  employed  for  this  purr 
pofe  in  rhe  foKjegoing  articles.  The  method  of  doing  thia 
ivill  appear  more  clearly  from  the  following  examplp. 


^n  example  of  the  computation  of  the  etffpreffion  that  is  equgil  to 
ibejum  of  certain  powers  of  the  natural  numbers  i,  2,  3,  4^ 
5,  6,  7,  ^Cy  contifiued  to  liy  by  means  of  the  foregoing  feries^ 


143.  As  an  example  to  the  foregoing  feries,  let  it  be  re- 

quired  to  fipd  the  value  of  the  feries  j )    +  $]    +3]     + 

4^+11     +6)     +71    +8|     +9I    +10)    +11I    +&C 

+  w)  ,  or  the  fum  of  the  loth  powers  of  the  feveral  na- 
tural numbers  i,  2,  3,  4,  5,  6,  7,  8,  9,  |o,  11,  &c,  con- 
tinued to  n  terms ;  which  fum,  as  fct  down  in  the  forego- 

jng  table,  ,s=-+-  +  ^-«'  +  „»-_  +  L. 

In  thii  caf?  the  index  c'xs—  lo,  and  confequently  r  +  i 
n  =  II,  and  ^  — i  is  =  9,  and  f— .2,  f  — 3,  c — 4,  f— 5, 

*  C  r— 6, 
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4»-^6,  r-r-7,  r— 8,  r  — 9,  and  r— loarc,  refpcftively^ 
equal  to  8,  7,  6,  5,  4,  3,  2,  i,  wd  o.  We  (hall  ilwrq^ 
fore  have 

andi^xi5i(=|.x{  =  3X2)z:6, 


and 


^-^3 


x^(=4x^)=4. 


Therefore    the   ferics    -1-  x  »'"*"*  +  -  x  «'  +  -  X 


A» 


C-rl 


+  £x^^x  'j:ixB»'-3  +  4.xl::i  x  ^* 


x^  y 


6 


xc/--s  +  ^x^xi=^x^x^.^ 


X  ini  X  i;ii  X  D»^ 

o 


.^-5r+i.x'-=ix^xi::-'xi=i 

2  4  4.  C  6 


7  »  2  3  4  5 

xlZix'-=^X^x'-=;^X  E«^-9  will  be  «  ^  X  »«« 
7  S  9  10  II  ' 

+  J  X  «»*>  +  5  X  A»»  +  5X6xB»*  +5x6xX 
xC«»-f-5X6x-lx  4-xD»»  +  5X6x.2.  x  -^X 
ix  £»  =  — +  Y+5  A«'  +  3oBa»  +4aC«»  +  4^ 
x4  X  D)^  +  4^  X  4  X  f.  X  E»  =:^;  +  'f  +  5  A»! 
+  3oB»»  +  4aC»»  +  i5D«»  +Ei?  =  2^  +  ^  +  5X 
+  1  X»9  +  3oX*-^Xi>V-t-4»X  +±  x«f»+  t| 
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^  'En-y  oi  which  exprdfion  all  the  cermd>  except  the  laft 
term  £  »,  are  known  quantities.  And  this  lad  term  £  n  may 
be  found  in  the  following  manner*    The  co-efiicients  of  all 

the  preceeding  terms  ^^^  \+  ^^-^   -^   i   +   x  '-^  -j-j 

which  arc  equal  to  i  +  I  =  ^  +  g  =t:  |g;   to  which  it 

is  lieceflary  to  add  ^,  in  order  to  tnakc  the  refulteqtfal  to  !• 
'Therefore  E,  or  the  co^efficient  of  the  laft  term  £*,  will  be 
t=  4-  -^ ;  and  confequently  the  compleat  value  of  the  fore- 
going feries  in  this  cafe  of  the  loth  pdwers  of  i^  2>  2f  4»  5> 
6>  7>  8i  9,  lOj  II,  ficc,  continued  to  n  terms^  will  be  —  + 


^+^*-.»^  +  «'—  -  +  !?;   which  is  the  value  fet 

^  6  %         bo 

down  for  the  fum  of  the  faid  loth  powers  in  the  foregoing 
table.  * 


a  C  A  j/mmetUsl 
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A  numerical  example  of  the  ((imputation  of  the  fum  of  the  tenth 
fowers  of  the  natural  numbers  i|  2,  3,  4,  5<  6,  7,  8,  9, 
10,  II,  6?^,  continued  to  looo^  by  medns  of  the  foregoing 
enprefion^ 


144.   If  n  is  ==  1000^  we  (hall  have 

n'  (=1^') 
=:  looojooo^oooy 
ftnd  n'  (=  iooclO 

S:  1000,000>000,000,000| 

and  »*  (=  loool^) 

=  1000,000,000,000^000,000,000, 

and  »•  {=  loocl') 

=  1 000,000,000,000,000,000,000,000,000, 

and  »"•  (rr  1^'^)   . 

=  1 000,000, OOO,000,O00,00O,OOO,00O,O0O,OOO| 

and  »"  (=  1000]") 

r:  1 000,000,000,000,000,000,000,000,000,000,000, 

and  confequendy 

**  - ICOO,OO0,OOO,OO0,O00«O0O,0OO,OOO,OQ0,O0O,O0O^  _^ 

II  ^"^1  II  ^  "* 

90,909,090,909,090,909,090,909,090,909,090, 

,  «"  ,    I000,000,000,000,000,000,000,000,000,000v  

and  —  (= ' )  — 

500,000,000,000,000,000,000,000,000,000, 

and  ^  (=  -T^X  1000,000,000,000,000,000,000,000,000, 
^^  ;ooo,9go,ooo,ooo,ooo,ooo,ooo,ooo,ooo  ^  ^^ 

~         -^         ;  — 

833,333,333,333,333^333>333»333*333-333>333>  &^- 

J  «'  ,      1000,000,000 

and  —  (z:  — ^^-^ —  =  500,000,0001 

and 
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J     C«   ,         5  X 1000  COOOx  o 

*"''^  6  ^=  ^-66-  =  V^  =  75'757>575»  &c; 
and  —  +  —  +7: «^  +  »* +  4z 

90,909,090,909,090,909,090,909,090,909,090.909,090,  See 
+  500,000,000,000*000,000,600,000,000,000.000,000, 

+  833»333t333>333»333»333>333.333»333-333.333»  &c 
—  1 ,000,000,000,000,000,000,000.000,000, 
+  1,000,000,000,000,000.000,000, 
•  —  500,000,000.000,000, 

J-/  91,409,924,242,424,243,424,242,424,242,499.999,998,  &c 
*"  \  —  r,ooo,ooo,ooo,ooo,  500,000,000.000,000/^ 

=  91,409,924,241,424,243,424,241,924,242,499.999,998, 
or  91,409,924,241,424,243,424,241,924,242,50a 

Therefore  the  fum  of  all  the  tenth  powers  of  the  firft  thou- 
fand  natural  numbers  i,  2,  3^  4,  5,  6,  y,  8,  9^  10,  11,  &c, 

^  .  •  •  1000,  is  9i,409>9^4>24i>+24,243,424,24i,924,24a, 
500,  or  more  than  91  quintillions,  or  91  times  the  fiifth 
power  of  a  million. 

145.  I  cannot  but  obferve  on  this  occafion,  that  the  learn* 
cd  I/mael  Bullialdus,  or  Bouillaudy  has  been  rather  unfortu- 
nate in  his  manner  of  treating  this  fubjedt,  in  his  Treatife  on 
the  Arithmetick  of  Infinites  *  j  fince  the  whole  of  the  folio 
volume  which  he  has  written  upon  it  does  nothing  more  than 
enable  us  to  find  the  fums  of  the  firft  fix  powers  of  the  na- 
tural numbers  i,  2,  3,  4,  5,  6,  7,  &c,  continued  to  any  given 
number  n ;  which  is  only  a  part  of  what  we  have  here  ac- 
complifhed  in  the  compafs  of  a  dozen  pages. 

*  See  an  account  of  th»  book  of  Moofieur  Bouillattd  in  Dr.  Wallis't  Al- 
gebra, chapter  hax.  pagea  3x0,  311. 


Acm^ 
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A  computation  ^f  all  the  other  expr^ons  gvtien  above  in  the  T.abk 

Jet  down  in  iirt.  141,  page  188,  for  the  values  of  tbefum4 

cf  the  powers  of  the  natural  numbers  i,  2,  3,  4,  5,  6,  7,  8, 

9,,  10,  II,  12,  &f^,  continued  to  the  number  n,  by  means  of 

the  foregoing  general  feries  -^  x  »        +  -^  X  u^  -f- 

i      ^X3X4        ^ 

^  i 

'  2 X3X4X5X6X7X8 


r    ,      fXf— I   Xf— iXf- 

-$x 

c-4 

X 

c/^ 

»}.    ...  . 

2x3x4x5 

x6 

fXf— 

I  Xf--2Xf-3 

xc- 

■4Xf= 

-s 

xc-6 

f**lXc— 2Xc^3Xc— 4Xc-*s  Xg— 6xc^7Xg— 8 


cXc**lXc— 2Xc^3Xc— 4Xc-*5  Xg— 6xc;^7Xg— g  p    c-*-j| 

2x3x4x5x6x7x8x9x10  " 


146.  If  the  foregoing  feries  be  applied  in  the  (acne  ttxM* 
tier  to  the  cotnputanon  of  the  fums  of  the  preceeding  powers 
of  the  natural  numbers  i,  2,  3,  4,  5,  6,  7,  8,  9,  loj  11,  i2i 
Skc,  continued  to  the  number  n,  as  it  has  here  been  applied 
to  the  computation  of  the  fum  of  their  tenth  powers^  it  will 
be  found  to  produce  the  feveral  expreflions  fct  down  abov^ 
in  the  table  in  art.  141,  for  the  values  of  the  fums  of  thofe 
powers ;  to  wit,  for  the  value  of  the  fum  of  the  firft,  or 
fimple,  powers  of  the  faid  natural  numbers,  continued  to 
the  number!/,  or  for  the  fum  of  the  (aid  natural  numbejn 
themfelves,  continued  to  the  number  n^  the  expreffioi) 


tin  M 


And  for  the  fiim  of  the  fquares  of  the  faid  n  terms  th« 
ezpreifion 


hB 


.     nn    t     n 
3    +T+6' 


Afld 
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And  for  the  fum  of  the  cubes  of  the  faid  n  terms  the 
expreflion 

T  +  -+4* 

And  for  the  fum  of  the  fourth  power$  of  the  faid  n  termi 
the  expreflion 

T  +  T-  +  T  — i3' 

And  for  the  fum  of  the  fifth  powers  of  the  faid  n  terms 
{he  expreflion 

And  for  the  fum  of  the  fixth  powers  of  the  faid  n  terms 
.(he  expreflion 

And  for  the  fum  of  the  feventh  powers  of  the  faid  n  terms 
(he  expreflion 

8  +    a    +   12  ;,4      +  12* 

And  for  the  fum  of  the  eighth  powers  of  the  faid,»  terms 
the  expreflion 

9  ^  I  ^S  9  30 

And  for  the  fum  of  the  ninth  powers  of  the  faid  n  terms 
the  expreflion 

10  2     "^     4  xo        •      a  ao 

^    This  may  be  done  in  (he  manner  following. 

In  applying  this  feries  to  the  firft  cafe,  or  the  fum  of  the 
firft,  or  limply,  powers  of  the  natural  numbers  i,  2,  3,  4, 
5>  6,  7,  8,  9,  1O9  II,  19,  &c,  continued  to  »,  or  to  the  fum 
of  the  faid  natural  numbers  themfelves,  it  is  evident  that  we 
mv^ft  compute  ofily  the  two  firft  terms  of  thp  laid  feries^ 


*oa         J  franflatkn  of  ibe  foregbing  EpctraS  from  ^ 

fo  wit,   the  terms  — ?—  X  n     '  ^nd  ^  X  n  ;    becaufe    the 

following  terms  involve  in  them  the  numbers  A,  B,  C,  D,  E, 
&c,  which  are  derived  from  the  values  of  the  fums  of  the 
fquares,  and  the  fourth  powers,  and  the  fixfh  powers,  ^nd 
the  eighth  powers,  and  the  tench  powers,  and  the  other  fol- 
lowing  even  powers  of  the  faid  natural  numbers,  with  which 
feversd  fums  we  have  as  yet  nothing  to  do. 

Now,  becaufe  c  is  in  this  cafe  zz  i,  the  two  firft  terms 

~  X  n        +  ^  X  n    of  the  foregoing  ferics  will  be  =:: 

Therefore  the  fum  of  the  firft,-  or  fimple,  powers  of  the  na* 
tuftil  numbers  i,  2,  3,  4,  5,  6,  7,  8,  9,  10,  11,  12,  &c, 
continued  to  »,  or  the  futn  of  the  faid  natui:^!  numbers  them^ 

fclvesj  will  be   =  —  +  — .         o.  e.  x» 

z  z  ^' 

Secondly,  When  ^  is  =  2,  and  the  fum  of  the  fquares  of 
the  faid  natural  numbers  is  to  be  inveftigated  by  means  of 
the  foregoing  feries,  we  muft  compute  only  the  three  firft 

terms  of  the  faid  feries,  to  wit,  the  terms  —?—  X  ^^ 

+  —  Xn+—  XA  n^  \    becaufe  the  following   terms 

involve  in  them  the  numbers  B,  C,  D,  E,  &c,  which  re- 
late to  the  fums  of  the  fourth,  and  the  fixth,  and  the  eighth, 
and  the  tenthj  and  the  other  following  even  powers  of  the 
faid  natural  numbers^  with  which  fums  we  have  as  yet  no<< 
thing  to  do. 

Now,  when  r  is  =  2,  the  three  terms  — ^  X  n^ 
jj  X  J^  +  f  +  A»'~*  =1  X  »'  +  7  X  ^+  I  X  A»') 


Afr.  Jmii  SemouJIPs  7riaH/e  De  Arte  Coige£buidi.    aot 

^t=r—  x«'  +  -^  X»*  +  A»jof  which  cxpreffion  the  tvw> 

firfl:  terms  are  known  quantitios^  and  only  the  third,  or  laft, 
term  A  n  remains  to  be  inveffigated.  Now  this  laft  term 
An  is  to  be  found  in  the  following  manner.     The  c6-effi«* 

cients  of  the  two  preceeding  terms  are  —  -i ,    which  are  > 

equal  to  -^  +  -|  =  -|  i  to  which  it  is  neceffary  to  add  -g-,  in 

order  to  make  the  refult  equal  to  i.    Therefore  A,   or  the 

co-efficient  of  the  laft  term  An,  will  be  =  +  4 ;  and  con- 

fequently  the  compleat  value  of  the  three  firft  terms  of  the 
foregoing  feries  in  this  cafe  of  the  fquares  of  the  natural 
numbers  i,  2,  j,  4,  5^  6,  7,  8,  9,  lOj  11^  12,  continued  to 

the  number  n,  will  be  —  X  »*  H —  X  »*  +  -r  X  »%  or  — 

3  ^  v  «>  3 


3 


tiM      .IV  _     -  _ 

+  T  +   A-  ^  «•   » 


3dly,  When  c  is  =  3,  and  the  fum  of  the  cubes  of  the 
faid  natural  numbers  is  to  be  inveftigated  by  means  of  the 
foregoing  feries,  we  muft  fas  in  the  laft  cafe)  compute  only 
the  three   firft  terms  of  the  faid  feries,  to  wit,  the  terms 

-4-  X  n"^'  +  1  X  /  +  -   X  An"' ;    becaufe  the  fol- 

lowing  terms  involve  in  them  the  numbers  B,  C,  D,  F, 
&c,  which  relate  to  the  fums  of  the  fourth,  and  the  fixth, 
.  and  the  eighth,  and  the  tenth,  and  the  other  following  even 
powers  of  the  faid  natural  numbers,  with  which  fums  we 
have  as  yet  nothing  to  do. 

Now,  when  c  is  =  3>  the  three  terms—--   x   »' 

+  jX»+—  XA»        will  be  =  —  X  ^"^       +7-^ 

,X  »'  +  I  X  A»»'*'(=^XK4  +  y  X  »'  +  fxA»» 

2  D  = 
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4  2  2  0  42 

X  »'  +  -i  X  «•)  =  ~  +  -7-  +  -•     Therefore   the   futil 

of  the  cubes  of  the  natural  numbers  i,  2,  3,  4^  5,  6,  7,  8, 
9,  10,  II,  12,  &c,  continued  to  the  numbers,  will  be  =: 

—   +  —  +—.  ^   B.    !•     . 

4*4 

4thly,  When  r  is  =  4,  and  the  fum  of  the  fourth  powers 
of  the  faid  natural  numbers  is  to  be  invcftigated  by  means 
of  the  foregoing  feries,  we  muft  only  compute  the  four  firft 

terms  of  the  faid  feries,  to  wit,  the  terms  —^  X   n^ 
+  1  X  /  +  -X  Kn'-'  +  i2LlzULEl.^  B/-3;  be- 

^2^2  ^  2X3X4  ' 

caufe  the  following  terms  involve  in  them  the  numbers  C, 
D,  E,  &c,  which  relate  to  the  fums  of  the  fixth,  and  the 
eighth,  and  the  tenth,  and  the  other  following  even  powers 
of  the  faid  natural  numbers,  with  which  fums  we  have. 
hitherto  nothing  to  do. 

Now,  when  r  is  =  4,   the  four  terms  -^    x  n^'^^ 

+i  X .'  +  ^  X  A.'-  +  liiEI^x  B.'-'  «m 

be  =  -i-  X  »*'^'  +  4  X  "*  +  T  X  A»*"'  + 

4+  *  z  * 

^x^'^xp"      B„4-3  (^  i.  ^  „,  ^.  i.  ^  ^»  ^  ^  X  A«» 
2x3x4  ^5  a 

+  iiULji  X  B««  =  i  X  ?.*  +  T  X  »*  +  ^  X  A»^  + 
B»  =  -  X  »*  -h  -^  X  «♦  •+  2  X  +  ^  X  »'  +  B»)  = 

i-  x»*+—  X«^  +  -^  x^'  +  Bujof  which  erfbrcflion 
5  *  3 

the  laft  term  B  »  is  to  be  determined  in  the  manner  follow- 

ing* 
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lag.    The  co-efficicms  of  the  three  firft  terms—  X  «'  +  — 

3  5  *  3    ^       3<>        30    ^  30  ^ 

rj)  =r  1  +  :^  ;  from  which  it  is  neceflary  to  fubtraft  -j,  m 

Ofde,r  to  makp  the  rcfult  pqual  to  i.     Therefore  B,  or  the 

co-efficient  of  the  laft  term  B»,  will  be  =  —  — ,  and  con- 

30 

ftquently  the  compleat  value  of  the  four  firft  terms  of  the 

ftid  ferics  in  thi^  cafe  will  be  -   X  »•  +   r   X  »^  +  -X»? 

S  *  3 

—  —  X  »>  or  —  +  -  +  ^^ -2..    Therefore  the  fum  of 

the  fourth  powers  of  the  natural  numbers  i»  2,  3,  4^  5,  6^ 
7^  89  9>  10,  1I9  1I9  &c,  continued  to  the  number  in^  will 

S  a  3  30  ^ 

5thly,  Wbep  ^  is  z=  5,  and  the  fum  of  the  fifth  powers  of 
the  faid  natural  numjDcrs  is  to  be  jnveftigated  by  means  of 
the  foregoing  feries,  we  muft,  as  in  the  laft  cafe,  compute 
only  the  four  firft  terms  of  the  faid  feries,  to  wit,  the  terms 

~-xV+»  +  i  X  /  +  1.X  A»'-*  +  ill|LkE? 

^+^  *  «  *^3^+ 

X    B»'"^^;  becaufe  the  following  terms  involve  in  them 

tjie  numbers  C,  P,  E,  8fc,  which  rejate  tq  the  fun^s  of  the 
Cxth,  and  the  eighth,  and  the  t^nth,  and  tjie  ot|)ifir  follow^ 
ing  even  powers  of  the  faid  natural  nup[ibers,  with  which 
fuips  we  have  hitherto  nothing  to  do* 

Ijfow,  when  f  is  =;  5,   the  four  terms  -rl-  x  n^^^ 
^m  be  =  -i-  X  »5+'  +  i.  X  «»  +  I-  X  A»5-^ 

2   D   2  4.' 


£04  ^  Tranflati0n  of  the,  foregoing  ExtraSfnm 


SX5-.X5-»        35-3  (=  I.  X  »•  +  J    X  «*  +  -i-. 

A»*  +  -fxB»»=:j-x«*  +  7X/i'+-fx  +  -g-X 

»*  +   -f    X   -  ^  X  »*  =  -^  X  »*  +  -f  >^  *'  +  A  ^  *"* 

_i.  X  «*)  =4  +  -  +  —  -  —  •    Therefore  the  fum 

of  the  fifeh  powers  of  the  natural  numbers  r,  2,  3,  4,  5^ 
6,  7,  8,  9,  10,  II,  12,  &c,    continued   to  »,   will  be  = 

6    '     2        la  12  ^ 

6thly,  When  r  is  zr  6,  and  the  fum  of  the  fi^tb  powers 
of  the  (aid  natural  numbers  is  to  be  invefligated  by  means 
of  the  foregoing  ferics,  we  mull  compute  only  the  five  firft 

terms  of  the  laid  feries.  to  wit,  the  terms  —4—    X  » ' 

f  + 1 

+  1  X  /  +  i-x  A»'-*  +  iilHlEi  X  B»'-3 

^    a  2  2x3x4 

2X3X4X5X6 

lowing  terms  involve  in  them  the  numbers  D,  E,  F,  G, 
&c,  which  relate  to  the  funis  of  the  eighth,  and  the  tenth, 
and  the  twelfth,  and  the  fourteenth,  and  the  other  following 
even  powers  of  the  faid  natural  numbers,  with  which  fum^ 
we  have  hitherto  nothing  to  do. 

Now,   when  r  is  =  6,  the  five  terms  — r-   X  » 

.X  ^     .       '  A      '—I      .     *  X  f  — 1  X  f— t       ^    t>     *  —  5- 

+  LiEL>LEIliiHJiEi"x  c/i'-/wm  be  =  -ri- 
^        1x3x4x5x6        '^  6  +  1 . 
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V  «*+»  a.  '   V  «•  J.  1  y  A«^""*  J-  g  X  ^^'  X  ^^  w 

'*'        '        ax$X4X5x6  ^        .7 

vX«'  +  ^X»t  +  3><:A»'+  ^^J   X   B»^  + 

6xyX4X3Xa  X  C  »^ V  —  X  «'  +  -  X  «*  +  3  X  A«» 
4>^3X4><5X6  7    '^        ^   «  * 

+  5XB«»  +  C«  =  -i.x»^  +  :^X««4:3  X  +  j- 
X  »^  +  5  X  — i-  X  »»  +  C»)=4^  «'  +  4x«'  + 

JO  7 

~  X  »*  •—  4-  X  »*  +  C » ;  of  which  cxprcffion  the  lafi 
term  C  /i  is  to  be  determined  in  the  maiyier  following.  The 
co-efficients  of  the  four  firft  terms  of  the  cxprcffion  i   x  »* 

6    ^       42    '    42  ^  4*         44         41         41        41        42 
— — )  =  I  — •—  J  to  which  If  is  neccflary  to  add  — ,  irr-ail» 
der  to  make  the  refuit  be  equal  to  i.    Therefore  C,  or  the    . 
co-efficient  of  the  laft  terra  C  «,  will  be  +  — ,  and  confe* 

quently  tKe  whole  expreffion  -i  X»'  +  7  X«*+-jX»» 

— I  X  «*  +  C»will  bc  =  -  xn'  +  -^^n'  +  -^Xtf 

Therefore  the  Cam  of  the  fixth  powers  of  the  natural  num- 
bers i^  2,  3»  49  5^  6^  7,  8|  9»  lOj  ii»  12,  &Cy  continued 

to  the  number  n,  will  bc=-+  —  +  —  ♦  —  4r»  +  — • 
T  '  7         a     "     a  6      •  41 

Q^  s.  I. 


io6"  A'tranjlation  of  the  foregoing  iMn^from  '• 

7thly,  When  r  is  =  7,  and  the  fum  of  the  feventh  pOwcnj. 
of  the  faid  natural  numbers  is  to  be  invefligated  by  means 
of  the  foregoing  ferics,  we  rhuft,  as  in  the  laft  cafe,  computq 
only  th^  five  fitft  terms  of  the  faid  feries,  to  wit,  the  terms 

4.  X  «^+*  4.  i-  X  «'+  -^  X  A/-*  +  ^^^"^^^^ 

>«  »»      ^  +  ZX3X4XSX6- ■    ^  ^^       '  ^"^^"^ 

the  following  terms  involve  the  numbers  D,  E,  F>  G,  fcc, 
which  relate  to  the  fupis  of  the  eighth,  and  the  tenth,  and 
the  twelfth,  and  the  fourteenth,  and  the  other  foHowing  even 
powers  of  the  faid  natural  numbers,  with  wl\ich  fums'  wp 
fiave  hitherto  nothing  to  ^Ok. 

Now^  when  ^  is  =  7,  the  faid  five  terms  --p  X  »  ^ 
,»,-x,-.x;-,)x,-,        c»'-^S(=-l  X  «•  +  -i- 

1X3X4X5X6  ^8  ^  a 

^        ^  1  1x5x4     ^2x3x4x5x6 

«  r  X  »'  +  ■;  X  «'  +  T  ^  A»«  +  ^^  X  B«*  +  4 
xC»'=i  x»*+  7X«'  +  -2.x  +  -j-.x/+  l-i. 

+  Lx««-Xx»*+^'x  »•)  =  Ji  +  Ji+22!^ 

12  24  ■    12  '  8  a   ^    iz 

21  +  I!l.    Therefore  Ac  fum  of  the  feventh  powers  of  the 

natural 
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natural  numbers  i>  2,  3^  4^  5^  6^  7^  8,  9,  10^  11,  12^  Sec* 

continued  to  the  number  n.  will  be  =-^4-  ^ — ^.Z!L»' 

Stbly,  When  ^  is  =  8,  and  the  fum  of  the  eighth  powers 
of  the  faid  natural  numbers  is  to  be  inveftigated  by  rheafts 
of  the  foregoing  feries,  we  muft  compute  only  the  fix  firft 

terms  of  the  faid  feries,  to  wit,  the  terms  --^  X  «^ 

1 1 

+  —  X»+—  XA«        H X  B«     ^ 

*    2  ^   a  ^        2x3x4 

^  4x3x4x5x6 

H ^ — 2—^^ — ir-^ X  D»     '  ;    becaufc 

^    .  1x3x4x5x6x7x8       ^  * 

the  following  terms  involve  in  them  the  numbers  E,  F,  (j, 
&c,  which  relate  to  the  fums  of  the  tenths  and  the  twelfth, 
and  the  fourteenth,  and  the  other  following  even  powers  of 
the  (aid  natural  numbers,  with  which  fums  we  have  hitherto 
nothing  to  do. 

Now,  when  r  is  rr  8,  the  fix  terms  — ^  x  n       +  JL 

2  2x3x4 

cxJ^X^^^Xc'^Xc:^  Q^^-S 

"^  2x3X4x5x6 

*  2X3X4X5X6X7X8  

8  +  1  '^  2  ^    2    ^  ^^3x4 

^         /^         4x3x4x5x6     ^ 

,   8  X  8-1  X  8^  yf^  X  8-4  X  8^X  8-6  '^  t\«*"7 
+  ax3X4X5x6x;x8  ^  ^^ 


lo8         A  *trm^Hm  of  ibtfwegAng  ExtraBfrm 

^^'^^?^^^t  X  C  «S  +  «iSlill.>$PUX3Xz  ^         I  ^  _.x«* 
SX3X4X5X6  2x3x4x5x6x7x8  9 

4.^x»*  +  4  xA»'  +  7X2XB»»+l^  X  C«* 
+  D»=:-X»9  +  — X«*  +  4X  +4x«»  +  7Xax 

9  A  o  • 

_!.  X»*  +  ?^X  +i.  xil*+  D»)  =i.   X  »•  +  ^ 

30  ^3  44  ^         ^         9  ^1 

X  i»*  +  -X»^  —  -2Lx»»  +  i.x  »*+   D»;  of  which 
3  «$  9 

cxpreflion  the  lad  term  D  if  is  to  be  determined  in  the  man- 
ner following.    The  co-efficients  of  the  five  firft  terms  pf  the 

cxpreffion  J^  x  tfl  +  \  x  n^  +  ^  ^^^  '^  11  ^  ^^  '^  ^ 
X/^+D^are^+i+y  —  ,^+^,  which  are  (« 

jo'^9090**90       90*^90         9o"*'9Q       9090 
I  +  •^)  =  I  +  ~ ;  from  which  it  is  aeceflkry  to  fubtrad 

"^j  in  order  to  make  the  refult  betqual  to  i.    Therefore 

t),  or  the  co-efficient  of  the  laft  term  Dir,  will  be  =  —  ^, 

And  confequently  the  whole  cxprefEon  —  x  «»  +  -^  x  «*  + 

JL  X  «»  — -^  X  »'  +  *l.x  »»  +  D»wm  be  =  —  x  »• 
3  ,    '5  9  9 

«(.JLx»*  +  —  x»'  —  -2-x  »»  +  ix«» ^x«s! 

a  3  .IS  9  30 

Jl  +i:!.  +22!,_Cl.  +  !i\_i.    .Therefore    the 

9*^3  »5  9  30 

fum  of  the  eighth  powers  of  the  natural  numbers  i,  2,  3, 4,. 
Si  ^*  h  ^>  9*  i^}  ^^y  i^»  ^<^*  continued  to  the  number*, 

willbc  =  -  +  - +Y»— IJ^+Y-^-    ,«li«.  ^- 
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And,  9thly,  When  r  is  =  9,  and  the  fiim  of  the  ninth, 
powers  of  the  faid  natural  numbers  is  to  be  inveftigated  by 
means  of  the  foregoing  feries,  we  muft^  as  in  the  laO:  cafe^ 
compute  only  the  fix  fi;ft  terms  of  the  faid  fcries,  to  wit, 

the  terms  4.  x  »^*'+-i  x  »' + -^  X  Anf""' 

■^  1x5x4X5 

+ ax3X4X5x6    " X  D»     ^    bccaufc 

the  following  terms  involve  the  numbers  E,  F,  G,  &c» 
which  fclate  to  the  fums  of  the  tenth,  and  the  twelfth,  and 
^he  fourteenth,  and  the  other  following  even  powers  of  the 
faid  natural  numbers,  with  which  fums  we  have  hitherto 
pothing  to  dc>. 

NoW|  when  ^  is  x  9,  the  faid  fix  terms  -~  X  n"^^  +  -^ 

.xc-ix.-»xc-3xc=4xcrsx.^6    j5^.-.7  ^.jj  ^  ^ 
2x3x4x5x6x7x8      -^  

9  +  1   ^  ^      2     ^  ^     2     ^  2X3XA 

^  3x3x4x5x6  '^ 

.  9  X  9-1  X  9^  X  9^  x"9^  X  9^x  ^        nii9~7 
^  2x3x4^5556x7x8  ^   •    " 

(=  -i  X  »'•  +  -  X  »•  +  -^  X  Aa»  +  24^»  X  Bi»«  + 
^      10  ^        ^   «  '^       ^2  .        SX3X4       \ 

9x8x7x6x5  V  r  •♦^  9x8x7x6x5x4x3  V  n**  —  *  v«'f 
«X3X4X5X<|  J^  V  »  +  2x3x4x5x6x7x8  ^  ^*  -  10^"  ^ 

a  E  + 


aio  A  Tranjlatim  of  tbeforege'a^  Extralffrem 

+  2.x»'+^|xA»*+7X3xB«*+7X3XC»* 
-t-  -^  X  D»*  =  -ix»"'  +  —  x»9+-2.x+4  X  »• 
+  7x3  X— ^x»*  +  7X3X+^x«*  +-2.  X 

i-  X  »•  (=  —  X  »'"  +  -i  X  »•  +  i-  X  »•  —  I-  X  »* 

30  ^       10  ^    a  '4  10 

*     2  20  '  10     ^      2  4  XO  ^ 

.—  ♦  —  — .    Therefore  the  fum  of  the  math  powers  of  the 
2  20  r      . 

natural  numbers  i^  2,  3^  4,  5^  6^  7,  8^  9,  10^  11,  12,  &c» 

continued  to  the  number  n.  will  bc=:  ~-+  —  +  — ♦ 

10         2         4 

*-  ^  ♦  +  —  t  —  ^*  <»•   E.  I. 

10  2  20  ^^ 

Thefe  feveral  expreffions  of  the  values  of  the  fums  of  the 
firft  nine  powers  of  the  natural  numbers  i,  2,  3,  4,  5,  6,  7, 
8,  9,  10,  II,  12,  &c^  continued  to  the  number  n^  are  the 
fame  with  thofe  fet  down  above  in  the  table  in  art.  141 , 
page  188.  And  it  is  evident  that  this  way  of  obtaining 
them,  by  means  of  the  foregoing  general  ferics,  is  much 
Icfs  laborious  than  the  former  method  of  obtaining  them,  (et 
forth  above  in  art,  136,  137,  138,  and  139. 


End  of  the  applications  of  the  foregoing  general  Jkries  -~^ 

X  „'+'  +  i  X  /  +  -i  X  A«'-'  +  'JiiEL>LEfx  «'-5 

'2  ^2.  ^2x3x4 

+  fc?f ,  to  the  invejtigation  of  the  exfrejjions  fet  down  above  in 
art.  141^  page  i8S» 


0/ 
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0/  certmn  Jniefes  confifiing  of  numbers  andogous  to  the  figurdte 

numbers. 


147^  Before  ^e  conclude  this  chapter,  it  will  not  be  amift 
to  (hew  how  certain  other  reriefes,  which  bear  a  great  re- 
femblance  to  the  feriefes  formed  by  the  figurate  numbers, 
may  be  reduced  to,  or  compared  with,  the  correfponding 
feriefes  of  thofe  numbers,  and  how  their  values,  or  the  fums 
of  their  terms>  and  likewife  the  values  of  their  laft  terms, 
may  be  thereby  determined.  The  feriefes  I  here  fpeak  of, 
and  which  I  call  anakgpus  to  the  figurate  numbers  ^  arc  fuch  as 
have  the  differences  of  their  terms,  or  the  ditferences  of 
thofe  differences,  or  the  differences  of  thofe  fecond  differ- 
ences, or  the  differences  of  the  differences  of  fome  remoter 
order,  equal  co  each  other,  and  which  therefore  are  gene* 
'  rated  by  the  continual  addition  of  a  fet  of  equal  quantities. 
Let  dy  d,  dy  dy  dy  rf,  Scc,  be  a  fet  of  equal  quantities,  by 
the  continual  addition  of  which  to  another  quantity  c  we  ob- 
tain the  quantities  r,  ^  +  ^,  r  +  2</,  f  -|-  3^,  ^  +  4i/>  ^  +  5^» 
&c.  And  let  the  terms  of  this  fecond  feries  r,  r  +  1/,  e-^-xd^ 
^  +  3^^  ^  +  4^>  &c,  be  continually  added  to  each  other,* 
and  to  a  third  quantity  3,  whereby  we  (hall  obtain  a  third 
feries  of  terms,  which  will  be  ^,  *  +  c,  *  +  2^  +  1/, 
^  +  3^  +  3</>  *  +  4C  +  6i/,  *.  +  5^  +  loi,  &c  i  and  let  the 
terms  of  this  third  feries  be  continually  added  to  each  other, 
and  to  a  fourth  quantity  a^  whereby  we  (hall  obtain  a  fourth 
feries  of  terms,  which  will  be  «,  if  +  *,  tf  +  2^  +  ^,  tf  + 
3^  +  3^  +  ^.  a+  4b  +  6c+  idy  ^  +  5*  +  lor  +  lod, 
&c.  And  let  the  firft  feries  d,  dy  dy  d,  dy  i,  &c,  be  called 
D ;  the  fecond  feries  r,  c  +  d,  c  +  iJy  c  ^  ^dy  c  +  ^d, 
c  +  5^,  &c,  be  called  C  •,  the  third  feries  *,  *  +  ^,  *  + 
%c  ^tdy  ^  +  3f  +  3</,  *  +  4^  +  ^dy  *  +  5^  +  101/,  fee,  be 
called  B;  and  the  fourth,  or  laft,  feries  tf,  tf +  *,  tf+2^  +  r, 
^+3^  +  3^+^,  ^+4^  +  6^  +  4^^,  and  ^+5^  +  ioc+  xo^, 
&c,  be  called  A«     This  laft  feries  A  (the  £jrft  differences  of 

2  E  2  tht 
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the  terms  of  which  conftitute  the  terms  of  the  third  fcrics  B, 
and  the  fecond  differences  of  the  terms  of  which  conftitutc 
the  terms  of  the  fecond  feries  C,  and  the  third  differencesb 
of  the  terms  of  which  confticute  the  terms  of  the  firft  (eries. 
D,  which  confifts  of  the  equal  quantities  d^  -dy  d^  d^  dy  d^ 
&c),  may,  I  think^  with  propriety  be  called  a  feries  ma- 
lo%(ms  U  the  figurate  numbers.  The  generation  of  the  terms 
of  this  feries  will,  perhaps,  appear  more,  clearly  Irom  the 
following  table«. 


D 

C 

B 

1             A   . 

d 
d 
d 

d 

c 

c+  d 

C  +  2d 

c+^d 
c  +  sd 

b 

b+  c 
b+zc+     d 

^+4^+  td 

a 
a+  h 

4  +  2^+       c 

«+3*+  3f+     d 
a  +  ^b-\-ioc^-iod 

148.  Now  in  the  laft  feries  A  it  is  obvious  that  the  co* 
efficients  of  the  letters  j,  which  are  the  firft  members  of  the 
feveral  terms  a^  a  +  b^  a  +  «*.  +  c,  a  ^  ^b  +  2^  +  d, 
a  +  4i  +  6c  +  j\dy  and  ^  +  5^  +  lor  +  lorf,  are  a  fet  of 
units,  or  the  firft  order  of  the  figurate  numbers  j  and  that 
the  co-efficients  of  the  feveral  letters  b  in  the  fecond  mem- 
bers of  the  faid  terms  are  the  lateral,  or  natural,  numbers  i^ 
2>  3»  4>  5>  &?>  P^  the- fecond  order  of  the  figurate  num* 
bers ;  and  that  the  co-efficients  of  the  feveral  letters  c  in 
the  third  members  of  the  faid  terms  are  the  trigonal,  or  tri- 
angular, numbers  i^^r^j  10,  &c,  or  the* third  order  of  the 
figurate  numbers ;  and  that  the  co-efficients  of  the  feveral 
letters  d  in  the  fourth  members  of  the  faid  terms  are  the 
pyramidal  numbers  i,  4,  io»  &c,  or  the  fourth  order  of  the 
figurate  numbers.  And  therefore,  as  we  have  above  (hewn 
how  the  fums  of  the  figurate  numbers  of  the  feveral  fuccef- 
five  orders,  and  likewife  the  values  of  the  laft  terms  in  them, 
may  be  determined,  when  the  number  of  terms  contained 
in  them  is  known ;  it  will  be  eafy  to  find  both  the  fum  of 
all  the  terms  of  the  feries  A,  by  multiplying  the  fums  of 
the  fucceflive  columns  of  figurate  Aumbers^  into  the  letters 
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Mj  by  c,  and  d,  relpeflively^  and  adding  the  produfts  (6 
obtained  into  one  fum,  and  likewife  to  find  the  value  of 
the  lafl:  term  of  the  faid  feries,  by  multiplying  the  laft  terms 
of  the  feveral  columns  of  co-efficients,  or  figurate  num- 
bers, into  the  letters  a^  by  c^  and  dy  refpeftivelyy  and 
adding  the  faid  produds  into  one  fum»  For^  if  the 
number  of  terms  in  the  feries  A  be  denoted  by  the  let- 
ter fiy  it  follows  from  coroU.  ly  art.  8i,  pages  109,  iio» 
III,  that  the  fum  of  the  co-efficients  of  the  letter  a 
will  be  ni  and  the  fum  of  the  co-efficients  of  the  let- 
ter b  will  be  »  X   ^^ ;  and  the  fum  of  the  co-efficients 

of  c  will  be ;  and  the  fum  of  the  co-efficients 

of  d  will  be  *x»-ix«~ix»-3 .  ^^^  confequently  the  fum 

2  X3X4  *  ^ 

of  all  the  n  terms  of  the  faid  feries  A  will  be  =  n  x  a  + 

<tX«— l^,,        ^«X«  — IX  if— 2  nxn^ix  n^iX  «— ^ 

■    X  ^  +  »  X      '  X    C  -f-  ■■■ 

2  aX3  2x3x4 

X  d.  And  it  follows  from  corolL  4,  art.  83,  papes  112, 
113,  that  the  co-efficients  of  the  letters  tf,  by  r,  and  dy  in 
the  laft,  or  »th,    term  of  the  feries  A  will   be   i,  «  —  i. 


-,  and  ^^— ^ — — ^ — ',  refpedively;  and  con- 


fcquenuy  that  the  faid  laft,  or  irth,  term  will  be  ==  ^  +  n — 

X  i  +  EIjlHI  X  e  +  iIIiLEEliiiZi  x  d. 

<l.   E.   I  ♦. 

*  S«e  tipon  this  fabjed  Mr.  Thomaa  Simpfon's  E/fays  rni  favera!  euriout 
und  ufefid  fiAjeBs  in  Jpeculatkfe  and  mixed  mathematicsy  publiihed  in  the  year 
1740,  pages  98^  99«  100,  loi,  102,  103,  104,  and  loc ;  and  likewife  his 
Algebra,  6th  Edition,  publi(hed  in  the  year  IJ90,  Seaions  XIV  and  XV, 
pages  201,  102,  flee.  —  —  —  228, 

End  tf  the  Tranjlation  of  the  foregoing  ExtraSi  from  Mr.  Jams 
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PROPOSITION. 

To  find  the  Jum  of  artf  Series  of  Powers  wboje  roots  are  in  aritb^ 
metical progrejjion^  as  m  +  d^  +  m^zJ[^  +  m i- 3^]" .  •• 
X  ^  m^  dj  and  »,  heing  anf  numbers  wbatfoever. 

T    ET  A/+'  +  B;r'  +  C/^'  +  D/"^  +  E/""^ 

+  ^x'^^y  &c.  —  K,   if  poffiblc,    be  always  equal   to 

w  +  ^1*  +  «i+2/|" X  ^  and  A,  B,  C,  &c,  deter- 
minate quantities.    Then,  if  any  other  number  in  the  pro- 

greffion  »i  +  i,   w  +  2^,    w  +  3^ x  -{-  d,   x  +  id, 

^  +  3^9  &c>    as  jf  +  ^,,  be  fubftituted  inftead  of  x,  the 
equality  will  flill  continue ;  and  w&  (hall  have^ 

AxTT^'"^'  +  B  xl^"  +  c  X  ^h:?!"";  +  d  X 

AT  +  ^]*""*  &c.  —  K  equal  m  +  d]^  +  m  +  idf  ..... .x+iP^; 

from    which    if  we    take  the  former  equation,  there  will 

remain  A  x  ;c +'7|*"*"'~/"^'  +  B  X  7+7]"  —  ;^' 

+  C  X  ;hj:7|'"''  — /""S  &c.  =  ^T^l",   (hewing  how 

much  each  fide  is  increafed  by  augmenting  the  number  of 
terms  in  the  given  feries  by  unity  i  where,  by  tranfpofing 

X  +  dY,  and  throwing  the  feveral  powers  oi  x  +  d  into  fe- 
riefes,  we  Ihall  have 

♦  This  EfTay  of  Mr.  Stmpfon's  is  the  part  of  his  Eflays  alluded  to  in  the 
Nate  at  the  bottom  of  page  213.  As  it  is  fo  nearly  conneded  with  the  fub- 
jcft  of  the  latter  part  of  the  furegolng  Extract  from  Mr.  James  Bcmoulli*ft 
Treatife  De  Arte  ConjeSandij  relating  to  the  fums  of  the  powers  of  the  na- 
tural mimbcrs  i,  2,  3,  4,  5,  6,  7,  8,  9,  10,  zi,  &c,  and  is  not  very  long,  I 
thought  it  would  be  agreeable  ^o  the  Reader  to  fee  it  here  immediately  alter 
the  laid  Extradl,  and  therefore  i  have  caufcd  it  to  be  re-priated«      F«  M. 
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«  From 
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Frotq  >¥hichy  by  ^uating  the  homologoiia  tertnsi  A  will 

conieout  =  ^^  B=4,C=i^,  D5:o,   E  =- 

jlX«'-IX«— 2X^     t?  r>  »X«— IXlf— 2X«— 3X«— 4X1^ 

2,3,4.5.6         '  '  ^.3.4.5,6.7.6 

H  ss:  o,  &c,  \5rhcrcf0re  the  valups  of  A,  B,  C^  &c,  being 
fo  afligned,  the  whole  expreffion,  or  its  equal  —  x  +  d^ 

rf  A  X  ;r  +  ^r+*  -  /+'  +  B  xT?"^;—  ^*,  &c,   muft 


te  equal  o,  and  confequently  Ax^  +  ^]        -r**         + 

—         — rw-r  

B  X  Af  +  d\  —  x^y  &c,  =  4f  +  ^] ;  that  is,  let  x  and  n  be 

}vhat  they  ^yill,  the  forcfaid  increments  of  A  *r*"'  +  B;v*+ 

iC^tf*""',  8cc,  —  K  and  i»T^*  +  w  -J-  2/j  *,  &c.  will,  un- 
der  the  above  afTigned  values  of  A,  B,  &C5  be  equal  to 

one  another:  Therefore,  if  K  be  taken  equal  Km        + 

B»^  4-  C»*^',  &c,  fo  that  when  x  equal  w,  or  the  pra- 

pofed  feries  is  equal  to  nothing,  A;^"'*''  +  Bat*,  &c,  — 
k  may  be  alfo  =  o,  it  is  manifeft,  that  thefe  two  expref- 
jions,  as  they  are  increafed  alike,  will,  in  all  other  circum- 

(lances,  be  equal;  that  is,  let  ^  be  what  it  will,  A*""*"^ 

+  Bx*  +  Cx""''  +  D;^"-',  &c,  —  A»i*+^  — B«" 

—  C»*"'  -77  Pl»""*^  &c,  under  the  faid  values  of  A,  B^^ 

C,  &c,  will  bQ  always   equal  to  f«  +  /j-    +  w  +  2^  *  + 

w  +  3^  "  •  •  •  ^  *  ;  which  values  being  therefore  fubftituted, 

there  Will  be-- •.  +  —  -J- —  ,        ■    ■ 

+    g  X  Ji^i  X  n^%  X  »-'3  X  «'*'4  j$    »— 5 
2.3.4.5.6.7.6" 

2  F  2  i; 


210  Mr.  Simpfoffs  Tenth  MatbematUal  EJfay^ 

IfX  It— T  X  «  — 2  X  If  — 3X«— 4  X  n  —  ^  X  i*— 6^y    «  — 7 
2»3.4.5.6.7*B.5,6 

u-  *x  "*"'  ^  »**^  X  «— 3  X  H— 4  X  *— s  X  «— 6  X  «  — 7  X  «— 8    », 
^^ix^  ^  3-4  2.3.4.5-6 

w*"'^  &c,  =  m  +  1] '  +  »  +  2^r  +  «+pl *"• 


C  O  R  O  L.    L 


Hence,    if  n  be  a  whole  pofitive  number,  and  m  be 
taken  equal  05    then  all   the  terms  in  the  fecond  fcries 


—  5==: — ^ :  H " ,  &c,  vaniftiing  when  n  is  evenJ^ 

«+ix^        2    ^       3.4    ^        »  ^  ^ 

and  all  but  that  where  the  exponent  of  m  is  nothing,  when 
odd,  we  (hall,  in  this  cafe,  have  ^  +^T^"  +  3^"  +  4^* 

a;    barely  equal   to    -== +   -^ 

^      ^  «+ix^         «  3-4 

2 — fZi — fiZi_:f_.     &c,  the  firft  feries  continued  *till  it 

terminates,  provided  that  the  laft  term,  when  n  is  an  odd 
number,  be  rejedtcdt 


C  O  R  O  L.    11. 

Wherefore,  by  ^king  Jeqnal  to  i,  and  n  equal  to  a,  3, 
4,  5,  &c,  fucceflively,  we  have 


Mr.  S'm$fon*s  tenth  Mathematical  Effaj.  2xx 


«'   .    « 


»  +z  +3  +4  +5  .  .  .  +  «   =  -  +  - 
i»+2»+3'+4*  +  S'  •••  +  *'  =  ?+ 7 +  T 


i*+  z«+3«+4-+5'  ...+/  =  ^  +  L'  +  ^_^  + 
j&c.  &C 


C  O  R  O  L.    III. 


Moreover,  if  i/  be  taken  equal  to  i,  and  m  equal  to  i, 

our  general  equation  will  become  a*  +  3*  +  4*  . . . .  +. 
«+i        «         «— I 

g    g^T    g-a    ^     ^^^j^  ^^  which  being  increafed   by 

3.3.4.5.6       ^  *  o  / 

unity,   and  the  whole  muhiplicd  tjy  i/*,    gives  d^  +"13^ 


nx  nx 


n-^lXn^zx^     3 


3-4  2.3.4.5.6  '        '  «+l    '     Z  $.4 


into  r-r h  —    + 

&c L-  J.  J.  ^  -!L  A' 


a.3.4.5.6 


-,   &C, 


EXAMPLE 
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' EXAMPLE    L 

Let  it  be  reqarred  to  find  the  ^um  of  a  feries,  c<»nfill< 
ing  of  loo-  cubf?  ni^mberSi  whpfe  roots  are,  ^,  i,  -|-,  2^ 

¥itTp€^^  the  comtQop  diiferencf  of  tberopts,  being  equal-^ 
;iL  =  3,-.  and  ^  =:  o,.  let  theTe  values  be  fiibftitutcd  in  tbe 
equation  in  Cor,  !!•  and  it  will  become  ( ~  />,  — i — |- 

if2_  j^  I22L  — )  3187812.5,  the  number  that  was  to  h^ 
found,  


EXAMPLE    JI. 


*  Let  «'=^— ,  d c:  v-.  Then  the  equation  in  the  lad  Co- 
rollary >yijr  become  ^t^  +  Ij*  ^  J[i  ,_  +7}'=  ?|* 
'xi£:ll+  fl+_i_,&c,   ^Tm  very  nearly ;  fo  that, 

taking  X  equal  4,  it  will  be  -i-p  +  -^^  *+  •!]*+  1  =  3.0731; 

wliich  differs  from  the  true  value  by  iefs  than  tts-J-^it  ;  and 
if  more  terms  had  beeii  ufed,  the  anfwer  would  ftUl  have 
beeo  more  .ca:ad;  but  never  can  come  accuratdy  trojc,  when 
n  is  negative  qr  a  fra<^iop,  bccaul'e  then  both  fcriefes  run  oa 
ad  infiniium. 


SCHOUUM. 
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8  C  H  O  L  I  U  M. 

liie  theorenls,  above  found^  ^e  not  only  ufeful  iil  find- 
ing the  fum  of  a  Scricis  of  Powers^  but  may  be  of  fervicc 
alfo  in  the  Quadrature  of  Curves,  &c^  efpectally  as  the  con- 
clufions  will  be  accurately  trutj  and  the  reafoning  thereupoit 
ibientific< 

This  I  fhall  endeavour  to  fliew  ty  tlie  following  infUrice  j^ 
wherein  AC,  being  fuppofed  a  curve,  whofe  equation   is 

^  —  2*  (A  B  being  equal  a,  and  C  B  equal  y)  Ac  area 
iV  B  C  is  required. 

Let  AB  be  divided  into 
any  number,  *,  of  equal  parts, 
as  A^,  bcycdj  &c,  and  from 
the  points  of  diviiion  let  per^ 
pendiculars  be  ratfed,  cutting 
the  curve  in  the  points,  i,  t^ 
3,  &c,  and  having  made  pii 
qij  r  ^j  ^4,  &c,  parallel  to 
A  B,  let  the  bafe  A*,  ^r,  cd^ 
&c,  of  each  of  theredangles 
fi,  qCf  ri,  &c,  be  reprefented 
by  d:  Then  ii^cif  d^y  &c, 
the  heights  of  thofe  reftangles, 
being  ordinates  to  the  curve, 

will  be  rf*,  2^",  '2^9  ^^9 
refpeaively,  eacfc  of  which  V  being  multiplied  by  d^  the 
common  bafe,  and  the  fum  of  all  the  produces  taken,  will 

•^  give  d  into  ^  +  2^*  +  p]*  .  .  .  I^l'',  (=  Aj>  i  y  2  r,  &c, 
C  B  A)  for  the  area  of  the  whole  circumfcribing  polygon ; 
and    this    feries,    according    to  the  above  faid    Theorem 


hcdefs 


(Cor.  IIL)  is  equal  to  ^^^  in. 


K 


9-l-X  II 

nx  X 


&C,  = 
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■  J      '        '       '  '  a+i      ' 

»  n 

— s  &c.    Now.  if  from  this  the  difference  of  the  iiifcribed 
and  circumfcribed  polygons^  or  the  re£UngIe  BD  zz  d% 

be  taken,  there  will  remain  *--—  —  — ,  for  the  area  Off  the 

infcribed .  polygon.    Hence,   it  is  manifeft,  that,  let  d  be 
what  it  will,  die  infcribed  polygon  can  never  be  fo  great, 

nor  the  circumfcribed  fo  fmall,  as  ^^-tt  (=  "TZT  )  •    ^^^ 

therefore  this  expreflion  miift  be  accurately  equal  to  the  re-» 
quired  curvilinear  area  A  C  B. 
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The  Law  of  tl^c  generation  of  the  numeral  co-efficients  pf 

the  Series  which  is  equal  tq  the  quantity  a+lX^y  is  difco- 
vered  by  a  conjefture  grounded  on  the  obfervation  of 
feme  particular  inftancesj  but,  when,  fo  difcovered,  is 
(hewn  to  be  true  univerfally  in  all  other  Integral  and  Af* 
firmative  Powers  whatfoeverj^  by  ^  ftrift  and  accurate  Dc- 
fnonftration, 

ft  G  4  Genera) 
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A  General  Statment,  or  ExpfeJJm,  of  the 
Binomial  Theorem^ 


Art.  I.  C<  tH  ISAAC  NEWl'ON*s  Bindnwal  Thedrem  ii 

l3  2  Propofition  affirming  that,  if  «>  be  any  num« 

ber  whatfdever,  either  integral  or  fradjonal,  affirmative  or 

negative,  the  quantity  a+tx  ,  or  the  »th  power  of  the  bi- 
nomial quantity  ^ +*,  will  be  equal  to  the  feries  «"*  +  -2. 

-^^LZl  Y,  !LZ*  tf"*"'^*  +  &c,  or  (if  we  put  A  for  i,  or 
the  co-efficient  of  the  firft  term  «*",  and  B  for  2.,  ©r  the 
co-efficient  of  the  fecond  term  2.  x  a"''h,  ind  C  for  ~ 

X  2!!?,  or  the  co-efficient  of  the  third  term  —  x  ^^  x 

/'"V,  dnd  D,  E,  F,  G,  H,  I,  K,  &c,  for  the  Co-effi- 
dents  of  the  fourth,  fifth,  fixth,  fevcmh,  eighth,  ninth, 
tenth,  and  other*  following  terms,  refpcdively),  to  the  fe- 

a  G  a  ^+j 
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^7  8  9 

tec,  in  which  feries  the  powers  of  a,   to  wit,  «*,  a*'"'^ 

«       ,4      ^y  a     '^,  a     \  0       y  a      ',  a       ,  a      ^,&Ci 

are  produced  from  each  other  by  a  continual  divifion  by  ^i 
and  the  powers  of  *,  to  Wit,  *,  ^*,  ^•j  i*,  ^,  *%  V^  **,  3% 

&c,  are  produced  from  each  other  by  a  ceminual  multipji-^ 
cation  by  b^  and  the  numeral  co-efficients  B,  C,  D,  fe, 
F,  G,  H,  I,  K,  &c,  of  the  fecond,  third,  fourthi  fifth, 
iixth,  feventh,  dghrh,  ninth,  tentk,  and  other  following 
terms  are  derived,  or  generated,  from  i,  or  A,  the  numeral 

coefficient  of  the  flrft  term  n*,  by  a  continual  multiplicatioa 

of  it  ifato  the  fradions  ^,  or  ^  !!!±i,  5^=1?,  f^^  l=f  ^ 

i'  i'      2*      3*      4*      s 

2~,  2Z-^  !1Z2,  2^,  &c,  continued  ad  infinitum^  or  to 
o  7  **         9. 

the  end  of  the  feries  when  the  number  of  its  terms  is 

finite^ 


■JJBhl 


Of  tbi  hven/ioM  of  the  f aid  Theorem. 


2.  Sir  Ifjfac  Newton  was  the  firft  perfon  that  exprcffed 
this  important  Theorem  in  the  foregoing  (hort  and  convenient 
Algebraick  notation,  and  likcwife  the  firft  perfon  that 
difcovered  that  it  would  be  true,  not  only  when  the  index 
m  of  th^  power  to  which  the  binomial  quantity  is  to  be  raifed 
is  a  whole  iiumber,  as  2,  3,  4,  5,  6,  &c,  but  alfo  when 

it  is  a  fraftion  of  any  kind,  as  p  |,  ^,  or  j,  K  ^,  or 
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»^,  — ,  ~i  &c,  or  cveh  a  negative  quantity,  as  '^  2,  ~  3f 

or  —  ^  i  —  4 1  —  -^i  &c»    But  he  ivas  not  the  firft  pcrfoa 
2         i         4  *^ 

that  difcovered  ir  to  be  true  in  the  firft,  or  (impleft^  cafe» 

br  when  the  index  m  is  equal  to  an  integral  and  affirmative 

niimbeTi  For  in  that  cafe  it  was  known  to  Mr,  Henry  Briggs^ 

the  celebrated  improver  and  computer  of  Logarithms,  above 

40  years  before  it  was  difcovcred  by  Sir  Ifaac  Newton ;  and 

it  was  publi(hed  by  Mr,  Briggs^  in  his  learned  Treatife  oa 

'Logarithms,  intltled,  Ariihmetica  Logaritbmicay  in  the  year 

1624  >  A^  i^s  ^^^^  cleairly  (hewn  by  the  learned  Dr.  Hutt^n^ 

of  Woolwich  Academy,  in  his  viry  curious,  hiftorical,  In* 

trodudion   to  the  hew  edition  of  Sherwin*s  Mathematical 

Tables,  publiflied  in  the  year  1784. 

3.  But,  though  Mr.  Briggs  had  publifhed  thh  famous 
Theorem^  in  this  firft  cafe  of  it,  in  his  Aritbmeticd  Logarithm 
inica,  iii  the  year  1624,  yet  it  feems  to  have  been  but  little 
known  to  Mathematicians  till  about  60  years  after.  For 
even  the  famous  Dr.  John  Wallisj  of  Oxford,  (who  was  a 
Very  extenfive  reader  of  Machcmatital  Works,  as  well  as  a 
great  improver  of  the  Science,)  appears  to  have  been  igno- 
rant of  it  till  a  little  before  the  year  1685,  in  which  he  pub* 
li(hed  his  learned,  hiftorical,  Treatife  of  Algebra,  at  which 
time  he  was  about  69  years  old.  For  he  there  tells  us,  in 
p3^e  319,  that  he  had  tormerly  fought  to  difcover  the  law  by 
tirhich  the  numeral  Co-efficients  of  the  terms  of  the  ferics 

which  is  equal  to  a  +  b\'^  arc  generated  from  each  other,  but 

had  not  been  able  to  find  it ;  and  that  he  had  lately,  been 
made  acquainted  with  it  by  the  perufal  of  a  very  learned 
letter  of  Mr.  Ifaac  Newton,  the  Profcflbr  of  Mathematicks 
in  the  Univerfity  of  Cambridge,  to  Mr.  Oldcnburgh,  Scr 
crctary  to  the  Royal  Society,  written  in  the  year  16 76. 
His  words  are  thefc,  after  fpcaking  of  feme  other  excellent 
inventions  in  the  Mathematicks  contained  in  tlie  faid  letter— « 


ftjo     iiVifiigation  ^f  Sir  t.  NewtimU  Binmud  ^eorm^ 

**  He  [Mr.  Newton]  iben  ohjeroes  (what  1  bad  formerly 
•*  fought  after  J  but  ufifuccejsfutty)^  that  the  following  numbers 
**  ^re^  from  the  twojirfi,  to  be  found  by  continual  multiplication 

«*  of  this/ertes  x  X  -j-   X  "T  ^  "T"  ^     4     ^     5     ^ 

**  6?ir/^  From  this  paflage  of  Dr.  Wallis's  Algebra,  I  am 
inclined  to  think  that  this  famous  theorem  was  never  gene- 
rally known  to  Mathematicians  till  this  publication  of  it  in 
that  work 4  And  from  its  having  thus  been  communicated 
to  the  learned  world  as  a  difcovery  of  Mr.  Newton  (who 
was  afterwards  better  known  by  the  title  of  Sir  Ifaac  New* 
ton)>  it  has  vifually  been  called  his  Theorem^ 

44  This  Theorem  had  been  difcovered  by  Sir  Ifaac  IJew^ 
ton  about  the  year  1665,  as  appears  from  his  letters  to  Mi^^ 
Oldenburgh  in  the  year  1676,  copies  of  which  were  fent  to 
Mr.  Leibnitz  by  Mr.  Newton's  diredion.  Bat  thefe  letters 
do  not  appear  to  have  been  known  to  the  Mathematical 
world  in  general,  till  the  year  1712,  when  they  were  printed 
in  the  Commercium  Epifiolicum  by  the  order  of  the  Royal 
Sociecy4  And  no  pan  of  them  feems  to  have  been  publi(hed 
before  the  year  1685,  when  the  foregoing  account  of  the 

{generation  of  the  numeral  co^efHcients  of  the  terms  of  the 
cries  that  is  equal  to  the  mth  power  of  a  binomial  quantity, 
and  a  few  more  curious  difcoveries  contained  in  tfaem^  were 
inferted  by  Dr.  Wallis,  in  his  Treatife  on  Algebra, 

5.  It  has  been  obferved  above,  that  Mr.  Briggs,  and  not 
Sir  Ifaac  Newton,  was  the  Jirfi  inventor  of  this  Theorem  in 
tlie  firil  and  fimpleft  cafe  of  it,  or  when  the  index  m  is  an 
a^rmative  whole  number.  Yet  I  am  inclined  to  think  that 
Sir  Ifaac  Newton  was  likewife  an  inventor  of  it  even  in  that 
cafe,  though  not  the  firfi  inventor.  For  it  is  well  known 
that  he  was.  not  an  extenfive  reader  of  Mathematical  Wotks; 
and  he  appears  to  have  applied  himfelf  principally  in  his 
younger  years  to  the  ftudy  of  Des  Cartes's  Geometry^  with 
Schooten's  Commentary  on  it,  and  the  other  Trafts  pub- 
lilhed  by  Schootcn  with  it,  and  of  Dr.  Wallis's  AritbmeticA^ 
Infinitorum^  and  his  other  works  on  mathematical  futgeda 

thea 
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then  pubHihed ;  in  none  of  which  books  is  any  mention 
made  of  this  ufeful  Theorem  that  had  been  difcovered  fo 
many  years  before  by  Mr.  Briggs.  And,  as  thefe  were  the 
books  to  which  Mr.  Newton  is  known  to  have  given  the 

freateft  part  of  his  attention  at  that  time,  he  may  very  well 
e  fuppofed  not  to  have  feen  Mr.  Briggs's  Aritbmetica  Loga* 
ritbmica^  in  which  this  Theorem  is  contained,  at  the  time  of 
his  difcovering  it  himfelf,  which  was  about  the  year  1665, 
or  when  he  was  only  23  years  old.  And,  if  he  had  feen 
that  book,  and  obferved  this  difcovery  to  be  contained  in  it, 
I  can  hardly  conceive  that,  when  he  was  fpeaking  of  this 
Theorem,  and  fetting  forth  its  great  utility  in  mathematical 
inV^firgations,  he  would  have  omitted  to  make  mention  of 
the  name  of  Mr.  BriggSi  and  to  acknowledge  that  what  he 
had  delivered  upon  the  fubjeft  in  h\%  Aritbmetica  Logaritbmica 
contained  the  mbfl&nce  of  the  faid  Binomial  Theorem  in 
the  cafe  of  Integral  Powers,  though  not  expreffed  in  Alge- 
braick  Symbols.  For  thefe  reafons  I  am  inclined  to  think 
that  Sir  Ifaac  Newton  had  not  feen  Mr.  Briggs's  Aritbmetica 
Logaritbmica  when  he  invented  the  Binomial  Theorem,  and 
confeauently  that  he  was  truly  an  inventor  of  it  even  in  the 
icafc  ot  Integral  Powers,  though  not  tbe  firft  inventor. 

6.  But  it  feems  more  furprifing  that  Dr.  Wallis,  who 
was  a  much  mofe  copious  reader  of  Mathematical  Works 
than  Sir  Ifaac  Newton,  and  who  afbually  had  feen  and  read 
Mr.  Briges^s  Aritbmetica  Logaritbmica^  and  makes  mention^ 
of  it  in  his  Algebra,  chaptfer  XII,  page  60,  (hould  not  have 
attended  to  the  contents  of  that  ingenious  Treatife  enougli 
to  have  obferved  that  it  contained  this  moft  ufeful  Theorem. 
Yet  this  appears  td  hav6  been  the  faft,  from  what  the  Doc- 
tor tells  Us  in  the  8 ^th  chapter  of  his  Algebra,  page  319,  in 
the  paiTagethat  has  been  already  cited  in  art.  3,  where  he 
mentions  the  law  of  the  generation  of  the  co-efficients  of  the 
terms  of  the  feries  that  is  equal  to  the  Mth  power  of  a. bino- 
mial quantity,  as  a  difcoyery  that  had  recently  come  to  his 
knowledge  by  the  perufal  of  Mr.  Newton's  letter  to  Mr. 
Oldenburgh.  For,  furely,  it  muft  be  concluded  from  this 
4fecUration,  that,  though  he  had  feen  Mr.  Briggs's  Arith^ 
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metica  Logariibmica,  he  had  not  read  it  wkh  fufficient  atteiH 
tioA  to  difcover  that  this  method  of  generating  the  co-effi- 
cients of  the  terms  of  the  feries  that  is  equal  to  the  mth 
power  of  a  binomial  quantity,  when  m  was  equal  to  any 
whole  number  whatfocver,  was  contained  in  it :  though  it 
feems  indeed  unaccountably  ftranee  that  he  Chould  not  havei 
taken  notice  of  it« 

7.  We  may  therefore,  upon  the  whole  matter,  confider 
the  Binomial  Theorem,  in  the  cafe  of  Integral  and  AfErma* 
tive  Powers,  as  having  been  firft  invented  by  Mr,  Briggs 
before  the  year  1624,  and  publiflied  by  hiax  in  that  year  in 
his  jirUbmeii^a  Logariibmica^  but  in  fuch  a  manner,  and  *in 
fuch  expreSions,  as  did  not  much  engage  the  attention  of 
Mathematicians  towards  it ;  fmce  it  does  not  feem  to  have 
been  generally  known  amongft  Mathematicians  till  it  was 
afterwards  publiflxed  in  the  year  1685,  as  an  invention  of 
Mr.  Ifaac  Newton,  by  Dr.  Wall  is  in  his  Algebra.  And  we 
inay  confider  it  as  having  been  invented  a  fecond  time  by 
Mr.  Newton  about  the  year  1665,  and  extended  by  him  at 
the. fame  time  to  the  other  cafes  of  Fradional  and  Negative 
Powers,  and  alfo  exprefled  in  the  very  (hort  and  convenient 
Algebraick  notation,  in  which  it  is  fet  forth  above  in  art.  i, 
and  which  has  contributed  fo  much  to  give  it  currency 
amongft  Mathematicians.  And>  laflly,  we  may  confider  it 
as  having  been  communicated  by  Mr.  Newton  to  Mr.  OU 
denburgh  and  Mr  L,eibnirz,  and  probably  alfo  to  his  friend 
and  patron  Dr.  Ifaac  Barrow,  the  Matter  of  Trinity  CoUegCj 
Cambridge,  and  a  few  more  of  his  Mathematical  friendsji 
in  the  year  1676,  in  the  letter  above-mentioned;  and  a$ 
having  afterwards  been  communicated  to  the  world  at  large 
in  the  aforefaid  extrads  from  the  faid  letter  to  Mr.  Olden- 
burgh,  which  Dr,  Wallis  pi^bliflied  ja  hi$  Algebra  in  tl^c 
year  i68j. 
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Of  Mr.  James  BernouUfs  demonftratioH  of  the  f aid  tbmem^  «» 

bis  Treatife  m  the  Daifrine  of  Cidnces^  intitled^ 

De  Art€  Coi^eftandL 


8,  But,  by  what  fteps,  or  what  train  of  reaforiing^  Si** 
I(aac  Newton  difcovered  this  l^w  of  the  faid  co-efficients  to 
be  fuch  as  he  defcribed  it,  is  not  known ;  nor  is  any  demons 
ftration  of  it,  even  in  the  eafieft  cafe  of  ic  (or  whfn  tbtf 
index  m  of  the  power  to  which  the  binomial  qiK^ntity  is  tcr 
be  raif(pd,  is  a  whole  niimbdr],  any  where  to  be  found  in  all 
\i\s  works.  Nor  has  Dr.  Wallis  attempted  to  fupply  this 
defeft,  nor,  as  1  believe,  any  other  mathematical  authoif 
whatfoevcr  in  the  laft  century,  'from  the  yeac  i68j[  (when 
the  Theorem  was  firft  publifhed  by  Dr.  Wallis)  to  the  end 
of  it ;  nor  do  1  know  of  any  demonftration  of  it  given  in 
ih€  beginning  of  thf  prefent  century  before  the  year  1713, 
when  the  learned  and  fagacious  Mr.  James  Bernoulli's  ex* 
cellent  Treatife  on  the  Doftrine  of  Chances,  ititicled,  Di 
Arte  Conjeilandi,  was  publiQied  at  Bafil,  or  Baile>  iq:  Swit-i 
zerland.  But  there  we  find  an  excellent  demonftration  ot 
it,  in  the  c^fc  of  Integral  Powers,  derived  from  the  doftrind 
of  Permutations  and  Combinations,  and  the  properties  of  the 
Figurate  numbers,  which  are  the  true  principles  to  which  it 
ought  to  be  referred.  This  demonftration  is  contained  in 
the  3d  chapter  of  the  fecond  part  of  that  valuable  Treatifi;, 
and  may  be  perfedly  underftood  by  a  careful  perufal  of  the 
three  firft  chapters  of  that  fecond  part,  withouj  the  help  of 
the  firft  part  of  the  Treatife.  For  the  doftrine  of  Permu- 
tations and  Combinations  is  explained  from  its  firft  prin- 
ciples in  the  two  firft  chapters  of  that  fecond  part  of  the 
Treatife,  without  any  reference  to  the  firft  part;  and  the 
properties  of  the  Figurate  numbers  are-  derived  from  that 
doftrine  in  a  moft  ftrift  and  fcientific  manner,  in  the  third 
fhapter  of  the  fame  fccon(J  part ;  and  ampngft  thefe  proper- 
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tics  of  the  Figurate  numbers,  fo  derived,  is  the  Binomial 
Theorem,  in  the  cafe  of  Integral  and  Affirmative  Powers, 
or  ^e  law  of  the  generation  of  the  numeral  co-efficients  of 
the  terms  of  a  feries  that  is  eqtial  to  any  integral  and  affirm- 
ative power  of  the  binomial  quantity  a  +  i.  This  demon- 
ftracion  therefore  defcrves  to  be  generally  known  and  ftudied 
by  Mathematicians,  as  the  true  foundation  of  this  celebrated 
and  moft  ufeful  Theorem.  And  upon  that  account  I  have 
re- printed  the  faid  three  firft  chapters  of  the  fecond  Part  of 
that  excellent  1  reatifc  De  Arte  Conjeffandi,  in  the  foregoing 
part  of  this  volume,  in  the  author's  original  Latin  text, 
with  fome  explanatory  notes  on  a  few  of  the  moft  difficult 
paflages  of  it,  and  have  afterwards  added  a  very  full  Tranf- 
lation  of  the  fame  three  chapters,  with  fome  examples  and 
additions  of  my  own,  which  I  thought  might  be  ufeful  to 
my  readers,  and  which  I  have  taken  care  to  dt(lin|ui(h 
from  the  other  parts  which  are  tranilated  from  the  Audior'a 
text.  And  I  hope  that,  by  thus  exhibiting  this  part  of 
that  excellent  work  in  an  Englifh  drefs,  and  removing  the 
difficulties  that  occur  in  the  original,  in  confequence  of  the 
Author's  extreme  concifenefs^  I  (hall  induce  the  young 
Students  of  the  Mathematicks  in  England,  to  make  them- 
felves  acquainted  with  this  mafterly  and  fcientific  demon* 
ftration  of  this  moft  important  Theorem,  which  feems 
hitherto  to  have  been  adopted  by  too  many  Mathematicians, 
upon  the  mere  ground  of  indudion,  and  the  experience  of 
Its  truth  in  the  feveral  trials  they  have  made  of  it^  without 
endeavouring  to  find  a  demonftration  of  it* 
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4nother  demmftratim  of  it,  in  the  fame  cafe  of  Integral  FoWrs^ 
will  be  given  in  the  enfuing  fart  of  this  Difcourfe. 


9;  But,  though  the  demonftration  of  this  propofition  given 
by  Mr.  James  Bernoulli  in  this  excellent  Trcatife,  De-Arte 
CorqeStandi^  Part  2d,  Chapter  3d,  (and  which  may  be  fcen 
above  in  this  volume  in  the  original  Latin  text  of  Mr.  James 
Bernoulli  in  page  28,  and  in  my  Tranllation  of  it  in  pages 
115  and  1 16),  is  the  firft,  and,  in  my  opinion,  the  befl  that 
has  yet  been  given  of  it,  yet  I  doubt  not  that  the  Mathe- 
matical Reader  will  be  pleafed  to  fee'another  demonftration 
of  it,  that  is  fomew^at  fliorter  than  Mr.  Bernoulli's  (inaf- 
much  as  it  docs  not  require  the  previous  knowledge  of  the 
Dodrine  of  Permutations  and  Combinations,  and  the  pro- 
perties of  the  Figuratc  Numbers),  and  yet  is  equally  accu- 
rate and  conclufive.  Such  a  demonftration  I  ftiall  therefore 
now  endeavour  to  lay  before  him  in  the  remaining  part  of 
this  Difcourfe. 

10.  Now  in  order  to  difcover  the  general  relation  of  the 

terms  of  the  feries  that  is  equal  to  a+FTio  each  other,  when 
m  denotes  any  whole  number  whatfoever,  it  will  be  proper  in 
the  firft  place  to  examine  their  relation  to  each  other  when  m 
is  equal  to  fome  partiiqular  whole  numbers,  and  thofe  not 
large  ones,  that  they  may  be  more  cafily  managed  and  their 
properties  more  readily  feen  into.  And,  if,  when  we  have 
examined  thefe  particular  feriefes  that  are  equal  to  certain 

particular  values  of  a+b\^^  when  m  is  equal  to  certain  fmall 
whole  numbers,  we  can  find  any  common  properties  that  be* 
long  equally  to  all  of  them,  and  can  alfo  perceive  that  the 
fame  properties  muft  likewife  belong  to  all  the  feriefes  that 

(hall  be  equal  to  any  other  values  of  a  +  /)*,  as  well  as  to 
thofe  which  we  have  confidered  ;  or,  if  we  cannot  immedi-. 
ately  perceive  this  to  be  the  cafe,  but  can  find  fome  method 
of  demonftrating  that  it  is  fo  %  we  (hall  then  arrive  at  the 

%  ¥L  z  knowledge 
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knowl^dgt  of  the  general  relation  of  the  terms  of  the  fcrics 

that  fe  equal  10  a +1)^^,  to  each  other,  which  is  the  ofcgeft  o£ 
our  purfuit.  We  will  therefore  raife  the  binomial  quantity 
tf  +  ^toits  fqiiare^  and  cube>  and  fourth  power,  and  fifth 
power;  and  lixth  power,  by  multij^icacion ;  which  may  be 
done  in  the  manner  follo>ving» 

s  +  k  =7+11'. 
s+i 

+  ab+hb 


'  aa  +  iab+bb  =  a+l^M 
a^b  :    ^ 

dt+2a*b+  ai* 
+  ^a*b+zab^+b^ 

a^+^a^b+^ab^-^P  =  a  +  i^K 
a+b     * 

!■   •   -  '  ■'  ■• — ' ■" . 

fc__ i , .       ^ 

a-^b 

>'  1  •  •         >  'i        I  .•         I   I  i»  r        I   r. 

<»*+5tf»^i-i06*/''+iotf»^+  5aV+  ab* 
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Oh/irtmiions  m  the  terms  of .  the  foregoing  Striejes  that  are  equal 
ta4+^\  ^r+^%  tfH^,  ^+^*,  a  +  ^9  and  tf+7|%  ex^ 
flahtrng  the  Compofiiion  of  the  Literal  parts  of  the /aid  terms. 


I]«  If  we  examine  the  compofition  of  the  foregoing  pro* 
duAs^  or  feriefes,  which  are  obtained  by  continual  multipli« 
cations  by  the  binomial  quantity  a+b^  the  firft  obfervation 
that  will  occur  to  us  will  be»  that  the  firil:  term  of  the  fe* 
Ties  aa+zai+ihf  which  is  equal  to  the  (quare  of  a+i,  is 
aa  or  a^  \  and  that  tlie  firft  term  of  the  feries  a^  +  ^a*b  + 
^ai^  +  i*,  which  is  equal  to  the  cube  of  41  +  ^,  is  a* ;  and 
that  the  firft  term  of  the  feries  a^  +  A^b  +  6a*^*  +  4^^  + 1^^ 
^ili^hich  is  equal  to  the  fourth  power  oi  a^h^  is  ^ ;  and  that 
the  firft  term  of  ths  feries  « *  +  5^^^^ +.  io<a***+ lo^*^ 
+  5^*+^»  which  is  equal  to  the  fifth  powqt  of  ^-1-^,  is  «*; 
and  that  the  firft  term  of  the  feries  a*  +  Za^b^  i^a^b*  +- 
2oa^P  +  isa^b^.+  tah>  +  b^^  is  0^  \  or  that  the  firft  term  of 
the  feries  that  is  equal  to  any  one  of  the  faid  five  powers  of 
the  binomial  quantity  a^b^  is  the  &me  power  of  the  fingle 
quantity  a^ 

And  it  is  eafy  to  fee  that>  if  we  were  to  continue  fhefc 
multiplications  by  the  binomial  quantity  a-^-  b  ever  fo  far> 
the  fame  thing  would  take  place  with  refpeft  to  the  firft 
terms  of  the  following  produfts,  or  fericfes,  which  are  equal 
to  any  higher  powers  of  the  binomial  quantity  tf  +  i,  let 
their  number  be  ever  fo  great ;  or  that,  if  the  letter  m  be 
any  number,  how  great  foeyer,  the  firft  term  of  the  produft. 


or  feries,  that  is  equal  to  tf+*   ,  or  the  wth  powf^  of  the 

binomial  quantity  ^i-f^^  will  be  ^^^  m:  the  lame  power  of 
the  fingle  quantity  a. 

For,  as  the  firft  term  of  every  neM^  produft,  or  feries,  is 
(traduced  by  the  multiplication  of  the  mft  term  of  the  next 

preceeding 
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preceeding  produft,  or  fcries,  by  ^,  of  i  x  a,  the  co-cffi- 
dent  of  the  firft  term  of  the  new  feries,  which  is  the  produft 
of  the  faid  multiplication,  mtift  be  the  fame  with  the  co-effi*- 
cient  of  the  firft  term  of  the  next  preceeding  feries,  which 
18  the  multiplicand  of  the  faid  multiplication.  And  confe- 
quently,  as  the  co*efEcient  of  the  faid  multiplicand,  or  firft 
term  of  the  preceeding  feries  is  originally  i,  (namely,  whea 
a  +  6  is  multiplied  into  a  +  t,  in  order  to  produce  the  feries 
aa+zai+iiy  which  is  equal  to  its  fquare),  the  co-efficients 
of  the  firft  terms  of  all  the  following  produfts,  or  feriefes» 

which  are  equal  to  ^+^^%  f  +  i^,  tf  +  i\\  a  +  iY,  a  +  ^1% 
afi\',  ^+^%  a+i\9,  ^-MV%  &c,  dd  infinitum^  muft  like- 
wife  all  be  equal  to  x.         Q.  £•  p* 

1 2.  The  fecond  obfervation  that  will  occur  to  us,  is,  that 
the  indexes  of  the  feveral  fuccefSve  powers  of  a  in  the  terms 
of  every  product,  or  feries,  that  is  equal  to  any  power  of 
the  binomial  quantity  a+t,  decreafe  continually  by  an  unit, 
and  that  the  indexes  oif  the  powers  of  i  in  the  terms  of 
the  faid  products,  or  feriefes,  increafe  by  an  unit  at  the 
fame  time.  Thus,  in  the  feries  a*^aa^+h*y  or  (as  it  is 
fometim^  exprelTed  in  Sir  Ifaac  Newton's  Notation  of  la-* 
dexes,  bbcaufe  tf*  is  =  i,  and  **^is  likewife  =  i),  a^l/^  -f* 
2tf'^'+A**^*,  which  is  equal  to  the  fquare  of  the  binomial 
quantity  a+i,  the  indexes  of  the  powers  of  a  are  2,  i^ 
and  o,  or  Zy  2  —  1,  and  2—2,  and  the  indexes  of  the 
powers  of  ^  areo, *i,  and  2,  or  o,  o+i,  and  0  +  2;  and 
jn  the  feries /a' +  3<j*^  + 3/2^*  +  ^',  oraW  ^^^^i'  +  sa^i^+a'^l^, 
which  is  equal  to  the  cube  of  the  binomial  quantity  a+i, 
the  indexes  of  the  powers  of  a  are  3,  2,  i,  and  o,  or  3, 
3 — I,  3 — 2,  and  3 — 3,  and  the  indexes  of  the  powers  ot  ^ 
are  o,  i,  2,  and  3.  And  the  fame  thing  takes  place  in 
the  following  produAs,  or  feriefes,  i^*+44^^+6^*^*+4^' 
+^*,  and  a^  +  5^^^  +  loa^i*  +  ioa*i^  +  sat*  +  P,  and 
if  +  6aH  +  15^*^*  +  2oa^i^  +  i^a^i*  +  6ai^  +  i*y  which 
are  equal  to  the  fourth,  fifth,  and  iixth  powers  of  a  +t^ 
And  it  is  eafy  to  fee  that  the  fame  thing  will  likewife  take 
place  in  the  tf^rips  pf  th^  prpduds,  or  feriefes,  th^t  guc  equal 

ta 
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to  My  higher  powers  of  a+i  whatfoever,  if  the  faid  multi- 
plications by  a  +  i  were  to  be  continued  till  the  feriefes 
equal  to  fuch  higher  powers  were  produced.  Therefor6  the 
literal  parts  of  the  fecond  term,  and  of  all  the  following 
terms  of  each  of  the  faid  produAs^  or  feriefes,  may  always 
be  generated,  or  derived,  from  the  firft  term  of  it,  by  the 

continual  multiplication  of  it  by  the  fradion  -^. 

13.  Bixt,  by  thefirfl  obfervation,  the  fiift  term  of  the  feries 

which  is  equal  toT+Tl**,  or  the  mh  power  of  the  bipomial 
quantity  a  +  i,  when  m  is  any  whole  number  whatfoever, 
is  am. 

It  follows  therefore,  in  the  3d  place,  that  the  literal  parts 

of  the  terms  of  the  feries  that  is  equal  to  7+7  *,  will  be 

tf^  a'^'^'i,  ^•'--V,  a'^^H^  a^-^H^  a^^^H^  ^^^V, 

a^^^i^^  tf**""  V,  (T^^V^^  &c,  till  we  come  to  the  quantity 

And  thus  we  have  difcovered  the  compofition  of  the  literal 

parts  of  the  terms  of  the  feries  which  is  equal  xo  a  +  b\^f 
as  fully  as  can  be  defircd.  And  we  have  likewife  difcovered 
that  the  co-efficient  of  the  firft  term,  of  which  the  literal 

part  is  u^,  is  always  i,  or  that  the  firft  term  of  the  faid  f<f- 
ries  is  tf**  itfelf,  and  not  any  multiple  of  a*'.        q^  b,  u 

14.  In  the  4th  place  it  is  evident  that  all  the  terms  of 
every  produft,  or  feries,  arifing  from  the  multiplication  of 
the  binomial  quantity  a  +  b  imo  itfelf,  muft  be  connected 
together  by  the  fign  +,  or  added  to  each  other.     And  con- 

fequcntly  the  literal  parts  of  the  feries  diat  is  equal  to  a+^^ 

wiU 
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Of  the  numeral  co-effifienh  tftbe/eccmi  and  other  foUwnng  terms 
^  the  freduSf^  e/rferies^  that  is  equal  to  a  +  *l*. 


15.  We  come  naw  to  inquire  into  the  numeral  co-effi- 
cients of  the  fecond  and  other  following  terms  of  the  pro?- 

duft^'  or  feries,  which  is  equal  to  ^-M]**,  or  the  «h  power 
of  the  binomial  quantity  a+h. 

Now  the  numeral  co-efficient  of  the  fecond  term  of  this 
ieriel  will  always  be  equal  to  m^  or  the  index  of  the  power 
to  which  the  binomial  quantity  4  +  3  is  to  btf  raifed,  Thii 
mi^y  be  demonftrated  in  the  manner  Allowing^ 

In  raifing  the  feveral  powers  of  the  binotpial  quantity 
a+i  by  the  continual  muUiplication  of  that  quantity  into  it- 
fclf,  in  the  mannef  above  exemplified  in  ^rt.  10,  it  is  evi- 
dent that  the  faid  fecond  term  of  every  new  produft,  or  fe* 
ries,  that  is  equal  to  a  new  power  of  a  +  h^  is  always  pro« 
duced  by  adding  the  prodiict  of  the  multiplication  of  the 
firfl:  term  of  the  feries  that  is  equal  to  the  next  lower  power 
€^  a  +  h  (of  which  firft  term  we  have  fecn  that  i  is  always 
the. CO- efficient;  by  h  to  the  produft  of  the  multiplication  of 
the  fecond  term  of  the  faid  foregoing  feries  by  a  -,  the  effedk 
of  which  addition  is,  to  increafc  the  co-efficiept  of  the  fe- 
cond term  of  the  new  feries  by  an  unit,  or  fo  as  to  make 
it  exceed  the  co-efficient  of  the  fecond  term  of  the  foregoing 
feries  by  an  unit.    Thu5,  the  fecond  term,  lalf^  of  Ae  feries 
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^ah  +  ^*,  which  \%  equal  to  the  fquare  of  a-^b^  is  produced 
by  the  addition  of  the  produft  ba^  or  aby  (which  arifes  from 
the  multiplication  of  Uj  the  firft  term  of  the  former  ferres 
tf +  ^>  by  by)  to  the  produft  ab^  which  arifes  from  the  mul- 
tiplication of  the  fecond  term  b  of  the  former  feries  a^b  by 
a  J  the  effeft  of  which  addition  is,  to  make  the  co  efficient, 
2,  of  the  fecond  term  lab  in  the  new  feries,  exceed  the  co- 
efficient, I,  of  the  fecond  term  b  of  the  former  feries,  by 
an  unit.  And,  in  like  manner,  the  fecond  .term,  34*^,  o£ 
the  feries  «*  +  j^V  +  3^^*  +  ^%  wnich  is  equal  to  the  cube 
of  the  binomial  quantity  a  +  b^\s  produced  by  the  addition 
of  the  produdt  a^b  (which  arifes  from  the  multiplication  of 
tf*,  the  firft  term  of  the  former  feries  a^  +  zab  +  **,  by  ^), 
to  the  product  20^ b^  which  arifes  from  the  multiplication  of 
the  fecond  term  lab  of  the  faid  former  feries  a^  +  %ab  +  b^ 
by  a ;  the  efFeft  of  which  addition  is,  to  make  the  co-effi- 
cient, 3,  of  the  fecond  term  "^a^b  of  the  new  feries,  exceed 
the  CO- efficient,  2,  of  the  fecond  term  lab  pf  the  former 
feries,  by  an  unit.  And,  in  like  manner,  4^^^,  the  fecond 
term  of  the  next  feries,  is  z=:  a^xb  +  i^a^b x ^,  or  a^b  + 
2^a^b  =r  1+3)  X  <«^^ ;  and  ^a^by  the  fecond  term  of  the 
next  feries,  is  :=  tf*  X  ^  +  \^^b  xa  zn  a^b  +  ^a^b  zz  1  +^ 
X^^b ;  and  6a^b,  the  fecond  term  of  the  next  feries,  is  zz 
a^Xb  +  s^^^Xa  =  a^b  +  t^aH  =  1  +  5)  X  a^b.  And  this, 
it  is  eafy  to  fee,  muft  be  the  cafe  in  any  higher  powers 
whatfoever  of  ^ +^,  if  we  were  to  continue  the  multiplica- 
tions by  a-^b  till  the  feriefes  that  were  equal  to  fuch  higher 
powers  of  a-^rb  were  produced.  And  confequcntly,  fince 
m  the  firft  power  of  the  binomial  quantity  ^  +  ^,  to  wit,  in 
the  faid  quantity  itfelf,  -the  co-efficient  of  the  fecond  term  b^ 
to  wit,  1,  is  equal  to  the  index  of  the  faid  firft  power,  which 
is  alfo  I,  and  in  the  fecond,  and  third,  and  fourth,  and  fifth, 
and  fixch  powers  of  the  faid  binomial  quantity,  t  :e  coeffi- 
cient of  the  fecond  term  of  the  feries  that  is  equal  to  each  of 
the  faid  powers  of  a  -H^  is  alfo  equal  to  the  Index  of  the  faid 
powers ;  it  follows  that  in  all  higher  powers  whatfoever  of 
the  faid  binomial  quantity  ^j  4-^,  the  co-efficient  of  the  fe- 
cond term  of  the  feries  which  is  equal  to  every  fuch  power 

2  \  win 
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will  be  equal  to  the  index  of  the  faid  power ;  or,  in  other 
words,  the  co-efficient  of  the  fecond  term  of  the  feries  which 

is  equal  tq  a-^D^*  will  ?^lwa,ys  be  equal  to  the  index  m. 

0^  E.  D. 

1 6.  From  what  has  been  (hewn  in  the  foregoing  articles 
we  may  conclude  with  certainty,  that  the  two  firft  terms  of 

the  feries  that  is  equal  to  a  +7f,  when  m  is  equal  to  any 

whole  number  whatfoever,  will  he  a*  +  m  x  a^^^b^  and 
that  the  literal  parts  of  the  following  terms  of  the  faid  feries  will 


%      'b^  +  a       b*  +  a      V    +   &c»   +   a        ^  ,    (or 
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^  ,  or  I  ^  ,  or)  +  ^  .      It   remains  that  we  inquire  what 

will  be  the  numeral  co-efficienrs  of  the  faid  third  and 
other  following  terms  of  the  laid  feries,  or  by  what  law, 
or  rule,  they  may  be  generated,  or  deiived,  from  the  two 
firft  co-efficients,  i  and  m.  Th'xs  is  a  matter  of  confi- 
derable  difficulty  ;  and  I  am  not  acquainted  with  any  di* 
reft  and  fcientific  method  of  inveftigating  this  law  of  the 
generation  of  the  faid  co-efficierts,  befides  that  of  Mr.  James 
Bernoulli  above-mentioned,  which  is  grounded  on  the. Doc- 
trine of  Permutations  and  Combinations,  and  the  properties 
of  the  Figurate  numbers.  But  I  can  point  out  a  manner  of 
confidering  the  fubject  and  attempting  to  find  this  law  of 
generation,  which  feems  likely  enough  to  have  occurred  to 
a  Mathematician  who  was  in  purfuit  of  this  inquiry,  and 
which,  if  it  had  occurred  to  him,  would  have  led  him  di- 
reftly  to  form  a  juft  conjecture  concerning  this  law  by  which 
thefe  co-efficients  are  to  be  generated  ;  after  which  he  would 
have  been  induced  to  try  the  law,  fo  difcover.d  by  conjec- 
ture, in  fome  eafy  particular  inftances,  and,  having  found  it 
to  be  true  in  all  of  them,  he  would  naturally  conclude  that 
ic  was  true  in  all  other  cafes  whatfoever.  This  conjedural 
method  of  inveftigation,  I  conceive,  may  have  been  as  fol- 
lows. 

A  Con- 
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A  ConjeSlural  Invejiigation  of  the  Law  by  which  the  co-efficienti 
of  the  thirds  and  four  thy  and  fifths  and  oihr  following  terms 

of  tbeferies  which  is  equal  to  z  +  bi'*,  or  the  mtb  power 
of  the  binomial  quantity  a  +  b,  may  be  generated^  or  derived^ 
from  1  and  m,  the  co-efficients  of  She  two  firfi  terms  of  the 
/aid  Jeries^ 


17.  Now,  in  order  to  difcover  the  planner  in  which  thefe 
co-efficients  may  be  derived  from  the  two  firft  co-efficients  t 
and  m^  I  (hould  think  it  would  be  natural  to  examine  the 

co-efficients  of  the  terms  of  the  feries  that  is  equal  to  a+b  (^ 

in  fpme  of  the  lower  powers  o[  a  +  b  which  we  have  aftually 
raifed  by  multiplication,  as,  for  example,  in  the  feries  which 

is  equal  to  a  +1]*,  and  which  we  have  found  above  in  art. 
10,  to  be  tf*  +  (>a^b  +  isa^b*  +  zoa^P  +  i^a^b^  +  6ab'  +  b^. 
In  this  feries  the  co-efficients  of  the  terms  are  i,  6,  15,  20* 
15,  6,  and  i ;  and  our  objcft  is  to  difcover,  ift,  by  wbac 
number,  integral  or  fradional,  the  fecond  of  thefe  co-effi- 
cients, to  wit,  6,  ought  to  be  multiplied  in  order  to  pro- 
duce the  third  co-efficient,  to  wit,  15  ;  and,  2dly,  by  what 
number,  integral  or  fradional,  the  third  co-efficient,  to  wit, 
^5»  ought  to  be  multiplied  in  order  to  produce  ;he  fourth 
co-efficient  20;  and,  3dly,  by  what  number  the  fourth  co- 
efficient, 20,  ought  to  be  multiplied  in  order  to  produce  the 
fifth  co-efficient  15;  and,  4thly,  by  what  number  the  fifth 
co-efficient,  15,  ought  to  be  multiplied  in  order  to  produce 
the  fixth  co-efficient  6  ;  and,  laftly,  by  what  number  the 
fixth  co-efficient,  6,  ought  to  be  multiplied  in  order  to  pro- 
duce the  feventh  and  lad  co-efficient  i.     Now  thefe  multi* 

plying  numbers  are  evidently -^^  £?,  15,  _,  and -|.  For  6 

X  ~  is  =:  15,  and  15  x  -^is  :r  20,  and  20  x  -^isz;i5, 

2  I  2  and 
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and  15  X  —  is  =  6,  and  6  x  4-  is  =  i.    We  muft  there- 
fore now  examine  thefe  five  generating  fraftions  ^,  ^,  ^, 
*— ,  and  -T-,  together  with  the  precceding  generating  fraftion 

— ,  by  the  multiplication  of  which  into  the  firfl;  coefficient  i 

the  fecond  co-efficient  6  is  produced  ;  and  muft  endeavour 
to  find  out  fome  remarkable,  or  regular,  property. in  them^ 
which  we  may  reafonably  fuppofe  to  belong  alfo  to  the  co- 
efficients of  the  terms  of  other  powers  of  a+b^  as  well  as  to 
thofe  of  the  terms  of  ihis,  its  (ixth  power.  And,  in  order 
to  examine  thefe  fractions  with  the  greater  eafe,  it  feems  na- 
tural, in  the  firft  place,  to  reduce  them  to  their  lowcft  de- 
nominations, by  dividing  both  their  numerators  and  their 
denominators  by  the  faftors  which  are  common  to  them 
both.     Now,  if  this  be  done,  the  faid  generating  fraftions 

•  f ,  -^^  ^,  ;-^,  ~,  and  ^,  will  be  found  to  be  equal  to  {|, 

ijz  ixs  5x5,  i^3  ^„d  I  ^,)  6  ^  ^  j^  2^  ^^ 
^^3    3x5     4x5'  5x3'  6'       ^   1'    a'     3*    4'    s 

-^  i  in  which  laft  fraftions  it  is  impoffible  not  to  obferve 

that  the  numerators  regularly  decreafe  by  an  unit  from  6, 
which  is  the  index  of  the  power  to  which  the  binomial  quan- 
tity a^b  has  been  raifcd,  to  1,  and  the  denominators  regu- 
.  larly  incrcafe  at  the  fame  time  by  the  fame  quantity  of  an 
imit  from  i  to  the  faid  index  6.  This  regularity  is  very 
ftrikinz,  and  naturally  raifes  a  fufpicion  that  the  fame  thing 
may  talce  place  in  the  generating  fraftions  of  the  co- efficients 
of  the  terms  of  the  feriefes  that  are  equal  to  other  ppwers  of 
the  binomial  quantity  ^+3,  and  is  an  inducement  to  try  it 
in  the  other  feriefes  that  have  been  produced  above  in  art. 

JO,  by  multiplication,  and  which  arc  equal  to  a  +  i-l',  ^+2)*, 
a  +  b^^  and  a^b\^.  We  will  therefore  now  proceed  to  try  it 
in  thofe  inftances. 

18.  Now 
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18.  Now  we  have  fcen  in  art.  10,  that^+I|*  is  =  the 
ferics  tf*  +  ^a*i  +  loa^b*  +  loa^b^  +  ^ah^  +  ^%  in  which 
the  mmieral  co-efficients  of  the  terms  are  i,  5,  10,  10,  5, 
and  I.  Therefore  the  generating  ftadions^  by  the  multipU-* 
cation  of  which  the  fecond  of  thcfe  co-efficients,  to  wit,  5, 
is  derived  from  the  firft,  or  i,  and  every  following  co- effi- 
cient from  that  which  is  next  before  it,  will  be  — .  — -^  —  , 

^i  and  -^  ;  which  are  refpedively  equal  to  the  fradions  -^  , 

—,—,—,  and  — .    And  in  thefe  laft  fraftions  we  cannot 
*      3      4  S 

but  obferve  that  the  numerators  5,  4,  3,  2,  and  i,  regularlf 

decreafe  by  an  unit  from  5,  or  the  index  of  the  power  to 

which  the  binomial  quantity  tf  *|- ^  is  raifed,  to  i,  and  the 

denominators  i,  2,  3,  4,  and  5,  regularly  increafe  at  the 

fame  time,  by  the  fame  quantity  of  an  unit  from  i  to  the 

faid  index  .5.     It  appears  therefore  that  the  fame  rule  takes 

place  amongft  thefe  generating  fradtions  - ,    -,  ^^.^  i,  and 

1234 

— ,  as  took  place  amongft  the  generating  fradions  — ,  -, 

— ,  — ,  — ,  and  -7-,  of  the  co-efficients  of  the  terms  of  the 
3      4     $  ^ 

former  fcries  which  was  equal  to  tf-|-^]*. 

19.  We  will  now  try  whether  the  fame  rule  will  take 
place  in  the  fcries  which  is  equal  to  the  fourth  power  of 
a  +  b. 

This  feries  is  /»*  +  4^'^  +  6^*^*  +  4^^'  +  b^,  in  which  the 
numeral  co- efficients  of  the  terms  are  i,  4,  6,  4,  and  i. 
Now  the  generating  fraftions  by  the  multiplication  of  which 
the  fecond  of  thefe  co-efficiencs,  to  wit,  4,  is  generated  from 
the  firft,  or  i,  and  every  following  co-efficient  is  generated 

from  that  which  is  next  before  it,  are  evidently  y>  "">  "|"> 

.      *  and 
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and  — ;  which  are  rcfpeftively  equal  to  — ,  -2.^  —^  and  — . 

And  in  thefe  lad  fractions  the  numerators  4,  3,  2,  and  i> 
regularly  decrcafe  by  an  unit  from  4,  which  is  the  index  of 
the  power  to  which  the  binomial  quantity  a  +  A  has  been 
raifed,  to  i^  and  the  denominators  i,  2,  3,  and  4,  regularly 
increafe  at  the  fame  time  by  an  unit  from  i  to  the  faid  in- 
dex 4* 

ao.  We  come  next  to  the  feries  which  is  equal  to  the  cube 
of  a+i. 

This  feries  is  a^  +  3^*^  +  ^ah*  +  ^',  in  which  the  co- 
efficients of  the  terms  are  i,  3,  3,  and  i.  Now  the  gene- 
rating fradions,  by  the  multiplication  of  which  the  fecond  of 
thefe  co-efficients  is  derived  from  the  firft,  and  the  third 
from  the  fecond,  and  the  fourth  from  the  third,  are  evidently 

-2-,  i.,  and  — ,  which  are  refpeftivcly  equal  to  — ,  — ,   and 

— .     And  in  thefe  laft  fraftions  the  numerators  3,  2,  and  i, 

decreafe  regularly  by  an  unit  from  3,  which  is  the  index  of 
the  power  to  which  the  binomial  quantity  a+  A  has  been 
raifed,  to  i,  and  the  denominators  i,  2,  and  3,  increafe  re- 
gularly at  the  fame  dme  by  an  unit  from  i  to  the  faid  in- 
dex 3. 

21.  And  the  fame  thing  takes  place  in  the  feries  which  is 
equal  to  the  fquare  of  a+I^.  For  this  feries  is  a^+aai  +  i^, 
in  which  the  co-efficients  of  the  terms  are  1,  2,  and  i.  Now 
the  generating  fraftions,  by  the  multiplication  of  which  the 
fecond  co-efficient  2  is  derived  from  the  firft  co-efficient  i, 
and  the  third  co-efficient  i  is  derived  from  the  fecond  co- 
efficient 2,  are  evidently  ~,  and  — ;  which  admit  of  no  re- 
duflion  to  lower  denominations.  And  in  thefe  fradions 
—  and—,  the  numerators  2  and  1  decreafe  by  an  unit,  as 

in 
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in  the  former  cafes,  from  2,  which  is  the  index  of  the  power 
to  which  the  binomial  quantity  a^  b  has  been  raifed,  to  i, 
and  the  denominators  i  and  z  increafe  at  the  fame  time  by 
an  unit  from  i  to  the  faid  index  %. 

22,  It  appears  therefore  that  this  law  of  the  generating 
fractions  of  the  numeral  co-efBcients  of  the  terms  of  the 
feriefes  that  are  equal  to  the  powers  of  the  binomial  quantity 
a  +  by  takes  place  in  the  cafes  of  the  fquare,  the  cube,  the 
fourth  power,  the  fifth  power,  and  the  fixth  power,  of  the 
faid  binomial  quantity.  This  is  a  very  ftrong  ground  for 
conjefturing  that  the  fame  law  will  take  place  in  the  gene- 
rating fraftions  of  the  numeral  co-efficients  of  the  terms  of 
the  feriefes  which  are  equal  to  the  powers  of  the  faid.  bino- 
mial quantity  in  all  other  cafes  whatfoever ;  or  that,  if  the 
index  of  the  power  to  which  the  faid  binomial  quantity  is 
raifed  be  any  whole  number  whatfoever,  denoted  by  the 
letter  m^  the  generating  fradions,  by  the  continual  multipli- 
cation of  which  the  numeral  co-efficients  of  the  fecond  and 

other  following  terms  of  the  fcries  which  is  equal  to  <^+  b^^ 
or  the  i»th  power  of  the  faid  binomial  quantity,  may  be  de- 
rived from  1,  or  the  co-efficient  of  the  firft  term,  a^^  or 
I  X  a^^  of  the  faid  fcries,  will  be  -,  or  (as  it  is  fometimes 

called)  -p,  and  -^,  -j-,  —?,  -j^,  -^\  &c,  till  we 

come  to  the  term  — ^,  which  is  —  o,  or  till  the  faid  feries 
is  terminated,  or  exhaufled. 

23.  And  the  ground  for  conjefturing  that  this  is  a  gene- 
ral law  that  takes  place  among  the  generating  fradions  of 
the  terms  of  thefe  feriefes  in  all  cafes,  or  when  the  index  is 
equal  to  any  whole  number  whatfoever,  will  become  ftill 
llronger  if  we  try  it  in  a  few  more  examples  of  feriefes  that 
are  equal  to  higher  powers  of  the  binomial  quantity  a  +  b^ 
jhan  the  fixth  power.    I  ftjall  therefore  now  proceed  to  try 

it 
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it  in  the  fericfes  which  arc  equal  to  tf-Hl%  ^+^9  and 


24.  Now  J+lV  is  (=  ^4^  X  a  +  b  =:  «•  +  6tf**  + 
I5tf*^*  +  20tf*^»  + 154*^*  +6tf^*  +  ^*  X  tf+^)  =  tf'  +  7^** 
+  2itf'^*  +  35^*^*  +  35^^^*  -f  iitf*^*  +  7^**  +  ^^  i  in 
which  fcries  the  numeral  co-efficients  of  the  terms  are  i,  7, 
4i,  35,  35,  21,  7,  and  1.  The  generating  fraftions,  by 
the  mukiplication  of  which  the  fecond  of  thefe  co  efficients, 
to  wit,  7,  is  derived  from  the  firft  co-efficient  i,  and  the 
third  and  other  following  co-efficients  are  derived  from  thofe 

Mrhich  immediately  preceed  them,  are  evidently  -i,  ",  2i-, 
— ,  —  I  — J  and  i  5    which  arc  refpeftively  equal  to  -2., 

— ,  ^,  -  >  -^  >  4->  ai^d  -^ ;  in  which  laft  fraftions  the  nu- 

merators  7,  6,  5,  4,  3,  2,  and  1,  regularly  decreafe  by  an 
unit  from  7,  (which  is  the  index  of  the  power  to  which  the 
binomial  quantity  a  +  b  has  been  raiCed),  to  1,  and  the  de- 
nominators I,  2,  3,  4,  5,  6,  and  7,  regularly  increafe  at 
the  feme  time  by  an  unit  from  i  to  the  faid  index  7  5  agree- 
ably to  what  was  obferved  in  the  five  former  examples, 

25.  And  iim'  is  (=  a  +  lV  X  a  +  b  =  a^  +  ya^b  + 
iia^b*  +  ssa*b^  +  35^?*^'*  +  iia^b^  +  yab^  +  b^   X  a^b  ) 
=  tf«  -h  Sa'b  +  iSa^b^  +  56^'^'  +  706*^*  +  s^a*^^^  +2Sa*b* 
+  Sab''  +  b* ;  in  which  feries  the  numtral  co-efficients  of 
the  terms  are  i,  8,  28,  56,  70,  56,  28,  8,  and  i.     The 

generating  fradions  of  thefe  co-efficients  are  evidently  — ,  •—, 
2-,  2^,  i-,  ^,  — ,  and  -i- ;  which  are  refpedively  equal  to 

— ,  .^,  — ,  -i-,  — ,  -l-f  —  >  and  4- » in  which  laft  fraftions 

the  numerators  8,  7,  6,  5,  4,  3,  2,  and  i,  decreafe  regu- 
larly by  an  unit  from  8>  (which  is  the  index  of  the  power  to 

^  which 
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vhich  the  binomial  quantity  a  +  i  has  been  raifcd),  to  i , 
and  the  denominators  i,  2,  3,  4,  5,  6,  7,  and  8,  regularly 
increafe  at  the  fame  time  by  an  unit  from  i  to  the  fa.d  in- 
dex 8  J  agreeably  to  what  has  been  obferved  io  the  fix  former 
examples. 

26.  And,  laftly,  a  +  ljl^  is(=^  +  ^  x   a^i  =  « * + 
8/a^^  +  28//^^^  +  56^*^  +  yoa*h^  +  56^'^*  +  aS^***  4-  ial^^ 

+  b^  X  a^b)  r:  tf»  +  (^a^b  +  36-^^/'*  +  84^^^^'  +  126^*^*4- 
ixf^aH*  +  84^?'^*  +  36^?*^^  +  ()ab^  +  ^' ;  in  which  feries  the 
numeral  co-efficients  of  the  terms  are  i,  9,  36,  84,  126, 
126,  84,  36,  9,  and  I.     The  generating  fraftions  of  thefe 

co.effiaents  are  evidently  -,  |.,  ~,  ^,  :^,  —^.  ^^,  ^, 
and  —  ;  which  are  refpedively  equal  to  — ,  - ,  — ,  — ,  -, 

F'    "'  T*  ^"^  ""  •  *^  which  laft  fraftions  the  numerators 

9,  8,  7,  6,  5,  4,  3,  2,  and  i,  decreafe  regularly  by  an 
unit  from  9,  (which  is  the  index  of  the  power  to  which  the 
binomial  quantity  a  +  b  has  been  raifed),  to  i,  and  the  de- 
nominators  I,  2,  3,  4,  5,  6,  7,  8,  and  9,  regularlj  increale 
at  the  fame  time  by  an  ijnit  from  1  to  the  faid  index  9  ; 
agreeably  to  what  has  been  obferved  in  all  the  former  ex* 
amples. 

27,  After  obferving  this  law  of  the  co-efficients  to  take 
place  in  fo  many  different  examples,  it  would  be  impoffible 
for  our  mathematical  inveftigator  not  to  conclude  with  a  very 
high  degree  of  confidence  that  it  would  take  place  in  all 
other  cafes  whatfoever;  or  that,  when  the  index  m  is  equal 
to  any  whole  number  whatfoever,  the  generating  fraftions 
of  the  numeral  co-efficients  of  the  terms  of  the  ftries  that  is 

equal  to  tf+M  >  will  be^,  -p*  "T'  4  '  5  '  ^^ 
2^,  2ZlZ    &C;i  till  we  come  to  the  fraftion  ^^^,  wi-ich  is 

«  K  :;;  o. 
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=:  o,  or  till  the  (aid  feries  of  fractions  is  terminated,  or  ex- 
haiifted.  And  then  it  would  follow,  from  what  has  been 
ftiewn  above  concerning  the  literal  parts  of  the  terms. of  the 

faid  feries,  that  the  faid  feries  which  is  equal  to  a  +  ^|^, 

or  the  iwth  power  of  the  binomial  quantity  a  +  ^,  would 

be    tf    H Aa       6  +  Ba       ^    +   Ca      ^ b^ 

&c,  continued  to  ^  •         ^  z.  i. 

a8.  This  method  of  difcovering  (by  a  conjefture  ground- 
ed on  fome  trials  in  particular  examples)  that  the  genera- 
ting fraftions  by  which  the  numeral  co^efficients  of  the  third, 
and  fourth,  and  other  following  terms  of  the  feries  that  is 

equal   to   a  +  ^"^  (or  any  integral   power  of  the  binomial 

quantity  a  +  b)y  are  derived  from  m  (the  index  of  the  power 
to  w^  ich  the  faid  binomial  quantity  is  niifetl),  or  from  the 
co-efficient  of  the  fecond  term   of  the  faid  feries  (which  is 

always  equal  to  the  faid  index)  are  2^',  ^IZI^  TzJ^  ^-r^> 

—-K  ^^9  ^s  fuggefted  by  Profeflbr  Saunderfon,  in  the  fcf 

cond  volume  of  his  Algebra,  in  the  chapter  on  the  Binomial 
Theorem  ;  where  the  Reader  will  find  a  good  explanation 
and  illuftration  of  the  faid  celebrated  Theorem,  by  a  va- 
riety of  examples,  both  in  the  cafe  of  Integral  powers,  and 
in  the  cafe  of  Roots  and  other  Fractional  powers,  and  even 
in  the  cafe  of  Negative  powers,  and  of  powers  that  are  both 
fradional  and  negative  ;  but  no  demonftration  of  it  in  any 
cafe,  not  even  in  that  of  Integral  and  Affirmative  powers. 

29.  We  have  now  fliewn  with  demonftrative  certainty 
that  the  literal  parts  of  the  terms  of  the  feries  which  is  equal 

to  tf +tl'",  or  the  mth  power  of  the  bipqmial  quantity  a+i, 

when 
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ivhcn  the  letter  m  denotes  any  affirmative  '^hole  number 
Whatfocver,  are  «*"  +  ^^"'^  +   iT^^b*  +   tf*"""^^'  +. 
41*- V  +  a'^'^H'  +  a'^'^^b^  +  ^'""V  +  &c,  till  we  come 

to  the  term  a"^^  b^^  (or  4®  X  b^^  or  i  x  b^)^    or   b^^ 

and  that  the  numeral  co-efficient  of  the  literal  part  of  the 
firft  term  of  the  faid  feries  is  i ,  and  the  numeral  co-efficient 
of  the  literal  part  of  the  fecond  term  of  it  is  w,  and  confe- 
quently  that  the  two  firft  whole  terms  of  the  faid  feries  are 

I  X  a  y  and  m  x  a  b^  or  a  +  m  x  a  b,  or  a  + 
-^  X  a^'^^b,  or  a'^  +  '^^  x  tf*"*'^.  And  we  have  alfo 
Ihewn  that  in  the  feriefes  which  are  equal  to  a^+M*,  a+^, 
a  +  bV,  a  +  i\\  a+  l^\  a  +  ^\  a  +  ^,  and  tf+^^  orwhca 

the  index  m  is  equal  to  2,  or  3,  or  4,  or  5,  or  6,  or  7,  or 

*8»  org,  the  numeral  co-efficients  of  the  third,  and  fourth, 

and  fifth,  and  other  following  terms  of  the  faid  feriefes  are 

derived  from  w,  or  the  numeral   co-efficient  of  the  fecond 

term,  by  the  continual  multiplication  of  the  fraftions  ^— ?, 
2-2    «-3    5^4  JiLp    «lz6,  ^2^  !LZ?,  and2^9     hich 

3456'         7'         8*9'  10    ' 

affords  a  very  ftrong  ground  for  conjeAuring  that  the  nu- 
meral coefficients  of  the  third,  and  fourth,  and  fifth,  and 
other  fallowing  terms  of  the  feriefes  that  are  equal  to  any 
higher  powers  whatfoever  of  the  binomial  quantity  a+b^ 
will,  in  like  manner,  be  derived  from  »,  the  co-efficient  of 
.the  fecond  term,  by  the  continual  multiplication  of  the  fame 

generating    fraftions    -j-,  — ,  — ^,  -j-?,  ^,  — , 
-g-S  — ,  -j^%  -^p,  -j^,^&c,  till  we  come  to  the 

tefm^^^,  which  is  =:  o,  or  till  the  faid  fer|es  of  gene* 

rating  fraAions  is  terminated,  or  exliaufted.    Now^  tfaiscon«> 

2  K  2  je&urt 
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jedture  may  t^e  changed  into  abfoluce  certainty,  and  the  £iid 
law  of  the  gC'-eration  of  the  coefficients  may  be  (hewn  to 
take  place  in  all  the  feriefes  that  are  equal  to  the  quantity 

a  +  t^j  or  the  powers  of  the  binomial  quantity  tf +^,  when 

the  index  m  of  the  faid  quantity  a+i^^^  is  equal  to  any  whole 

number,  how  great  foever,.by  fliewing  that,  if  it  takes  place 
when  the  index  m  is  equal  to  any  one  particular  number, 
(as  we  have  feen  that  it  does  when  the  index  m  is  equal 
either  to  2,  or  to  3,  or  to  4,  or  to  5,  or  to  6,  or  to  7,  or 
to  8,  or  to  9),  it  mud  alfo  take  place  when  the  index  m  is 
greater  by  an  unit  than  in  the  former  cafe*  For  then  it  will 
follow  that  it  muft  be  true  likewife  when  the  index  m  is 
greater  by  any  multitude  of  units  than  in  the  former  cafe, 
or  when  it  is  equal  to  any  other  whole  number,  how  great 
foever.  This  we  (hall  now  proceed  to  (hew  in  the  remaining 
part  of  this  difcourfe. 


Of  the  numeral  cthefficient 3  cf  the  tbird^  and  fiurtb^  and  Jiftb^ 

and  ^ber  following  terms  of  tbe  Series  that  is  equal  $9  a+b]*, 
and  tbe  law  of  tbe  generation  of  tbe  faid  co-efficients  from  m, 
ibe  co-efficient  oftbefecond  term  of  tbe  faid  Jeries^  and  from 
each  otber. 


30.  In  order  to  demonftrate  the  law  of  the  generation  of 
thefe  co-efficients,  it  will  be  convenient  to  get  rid  of  the 
powers  Q{a  and  ^,  in  the  terras  of  the  feries  that  is  equal  to 


a  +  b\  ,  and  to  fix  our  attention  only  on  the  generation  of 

the  nutneral  co-efficients  of  the  third,  fourth,  fifth,  fixth, 
and. other  following  terms  of  the  faid  feries.  This  may  be 
done  by  fuppofing  a  and  b  to  be,  each  of  them^  equal  to  i, 

2  and 


and  confcqwently  /i+*  to  be  equal  to  i  +  i,  and  a-f^^   to 

be  equal  to  i+TT'.  For,  as  all  the  powers  of  both  a  and 
i  will,  on  this  fuppofition,  be  equal  to  i,  the  Binomial 
Theorem  fet  forth  above  in  art.  i ,  will  then  be  reduced  to 

this,  to  wit,  that  1  +  il    will  be  equal  to  the  feries  1  +  ^ 
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X-^  +  ~X-^X-j^X   -^X— ^  +  &c,  con- 

tinued  to  the  term  —  X  "^^  X  ^^*  X  ^^  X  ^^^  X  &c, 
'  2  3.4  5 


iW  — |»I^t  ,  *•     x>    *'^'~'  «  — 2  9fi  -^  ^ 


X  ,  or  to  the  term  —  X  -7^  X  -r-  X  — — ^  X 

m  1234 

— 2  X  &c,  X -^  ,  or  to  the  term  -*  x  — ~  X  X 

5  W  t  3  3        ■ 

^^  X  ^^  X  &c,  X  ~,  or  to  the  term  i.    For  the  lad 

4  5  »  1 

term  of  this  feries  muft  always  be  i  ;  becaufe  the  numera* 
tors  of  the  feveral  faftors  in  it  form  a  decreafing  progreffion 
of  numbers,  decreafing  by  an  unit,  from  »  to  i  ;  and  the 
denominators  of  the  fame  fadors  form  an  increaiing  pro* 
grcflion  of  numbers,  increafing  by  an  unit,  from  i  to  w ; 
and  confequently  the  produd  of  the  multiplication  of  all 
the  denominators  is  equal  to  the  produft  of  the  multiplication 
of  all  the  numerators,  and  dierefore  the  produdt  of  the  muU 

liplication  of  all  the  faid  fadors,  or  fraftions,  — ,  !!LZ2^ 

^^^^^,  ^^^,  ^!^,  &c,  into  each  other,  or  the  laft  term  of 
3         4        S 

the  feries^  muft  always  be  equal  to  i . 


We  are  therefore  now  to  dcmonftrate  that  i  +  iT  is  equal 
to  the  fenes  i  +7+7X-^+-X-7-X  —  +  - 

X 
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X-^X  —  X—  ;^,X-^X—  X  —5-  X 

2Z±  +  &c,  +  I.    Apfd  this  we  propofc  to  do  by  fhewing^ 

by  abflrad  and  genenii  reafonings,  that,  if  this  Theorem  is 
true  when  the  indesp  m  is  of  any  particular  value,  as,  for 
example,  when  it  is  equal  to  9,  it  muft  likewife  be  true 
when  the  index  m  is  increafed  by  an  unit,  or  that,  if  n  be 

taken  =  «r+i,  the  quantity  i+T)*,  or  the  »th  power  of 
the  binomial  quantity  i  + 1>  will  be  equal  to  the  feries  i  + 

-J:3^.  f  X  —  X  i=^  X  ^^  X  ^*   +   &c,   continued 

to  the  term  -  x  -p  X  —  X  -j^  X  — ^  X  &c,    x   — , 

or  to  the  term  i. 

31.  To  facilitate  the  demonftration  of  this  propoficion^  ic 
will  be  convenient  to  premife  the  following  Lemma. 


A     LEMMA. 


If  the  terms  of  the  feries  i  +  *  +  i!!  x  ^^^  +  ~  X 
!l=i  X  2^*  +  i  X  ^'  X  ^*  X  J^  +  ^  X  ^^ 

^~  X  ^^  X  ^^  +  &c,  +  1  (in  which  m  reprcfents  any 

whole  number  whatfoever),  be  fct  down  twice  together  in 
two  parallel  lines,  or  rows,  one  under  the  other,  but  wich 
the  terms'  in  the  lower  row  advanced  one  ftep  further  to  the 

rgbt- 
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right-band  than  the  terms  in  the  upper  row^  fo  that  the  firft 
term  in  the  lower  row  fhall  (land  under  the  fecond  term  of 
the  upper  row,  and  the  fecond  term  in  the  lower  row  (hall 
ftand  under  the  third  term  in  the  upper  row,  and  the  third, 
fourth,  fifth,  fixth,  knd  other  following  terms  in  the  lower 
row  (hall  (land  under  the  fourth,  fifth,  (ixth,  feventh,  and 
Oliver  following  terms  in  the  upper  row,  refpeftively  j  and 
both  rows  are  continued  to  the  fame  number  of  terms,  name* 
ly,  to  the  whole  number  of  terms  in  the  faid  feries,  or  ta 
m+ 1  terms ;  and  then  the  terms  in  the  lower  row  (each  of 
which,  it  is  evident,  will  con(ift  of  one  faftor  lefs  than  the 
correfponding  term,  or  term  (landing  immediately  above  it 
in  the  upper  row)  be  reduced  to  the  (ame  denomination  as 
the  terms  that  (land  immediately  above  them  in  the  upper 
row,  and,  after  being  fo  reduced,  are  added  to  the  faid  terms 
that  (land  immediately  above  them  in  the  (aid  upper  row  ;*— 
upon  thefe  fuppo(itions  the  new  ferie^  of  terms  ari(]ng  from 
this  addition  ot  the  faid  two  rows  of  terms  to  each  other,  will 

be  as  follows,  to  wit,  i+f±L  +  -X^^  +  -   X?^' 

X  — +  -x-px—  X    ^    +T^*T"^-T 

X  ^^  X  ^^  +  &c  +  I  ;  in  which  feries  the  laft  term 

is  I,  as  well  as  in  the  two  feriefes  from  the  addition  of  whicli 
this  feries  arifes ;  and  the  nuuierators  of  the  laft  fadors  in 
all  the  terms,  except  the  laft,  are  always  equal  to  x«+ 1,  in* 
ftead  of  being  equal  to  i» — i,  m  —  2,  m — 3,  m  —  4, 
&c,  as  in  the  two  foregoing  feriefes ;  and  the  number  of 
terms  in  the^  faid  new  feries  is  m  +  2y  inftead  of  m  +  i, 
which  is  the  number  of  terms  in  each  qf  the  faid  foregoing 
fpriefts. 


PEMON- 
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32.   This  will  appear  by  fetting  down  the  faid   (erics 

r 


'  +  T  +  tx'"-?  +  tX^x^  +  tX 


X  ^^—^  X  ^^^  +    &c,  +    I  twice  over,  in   ihc  manner 
.    3  4 

that  has  been  jud;  defcribed ;  which  may  be  done  as  follows  : 

I+-  +  -X   +  -X  X +-X X X ?-f&C* 

t       1  2  1  Z  312  3  4 

1+-  +-    X +—  X X- +&C. 

I  I        %  I        ^  I 

In  the{e  two  rows  of  terms  it  is  evident,  in  the  firft  place, 
that  the  terms  in  the  upper  row,  after  the  two  firfk  terms  i 

and  — ,  conlift  of  two^  three,,  and  four,  and  more,  faftors, 

every  new  tertn  having  one  more  foftor  than  the  term  next 
before  it  i  and,  2dly,  that  the  terms  in  the  lower  row  that 
ftand  immediately  under  the  third,  fourth,  fifth,  and  other 
following  terms  in  the  upper  row,  confift  of  one  faftor  lefs 
than  the  correfponding  terms,  oV  terms  immediately  over 
them  in  the  upper  row ;  and,  3dly,  that  the  terms  in  the 
lower  row  confift  of  the  very  fame  faftors  as  the  correfpond- 
ing terms  in  the  upper  row,  excepting  that  they  want  the 
laft  faftors  of  the  faid  terms  in  the  upper  row.  And  hence 
it  follows,  that,  in  order  to  reduce  the  terms  in  the  lower 
row  to  the  fame  dcnominarion  as  the  terms  in  the  upper 
row,  we  muft  multiply  them  by  fadors  that  (hall  have  the 
fame  denominators  as  the  laft,  or  additional  fadtors  in  the 
upper  row,  and  which  muft  have  their  numerators  equal  to 
their  denominators,  fo  as  to  make  each  of  them  equal  to  i, 
to  the  end  that  the  magnitudes  of  the  faid  lower  terms  may 
not  be  altered  by  tfce  multiplication  of  them  by  the  faid 
pew  fai3:ofs.     Thus,  fqr  example^  the  fecond  teriji  of  the 

lower 
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lower  rowi  w  tlrit,  21,  iftuft  be  multiplied  into  the  feftor— ,  . 
in  order  to  bring  it  to  the  fame  denomination  as  (he  third 
term  in  the  tipper  row;  to  wit,  —  x  ^— ^^  without  altering 
its  magnitude  i  and  the  third  term  in  the  lower  row,  to  wicj 
2,  ^  2:ii^  ^^^^  ^^  multiplied  into  the  j&ftor  i-,  in  order 
to  bring  it  to  the  fame  denomination  as  the  fourth  term  of 
tiie  Upper  row,  to  wit,  ^  x  ^—  X  ^^^,  without  altering 
its  magnitude ;  and  the  fourth  term  in  the  lower  row^  to  wit, 
i-  X  ^^^  X  -^»  rouft  be  riiultiplied  into  the  fador  — , 
in  order  to  bring  ic  to  the  fame  denomination  as  the  fifth 
term  in  the  upper  row^  to  witj  ^  x  ^^'  X  ^^^  X  -2^, 

without  altering  its  magnitude  %  and>  for  the  like  reafon,  the 
fifth,  and  fixtb,  arid  feventh,  and  other  following  terms  in 
the  lower  row  mud  be  multiplied  into  the  feveral  fadora 

4-,  and  -^,  and  -?-,  &c,  refpedively ;  after  which  multipH- 

cations  th^  two  rows  of  terms  thit  are  to  be  added  to  each 
other,  will  be  as  follows,  to  wit, 

I+-+-X  +  -X  X  *  +  --  X  — -X  X  ^  +  &© 

111         I        %  31^3  4 

33;  Andj  if  thefe  two  rows  of  terms  (being  now  brought 
to  the  fame  denominations)  are  added  together  in  the  man* 
her  above  defcribed ;  that  is>  every  term  in  the  lower  row 
10  the  term  that  is  immediately  above  it,  the  fum  thence  re«* 

Suiting  will  be  the  feries  i  +  ^i?  +  -^  X  ^^  +  —  X 
2111  X  2il  +  2.  X  ^  X  *-t^  X  2^.  +  fccinyehich 

■   '^••       •  •    a  L •  '•"'■       M- 
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the  niimerator  otdie  laft  faSor  in  every  term  is  tilwzy^m  +  tg 
inftead  of  m  —  i,  JH  —  2>  m  —  3,  m  —4,  &c. 

Arid  **  That  this  touft  be  the  cafe  in  all  the  following 
'^  terms  of  the  faid  new  (eries  as  well  as  in  the  few  terms  of 
*'  it  that  have  been  here  fet  down/'  will  be  evident  from 
this  confideration^  to  wit.  That  the  denominator  of  the  laft 
&Aor  of  every  term  in  the  upper  of  the  two  rows  of  termt 
that  are  added  together  is  always  greater  by  an  unit  than 
the  ninnber  which  is  fubtrafted  from  m  in  the  numerator  ol* 
the  fame  fador.  For  from  thence  it  follows  that  the  deno- 
minator of  the  new  multiplying  fradion  in  the  correfponding^ 
term  of  the  lower  row  (which  is  always  equal  to  the  denomi- 
nator of  the  (kid  laft  fador  in  the  upper  row,)  muft  always 
be  greater  by  an  Qoit  than  the  number  which  is  fubtraded 
from  m  in  the  numerator  of  the  laft  fador  pf  the  faid  upper" 
term.  And,  therefore,  the  numerator  of  the  faid  new  mul- 
tiplying fraftion  ih  the  lower  row  (which  is  always  equal  to 
its  denominator,)  muft  alfo  always  be  greater  by  an  unitr 
dian  the  number  which  is  fubtraded  from  m  in  the  nume* 
fator  of  the  laft  fiidor  of  the  faid  upper  term  ;  the  confe- 
^uenct  of  which,  in  adding  the  lower  term  to  the  upper 
t;erm,  is  10  convert  the  numerator  of  the  laft  fador  in  the 
upper  term  from  »  — - 1,  or  w  —  2,  or  «  —  3^  or  the  excefs 
tf  m  above  fome  other  number,  into  m+  i*        icti  &«  ?• 

34.  And  the  nnmber,,of  terms  in  the  new  fcries,  arifing 
from  the  addition  of  the  two  former  in  the  manner  that  has 
been  dcfcribed,  will  be  greater  by  one  than  the  number  of 
the  terms  in  either  of  the  two  adJed  feritfcs:  becaufe  the 
lower  row  of  terms,  confifting  of  the  fame  number  of  terms 
as  the  Upper  row,  and  being  placed  one  term  further  to  the 
right-hand^  muft  extend  one  term  beyond  it;  and  confe« 
quently,  as  the  number  of  terms  in  reach  of  the  two  rows 
of  terms  is  s»  +  I9  the  number  of  terms  in  the  new  feries^ 
arifing  from  the  addition  of  the  two  rows  together,  muft  be 
AT  4-  a«       q^  £<  jy* 

35;  And,  liftly,  the  laft  tertn  of  the  faid  new  feries  muft 
^e  the  fame  as  the  laft  term  of  the  old  feries,  or  of  die  lower 
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row  foi  terms ;  becaufe,  as  the  lower  row  of  terms  ezten<^ 
one  term  beyond  the  upper  row,  the  laft  term  in  the  lower 
jjow  will  not  have  any  term  over  k  in  the  upper  row  to 
which  it  is  to  be  added,  and'confequcntly  will  continue  thf 

fame  in  the  new  feries  i  +  ^^— ^  +  -^   ^  *-— -  +  T  >^  "^ 

X  !l±i  +  i  X  5^'  X  2:=^  X  ^^  +  &c,  as  in  theol4 
3         «  23  4 

feries  i+_  +  --x-;-  +  YX—  X-j-+-7->C 

Tzl  X  2^^  X  ^2Z3  +  &c.    But  we  h^ve  feen  above,  in 
*  3  4 

art.  30,  that  the  laft  term  of  the  feries  1  +  ~  +  —  x  2^ 

+  JJx^x^  +  Jfx2^x=fx^  +  &c, 

is  I.    Therefore  the  laft  term  in  the  new  feries  i  +  -2^  ^ 

1l'  4.  il  X  *'"'  X  *""' 
3  *  »  3 


^^  +  &c,  will  alfo  be  !•        <u  «.  d, 

36.  CoroU.  I.  Now  let  the  order  of  the  aun^erators  m^ 
iw  —  i,  w-;i,  «— 3>  »— 4i  &c,  and  w  +  i,  of  the  fadors 
of  the  third  and  oiher  following  terms  of  the  laft  feries 

X  +  -7-:  i-  ~  x  -p.  +  ^  X  —  X  -J-  +  T  ^  "7" 
X  ^^^^  X  i!!^  +  &C,  be  changed,  by  making  m+  i 

the  numerator  of  the  firft  faflor  of  every  term  inftead  of 
being  the  numerator  of  the  laft  faAor.    The  (aid  feries 

will  then  be  as  follows,  to  wit,  i  +  "^  +  "H^  X  *  + 

-r-X-7X-j-  +  -pX-7X-pX—   +    &c. 

Now  this  change  in  the  order  of  the  numerators  of  the  feve- 
lai  factors  of  the  terms  will  create  no  change  in  the  values, 

%Uz  or 
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or  magnitudes,  of  the  feveral  terms  themfclves ;  becanfe  th^ 
produfts  arifing  from  the  multiplication  of  the  fame  num- 
bers are  always  the  fame,  in  whatever  order  the  numbets 
are  multiplied.  Therefore  the  foregoing  fcries,  after  this 
change  in  the  order  pf  the  numerators  of  the  feveral  fafior^ 
of  its  terms,  will  ftill  be  of  the  fame  magnitude  as  before, 
and  confequently  ^ill  be  equal  to  the  fum  that  arifes  from 
the  addition  of  the  aforcfaid  two  rows  of  terms  in  the  man- 
ner above  dcfcribed  j*  that  is,  the  feries  i  +  ^Jli  +  21 — i  >^ 

&c,  +  I,  wifl  be  equal  to  the  fum  that  arifes  from. the  adr 
dition  of  the  aforefaid  two  rows  of  terms  in  the  manner 
above  defcribe4.    • 

37.  CoroU.  2.  Now  let  »  be  s  w  +  I. .  Then  will  »— i 
be  =:  iw,  and  n  —  2  will  be  =  iw— i,  and  »— 3  will  be  = 
w  — 2,  and  w  — 4  will  be^=:  m  —  3}  and,  in  hke  manner, 
*  —  5.,  n^  6f  n  —  jy  &c,  will  be  equal  to  w  —  4,  i»  —  5, 
fn —  6,  &c,  refpcftively.  And  cpnlequei^tly  the  fcries  ob- 
tained in  the  foregoing  Corollary,  to  wit,  i  +  ^!1^  +  ~4 

X-j  +  -^x-x^.-t-^X  7  X  —  X  — ^ 

+  &c,  +  t,  confiding  of  m+i  terms,  will  be  equal  to  the 
fenes  i+_  +  -Xr^+r7-X—  X-J-+7  x 
^  X  2^  X  ^^'  +  &c,  +  1,  tonfifting  of  »+ 1  terfns, 
Therefore  the.  feries  j  +  Jl  +  iL  x  tZL+  ^  X  ~  X 

^+  ^  >j  !IZ1  X  !^-  X  "-^  +  &c,  +  1,  corffiftingof 

a  +  1  .terms,  will  be  equal  to.  the  fum  th^t  arifes  by  .adding 
the  two  aforefaid  rows  of  terms  together  iti  the  mjinncr  abovp 
fldcribed. 
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flbe  Demonjlration  of  ike  principal  Propofition. 


.  j8,  Thefe  tbi«gs  being  premifed,  the  m^in  propofition 
dated  at  the  end  of  art,  30,  to  wit,  that,  if  m  denote  any 

whole  nuii^ber  whatfoev.er,  the  quantity  iH-i|'",  or  the  iwtl> 
power  of  the  biuomial  qulmity   i  +  1,  will  be  equal  to  the 

feries  i  +--.+  ^x-r+7  X-^X-^+T^ 

•«r— I  jw  — 2         w— ,t    .     m         ii;*--l  w-r2  ar-^-a  iv-^d 

i —  X  —  X  — ^  +  T  X  -r-  X  —  X  -7^  X  — ^ 

+  &c,  continued  xom-^x  terms,  or  to  the  term  1^  may  be 
denioottrated:  in  the  manner  following. 

39*.    The  produft  that  arifes  by  multiplying  the  (cries 

}+Tf-^  —  +  7  X  — X— +7.X--X 

?— ^  +.^— ^  +  &c,  mto  1  -^  I   is  the  fum  that  arifes  by 

fetting  down-  the  faid  ferits  twice  following  in  two  parallel 
rows,,  one -under. the  otjief,  with  the  terms  in  the  lower  row 
j^dvanced  one  term  further  to  the  right-hand  than  the  terms 
in  the 'upper  row ^  in-  the  manner  above  defcribed,  and  then 
.^dding  the  tprms  in  .tlie  Ipwer  j'ow  to  the  corref{X)nding 

terms  in, the  upper  rqw.-  And  the  /»  +  7|ch  power. of  i  +1 
IS  the  producft  of  the  multiplication  of  the  mth  power  of 
;  + 1  info  i-|-ri«.j.  Tl?erefdre,   if  in  any;  particular  vduc  qf 

jp  thc^th  ppwer  of  r-Hr  i  is  equal  to  tl),e  feries  i;  -j-  ~  +  -^ 

cf  i:c,  +  I,  confiding  of  w  +  i  terms,  the  m  +  ilth  power 
,of  1  +  X  will  be  tqu^.  to  the  fum  that  arifes  ,by.fe:ting  down 
the  faid  feries  twice  following  in  two  parallel  rows  in  the 
manner  above  defciibed,  and  addipg  the  fai4  twQ  rows  of 

term3 
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terms  together.  Rut,  by  the  fecond  Corollary  of  the  fore- 
going  Lcnuiia,  if  »  be  r:  iw-}-i,  the  fum  afifing  from 
the  addition  of  the  faid  two  rows  of  terms  is  the  feries  j  + 

i^xa'i  z  311  3 

X  ^^  +  &c,  4-  I,  confiding  of  n+i  terms.   ThercforCj^ 
4 
if  in  any  particular  value  of  m  the  ;wth  power  of  i  +  i   is 

equal  to  the  feries  x+^-^-X^J^'+^-X^^'x^^' 

^.  !^  X  ^  X  ^'  X  i=-^  +    &c.   +   I,    confiftiog  of 

fn  4-  I  trrms,  it  will  follow  that  the  m  +  \\\\i^  or  »tb,  or 
next  higher  ^ower,  of  1  +  i   will  be  equal  to  the  feries  i 

^^  X  ^^  +  &c  +  I,  confiding  of  ;» +  i  ter^ns.     But  it 

has  been  Ihewn  in  art.  17,  18,  19,  &c,  -  -  -  26,  that  when 
1w  is  equal  either  to  2,  or  to  3,  or  to  4,  or  to^,  or  to  6, 
or  to  7,    or  to  8,    or  to  9,    the  mx\x    power  ol    i  +  i  is 

equal  to  the  feries  i    +    -  H —  x  >  H X  X 

• 1-  -^  X  —  X  — •  X  — ^  +  &c  +  J,  confiding  of 

'w+  I  term^t  1  hereforc,  if  »  be  equal  to  9  + ij  or  10,  the 
9  -fTj^h  power,  or  loth  power,  or  n\\\  power,  of  i-f  x  wiJl 

be  equal  to  the  furies  i  +   -  +  —  X  ^^  +  ^  X  ^^  X 

^ni  +  ^  X  ^  X  ?^'  X  l:ii  +  &c  +  T,  confiding  of 

'3^134  ^ 

»  +  1,  or  10+  1,  or  1 1,  terms.  And  in  the  fame  manner  k 
may  be  proved  that,  fince,  when  a»  is  =  10,  th©  i?Kth  powey 

of  I  + 1  is  equal  to  the  feries  i  +  *  +  ^  x  ^^'  +  ^  X 

confifting  of  w  + 1,  or  ig  +  T,  or  1 1,  tcnna,  the  m  -^  i}:h, 

or 


h  the  cafe  (f  Integral  and  Affirmative  Powers        26 j 

6r  io+r]th,or  iithjor  (puttings  =  «+i  =  lo+i  ii:  ii) 
the  «b,  power  of  i  +  i  will  be  equal  to  the  ferics  i  4- 

T  +  T^"T"  +  7^^  X.— +  -J  x~  X  ~x 

^^  +  &c  +1,  confiding  of  »  + 1 j  or  1 1  + »»  or  i a,  terms. 

And  (b  we  tpay  proceed  from  number  to  number  ad  infini* 
ium.  And  confequently,  whatever  be  the  whole  number  de- 
noted by  i»,  it  will  always  be  true  that   i+7|'"  is  equal  to 


the  feries  t  + 

»    ^    1    '^      2 

'+T 

x==-' 

X=f  +  T 

x^»x-~ 

f  X  2115  +  " 

x'-r 

x";'  X 

.^.  +  &c  + 

I,  conlilling  of 

m  +  1 

terms. 

<!•   E.  D. 

Tbe  foregoing  Demonjiration  exprejfed  in  a  mere  cmcije  Manner. 


40.  The  foregoing  reafonings  may  be  exprefled  in  a  more 
concife  manner  as  follows.     If  »  be  =r  w  +  i,  and  it  be, 

true  in  any  particular  value  of  m  that  i  +  1]'''  is  iz  the  fe- 
rn     .     m        «r— I    ,     w  1^;— I  »f— 2  m 


'!i=:i  X  ^^^  X  ^^^  +  &c,  it  will  alfo  be  true  that  rTTl' 
*         a         4 

wjllbe=i+-+-x—  +  7X-^x-j-  +  ~ 

#1—1  n— »  »  — •»  o 

X  —  X  —  X  Y  +  ^°- 
'    FWT+H*  is  =  T^^"^'  -T:^,  X  TTT  =:  the 

fenei i+-  +  -x  -r  +  r^-r^-T^r^-T 
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X  '^^  X  ^— ^  +    &c,  multiplied   into   i  *+  i    = 
3  4  ^ 

l-f— +  -X  — r-  +-X   X  — r-  +-X X X  ?  +  && 

I       i         2  t         i  3'*-3  4 

+'  +  :-.  +-7^-T  +T^-T-^-r  -■^'^ 

tel  +  -+-X t+^X— ^X +-  X X ^X— ^  +  &Ci 

I      I        2         1       2  312  3.        4 

+  I  -f  -X   —   +— X  — -  X  -^  +  -X 'X X    +&C. 

I         i  I  2  3  1         2  3  4 

.TO+i.tw     «+t      m     ra  — I     «r-ft     iw     ot— i-.w  — 2     «r4-I     ^^ 

fcl+ h*X +  -X X— +-  X— — X-^ — X +?C^ 

II  21  2  S  I  2.         3  4 

s=l  + -{.  — i:-  ^^-4^  -_  X  -X +— -^X-.x— r--x ^^+&c 

I  12123  123  4 

a=i+- +— X  -f-*x x  — '+  — x-v-  X— r-x — j^+ic 

112        12  31a         3         4 

But  it  has  been  (hewn  in   art.  17,  18,  19,  &c, •  25, 

that,  when  m  is  equal  either  to  2,  or  to  3,  or  to  4,  or  to  5/ 

or  to  6,  or  to  7,  or  to  8,  or  10  9,  i  +  i  *"  is  equal  to  the 


feries  i  +  _.  +  _  x  —  -  +  -  X  -7-  X  -j-  +  -j-  X 
!!Z±  X  2:1-'  X  ^^=2  +  &c.     Therefore,  if-»  be  i±  9+  f, 
or  10, 1 4-  iT,  or  i  4- 1|'^  will  be  zi  the  feries  i  + h 

n  «— I  n  «— I      ^  11— 2    ,     ft   ^     «*-!   _  11  —  2   ^^  a— « 

>.X~+-X_X-y+7X   -j-X^X^ 

+  &c.  And  it  may  be  fliewn  in  like  manner,  that,-  if  n  be 
put  for  II,  12,  13,  14,  &c,  ad  itifinitum  fucceffively,  i  +  i|. 
will,  in  all  thefe  fuppoficions,  be  always  equal  to  the  feries 


n. 


^•Zi  X  ^^  +  &c ;   and  therefore  the  propofitidn  is  uoi* 
3  4 

verfally  true,    whatever  be  the  whole  number  denoted  by 

the  letter  n.  0^  e*  d. 

4itTbis, 


^  ibe  iofe  of  btiegral  and  Affirmative  Powdrs»        a6| . 

41.  This  demonftration  of  the  binomial  theorem  in  the 
cafe  of  integral  powers,  is  nearly  the  fame  with  that  given 
by  Mr.  John  Stewart,  of  Aberdeen,  in  the  6th  Seftion  of 
his  Commentary  on  Sir  Ifaac  Newton's  curious  little  Traft, 
intitled,  Analyfis  hy  Equations  of  an  infinite  number  of  Terms* 
See  his  edition  of  Newton's  Treatife  on  the  Quadrature  of 
Curves,  and  of  the  faid  Traft  intitled  Analyfis j  (*fr,  .with  hi^ 
learned  Comments  on  both,  in  one  volume,  quano,  publiflic4 
a£  London,  in  the  year  1745,  page  471,  Art.  1^$^ 


Qf  the  Powers  of  a  Reftdual  ^antity  a^^h,  when  their 
Indexes  are  whole  Numbers. 


42.  We  have  hitherto  been  confidering  the  integral  powers 
of  a  binomial  quantity  a  +  b,  or  of  the  fum  of  two  fingle 
quantities  a  and  b ;  and  we  have  ^tt^  that,  if  the  faid  binOf 
riiial  quantity  a-^^b  be  raifcd  to  any  power  of  which  a  whole 

number  denoted  by  m  is  the  index,  the  quantity  a  +  ^'^ 
or  the  faid  wth  power  of  tf  -J-  ^^  will  be  equal  to  the  fcries 

n  ^   n^^m^l^^  +  21  X  ^  a^'^H-  +  7  X  ^  X  ^^ 

a^-H^  +   -    X  ^  X  ^'  X  ^^  ^"-^ V  +  f  X 

•^  X  —  X  -~  X  — -  a      H*  +  &c,  +  *  ,    or   (if 

ue  put  A  =  1,  B  =  —  A,  C  =  2131  B,  D  =  ^^  C,  E 

s:  2ZL3  D,  F  s  ^i:::^  E,  and  G,  H,  I,  K,  U  &c,  =  ,2^ 

F,  2^G,^  H,  :izi  I,  ::i;i2:  K,  &c,  rcfpeiaivcly,)  ta 


3 


the  feries  «"  +  ^  Aa  ~'^  +  =-=-i  B«  "■^»  + 
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in  which  all  the  terms  after  the  firft  term  a^  are  marked  with 
the  figa  +,  or  arc  added  to  the  faid  firft  term.     We  will 

now  proceed  to  confider  the  value  of  wi  —  i|*,    or  the   aith 
'    power  of  chev  r^dwd  quanticy  a^^^by  or  of  the  differmct  of 
ifae  two  quantities  a  aod  by  upon  a  fuppofition  that  a  u  the 
giwtr  of  die  two« 

43*  Now»  if  ^  be  fuppofed  to  be  greater  than  by  and  m 

be  any  whole  number  whatfoevcr,  the  quantity  ^ —•/<'",  or 
the  mh  power  of  the  refidual  quantity,  or  difference,  a—b^ 

'  will  be  «jual  to  the  fcrics  4^ -^  a'^^i  +  ~  X  -^ 

3  4  i^a^3^4S 

n^*"^^  +  &c,  or  (if  we  puc  A,  as  before,  =  x,  and  B  = 

at  A,  and  Q^'^'  B,  and  P  ==  ^!:iiC,  and  E  =  -^^ 
a  a       *  3        '  4 


D,  and  F  =  =Z4  E.  and  G,  H,  I,  K,  L,  &c,  =  —^  F, 
il?  G,  2L=;  H,  ^  I,*^^  K,  &c,  refpeaively,)  to  the 
fcrics  a'*—  -"•-  A^— '*  +  t=i  Ba*^V  -•  ("EFc;:^— 3^ 

»  .  *  3 

^  2iZ3  Da^^H^  —  E^ Ea'r'i^^  ^  g^^^  which  confifta 

of  exactly   the  fame  terms  as  the  feries  that  is  equal  to 

q  +  ly,  or  the  fame  power  of  the  binomial  quantity  a+b^ 
but  with  the  fign  .^^  prefiiced  to  the  fecond,  and  Iburtb, 
and  fixth,  and  every  following  .even  term  in  the  feries, 
which  denotes  that  the  faid  terms  arc  not  to  be  added  to 

ihe'firA  term  a^y  and  to  the  third,  and  fi&h,  and  other  fol^ 
lowing  odd  terms,  (as  they  were  in  the  fcrrmf r  feries,  which 

Was  equal  to  ^+^r,)  but  to  be  fubtraftcd  |rom  them. 
iii  44.  That 


tn  the  t'dfi  of  tniigral  4nd  j^rmathi  PoWfrs.        1(7 

44«  That  this  mud  l>c  fo>  will  be  evident  fr<Mn  confidcr* 
ing  the  manner  in  whi^h  the  feveral  powers  of  the  refidual 
quantity  «  —  ^  are  generated  from  each  other  by  the  con- 
tinual multiplication  of  a — iy  of  which  we  will  now  exhibit 
a  (pecimen  with  reCped  to  a  few  of  its  ioweft  powers.  The 
fecond,  tliird,  fdurtb,  and  fifth  powers  of  a-^  ajre  derived 
from  tf-*^  kfelf  by  the  following  luultiplicationi. 


a — b 


I. 


a — b 

—  a^b^id'b'—'^aP+b^  . 

^^^j^^+6a^b^'^4ab^^b^  n  a—i\^ 
a — b  * 

-^ «.- 

~  a^b+.  4a^b^^  ba^^  +  ^ab^—b^ 

a*^^a^b+icaH^^ioa^P  +  S^^-—^^   =  ^—^•* 

45.  trom  thefe  operations  ft  is  evident  that,  wbercvter  die 
odd  powers  of  b  occur  in  the  faid  powers  of  a^^k^  ike 
terms  are  marked  with  the  fign  — ,  and  that,  wherever  the 
even  po>vcrs  of  5^  o4curin<ttie  faid  powers  of  n— ^>  tha 
terms  arc  marked  with  the  fign  +  *  And  the  Tame  thingn  it 
is  evident^  muft  happen  in  all  higher  powers  of  a — b  what- 
foever,  as  well  in  thofe  that  have  been  here  fet  down»  becaufe 

!  .    \  2  M  a  4  ii 
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h  is  marked  with  the  fign  —  in  the  two  original  favors  4  —  3 
and  a  ^  hi  whence  it  follows,  from  the  nature  of  algebraick 
miiitiplication,  that,  ^^•henevcr  b  is  multiplied  into  itfelf  an 
even  number  of  titaes,  the  produft  will  be  marked  with  thfc 
fign  +  ;  and,  wbtoever  it'  is  multiplied  into  itfelf  an  odd 
number  of  times;  the  produft  will  be  marked  "with  the  fign 
— .  And  it  is  further  evident^  from  the  foregoing  multipli- 
cations, that  the  odd  powers  of  b  occur  in  the  fecond^  and 
^  fourth,  and  fixch,  terms  of  the  foregoing  produAs,  and  that 
the  even  powers  of  b  occur  in  the  third  and  fifth  terms  of 
them.  And  it  is  eafy  to  fee  that  the  odd  powers  of  b  will 
occur  in  like  manner  in  the  eighth,  and  tenth,  and  twelfth, 
and  other  following  even  terms  cf  all  higher  povvers  of  ^  —  b 
whatfoever^  and  that  the  even  powers  of  b  will  occur  in  like 
manner  in  the  feventh^  and  ninth,  dnd  eleventh,  and  other 
following  odd  terms  of  the  faid  higher  powers  oi  a  —  b.  And 
it  is  alio  evident,  from  the  foregoing  multiplications,  that 
the  terms  themfelves  of  which  the  feverai  powers  of.tf  —  b 
will  be  compofed,  are  exadly  the  fame  with  the  terms  of 
which  the  fame  jpowers  of  ^  Hh  ^  ^^  compofed.    And  hence 

it  follows  that  the  feries  which  is  equal  to  a —  3|^  will  be  the 

feme  with  the  feries  which  is  equal  to  tf  4-  ^^9  when  the  fign 

•^  has  been  prefixed  to  the  fecond,  and  fourth,  and  fi^cth, 
and  other  following  eVen  terms  of  it^  inftead  of  the  fign*+, 

or  that  a  —  M**,  or  the  mih  power  of  the  refidual  quantity 

w  -  ^,  will  be  equal  to  the  feries  ^  ^  ^  a^^^H  +  ^  % 

4^5  X  —3  4^-V~  i  x^'  X  2=3  X  ^^  X  '^* 

•  i^  4  «  ^  3  4      .  S 

/"^^b'  +  &c,  or  a^^^A  1^*-'  ^  +  !!!=.'  B  a'^^^b^  ^ 

S  4  5 

.  Q^  S.   O. 

A  t)lS- 


DISCOURSE 


O  F 


COMBINATIONS, 


AND 


ALIQUOT    PARTS. 


Bt  )OHN  WALLIS,  D.  D. 

^ROF)£SSOR  OF  GEOMETRY  IN  THE  tTNlVERSlf  Y  OF  OXPOR|>| 
AHD  A  MEMBER  OF  THE  ROYAL  SOCIETY^   LONDON. 


T&IMTSD  AT   LOMDOM   IN   THB   TEAR    168$,    AKD   PVBLIiHtB 
WITH   THE  author's   TEBATIBR   OF   ALOEBEA% 


C    *7«    ] 


OF 


COMBINATIONS, 

ALTERNATIONS, 

A    H   p 
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C  H  A  P.     I. 

Of  the  variety,  cf  ElsBionSj  or  Choice ,  in  taking  «r  leaving  Q0 
or  more,  out  of  a  certain  Number  of  things  frcfofed. 

FOR  the  better  underftanding  of  vhat  is^  propofed  ;  fup.- 
pofe  we  a  certain  number  of  counters  or  other  thingi 
expofed  ;  as,  for  inftance,  7  i  a  bed efg :  The  queftion is, 
v'hat  variety,  or  how  many  cafes  there  may  be,  of  taking 
from  thence  one,  or  two  of  them ;  as  a,  b,  c^  d,  &c.  Or, 
ab,  ac^  ad,  bcy  bd,  &c.  Or,  three's,  ii^abc,  ahd,  a(d,  bdc^ 
kc.  Or,  fours,  fives,  &c.  Or  all,  or  hoqp?  Apd  the  like 
if  any  other  number  of  things  were  fo  expofed* 
'  In  order  to  the  folution^wbereof,  I  (hnH  bcrc  inferc  4 
table,  borrowed  frona  my  Arithmctick  of  Infinites,  Prop^ 
132,.  169,  183,  189,  &c,  (becaufe  there  will  be  often <^r 
cafion  of  having  recoarfe  to  it;)  And  tbeo  proceed  tp  pi^ 
ofuions  thereunto  ^Utiog^ 

To 


tjz 


Of  Ccmblnatknsy  MtefBations,  and 


o 

1 

To  b€  left- 
«     3     4     5 

6 

7 

8 

9 

lO 

Monadicki. 

I 

I 

I 

1 

I 

I 

I 

1 

I 

I  * 

Laterals* 

— 

2 

T 

3  1 
6 

4 

lO 

»5 

6 

7 

8 

9 

lO 

Triaogulart* 

21 

— 

— 

— 

•  'Pynuhklah. 
J  Triang.Triang. 

*_' ' 

•4 

6 

7 

lO 

21 

20 

55 

ii 

I.' 

,^_^_ 

1  Trian^.  Pyram. 
^  Pjram.  Pyranu 

— 

— 

— 

&<?•. 

— 

8 

. 

9 

— 

lO 

1 

Q 
I 

4  ♦* 
S^ 

7 
8 
9 

lO 


Now,  as  to  the  conftruftion  of  this  table,  we  are  to  ob- 
ferve,  ihat,  (the  firft  line  bcjn^  all  uniis,)  the  following 
numbers  are,  in  every' place,  the  aggregate  of  all  rhofe  in 
the  line  next  above  it,  fo  far.  As  for  example  j  for  the 
three  firft  in  the  uppermoft  line,  i,  i,  i,  we  have  in  the 
fecond  line  (under  thfe  laft  of  them)  the  number  3,  which  is 
the  aggregate  of  them.  And,  in  like  manner,  we  have  in 
the  next  place  4*  which  is  the  aggregate  of  i,  i,  1,  1. 
fAnd  fo  of  the  reft.)  And,  in  the  Unes  following,  likewife  : 
Ipfor  r,  2,  3,  (the  three  forcmoft  of  the  fccomt  line,)  wo 
have  in  the  third  line  (uqder  the  laft  of. them)  the  nuujber  6, 
equal  to  all  of  them  :  and  fo  every  where.  This  prcmifcd, 
ike  proportions  follow* 

I.  It  is  manifeft,  that,  if  we  would  take  none,  that  is,  if 
we  would  leave  ally  there  can  be  but  one  cafe  thereof,  what- 
ever be  the  nqjnber  of  things  expofed.  (For  this  admits  of 
no  variety.) '  Which  (in  the  table)  is  cxpr^ffed  in  the  firft 
(tranfyerfe)  line,  where  the  numbers  are  all  MonadUks^  or 
units* 

•"  2.  The  fame  happens,  if  we  would  take  all,  (or  leave 
none.)  For  here.alfo  there  can  be  no  variety  of  choice^ 
-whatever  be  the  number  of  thiiigs  expofed,  a»  by  (,  &c» 
And  this,  in  the  table,  we  cxprefs  in  the  firft,  (ercft)  co-? 
lumn.  where  alfo  the  numbers  are  all  Monadicki. 

3.  If 


Aliquot  PartSy  ly  John  Wallis*  173 

3.  If  we  would  take  One,  it*  is  manifeft,  that  there  are  as 
many  cafes  or  varieties  of  choice,  as  is  the  number  of  things. 
For  that  One  may  be  any  one  of  them,  as  a,  by  r,  d,  ^,/,  ^  ; 
which  is  exprefled  in  the  fecond  line,  where  the  numbers 
are  in  their  natural  order  or  confecution^  i^  ^j  3,  &C3  which 
I  call  Laterals. 

4.  The  fame  happens,  if,  taking  all  the  reft,  we  leave 
One;  that  is,  if  we  take  All  but  One.  For  it  is  manifeft, 
there  is  the  fame  variety  of  leaving  One  as  of  taking  One^  as 
abcdefy  abcdeg,  abcdfg,  abcefg^  abdefg^  acdefg,  bcdefg^, 
which  is  fignified  in  the  fecond  column,  where  the  numbers 
are  alfo  Laterals. 

t.  If  we  would  take  7wo%  It  is  manifeft,  that  we  may 
firft  take  tf ,  combined  with  any  other  of  the  reft ;  as  aby  ac^ 
ady  aiy  af,  ag ;  the  number  of  which  combinations  are  there- 
fore as  many  as  the  number  of  things  wanting  one.  We 
may  then  take  b  (omitting  its  combination  with  ^,  as  being 
already  taken,)  combined  with  every  of  thofe  which  follow 
it ;  as  bcy  bdy  bey  bfy  bg ;  the  number  of  which  combinations 
are  therefore  as  many  as  the  number  of  things  expofed, 
wanting  Two.  In  like  manner,  r,  (omit- 
ting its  combinations  with  a  and  b^  be-  ab  ac  ad  ae  aflkg  6 
caufe  cay^  cb,  arc  but  the  fame  with  ac^  be  bd  be  bf  bg  5 
bCy  already  taken,)  may  be  further  com-  ^  ed  ce  cf  eg  4 
bined  with  every  of  thofe  which  follow  de  dfdg   3 

it,  (which  are  fo  many  as  is  the  number  rf  ^   ^ 

of  things  expofed  waiting.  Three,)  as  cd^  fg    i 

^^>  ^fy  eg ;  and  the  fourth  dy  (omitting  ^ 

da^  dhy  dcy  as  being  the  fame  with  ad^ 
bdy  cdy  already  taken,)  may  be  further  combined  with  every 
of  thofe  which  follow,  (which  are  as  many  as  the  number  of 
things  wanting  Foury)  as //^,  dfy  dg.  And  in  like  manner 
for  the  fifth,  (ixth,  &c;  each  of  which  affords  new  combina- 
tions fewer  by  one  than  that  next  before  it,  till  at  length 
we  come  to  r,  as  efy  egy  and  fg.  So  that  the  number  of  all 
thefe  combinations,  is  the  aggregate  of  ^U  the  numbers  in 
(he  (amc  line  fo  far ;  that  is,  in  the  prefent  cafe,  (the  num- 

a  N  bcr 
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htr  of  things  ezpofed  being  7.)  the  combinations  are, 
64-5  +  4  +  3  +  2+1=21.  To  which  anfwers  (in 
the  third  tranfvcrfe,  or  horizontal  line  of  the  foregoing  Table 
of  the  Figurate  numbers,)  the  Triangular  number  21,  juft 
under  the  number  6,  (which  is  lefs  by  one  than  the  number 
of  things  expofed.)  Such  triangular  numbers,  being  the 
aggregate  of  all  the  Laterals  fo  far.  And  univerfally,  (what- 
ever be  the  number  of  things  expofed)  the  number  of  Two's, 
is  a  Triangular  number^  wbofijide  is  lefs  by  01c  than  tbe^number 
of  things  expofed. 

6.  The  fame  happens,  if  we  are  to  take  All  but  Two ;  for 
there  is  the  fame  variety  of  leaving  Two,  as  of  taking  Two ; 
that  is,  in  both  cafes,  fo  many  as  is  the  triangular  number, 
whofe  fide  is  lefs  by  one  than  the  number  of  things  expofed, 
which  (in  the  table,)  is  fignified  in  the  third  column,  whofe 
numbers  are  the  fame  wijh  thofe  of  the  third  line, 

7.  If  we  would  lake  Tbr^^y  it  is  manifcft,  that  firft,  ab^ 
(the  firft  and  fecond,)  may  be  combined  wi|:h  every  of  thofe 
that  follow ;  the  number  of  which  are  ^  many  as  the  things 
ezpofed  wanting  Two,  (which  therefore  afford  us  fo  mat^y 
different  Triads,  or  Three's,)  as  ah,  abd,  (ibe,  abfyabg.  Then 
that  nr  (the  firft  and  third,)  may  be  combined  (omitting 
acb,  as  being  the  fanfte  with  abc  already  taken,)  with  every 
of  thofe  that  foilow,  (which  therefore  afford  us  fo  many  new 
Three's  J  as  is  the  number  of  things  wanting  Tbree^  as  aci, 
^e,  acf,  (fcg.  And,  in  Ijke  manner,  a  coupled  with  thofe 
that  follow,  (as  ad,  ae^  a/,)  may  each  of  them  be  further 
combined  with  thejr  refpcftive  fubfequents,  affording  each 
of  them  new  Triads,  .fewer  by  one  than  that  next  before  it, 
till  ac  length  we  coipq  to  i,  as  ade,  adf,  adg%  and  aef^  aeg, 

^^  ^fS'    (But  ag  afibrds  none,  be- 

^e  akd  ifb^  at/ abg 

ac4  4Ce  a\f  acg 

0di  adf  adg 

i^f  ^^g 

of 


5    caufe  g  being  the  laft,  there  is  none 

4    remaining  with  which  it  might   he 

3     combined.)     Thp  aggregate  of  all 

z    which,  is  a  Triangular  number  (as 

j^    bein^  an  aggregate  of  Laterals,  )whoie 

1^    fide  IS  lefs  by  two,  than  the  number 

fif  things  expqfcd ;   that  is,  in  the 

prefent 
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prefent  cafe,  5+4  +  3  +  2+  1=1:15;  which  is  a  tri- 
angular number  of  the  fide  5,  which  isiefs  by  two,  than  7^ 
the  number  of  things  expofed^  in  all  which,  a  is  one  of  the 
Ingredients. 

In  like  manner  (omitting  all  the  Triads  wherein  a  is  an  In- 
gredient, as  being  already  taken,)  he  (the  fecond  and  third) 
may  be  further  combined  with  each  of  thofc  that  follow 
^>  '>  />  Sy  affording  us  as  many  new 
Triads  as  did  acj  (which  was  before /fo  hcd  bee  hcf  bcA  4 
compounded,)  that  is,  fo  many  as  is  the  bde  bdfhdg   3 

number  of  things  wanting  Three.    And  bef  beg   % 

then  again  bd^  be^  3/,  afford  as  many  as  .  ^    x 

cd^  ae^  af^  did  before.  Which  afford  us  Yo 

a  new  Triangular  number,  whofe  fide  is 
lefs  by  one  than  that  we  had  before ;  that  is,  4  +  3  +  2 
+  I  =  10,  whofe  fide  is  4;  in'  all  which  Triads  b  is  the 
leader.  '  .  \ 

In  the  fame  manner  may  be  fhewed,  that  (omitting  the 
combinations  of  tf  and  3,)  thofe  Triads  wherein  e  is  the 
leader,  will  give  another  Triangular  number,  whofe  fide  is 
yet  lefs  by  one,  and  fo  onward  continually  till  we  come  at  x: 
as  3  +  2  +  I  =:  6,  a  triangular  number  whofe  ^de  is  3  ; 
and  z  +  I  =  3,  a  Triangular  number,  whofe  fide  is  2  j 
and  i>  a  Triangular  number  whdfe  fide  is  alfo  i. 


fde  cdf  cdg 

3 

defdeg% 

.       ^ 

eef  teg 

% 

4fgt 

I 

'h 

I 

3 

And  then  the  aggregate  of  thefe  Triangulars  is  35,  a  Pyra^ 
midal  number,  which  (in  the  fourth  line,)  {lands  next  un- 
der 1 5,  the  greatefi  of  them,  whofe  fide 
is  lefs  by  two,  than  the  number  of  things 
expofed ;  that  is,  a  Pyramidal  number  wbofe 
fide  is  lefs  by  two  than  the  number  rf  things 
expofed.  And  fo  many  are  the  feveral  Triads 
which  may  be  had  in  fuch  number  of  things 
expofed  I  that  is,  in  the  prefent  cafe,  15  +^ 

2  N  2 


5»  4»  3»  «»  » 

»5 

4,  3»  2.  » 

10 

3»«>  J 

6 

2.1 

3 

1 

i 

35 

;lO 

+. 
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10  +  6  +  3+1=351  which  is  reprcfented  in  the  fourth 
line^  which  is  of  pyramidal  numbers. 

S.  The  fame  happens,  if  inftead  of  taking  Three,  we  take 
yill  hut  Three.  For  the  fame  variety  of  cafes  happens,  \i 
now  we  take  what  were  before  left,  and  leave  what  were 
then  taken.  And  as  that  is  reprefcnted  in  the  fourth  Une, 
fo  this  is  in  the  fourth  column. 

9.  If  we  would  take  i'W ;  then,  with  a^  may  be  made  fo 
many  Foyrs  (or  Quaternions,)  as  may  be  formed  Triads  of 
thofe  that 'follow,  (as  b^  c,  dy  e^  f^  g,)  that  is,  (by  art.  7,)  a 
pyramidal  number  whofe  fide  is  lefs  by  Two  than  the  num- 
ber of  thefe;  that  is,  lefs  by  Three  than  the  number  of  things 
expofed  5  that  is,  in  the  prefent  cafe,  20 ;  which  is  a  Pyra- 
midal number  of  the  fide  4,  which  is  lefs  by  Three,  than  7. 

In  like  manner,  (omitting  a,)  there  may  with  i,  be  fo 
many  Quaternions  formed,  as  may  be  Triads  of  thofe  that 
follow  it,  (as  r,  </,  ^ , /,  g;)  that  is,  a  Pyramidal  number 
whofe  fide  is  lefs  by  1,  than  that  foregoing;  that  is,  10; 
whofe  fide  3  is  lefs  by  4  than  7. 

And  (omitting  «,  i,)  there  may  with  c  be  formed  fo  many 
Quaternions,  as  may  of  thofe  that  follow  it  (/,  e^  /,  g,)  be 
formed  Triads  j  that  is,  a  Pyramidal  number  whofe  fide  is 
yet  lefs  by  i  :  that  is,  4,  whofe  fide  is  2.  And  fo  onward, 
iili  we  come  at  i. 

And  then  the  aggregate  of  all  thefe  Pyramidals,  that  is, 

the  number  in  the  fifth  line,  next  under  the  greateft  of 

20    them,  is  (what  they  call)  a  Trianguli- triangular  number, 

lo     whofe  fide,  is  lefs  by  three  than  the  number  of  things 

4    expofed.'    That  is,   in  the  prefent  cafe,    (where  the 

I     number  of  things  is  7,)  20  +  10  +  4  +  i  =  35,  (a 

77    trianguli-rriangular'  number,  of  the  fide  4  =  7  —  3,) 

is  thi  number  of  different  Quaternions  which  may  be 

had  when  the  things  expofed  arc  7. 

(If  any  like  not  the  name  of  trianguti-triangular^  and  fo. 
of  the  reft  that  follow  ;  I  am  content  to  change  them.  For 
I  am  not  fond  cf  -  them,  but  ufe  them  becaufe  I  find 
tlicm.)  ,     * 

Which 
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Which  number  is  tlie  fame  which  before  wc  had '  for 
Three's ;  which  hence  comes  to  pafs,  bccaufe,  when  the 
number  of  things  is  7,  the  number  4,  is  the  Tame  with  AU 
wanting  3  ;  where  the  variety  is  the  fame  as  if  3  were  taken ; 
as  is  fliewed  in  the  preceetling  article. 

10.  The  fame  happens,  (for  the  rcafons  already  (hewed,) 
if  we  were  to  take  M  wanting  Four.  And  as  that  is  to  be 
found  in  the  fifth  line,  fo  this,  in  the  fifih  column^  whofe 
numbers  are  the  fame  with  thofe  of  the  fifth  line. 

1 1.  In  the  fame  manner  will  be  (hewed,  that,  if  we  would 
take  Five  (or  All  but  Five,)  the  varieties  are  then  fo  many  as 
is  the  aggregate  of  the  numbers  in  the  fifth  line,  end- 
ing with  that  whofe  fide  is  lefs  by  Four  than  the  number     15 
of  things  expofed.     That  is,  the  niimber  in  the  fixth      5  ^ 
line    (which  is  Trianguli-fyramidals)   next    under   the       i 
greateft  of  thofe,  whofe  fide  is  lefs  by  Four  than  the    ^ 
number  of  things  expofed.    That  is,    in  the  prefent 
cafe,  15  +  5  +  i»  =  i*f    a  1rianguli'$yramidal  number, 
whofe  fide  is  3  r:  7  —  4.     Aqd  fo,  if  Six  are  to  be  taken, 
(or  j4ll  but  Six,)  the  varieties  are  fo  many,  as  is  the  aggre* 
gate  of  numbers  in  the  fixth  line  (or  the  number  anfwer«> 
ing  thereunto  in  the  feventh,)  ending  with  that  whofe    6 
fide  is  le/s  by  Five  than  the  number  of  things  expofed.     i 
And  fo  for  Seven,  Eight,  &c,  (or  all  but  feven,  eighty  "t 
&c,)  we  are  to  take  the  numbers  of  the  following  lines, 
ending  with  that  whofe  fide  is  lefs  by  one,  than  that  for  the 
line  next  above.     As,  in  the  prefent,.  (where  7  is  the  num- 
ber of  things  expofed,)  the  number  of  fixes  is  ^i  the  num« 
ber  of  fevens  is  1. 

12.  All  thefe  varieties  of  cheice,  for  any  number  of  things 
expofed,  are  found  in  the  Table  foregoing,  in  a  rank  of 
numbers  obliquely  defceriding;  in  which  that  number  which 
is  the  number  of  things  expofed,  is  to  be  found  in  the 
fecond  line,  dnd  again  in  the  fecbnd  column,  both  which 
are  of  Laterals.  As,  in  .tl}e  prefent  cafe  (where  7  is  the 
number  gf  things  expofed^.  in  the  oblique  defcent  paffmg 

■  by 
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by  7  in  the  fecond  line,  and  again  in  the  feoond  column ; 
wc  have  the  numbers  i,  7,  21,  35,  35,  21,  7,  ij  which 
reprefent  the  variety  of  cafes  for  taking;  o,  i,  2,  3,  4,  5, 
69  7«  And  the  like  for  any  other  number  of  things  ex* 
pofed. 

13*  And  thcfe  numbers  (as  appears  upon  view,)  are  the 
fame  with  thofe  which  are  called  wui^y  prefixed  to  the  pro** 
portionals  that  conftitute  the  refpedive  powers  of  a  bino* 
mial  root ;  or,  (which  is  the  fame)  the  refpeftive  powers  of 
I  +  I  conlidered  as  a  binomial  roqt.  That  is,  th?  root, 
fqpare,  cube,  fourth,  fifth* power,  &c,  of  i  +  i,  accofd- 
ing  as  the  number  of  things  expofed  arc  i,  d,  3,  4,  5,  6j 
&c.  * 

14.  The  table  thus  begun,  is  eaGly  continued  as  far  as 
tbere  is  occafioo  :  for  the  number  of  each  place,  is-  the  ag« 
^ergate  of  two  numbers,  whereof  one  is  next  above  it,  and 
the  other  next  before  it,,  as  15  =  5  +  10,  20  =  lo  +  10, 
35:=s=  20  -f  1$.    And  fo  every  where* 

.  i5«  Having  therefore  any  number  of  things  expofed^  let 
that  number  be  fought  in  the  fecond  line,  (which  is  of  La- 
terals,) and  again  in  the  fecond  column ;  and  then,  in  the 
iloping  rank  of  numbers  paffing  through' thefe  two,  we  have 
thier  nombei:  of  cafes  for  taking  o,  i ,  2,  3,  4,  &c,  in  fuch 
oMer  ^  the  index  on  the  fide  direds;  and  likewife  for 
taking  ;/tf/  btao;  i,  2,  3,  4,  &C)  in  fuch  order  as  the  iu-^ 
deX' on  the  top  dircAs. 

16.  And  if  we  would  have  the  fum  of  all  thefe  varieties 
(for  any  fuch  number  of  things  propofed)  all  together,  it  is 
had  by  addihg  the  numbers  of  fuch  floping  rank ;  as  in  the 
Hrefetit  cafe,  i  +.7  +  21  +  35  +  35  +  21  +  7  +  i  = 
118^ 

17.  Which  number  is  always  that  power  of  the  number  2, 
(that  is,  of  I  +  I )  which  is  of  fo  many  dimenfions  as  is  the 
number  of  things  expofed,  (or  that  power  whofe  exponent 

is 
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is  fucfa  number,)  tiiat  is^  the  produA  of  fo  many  iwo^  <x>n- 
dnually  multiplied,  (as,  in  the  prefent  cafe,  2x2x2x2 
X  2  X  2  X  2  ==  128 ;)  or,  I  fo  many  times  doubled  as  is 
the  number  of  things  ezpofed.  That  is,  for  o,  it  is  i^ 
(For  here,  to  take  all,  or  to  leave  all,  is  but  one  and  the 
fame  cafe.)  For  1,  it  is  (the  fide)  i  +  i.  For  a,  (the 
fquare)  1+2  +  1=4.  F<>r  3,  (the  cube)  i  +  3  +  3  +  i 
=s  8.  For  4,  (the  biquadrate)  i  +  4  +  6  +  4  +  j  :=i  16, 
And  fo  of  the  refU      . 

18.  And  thus  f^r  wt  have  conddered  the  variety  of  ca(<9^ 
concerning  taking  or  leaving,  None^  One^  ^^po,  ^bree^  &c, 
of  any  number  of  things  expofed,  without  regarding  the 
order  of  them,  fo  that  abcy  aci,  iac^  hea^  &c,  are  reputed 
for  one  and  the  fame  cafe.  But  if  the  different  alternations^ 
or  changes  of  order^  in  the  fame  things,  be  accounted  as  dif-^ 
ferent  cafes;  this  we  are  to  confider  in  the  next  Chapter. 
And  if  therein,  fome  two  or  more  arc  indifierently  reputed 
as  one  and  the  fame,  or  indifferently  to  be  taken  each  for 
other ;  what  abatement  of  the  former  number  will  bere^ 
upon  arife,  is  confidered  in  the  fame  Chapten 

19.  If,  hy  Combinatioftj  we  underft^nd  the  taking  of  two 
or  more,  (but  not  of  one,  or  none ;)  then,  oat  of  the  nuni- 
ber  of  cafes  before  fpund,  ve  mud  abate  fo  many  as  is  the 
number  of  things  expofed,  and  one  more*  For,  of  chofe^ 
fo  many  as  is  the  number  of  things  e^i^pofed,  anfwers  to  the 
cafes  of  I.,  And  one  more,  anfwers  to  the  cafe  of  taking 
None.  But  all  the  reft  are  combinations  in  that  fenfe.  Foe 
though  CombiMtipn  (as  coming  from  Bini^)  in  its  proper 
fignification  ejctend  only  to  the  taking  of  r^irpA'j,  (or  Two's;) 
yet  in  common  acceptation  the  word  is  now  ufed  of  greatef 
numbers*  And,  in  Englifli  alfo,  we  fcruple  not  to  fay^ 
that  Three,  or  Four,  (or  iiiore  than  fq,)  arp  €<atpUd  toge- 
ther^ that  i^^  cpnnefted. 

20.  If,  out  of  the  former  number  of  cafes,  we  pleafe  to 
pspdude  that  of  takwg  None,  or  o,  (becaufe,  to  A»fe^  none^ 
\tMO/  /«  taj^^)  thea  is  the  nuin()ef  of  cafes  fewer  by  one. 
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than  is  above  exprefied.  And  To  we  have  the  cafes  of  taking 
one  or  more.  And  fo  many  are  the  number  of  Divifors  of 
a  number  compounded  of  fo,  many  different  Prime  mimbers 
continually  multiplied,  as  are  the  cafes  of  taking  one  or 
more  of  fo  many  things  expofed. 

.  21.  And  if  further  we  abate  one  more  (which  anfwers  to 
the  cafe  of  taking  all ;)  then  have  we  the  number  ot  Aliquot 
Parts  of  a  number  fo  compofed  of  differept  Primes  or  In- 
coqipofite  numbers.  The  number  of  Aliquoi  Parts  being 
fewer  by  one,  than  is  the  number  of  divifors. 

I  (hall  fubjoin  to  this  Chapter  (as  properly  appertaining 
to  this  place,)  an  Explication  of  the  RuU  if  Combination^. 
which  I  find  in  Buckley^s  Arithmetick^  at  the  end  of  Se- 
Ws  Logick^  (in  the  Cambridge  edition ;)  which  (becaufe 
obfcure,)  Mr.  George  Fairfax  (a  Teacher  of  the  Mathema- 
ticks  then  in  Oxford,)  defired  me  to  explain ;  -  to  whom 
(Sept.  12,  1674,)  I  gave  the  explication  under  written; 
Confonantto  the;  dodrine  of  this  Treatife,  (which  had  been 
long  before  written,  and  was  the  fubjeft  of  divers  public 
Le^ures  in  Oxford,  in  the  years  167 1,  1672.) 

Regula  Combikationis. 

^otfuerint  Numeric  quos  Combinare  velimus  ; 
Totjint  €t  feries,  quibus  eft  proportio  dupla  ; 
^arum  principitm  ducatur  femper  ab  Vho. 
Omnes  hasjeries  cmjunge  per  Addittonem. 
ProduSa^  numerum  quot  Combinatio  conftaty 
Aufer.     ^od  Jufereft^  numerum  tit  at  \  mdepatebit^ 
^uot  faciant  numeros  diftinSos^  undiquefiquis 
Propcfitoi  numeros  velit  infe  Mnltiplicate. 
Si  nihil  i/ummd  pr^diffd  furripiatur  j 
Reftabunt  partes  Mquota^  qua  numerabunt 
lllum^  qui  numiros  eft  inter  Maximus  omnes. 
Ex  duStu  in  fe/e  numerorum  provenientem. 

I  have  taken  the  liberty,  to  alter  the  pointing  (fo  as  to 
niak«  the  fenfc  the  clearer^)  and  to  reflore  (in  ^le  fecond 

verfc) 

A 
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Vcrft)/W,  ioxJunt\  and  (in  the  third  verfc)  principium,  for 
principioi  which  bad  been  n>ifprinted.  And  (in  the  fifth 
verfc)  1  have  reftored  numirum,  for  nuTmros ;  fot  ii4s  but  one 
Number  that  is  to  be  fubdufted,  ^namely,  the  Number  of 
thofe  Numbers  which  are  to  be  Combined.  My  Explicacton 
was  this : 

**  Let  as  maoy  Numbers  as  you  pleafe,  be  propofed  to  be 
*^  Combined  j  Suppofe  Five,  which  we  will  call  ab  c di. 


I 

a 

«* 

abc 

abed 

abcie 

a 

b 

ac 

abd 

abce 

4 

c 

ad 

abe 

abde 

I 

8 

d 

at 

acd 

aede' 

\ 

16 

e 

be 

ace 

bcde 

— 

— 

bd 

ade* 

— 

5 

3« 

5 

be 

bed 

5 

10    10 

-5 

ed 

bee 

10    10 

i6 

e  e 

de 

'bde 
ede 

5      5 
I       I 

10       10  ji      26 

"  Put,  in  fo  many  Lines,  Numbers^  in  duple  proportion, 
**  beginning  with  i. 

"  The  Sum  (3 1 )  is  theNumber  of  Sumptionsi  or  Eledions ; 
**  wherein,   one  or  more  of  them^   may  feveral  ways  be  ' 
"  taken. 

**  Hence  fubduft  (5)  the  Number  of  the  Numbers  pro- 
'^  pofed  \  becaufe  each  of  them  may  once  be  taken  iingly.^ 

**  And  the  Remainder  (26)  fhcws  how  tnany  ways  thty 
**  may  be  taken  in  Com^Dination  5  (namely.  Two  or  more  at 
**  once.) 

^'  And,  confcquently,  how  many  Produfts  may  be  had 
**  by  the  Multiplication  of  any  two  or  more  of  them  fo 
"  taken. 

.  "  But  the  fame  Sum  (31)  without  fuch  Subdpdtion,  (hews- 
<«  how  many  Aliquot  Parts  there  are  in  the  greateft  of  thoTc 
<'  Products,  (that  is,  in  the  Number  made  by  the  continual 
'^  Multiplication  of  all  the  Numbers  prppofed,)  ah  cde. 
•'  For  every  one  oF  thofe  Sumptions,  arc  Aliquot  Parts  of 

a  O  <•  abcdi^ 
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^*  ahcd^^  except  the  laft,  (which  is  the  whale,)  and  inftead 
«^  thereof^  i  is  aifo  an  Aliquot  Part;  which  makes  the 
^'  number  df  Aliquot  Parts^  the  lame  with  the  Number  of 
**  Sumptions. 

'*  Only  here  is  to  be  underftood,  (which  the  Rule  (hould 
^*  have  intiiliatcd  ;)  that,  all  the  Numbers  propofed,  are  to 
<*  be  Prime  Numbers,  and  each  diftind  from  the  other.  For 
*^  if  any  of  them  be  Compound  Numbers,  or  any  Two  of 
"  them  be  the  fame,  the  Rule  for  Aliquot  Parts  will  not 
••  hold." 


C  rt  A  P.     H. 

Of  Alternations  i  or  the  different  CbMge  if  Order ^  •  in  any 
Number  of  Things  propofed. 


SUPPOSE  we  a  certain  Number  of  things  expofcd^ 
different  each  ffdm  other,  as  a^  b^  r,  ^,  e^  &c.  The  quef- 
tion  is,  how  many  ways  the  order  of  thefe  raiay  be  varied  ^ 
as,  for  inftance,  how  many  changes  may  be  Rung  upon  a 
certain  Number  of  Bells ;  or^  how  many  ways  (by  way  of 
Ani^ram)  a  certain  Number  of  (different)  llttters  may  be 
jdiffibrently  ordered  ? 


'} 


I.  If  the  thing  expolfed  be  but  One^  as  a^  it 
is  cefuin,  that  the  order  can  be  but  one.  That 
is  I. 

ba]  i.  If  Two  be  expofed,  as  ^,  b^  it  is  alfo  mani- 

ly^i-^ii     fcft,  that  they  may  be  taken  in  a  double  order,- 
as  aby  bay  and  no  more    That  is  i  x  a  =  2. 

J.  If 
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3.  If  Three  be  expoled ;  as  a,  *,  c :  Then,  be-  ^  Vi 
ginning  with  a^  the  other  two  i,  o  i^^Y  (hy  a^h\ 
art.  a,)  be  difpofed  according  to  Two  different  ^^^  1  ^ 
prderS)  as  if,  r^;  whence  arife  Two  Changes  (or  hac  J 
varieties  of  order)  beginning  with  a^  as  abc^  acb :  cab  ? 
And,  in  like  manner  it  may  be  fhewed,  that  cba]^ 
there  be  as  many  beginning  with  b ;  becaufe  the  a  x  3=6 
other  two,  a^  Cy  may  be  fo  varied,  as  bac^  bca. 
And  again  as  many  beginning  with  r,  as  cab^  abed-^ 
cba.    And  therefore,  in  all.  Three  times  Two,  abdc 
That  is,  I  X 2,  X  3  =  6,  dcbd  y  , 

0€db'^ 

4.  If  Four  be  expofcd,  as  « ,  *,  ^t  d ;  Then,  ^4/^^ 
beginning  with  Uj  the  other  Three  may  (by  art.  adcb 
preceeding)  be  difpofed  iix  feveral  w^ys.  And 
(by  the  fame  reafon)  as  many  beginning  with  by  baid^ 
and  as  many  beginning  with  f,  and  as  many  bade 
beginning  with  d.  And  therefore,  in  all.  Four  bead 
limes  fix,  or  24.  That  is,  the  Number  ^nfwer-  bcda 
ing  to  the  cafe  next  foregoing,  fo  many  times  bdac 
taken  as  is  the  Number  of  things  here  expofpd,  bdea. 
That  is,  I  X  ^  X  3f  X  4  =  6  X  4^  24*    . 

5.  And  in  like  manner  it  may  be  (hewed, 
that  this  Number  24  Multiplied  by  5,  that  is 
120  sc  24  X  5  =  I  X  2  X  3  X  4  X  5>  »  ^c 
number  of  alternations  (or  changes  of  order)  of 
/Vt'tf  things  expofed.  (Or,the  Number  of  Changes 
on  Five  Bells.)  For  each  of  thefe  five  being  put 
in  the  firft  place,  the  other  four  will  (by  art.  pre-  dabt^ 
ceeding)  admit  of  24  varieties,  that  is,  in  all,  4aci\ 
five  tim^s  24.  And,  in  like  manner,  this  Num-  dbac\  ^ 
ber  120  Multiplied  by  6,  Ihews  the  Number  of  dbca  f 
Alternations  of  6  things  expofed ;  and  fo  on-  dcab  I 
ward,  by  continual  Multiplication  by  the  confe-  dcbaJ 
quent  Numbers  7,  8,  9,  &c.  4x6=24 

6.  That  is,  how  many  fo  ever  of  Numbers,  in  their  na- 
tural Confecution,  beginning  from  i,  being  continually  MuU 

2  O  a  tipliedy 
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tiplicd,  give  us  the  Number  of  Alternations  (or  Change  of 
order)  of  which  fo  many  things  are  capable  as  is  the  lad  of 
the  Numbers  fo  Multiplied*  As  for  inftance^  the  Number 
of  Changes  in  Ringing  Five  Bells^  is  1x2x3x4x5  =  1  ao. 
In  Six  Bells,  1x2x3x4x5x6=  120  x6  =  720.  In 
Seven  Bells,  720  x  7  =  5040.  In  Eight  Bells,  5040  x  8 
zz  40320.     And  fo  onward,  as  far  as  we  pleafe. 

Thus  Voffius  tells  us,  {Cap.  7,  Be  ScientHs  Matbematicis^) 
That  if  an  Hoft  promife  to  entertain  feven  Gucfts  fo  long  as 
they  fit  every  day  in  a  different  order,  this  extends  to  14 
ypars.  He  means,  almoft  fo  many  years,  namely,  5040 
days,  which  of  14  years  wants  73  or  74  days,  according  as 
the  Leap-years  may  chancfe  to  fall. 

7.  This  Number  of  Alternations,  according  as  the  Number 
of  ihings  expofed  doth  increafe,  will  proceed  to  a  vaft  Mul- 
titude beyond  what  at  firft  one  would  expeft.  As  for  Ex- 
apiple,  the  24  Letters  will  admit  of  fo  many  Varieties  or  Al- 
ternations in  Changing  their  order,  as  that  if  fo  many  Bells 
were  to  be  Rung  according  to  all  thofe  Changes,  it  could 
not  have  been  difpatched  (as  the  Learned  John  Gerard  VoJ-^ 
Jius^  in  the  place  laft  cited,  doth  obferve,)  from  the  begin* 
ning  of  the  World  to  this  day.  I  add ;  no,  nor  if  for  every 
Minute  of  an  hour  which  haih  pafTed,  there  had  pafled  7>» 
Tjbau/and  Tbou/and  Tears ;  as  will  appear  by  the  following 
Pomputation. 
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185 


t 

^  2 

6 

120 

720 

5,040 

40>3«o 

362,880 

3,628,800 

39,916,800 

479,001,600 

6,227,020,800 

87,178,291,200 

J»307#674>368,ooo 

20,922,789,888,000 

3S5»^^7»42B,o96,ooo 

6,402,373,705,728,000 

121,645,100,408,832,000 

2,43  2,902,008, 1 76,640,000 

51,090,942,171,709,440,000 

1,124,000,727,777,607,680,000 

2j,852,oi6,738,884>97^640,ooo 

620,4481401,733,259,439,360,000 


I 
2 

3 

4 

I 

7 
8 

9 

10 
II 
12 

13 

14 

15 

16 

>7 
18 

19 
20 
21 
22 

«3 

H 


X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 


525,960  Minute* 
In  6000  years. 


3,155,760,000  Minutes 

15,778,^^00,000  Changet. 
525,960  Min.  in  1  yct* 

946725000000" 
J420092 
788940 


,!-"" 


88940 

i,299,oi  7,648,000,000 
10,000,000 

•^»99^»  1 7^480,000,000^000^099 


For,  fuppofing  in  one  year, 
3654  days ;  and,  from  the  be- 
ginning  of  the  World,  to  have 
paffed  6000  years;  (both  of 
which  fuppofitions  are  at  the 
^rgcft,)  and  therefore  the  Num- 
ber  of  minutes  in  all  that  time, 
3>^55>76o,ooo,  Suppofe  we 
then,  in  every  Minute  of  an  hour, 
5  Changes  to  be  difpatched,  that 
is,  (becaufe  of  24  Bells)  120. 
ftrokes  fucceiSvely  one  after  an- 
other, (which  allowance  is  alfo 
at  the  largeft ;)  and  therefore, 
in  6000  years,  15,778,800,000 
Changes,  which  Number  if  we 
Multiply^by525,96o,  (thcNum- 

ber 
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ber  of  Minutes  in  one  year,)  we  have  8,299,01 7,648,000,00a 
for  the  Number  of  Changes  to  be  difpatched  in  fo  many 
years  as  there  hare  been  Minutes,  which  Multiplied  by 
10,000,000,  (Ten  Thoufand  Thoufand,  or  Ten  Millions,)  will 
be  but  82,990,176,480,000,000,000,000,  which  is  lefs  than 
620,448,401,73^,239,439,360,000,  the  Number  of  Changes 
whereof  24  BclU  are  capable. 

Nay,  if  we  (hould  proceed  no  further  than  to  14  Bells, 
and  allow  10  Changes  (that  is,  140  ftrokes)  to  every  Minute, 
the  Number  of  Minuses  requilite  to  Ring  them  all  would  be 
$,7 1 7,829,1 20,  (a  tenth  part  of  the  Number  of  Changes,) 
which  is  more  than  double  falmoft  treble)  the  Number  of 
Minuted  in  6000  Years ;  and  would  require  more  than  16 
Thouiand  Years  (yea,  q;iore  than  ^6,575  Years)  to  Ring 
them  all. 

8.  Hence  it  may  appear,  how  many  ways  the  Letters  of 
a  Name  or  Word,  (fuppoiing  them  to  be  all  feveral,)  may  be 
differently  difpofed  b)r  way  of  Anagram,  (out  of  which 
thofc  that  are  of  ure,may  be  feleded,  neglefting  the  reft,) 
by  art.  6.  For  Example,  the  Word  R  O  MA^  (confiding  of 
fDur  different  Letters)  may  admit  of  Changes  24  =:  i  x  2  ^ 

3x4- 

Romii  orma  mroa  arom 


roam 

cram 

mrao 

armo 

rmoa 

omra 

mora 

aonn 

xmao 

omar 

moar 

aomr 

raom 

oarm 

mavQ 

amro 

ramo 

oamr 

maor 

untcr 

Of  which  (in  Latin)  thefe  feven  are  only  uf^ful ;  Rema^ 
rama^  aramj  m$r4f  maro,  armd,  am^r.  The  other  forms  are 
ufelefs,  as  affording  no  Latin  Word  of  known  fignification. 

9.  But  in  cafe  fome  one  or  more  of  the  Letters  do  occur 
more  than  once,  the  Number  of  Alternation^  fo  found  as  be- 
fore, muft  be  divided  by  fuch  Number  or  Numbers  as  fuch 
repetitions  do  require  :  Namely,  if  the  fame  Letter  do  twice 
occur,  we  arc  to  divide  bya  j  if  three  times,  by  6  j  if  four 

limes. 
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t!mes^  b^  24 ;  and  io  onward,  according  to  the  varieties 
that  fuch  a  Number  is  capable  (rfl  For,  if  the  Letters  0  and 
h  be  reputed  for  the  fame ;  then,  whereas  (the  reft  remaining 
as  before)  ah  and  ha  would  every  where  afford  two  varieties, 
they  arc  in  this  cafe  to  pafs  for  one,  and  therefore  the  Number 
of  cafes  will  be  only  half  fo  many  as  otherwife  they  would 
be.  In  like  manner  (the  reft  remaining  as  before)  aic  would 
every  where  (according  as  they  may  change  places  one  with 
another)  afibrd  fix  varieties ;  but  in  cafe  the  three  Letters 
ay  by  c  be  confidered  as  being  all  the  farne^  or  as  being  a^ 
ay  ay  thefe  Six  cafes  muft  then  pafs  but  for  one.  And  in 
like  manner,  if  db^d  be  feverals,  they  afford  (the  reft  re- 
maining as  before)  24  varieties  1  but,  if  the  fame,  thefe  24 
muft  pafs  but  for  one  1  And  the  like  in  other  cafes*  And, 
if  more  Letters  be  fo  repeated^  there  muft  be  for  each  of 
them  fuch  diviiion. 

For  Example,  the  Word  MESSES  having  6  Letters,  if 
they  were  all  different,  d^e  Alternations  would  be  720  zz 
iX2X3X4X5X^*  But  becaufe  the  Letter  i  comes  twice^ 
that  Number  is  to  be  divided  by  t.  (For  if  inftead  of  s^, 
we  put  m,  then  mtssns  ^nd  mnssis  would  be  two  formsi 
both  which  are  now  Co-tncident  in  messes  t  And  fo  every 
where.)  Again,  becaufe  the  Letter  s  comes  three  times,  we 
are  (for  the  like  reafon)  to  divide  by  6.  (For  if  thofe  three 
were  three  different,  they  would  in  every  poiitton  of  the  reft^ 
afford  6  cafes,  all  which  are  now  Co-incident  in  sss.)  And 
therefore,  (becaufe  both  happen,)  720  being  divided  by  2# 

and  2^ain  by  6,  the  different  varieties  will  be  ^^  sz  60* 

meesss    emesss    esmsse    smeess    seesms    ssmsee 


mesess 

emsess 

esemss 

smeses 

seessm 

ssemes 

messes 

emsses 

esesms 

smesse 

se^mes 

ssemsc 

messse 

emssse 

esessm 

smsees 

sesmse 

sseems 

mseess 

eenisss 

essmes 

smsese 

sesems 

sseesm 

mseses 

eesniss 

e^smse 

smssee 

sesesm 

sscsmc 

msesse 

eessms 

essems 

semess 

sessme 

ssesem 

mssees 

ecsssm 

essesm 

semses 

sessem 

sssmce 

mssese 

esmes^ 

esssme 

semsse 

ssmees 

ssseme 

msssee    esmses    esssem    ieemss    ssmese    ssseem 


Of 
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Of  all  which  varieties,  there  is  none  befide  messes  itfelfj 
that  affords  an  ufeful  Anagram. 

In  like  ihanner  we  may  (hew,  that  the  Letters  abhccdddd 
wUI  admit  of  ' ^^ « >< 3  X 4 X  ^^^^^;?^^^^J^>^  .0=3628800^  ^^^ 

fcvcral  varieties :  And aiiccJd,  of,  »^'X3X4xyx6x7=^  yojo 

'  2X2X2=8 

4^  A       ^     u        LL  £1X3X5X4X5X6X7X8=40320 

=  6to :  And  daaikcce,  of  "■^-  '  ■■'  T:       ;— ^^-^—   = 

**  0x2x0=.  72 

56c.    And  the  like  in  other  cafes  however  varied. 

lo.  The  converfe  of  this,  is  of  like  ufe,  when  what  was 
confidered  but  as  one  and  the  fame  fever^l  times  repeated, 
comes  afterward  to  be  diflinguifhed.  For  then  the  Number 
before  found,  is  to  be  fo  often  Multiplied  as  the  Number 
of  things  fo  diftingui(hed  (haU  require^ 

As,  in  the  Word  messes  before  mentioned,  where  sss  are 
confidered  but  as  one  Letter  thrice  repeated,  and  ee  as  the 
fame  twice  repeated,  th^  Number  of  different  pofitions  is  to  $ 
but  if  sss  be  diftinguifhed  as  three  feverals,  and  ee  as  two 
feverals,  th?  Number  of  all  will  be  60  x6  xti  =  720. 

Thus  yojhis^  Cap.  7,  De  Scientiis  Matbematicis,  tells  us 
that  this  verfc, 

Rex^  lexffol^  lux,  dux,fons,  mons,JpeSy  paXjpetra,  Chriftus. 

which  (confifting  of  1 1  Words)  may  be  turned  (abfolutely ) 
39,916,800  ways;  and  fo  as  to  prefervc  the  Rules  of  an  Hexa* 
meter  vcrfe,  be  turned  3,628,800  ways,  he  (hould  rather  have 
laid  3,265,920.  That  is,  the  9  Monofyllables  (which  may 
promifcuoully  take  each  other's  place)  362,880  times ;  and 
Chriftus  is  capable  of  9  (not  10)  different  pofitions  ^  that 
is,  in  the  firft,  fecond,  third,  fourth,  fifth,  fixth,  fevcnth, 
eighth,  (but  not  in  the  ninth,  and  tenth,)  and  in  the  lad 
place ;  (and  petra  confined,  by  the  nature  of  the  verfe,  to 
the  place  next  before  the  laA  fpondee^)  That  h^  362,880x9 
tz  3,265,920  ways : 

He 
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•  ■  He  fays  alfo  that  tHc  verfc 

Tots  tibifunt  dottSy  virgn^  fuotfidera  ^ah ; 

may  be  tirrncd  abfolutely  40320  ways;  and,  fo  as  td  pre- 
ferve  the  verfe  1022  ways;  which  is  very  true,  (and  Thavc 
been  told,  of  fomebody,  who,  in  praife  of  the  Virgin  Mdry^ 
had  made  a  Book  of  that  verfe  turned  fo  many  ways,  which 
was  wont  to  be  reputed  the  Number  of  the  F^xcd  Stars,  ac- 
cqrding  to  the  ancient  Catalogue  of  theraO  But  it  is  true 
alio,  that  it  may  be  turned  many  more  ways  than  fo,  and 
yet  preferve  the  verfe  true :  Namely,  2628,  retaining  thje 
quantity  of  the  laft  Syllables  in  tibi  and  yirgovc^  before  i,and 
468,  Changing  their  quantity  in  virgo  tibu  That  is,  'in'all 
3096  ways.  As  will  appear  by  the  Scheme  adjoyned,  and 
the  brief  Explication,  (or  Demonftration)  of  it :  which  is 
thus  to  be  underftood. 

Tetj  Juntt  quvt,  which  may  promifcuoufly  fupply  each 
other's  place,  are  (in  verfe  i^  2,  3,  &c,)  fet  down  only  in 
this  order,  and  ,fo  pafs  but  for  one  cafe;,  bvit  are  capable  of 
fix  varieties ;  which  cafe  I  call  a  =  6.  And  the  like  for  do- 
tes, virgOy  €alo ;  which  cafe  I  call  b  =  6.  And  again,  tot 
tibi  may  change  place  with  Jidera ;  which  cafe  I  call  r  =r  2: 
And,  becs^ufe  all  thefe  happen  in  verfe  i,  the  varieties  thereby 
reprefented,  are  tf^r  =  72  =  6  x  6  x  2*  And  fo  of  the  reft, 
as  the  Scheme  diredls. 

ir  JV/  tiU  Jmt  dotti  virgo  quot  fidera  calo^  '^  =rr    72 

2.  quot    Virgo  4ibci=^  144 

3«  quot   dotes  /He  zr.x\^t 

4*  dotes  Junt  virgo  quot  ^cf:z   144 

5.  Junt  dotes  quot  virgo    tibi  4ig^  12:    iSo 

6*  quot  dotes  tibi   virgp  ^*  r:  324 

7.  virgo   tibt  ^bi  c:  324 

€•  iioies  tibi  funt  virgo   quot  4ibzz     36 

9.  quot    virgo  af^    zz  10% 

io«  funt  virgo  quot   tibi  cblm  =  ^44 

virgo  tibi    2622 
2  P  lU  Virgo 
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II.  Virgo  tihi  tot  funt  dotes  quit  fdera  mIo.  m^  j6 
It.  quat  dotes  an  =     36 

13.  dotes  Junt  quot  no  zz     36 

14.  Tot  funt  virgo  tibi  dotes  an  =,     36 

15.  quot  dotes^  an  tz:  36 
id.                 dotes  ^irgo  tibi  quot^                     an  rz,     36 

17.  Tot  dotes  funt  ^P  —     ^^ 

18.  funt  dotes  ftdera  calo  virgo  tibi  quot     aq  •:=:  \/^ 

19.  dotes  funt  apr  —    14 

20.  caU  funt  fidera  op  zz  iz 
m.fideratot  dotes  funt  c^Io  apr  =  44 
22.  c^elofunt  ap  zz  I2 
i3t                  dotes  tot  apr  zi  24 

wj'tf  //^'    468 
tibivirgo  2628 

3096 

Totjfunty  quot^   azz  6*         1/^/^/,  wr^^,  c^&,    ^  =  6. 
/^/  tibi,  fidera^    c  zz  z.        tot  tibi,  virgo^  dzz  z. 

Tot  tibi  J  funt  quot^  dotes  ^  virgo,  calo;  ^  =  iio  —  24  = 
120  X  T  =  96- 

(Becaufe  tot  tibi  cannot  fupply  the  t>lace  of  cjeloj  as  of  the 
reft.)  Tot  tibiy  dotes ,  /  =  4,  Tot  funt^  dotes,  virgo,  c^elo, 
g  zz  z^.     ^ot  tibi,  Jidera,' k  s=  i^. 

(Becaufe  when  tot  funt,  or  its  Equivalent  ^;f/ j«c/,  comes 
next  before  tibi,  which  is  a  fourth  part  of  the  cafes  con- 
tained in  g,  then  will  quot  tibi,  change  with  ftdera  %  which 
adds  ^  of  what  was  before.)  Tot  funt,  (and  funt  quot,)  do^ 
tes,  virgo,  calo,  i  zz  g. 

(Becaufe  dotes,  virgo,  taio,  contained  in  b,  may  each  of 
them  change  with  tot  funt,  which  Multiplies  by  4,  or  adds  a 
Triple  to  what  was  before,  as  at  g,  and  4.  of  that  Triple,  or 
i  OT  that  Quadruple,  as  at  b;  that  is,  it  adds  a  (^adruple 
or  Multiplies  by  5  :  And  again,  each  of  them  mthfunt  quot, 
which,  for  the  fame  rcafon,  adds  another  Quadruple  :  Therc^ 
fore  both  together,  add  an  Oftuple,  or  Multiply  by  9.) 

Dotes, 
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Botis^  Junt  quoSf  vtrgo^  c^eloj    i:  rr  24—  6  =  i^i  r=  |8« 

(Becaufc,  if/uni  quot  fupply  the  place  of  dotes ^  it  will  be 
Co-incident  with  fomc  of  the  cafes  of  vcr.  3,) 

I  will  not  be  politive  that  there  may  not  be  fome  other 
Changes :  (and  then,  thofe  may  be  added  to  thefe :)  Or,  that 
moft  of  thefe  be  twice  repeated,  (and  if  fo,  thofe  are  to  be 
abated  out  of  the  number :)  But  I  do  not,  at  prefent,  dif- 
cern  either  the  one  and  other  *• 


CHAP.    IIL 

Of  the  Divijorsy  and  Aliquot  Tarts ^  of  a  Number  fropofed. 


1.  BY  Number y  I  here  underftand  only  Integer  Numbers^ 
as  I,  2,  3,  4,  5,  &c.  Not  Fraftions,  as  f,  4»  t>  t»  ^^*  ^^ 
Mixed,  as  if,  24,  3I,  &c.  Much  lefs  Surds,  as  %/2,  v^5, 
v/6,  &c. 

2.  By  the  Divifor  of  a  Number,  I  here  underftand,'  fuch 
Inteeer  as  doth  meafure  fuch  Number ;  that  is,  being  once 
or  oltener  taken  doth  equal  it.  So,  of  the  Number  6,  the 
Divifors  are,  i,  2,  3,  6  :  Becaufe  6,  once  taken  i  ^nd  3^ 
twice  taken;  and  2,  thrice;  and  i,  fix  times  taken;  dp 
equal  6« 

1)6(6;  2)6(3;  3)6(2;  6)6(1.    6  =  1x6  =  2X3  = 
3Xa  =  6x1. 

*  The  ttanber  of  tU  the  poflibk  Tsiriationa  of  the  words  in  thi|  Hot* 
mtttr  Verfe,  without  deftroying  the  meafure  of  it,  hte  been  inveftt^ed  with 
ffreater  accuracy  by  Mr.  fames  BernouilTt^  in  the  fecon4  part  of  his  excellent 
Treatife,  De  Arte  CottjeSands^  and  is  there  fotmd  to  be  3319.  S^  above, 
pages  8,  9,  and  xo. 

a  P  a  3-  By 
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•  .j/  B)r  ^qmiPart  of  a  Number^    1  underftand  iitcfi  a 
pivifor  as  is.  Jefs  than  it.     As  of  6,  the  Aliquot  Parts  arc  i , 
2:,  3 ';  but  hot  6.  .  For,  though  6  ht  alfa  a  Divifor  of  itfelf  j* 
yet  not  an  Aliquot '  Part ;   bccaufe  the  Word  Piir/  implies 
forocwhat  lefs  than  .the  whole. 

•4.  The  Number  of  Aliquot  Pahs^.thei^efoVe,  ?$  always  lefi 
bjr'cfne  diah  tb^  Nuftiber  of  Divifors,  Hecaufe  all  the  Di vifors 
except  one,  are  Aliquot  Parts;*  all  the  Aliqubt  farts  are 
Drrifcrs,  and  tliere  is  likewife  one  mof^e  Divifor  of  the  Niin- 
Bcr,  to  wit;,  the  ^hole  Number  nfelf. 

^  5.  So  thajt,  the  Number  of  Dl  vifors  being  givcn^thc  Num- 
ber olf  Aliquot  Pkrts  is  given  alfo.  And  contrary  wife  j  if  this, 
then  that.     As,  of  the  Number  6,  the  Divifors  being  4,  the  • 
Aliquot'£aits  are  3,  (that  is,  4  —  lO   And,  tbefe  being  3> 
the  Divifors  are  4  =  3  +  k 

6.  It  is  manifeft,  tlxat  the  Number  i,  hath  no  Aliqoot  Part, 
and  but  one  Divifor,  that  is  i.  Becanfe  there  rs  no  Number 
lefs  than  iifclf  that  may  be  a  part  of  it :  But  it  meafures  it* 
felf  ^  and  therefore  is  it^  own  Divifor. 

,  ,7.  J^AJ  other  Prime  Number  hath  one  Aliquot  Parr,  and 
TwQ;  DivHbrs.  For  a  Pr'mt  Number j  we  call,  fuch  as  is 
;ntafured  (befide  itfelfj  by  no  oiher  Number  but  an  Unit.  As 
^>  3>  5»  7»  ^*»  ^c*  ^'^c^*  o^  which  are  meafuircd  by  i> 
and  by  itfelf ;  but  not  by  any  other  Number.  And  hath 
ihereft^e  2  DivHbrs,  and  i  Aliquot  Part;  but  no  nicwe; 

8*   Btery  Towir  of  a  Prime  Nuinier  (ether  tlma  of  i^ 

i#h4eh  here  is  underitood  to  be  excluded,)   hath  fo  many 

•Ali^trot  Pari«  as  are  the  dimenfioos  of  fiicii  Power  ^  and  one 

Divifor  more  than  fo.     As  (ftippofmg  a,  by  Cy  &c,  xo.bc  fo 

many  Prime  Numbers;)  <ijuth  two  divifors  (i  and  4^;)  a* 

or  aahiih  three,  (i,  4,  ,/:;i;)  «\,6r  i^,'bath  fotlr,- (i,  a, 

aa,  aaa ;)  arul  fo  of  the  reft. ,  Thstt  is,  the  Number  of  Di- 

•viftr^  isro^e  nsore  thte  the  Number  pf/Dioifeiifioa&ir  Becaufc 

't;  and  al?l  the  Degrees  of  fuch  Power  (noi  big;her  t&an  itfd£) 

^irei,135e^%rs ;  but  not  arty  other  Ntiinber,|  if  i  be  a  Prime. 

'Tliat  is,  one  rftore  than  the  i^umber  of  Dimenijons. :  Of  which 

"Ae^reateft  Divifor  (being  the  whole)  is  not  an  Aliquot  Part; 

and 
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and  therefore  the  Aliquot  Parts  are  juft  fo  many  as  are  the 
Dimenfions.  Thus  of  8  (the  Cube  of  2)tl>e  Divifors  are  four, 
(1,  2,  4,  8  ;)  the  Aliquot  Parts  are  three,  (i,  a,  4;)  Of  81 
fthc  Biquadrate  of  3)  the  Divifors  are  five,  (i,  3,  9,  27, 
81  ;)  the  Aliquot  Parts  arc  four,  (i,  3,  9,  27,)  juft  fo  many 
as  arc  the  Dimenfions.  That  is,  (of  fuch  Biquadrate)  thp 
Divifors  are  i,  tf,  aa^  aaa,  aaaa ;  the  Aliquot  Parts  i,  a^  aa, 
aaa ;  and  fo  every  where :  For,  though  the  higheft  Dimen- 
fion  came  not  into  the  Number  of  Aliquot  Parts,  yet  i  being 
fupernumerary,  makes  thcj  Aliquot  Parts  juft  as  many  as  the 
Dimenfions. 

9.  If  a  Prime  Number,  or  any  Power  thereof,  be  Multi- 
plied by  any  other  Prime  Number,  or  any  Power  hereof; 
tlic  Produfl:  haih  fo  many  Divifors,  as  is  the  Number  of  Di- 
vifors in  That,  Multiplied  by  the  Number  of  Divifors  in 
This ;  and,  therefore,  the  Aliquot  Parts  fewer  by  one  than  fo. 

For  Example  :  Let  tf,  ^,  be  two  different  Prime  Numbers, 
(fuppofe  2,  3  ;)  and  certain  Powers  thereof,  as  a^  ^%  (that 
is  8,  9,)  the  Produft  aH^^  (that  is,  72  =  8  X  9.)  Now 
for  as  much  as  the  Divifors  of  the  former  i,  a^  aa,  aaa% 
(that  is,  I,  2,  4i  8,)  divide  a^  (that  is  8 ;)  not  only  thefoj, 
or  (which  is  the  fame)  every  ofthefe  Multiplied  by  i ;  but 
alfo  every  of  them  Multiplied  by  ^,  'and  by  ^^,  (that  is  by 
3,  and  by  9,)  will  divide  a^h\  That  is,  every  of  the  Di- 
^        -     -  -        '-      will 


oU\  ] 

Multipl 

led  mto  every  of  the  Divifors  c 

>ib*i 

aH\ 

I 

I     ' 

a 

2 

The  Divifors  of  a* 

aa 

4 

'  ^'       Multiplied  by  i. 

aaa 

8 

b 

3    ^ 

ah 

6 

,  ,      The  fame  Multiplied 

aab 

iz 

'  ^-      by  b. 

aaab 

24     . 

bb 

9     1 

abb 

18 

^      The  fame  Multiplied 

aabb 

36 

'  ^'      by  bb. 

aaabb 

72     J 

• 

12=4X3* 

The 
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The  Number  therefore  of  all ;  is  the  Number  of  i,  a^  tf#, 
4aay  (that  is  4,)  (b  many  times  taken  as  is  the  Number  of 
I,  ^,  3^,  (that  is,  3  times;)  That  is,  4  x  3  =  12:  The 
Number  of  Divifors  therefore  is  la ;  and  of  Aliquot  Parts, 

10.  If  a  Produft  made  by  the  Multiplication  of  different 
Prime  Numbers,  or  of  their  Powers  by  one  another,  be 
further  Multiplied  by  another  Prime  Number  different  from 
every  of  thofe  :  The  Number  of  Divifors  in  this  new  Pro- 
duft,  will  be  fo  many  as  is  the  Number  of  Divifors  in  that 
firft  Product  Multiplied  by  the  Number  of  Divifors  in  the 
new  Multiplier. 

For  Example  :  The  Number  of  Divifors  in  the  Produft 
but  now  mentioned  ij'^*,  is  12;  (as  is  already  (hewed :)  if 
therefore  this  be  Multiplied  by  any  other  Prime  Number, 
as  e  (fuppofe  5,)  different  from  «,  b\  (whofeTDivifors  there- 
fore arc  two,  I  and  c ;)  the  Divifors  of  the  Produft  tf'3V 
(that  is,  of  72  X5  —  360)  will  be  12  X2  =  24.  Namely, 
all  thofe  (before  found)  which  divided  a^b*^  will  alfo  divide 
tf'^V;  or  (which  is  the  fame)  all  thofe  Multiplied  by  i 
(which  IS  one  of  the  Divifors  of  f ;)  and  the  fame  alfo  Mul- 
tiplied by  €,  (which  are  as  many  more ;)  and  therefore  both 
together  are  twice  as  many;  that  is,  12  X2  =;  24.  Namely, 
X^  4,  aa,  aaa;  i,  ab,  aab,  aaab;  bb,  abby  aabb,  aaabb;  r, 
aCf  aaCf  aaac  i  bc^  abc,  aabCj  caabc ;  bbc^  abbc^  cabbc,  aaabbc* 
That  is,  X,  2,  4,  8;   3,  6,  12,  24;    9,  18,  36,  72:    5, 

10,   20,  40 ;   15,  30,  60,    120;  45,  90,    180,   360. 

And  if,  for  the  new  Multiplier  c  zr  5,  where  taken  cc  zz 
25,  or  ccc  =125;  (the  Number  of  whofe  Divifors  are  3 
or  4;)  the  Number  of  Divifors  of  the  Produ6t  ^'^V,  or 
a^bVi  would  (accordingly)  be  12  X3  =  36,  or  12 X4  =  48. 
(And,  in  like  manner,  for  any  other  Power  of  c.)  For  now 
not  only  the  Divifors  of  a^b*  Multiplied,  by  i,  and  by  c; 
but  the  fame  alfo  Multiplied  by  cc,  (which  is  a  third  time  fo 
many,)  will  be  Divifors  of  a^b^c* ;  and  the  fame  Multiplied 
by  ccc^  (which  is  as  many  a  fourth  time,)  will  b?  Divifors 
of  a'b^c". 
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tec      12  J" 

acce  25 
maccc     500 1 

oMaciC  loooj 


r2n 

^50  L 

x>oJ 
3751 

750  L 
1500  f* 
3000J 


bccc 

abccc 

aahccc  -j-_  , 
aaabccc  3000  J 

biccc  1x15*1 
Mcec  2250  f 

aambhctc  90003 

IS 


The  fame  will  in  like  manner  be  (hewed,  if  this  new  Pro* 
du6k  a^h^c^  (whofc  Divifors  are  24,)  be  further  Multiplied 
by  dy  or  dd^  &c.  Namely,  the  Divifors  of  c?b\d  will  be 
24X2  =  48;  and,  of  a^b^cd*^  24x3  =  72.  And  fo  for- 
ward. 

Or  (which  comes  to  the  fame  pafs)  if  tf^^*  (whofe  Divilbra 
are  12 1=  4  X  3,)  be  Multiplied  by  cd^  (whofe  Divifors  arc 
4=2X2,)  or  by  cdd\  (whofe  Divifors  are  2x3  =  6$) 
for  then  will  the  Divifors  oi  a^h^cd  be  12  X  4  =  48  ;  and  of 
n^^cd^y  12  X  6  r=  72;  as  before. 

And  in  like  manner,  the  fame  will  hold,  how  many  {o* 
ever  Prime  Numbers,  and  what  ever  Powers  of  fuch  Primes^ 
be  fo  continually  Multiplied;  provided  always  (which  is 
heedfully  to  be  attended^)  that  fuch  Primes  tf,  b^  c,  d^  2(c^ 
be  all  different  each  from  other. 

ti.  If  any  Number  however  Compounded,  be  further 
multiplied  by  any  of  thofe  Primes  of  which  it  was  before 
Compounded,  or  by  any  Power  of  fuch  Prime ;  the  Num- 
ber of  Divifors  thence  ariGng,  will  be  fuch  as  would  have 
been  by  advancing  that  Prime  fo  many  Degrees  higher^  as 
is  the  Degree  of  fuch  Multiplier. 

As,  for  inftance,  if  r ,  dy  were  the  fame  Prime ;  then  ia* 
ftead  of  r^,  whole  Divifors,  if  different,  would  have  been 

4  = 
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4  ss  2  X  2,  {if  Cfd^  cd^)  we  are  to  uke  cc^  whc^e  Divifors 
are  but  3,  (i^  r,  <c^)  becaofe  c^  4  which  would  otherwife 
have  been  two  different  Divifbrs,  are  now  but  one  and  the 
iame.  And  accordingly,  the  Divifors  oia^b^cd^  that  is,  (be* 
catrfe  c  iHBt  dy)  of  a'^V%  will  now  be  (aot  12  x4  c:  48,  as 
before,)  but  12  x  3  =  36.  So  \{a^i*c  be  Multiplied  by 
d\  and  d  zz  b.  For  then  a^b^cd^  is  the  lame  with  ^^^^j 
and  the  number  of  Divifors  (not  4x3X2X3  =  72,  but) 
4x5  X  2  =40.  And  the  like  in  other  cafes,  as  is  of  it- 
lelf  manifeft. 

12.  And,  univerfally:  If  alfumher  be  madt^  by  continual 
MukMication  of  bow  many  foever  Prime  Number s^  ^diff&rent 
each  from  other f)  or  of  any  Powers  of  fuch  Primes:  The  Num^ 
ber  of  Divifors  offucb  Compound  Number j  is  Omfouoded  (by 
€ominual  MubiplieationJ  of  the  exponents  of  the  Degrees  offucb 
Primes  or  tbeir  Powers  fo  Compouudedf  increafed  (eaeb  oftbem) 
by  I.  Jnd  fuch  Number  of  Divifors ^  wanting  i,  is  the  Num^ 
ber  of  Mquot  Parts.  (Which  Theorem  contains  the  main 
fubflance  of  the  Dodtrine  of  A^q^Pt  Parts. 

As,  for  the  Number  a^b^cd ;  the  exponents  of  the  Degrees 
or  Dimenfions  of  the  Primes  a^  b^  r,  4/,  are  3,  2f  i>  i  ^ 
and  thele  increafed  by  i,  are  4,  3,  2,  2,  Tbefe,  continually 
MultipKed,  give  us  the  Number  of  Divifors  4x3x2X2 
=  48  ;  and,  of  Aliquot  Parts  48  —  i  =  47.  (And,  in  like 
manner,  for  any  other  Number  however  Compounded.)  As 
is  evident  by  what  is  before  Demonftrated. 

Hence  we  may  gather  the  folution  of  the  following 
Problems. 

1^,  Any  Number  being  propofed ;  to  find  how  many 
Divifors  it  hathi  and,  how  many  Aliquot  Parts^ 

Divide  the  Number  propofed  (and  the  Quotients  arifing 
from  fuch  Divifion)  continually,  by  Prime  Numbers  (or  tht 
Powers  of  fuch)  according  as  it  i$  ca.pable9  till  we  come  to  i» 
And  we  fhall  thereby  find,  of  how  ^many. different  Prime  Num** 
bers,  and  what  Powers  of  them,  the  Nuqiber  propofed  is 
Compounded :  which  being  done,  we  have  the  Nunaber  of 

Divifors 
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Divifors^  and  of  Aliquot  Pates,  by  the  propofition  fore* 
goibg. 

As  for  Example ;  Let  the  Number  fo  propofed  be  5940 ; 
we  (hall  find,  upon  Tryal,  that  it  may  be  divided  by  2, 
twice ;  by  3,  three  times  j  by  5,  once ;  (by  7,  not  at  all ;) 
and  by  1 1,  once. 

105)3)3)3)^)^)  5940(2970(1485(495(165(55(11(1 

And  may  therefore  be  thus  defigned,  a^bhd ;  where  tf ,  ^ 
r,  and  d^  denote  the  Numbers  2,  3,  5,  and  1 1,  rcfpeftively, 
and  the  exponents  of  a^  by  c^  d^  are  2,  3,  i,  I ;  and  thefc 
increafed  by  i ,  are  3,  4,  2,  2 ;  which  continually  multi- 
plied,  are  3x4X2x2  =  48.  So  many  therefore  (by  the 
proportion  foregoing)  are  the  Number  of  Divifors;  and  47 
the  Number  of  Aliquot  Parts. 

14.  Any  Number  being  propofed ;  to  find,  what  are  the 
Divifors,  and  the  Aliquot  Parts  thereof. 

Firft  find  (as  in  the  preceeding  article),  of  what  Prime 
Numbers,  and  what  Powers  of  them,  the  Number* prdpofed 
is  Compounded.  Then,  taking  any  one  of  thofe  Prime  Num- 
bers to  whatever  Degree  it  be  advanced,  fet  down  in  order 
all  the  Divifors  of  Juch  Degree.  Then  Multiply  every  of 
thefe  by  every  Divifor  of  fuch  Degree  as  fome  other  of  thofe 
Primes  is  advanced  to.  And  every  of  the  Divlfors^hitherto 
found,  by  every  Divifor  of  the  Degree,  to  which  a  third 
Prime  is  advanced.  And  all  thefe,  by  thofe  of  a  fourth ; 
and  fo  onward,  if  yet  there  be  more  Primes.  (In  fuch 
manner  as  is  to  be  feen  above  in  art.  10.)  And  the  Num- 
ber arifing  from  all  thofe  Multiplications,  is  the  Number  of 
the  Divifors  of  the  Number  propofed :  And  all  thefe  Di- 
vifors, except  itfelf,  are  the  Aliquot  Parts  of  it. 

Thus  for  the  Number  360  =  2X2x2X3x3  X5s=58 
X  9  X  5  ;  fuppofe  ^'*V.  All  the  Divifors  of  a^  =  8,  arc 
i^ay  asy  aaay  that  is,  i,  2,  4,  8.  Let  thefe  be  multir 
plied  by  all  the  Divifors  of  i*  =  g  ;  which  are  l,  *,  bbi 
that  is,  I,  3,  9.  And  all  the  refults  of  thefe,  by  the  Di- 
vifors of  r ;  which  are  2,  € ;  that  is,  1,  5,  So  have  we  all 
the  Divifors  c4  360. 
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^9!  Of  Ccmhinssiitis,  Jbtrna/l^ns,  and 

« • 

i^       tf^      aaii      daabb 

c  ac^  aac  aaac 
he  abt'  aabc  *  aad^c 
hi      abbe    aabbc    aaabbe 

And  in  like  manner  we  may  proceed,  whatever  Number 
be  propoftdv  and  howfoevcr  Compounded. 

;  But  thc.fatac  may  klfo  be  done  in  divers  other  methods, 
(for  we  at-e  hot  confined  to  proceed  always  in  the  iame 
order,)  which  10  the  refult  will  be  the  fame  with  this.  Pro- 
vided always,  in  whatever  order  we  proceed,  that  we  be 
fore  to  takt  all  the  Prime  Numbers,  that  are  Ingredients  of 
fuch  Compound,  with  all  the  Degrees  of  them,  and  all  the 
,po65ble  Combinations  that  may  be  made  of  them,  not  ex- 
ceeding (in  any)  the  Number  of  Diroenfions  which  they 
have  in  the  Compound,  And,  that  we  may  be  fure  not  to 
mifs  any,  it  will  be  convenient  to  proceed^  if  not  in  this,  at 
leall  in  fome  other  regular  order,  that  we  may  know  when 
we  have  all.  And  Tome  other  forms  of  procefs  we  may  after 
have  occafion  to  mention. ' 

15.  CTo  find  a  Nutnber,  which  (hall  have  juft  fo  many 
Dmfors,  or  fo  many  Aliquot  Parts,  as  is  propofed  :  And, 
in  how  many  forms  the  fame  may  be  had  -,  and,  the  leaft  in 
tach  form ;  or  the  leaft  of  all,  that  may  have  fo  many. 

The  Number  of  Aliquot  Parts  propofed,  increafed  by  i, 
is  the  Number  of  Divifors.  This  Number,  we  are  to  con- 
sider, how  many  ways  it  may  be  exprcffed  in  Integers; 
whether  by  one  alone,  or  by  the  Multiplication  of  two  or 
more :  {As  is  to  be  after  (hewed  in  art.  17,18.)  And,  as  many 
ways  as  this  may  be  done,  fo  many  forms  there  are  of  Num- 
bers which  have  juft  fo  many  Divifors  :  Namely,  for  every 
of  the  Integers  by  which  fucli  Number  is  to  be  exprefled, 
{o  many  different  Prime  Number^  are  to  be  afligncd ;  and 
jfuch  Degrees  or  Powers  thereof,  whofe  exponents  are  lefs  by 
one  than  the  refpe£tive  Integers  which  tbey^eprefent ;  and 

ihofe 
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tbofe  Powers  or  Degrees,  (cominually  raukiplied,  if  thcrd 
be  more  of  them,)  will  have^&cti  N  umber  ~»of  DiviforssK 
is  .required,   .  .  ,  i 

.  As  for  Example :  If  a  Number  be'  required  whicfi  ChfalP 
have  99  Aliquot  Parts,  or,  (which  is  the  fame)  100  DjyifbrsV 
This  Number  100,  may  be  exprcffed  by  Integers  ffing^t,' 
or  multiplied  into  one  another,}  nine  fevcral  'Way^  :  100* 
=  50  X  2  =:  25  X  4  =  25  X  2  X  a  r:  20  X  5  =  to  >^' 
10  =10X5x2  =  5X5x4=*. 5X5x2x2:  Ahd 
fo  many  feveral  forms  there  are  of  Nuaibers  which  fliaUi 
have  100  Divifors,  or  99  Aliquot  Parts,  Napaelj/iy  if  (foit 
every  of  the  forms  wbcrern  the  Number  r  :  ; 

ICO  may  befodefigned)  wetakelbnikay  ipa -^j**  - 

different  Primes,  as  tbtre  arc  Integers  in  5dx2 .  ^b 

fiich  dcfignacion ;  and  each  of  chen^  ad-  ^^4    ^*^  ' 

vanced  rcfpeftively  to  fuch  Degree  whofe  ,  %ii<zk%'  ^bc  , 
exponent  is  icfs  by  one  than  thp  Integer  {^o^C5  '4ifH^ 

it  reprefents.    As  tf'%  tf**^,  ^**i?,  .tf**itf,   .    .  I9?<li?    f^^^   • 
tf**^%  fl'^',  a^i^c^  a^t^c^,  a^b^di  whatever       10x5x2^    a^bU  o 
be  thofc  Prime  Numbers  a^  by  f,  d^  dif-     »   $^S^^    4^b^c^ 
ferent  each  from  other.      (As  appears    5x5x2x2    4^b*cd 
from  art.  12.)    But  nor  any  other  forms:  ^^.         • 

As  may  be  thence  (hewed,  in  cafe  any  other  form  bcaffigm 
ed.  As,  for  inftance,  if  any  form  be  affigned  whereHi  (w^*^ 
ever  be  the  other  Ingredients)  there  is  the  bare  SqU^e^of  a^ 
Prime  Number,  (fuch  as  in  none  of  thefe  appears)  as  /*• 
For  whatever  be  the  Number  which,  (he  reft^f  :tbe  ingire* 
dicnts  defign,  that  Number  (becaufp.of  O  is  wb^  Triply 
(by  an.  9.)  But  100  is  not  the  Triple  of  any>lnfegpr  ,(a% 
not  being  divifible  by  3  :)  And  therefore  cjttmot  be.  fo*dct'i> 
Cgned.  And  in  like  manner  may  be  (hewed^  (witl|  ipck 
variation  as  the  cafe  (hall  requrre,}  concerning  apy  'Otlier 
form,  different  from  thofe  afligndl* 

Now  for  finding  the  leaft  Number  in  each  fortiii  jlm 
(hall  have  fo  many  Divifors  j  no  more  is  to  be  done,  but 
for  a,  bf  €y  dy  &c,  or  fo  many  of  them  as  occur  itJ  cach^ 
form  refpeftively,  to,  take  fo  many  of  the  fmalleft  Friri)es»; 
^^  3>  St  7»  *^c*  An4  of  thefe^ftiUtoafBgntheieff^rfor. 
that  which  is  €0  have  the  greater  Number'  of  Dimenfiohs. 

2  0^2  (As 
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(As  is  .of  itfelf  manifcftO  So  for  the  form  ^Vr,  it  is  cnaoi* 
£^,  that  if  {or  4fy  i^  ^»  we  take  2»  3,  5,  the  number  mud 
needs  be  lefs,  than  if  we  take  2,  3,  7,  or  3,  7,  ji,  or  any 
Other  ftumberst  And,  (fuppofing  thofc  three  to  be  taken,) 
it  muft  needs  be  lefs  if  we  affign  j  =1  2,  ^  =  3,  r  =  5, 
than  if  we  affign  them  any  otherwifc.  Bec^ufc,  in  the 
(|ompoiitipn^  a  is  oftener  to  be  repeated  than  b,  and  b 
than^  . 

;  Nowwlsep  i(  q^pears,  which  is  the  lead  in  each  form ;  it 
18  cafily  determiflffid  upon  view,  which  is  the  lead  of  all. 
As,;  in  ,the  prefent  cafe,  putting  a  zz  z,  ^  =  3,  c  :=:  5, 
d  =  7  ;  it  is  eafy  to  judge  that  a^l^cd^  that  is,  16  X  81  X 
5  X*7^±3:4{36o,  is  the  fmalled  number  that  can  have  100 
DivMbn. .  ^or  it  is,  to  ^iV ;  as  ^  =  7,  to  rr  ss  9  :  And 
it  fs^  U)  if  iff  ;  as  i/  c=  7,  to  tf*  =  32  :  And,  to  ^V;  as  cd 
=  ?5»  tQ«*^'.  x:  7776*     And  foot  the  red. 

And,  for  the  mod  part,  thofc  are  the  fmaller  numbers 
whcreJn  ttidre  Primes  be  ingredients ;  than  where  fev^er 
Primes,  bwt  in  higher  Degrees  ;  as  j3  z:  2  X  3  »  6,  is  lels 
than  4*  =f  8;  thoogh  each  of  them  have  four  Divifors. 
But  it  is  not  always  fo;  for  ir'^  —  8  x  J  =  24,  is  lefs 
than  ,atc  =2  X  3  X  5  =  30  ;  (though  the  number  of 
Divifors  be  eight  in  each.)  For  here  one  Degree  of  a 
greater  Prime  c  =r  5,  dorh  over  balance  two  Degrees  of  a 
hSier  aa  z:s  4. 

<6.  It  appears  moreover.  That,  wherever  the  number  of 
Divifors  is  odd,  fuch  Number  is  a  Square  :  And,  contrary- 
wife,  of  every  Squard  Number,  the  number  of  Divifors  is 
odd.  And,  of  every  Non  qitadrate  Number,  the  number 
Af  Divifors  is  even  :  And,  wherever  the  number  of  Divifors 
is  even,  fuch  Number  is  a  Non-quadrate  Number. 

For  every  Divifor  divides  the  Number  proppfecj  by  fome 
other  pivifoi^i  (whereof  ^lien  one  is  the  Divifor,  the  other 
is  the  Quotient  •)  except  only  the  Square  Root,  (where  the 
Divifor  and  Quotient  are  the  fame.)  All  other  Divifors 
•therefore  go  by  couples,  and  make  an  even  Numbct:  To 
which  when  the  Square  Root  is  to  be  added  (which  is  the 
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eafe  of  all  Square  Numbers^  and. of  thefe  only ;)  this  being 
folitgfy,  make$  the  number  of  Divifors  odd. 
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17.  A  Number  being  propofed  ;  to  find,  how  many  dif- 
ferent ^ays  it  may  be  defigned  by  Integers ;  whether  fiogly 
or  by  the  continual  Multiplication  of  more  tha^  one. 

Fird  find  out  (by  art.  14,)  what  are  all  the  Divifors  of 
Aich  propofed  Number.    Theny  coniidering  them  all  fingly 
(beginning  at  the  greateft  and  fo  proceeding  to  thelefler; 
that,  by  keeping  tuch  order,  we  may  be  the  more  fare  not 
to  mils  any;)  inquire,  what  Number  doth  with  every  of 
thefe  compofe  the  Number  propofed  s  and  if  this  chance  to 
be  a  Compound,  let  this  in  like  manner  be  re* 
folved  into  its  Components,  (and  fo  onward  as  360 
long  as  the  Component  is  itfelf  a  Compound  j)  xSoxz 
whereby,  having  thus  run  through  ibem  all,  we  130x3 
(hall  meet  with  all  the  ways  whereby  the  Num**    90x4 
ber  propofed  may  fo  be  deiigned  by  Integers.       90x2x3 

As  for  Example:    Let  luch  Number  pro-     72x5 
pofed,  be  360  ;  whole  Divifors  (found  by  art.    60x6 
14,)  arc  360,  180,  120,  90,  73,  60,  45,  40,  36,     60X3XZ 
30,  24,  20,  18,  15,  12,  10,  9,  8,  6,  5,  4,  3,  2,    45x8 
1 9  where  we  (ball  tind,  the  firft  defignanon  to  be    45x4x3 
360,   (or  360x1.)    Then   180X2,    120X3,    45^2x2x» 
90X4,  and  (becaufe  4  =:  2X3'>)  90x2x2.    40x9 
Then  72X5,  60x61  and  (beaufe  6  =  3x3)    40x3x3 
*  /  36x10 
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60X3x2.     Then  45x8;    and  (bccaufc 
8=r4X2r:2X2X2)  45X4x2,  45 x 

2X2X2.    Then  40X9;  and  (becaufc  9  = 
3X3,)   40x3x3.     Then  36x10;    and 
(becaufe  10  =  5  x  2O  36  x  5  X  a.     Then 
30X12  ;  and  (becaufe  12  n  6  xa  =  4X3 
=  3X2Xa.)  30x6x2,  30X4x3,  SOX 
3Xax2.   Then  24x15,  and  (becaufe  15 
=  5X3.)  24X5X3-  Then  20  X  18,  and 
(bacaiife  18  =  9X2  =  6x3  =  3x3X2,) 
20X9  X  2, 20  X6X3.  20  X  3  X  3X2.  Then, 
(omicting  18  X20,  as  being  che  fame  with 
20  X  18  ;  and  refoUing  20  =  lO  X  2  =: 
5X4=:5X2xa;)  18x10x2,  18X5x4* 
18X5x2x2.     Then  (omkiing  15x24, 
as  being  che  fame  with  24  X  15;  and  lo 
every  where  when  a  greater  follows  a  lefs, 
as  being  had  before ;  and  refolving  24  = 
i2X2n8X3-tr6x4  =  6X2X2  =; 
4X  3X2  =:  3  X2  X2X2;)  15x12x2, 
15X8x3,  I5X6X4>  15X6x2x2,  15 
X4X3X2,    15x3x2x2x2.      In    like 
manner  (omitting  fuch  Combinations  of  12 
as  have  been  already,)  12X  (30==  15X2 
=)iox3,  I2x6x<,  12x5x3x2.    In 
likcmanaer,  lox  (36  =2  18  >?2  1=  12X3 
=  )  9X4»    10X9X2x2,    10x6x6,  10 
X6X3X2,  10X4x3x3,  10x3x3x2 
X2.    Then  9  x  (40=  ioX  2  cr  10X4 
=)  8X5,  9X5x4X2,  9x5x2x2x2. 
Then  8  X  (45  =)  5x3x3.     Then  6x 
(60=)  6X5x2,  6x5x4x3,  6x5X3 
X2X2.   Laftly,  5X  (7^=)  4x3x3x2, 
5X3X3X2x2x2.    (The  Divifors  4,3, 
2,  I,  aSbrd  no  new  cafes;  becaufc  every 
of  them  is  lefs  than  5,  and  cannot  without 
it,  or  fooic  greater  Numbcri  make  up  360.) 
Which  forms  (in  Number  52)  are  aH  the 
forms  in  which  z^Oy  may  thus  be  exprdTed 

by 
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fcy  Integers.  Ahd  how,  to  every  of  thefe  forms/ we  may 
fie  fo  many  forms  of  Numbers  which  (hall  have  360  £>i-> 
vifors,  is  before  (heMred  in  art.  15.  As,  for5X3X3XaX« 
k2,  «*AV*^/;    Aiid  fo  of  the  reft. 

But,  why  I  have  here  omitted  (for  inftance)  5X72,  5X 
36X2,  5X24x3,  5x18X41  5X18x2X2,  5x12X6,  5X 
12X3x2,  5X9><8,  5x9x4x2,  5X9XZX2X2,  5x8x3 
X3,  5x6x6X2,  5X6x4x3,  5x6x3X2X2,  and  others 
of  like  kind;  the  caufe  is  evident:  Becaufe,  the  Numbers 
^2,  36,  24,  18,  12,  9,  8,  6,  being  greater  than  5,  all  the 
Combinations  which  have  thefe  ingredients  were  had  before. 
For  5  X72,  is  but  the  fame  with  72X5  ;  and  fo  of  the. reft. 
And  it  is  fo  ordered  ail  along,  that  whenever  a  greater 
Number  comes  to  follow  a  lefler,  we  may  know  that  that 
cafe  was  (or  (hould  have  been)  had  before. 

But  it  is  no  way  neceflary  that  we  (hould  always  obferve 
this  order ;  for  the  fame  will  hold,  in  whatever  thethod  we 
proceed  :  provided  we  be  fure  to  take  them  all^  in  whatever 
order. 

18.  The  fame  al(b  may  be  thus  had,  if  the  Number  it- 
felf  (of  Divifors  required)  or  the  form  thereof,  be  fo  ex- 
prefled  in  Species,  as  it  may  thence  appear  in  wh^t  form  it- 
felf  is  Compounded  of  the  ingredient  Primes  :  As  if  we  put 
tf^iV,  for  the  Number  360  =  2x2x2x3X3x5;  or  for 
any  other  Number  which  is  Compounded  of  the  Third  De- 
grcc  of  one  Prime,  Multiplied  by  the  Second  Degree  of 
another  Prime,  and  this  by  a  Third  Prime. 

For,  however  we  are  not  by  this  dire£ted  how  to  pfoCeed 
as  before)  from  the  greater  to  the  Icfler  in  a  continual  or- 
ler,  (becaufe  the  Second  or  Third  Degree  of  a  lefler  Prime, 
may  poffibly  be  greater  than  the  firft  of  fome  greater  Prime  j) 
yet  we  may  thus,  though  in  another  order,  meet  with 
them  all* 

And  it  will  be  then  convenient  (beginning  with  1,)  to 
take  the  Species  or  Symbols,  firft  fingly,  one  by  one,  (as  «, 
hj  r,)  in  luch  order  as  they  follow  in  the  Alphaoct.  And 
then   by  Two's,    (as  acy  ai,  a^^  bb,  &c,)   and  here,  firft 

thofe 
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thofe  that  begin  with  a ;  and  here  again  aa  before  tf^,  and 
this  before  ^c,  i ,  &c,  and  then  thofe  that  begin  with  ^ ;  and 
here  (omitting  ia,  as  being  the  fame  with  at  which  was  had 
before,)  beginning  with  ii,  or  (in  cafe  th^e  be  not  a  fecond 
i)  with  ic,  and  fo  onward :  And  then  by  Threes,  and  Fours, 
and  (o  onward  as  there  is  occadon  ;  obferving  all  along,  as 
the  cafe  will  permit^  the  Alphabetical  onler,  (that  we  may 
be  the  more  furc  not  tomifsany.)  Placing  always,  over 
againft  each,  the  correfpondent  Divifbr ;  which  doth,  with 
it,  conftitute  the  Number  propofed.  As,  againft  m^  put« 
ting  Mc,  which>  with  it,  compleats  aaabbc. 

'    I         a^b*c  I         aaahbc 

a        a^bU  a         aabbc 
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And  this  we  are  to  purfue  fo  far,  till,  in  that  oppofite 
rank,  we  meet  with  the  fame  (in  the  cafe  of  a  Square 
Number  propofed,)  or,  (if  not  a  Square  Number,)  that 
which  was  next  to  follow,  in  the  firit  rank.  (As  here,  againft 
aaac^  we  have  ahb  \  which  was  next  to  have  followed  if  the 
firft  rank  had  proceeded.)  For,  when  we  be  come  fo  far, 
dy>fe  which  were  to  have  followed  in  the  continuation  of  the 
fifft  rank,  do  follow  (in  the  fame  order,  but  going  back- 
ward,) in  the  latter  rank,  till  we  come  to  the  greateft 
ofalL 

And  having  thus  difpofed  all  the  Divifors  in  due  orders 
we  may  tHfen  (beginnino;  with  the  greateft,  and  fo  proceed- 
ing backward  to  the  lealt,)  compound  each  with  itsoppofite, 
5  which 
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which  ftands  againft  ic.  (As, 
cbbaaa^  cbhaay^a^  chaaay^b^ 
&c.)  And  when  that  fecond 
Component  is  i^felf  a  Com- 
pound, we  are  to  refolve  it 
ioto  its  Components;  (as 
cbaXaa^  cbaXaXa,  &c,)  and 
fo  continually  till  it  be  refolv* 
cd  into  Primes. 

When  we  have  thus  dif- 
patched  all  the  Divifors  of  the 
latter  rank  (for  till  then,  there 
is  no  danger^)  we  are  to  take 
heed,  that  fome  of  the  Com- 
poiitions  already  taken,  be  not 
taken  a  fecond  time  in  an- 
other order ;  and  when  they 
do  fo  occur  a  fecond  time, 
we  are  to  pafs  then>  by*  And 
accordingly,  when  I  come  at 
caa^  I  do  not  Compound  this 
with  the  whole  of  bba  which 
ftands  againft  it;  (becaufe 
this  hath  been  alrea%  con- 
iidered,  and  there  joined  in 
all  the  Compofitions  that  it 
is  capable  of;)  but  with  all 
thcfe  •  Components  of  bb  4, 
whi<ih  had  not  before  been 
fully  ?onfidered.  And  when 
I  come  at  cb:  I  omit,  not 
only  the  whole  of  ^^tf^,  (which 
ftands  againft  it)  but  all  the 
Compcments  of  it  which  have 
three  Members,  (becaufe  not 
only  thofe  of  Four,  but  even 
of  Three  Components,  have 
been  fully  difpatched,  before 
we  come^t  cb  which  hath  but 

2  R 


cbbaaa 

cbbaaxa  - 

cbaaaxb 

bbaaaxc 

cbbaxaa 
xaxa 

cbaaxba 
xbxa 

bbaaxca 
xcxa 

caaaxbb 
xbxb 

baaaxbc 
xhxc 

cbbxaaa 
xaaxa 
xaxaxa 

chaxbaa 
xbaxa 
xaaxb 
xbxaxa 

bbaxcaa 
xcaxa 
xaaxc 
xcxaxa 

caaxblxa 
xhaxb 
xbxbxa 

baaxcbxa 
xcaxb 
xbaxc 
xcxlxa 

aaaxcbxb 
xbbxc 
xcxbxb 
cbxbaxaa 
xaxa 

xaaxbxa 

xbxaxaxa 


360 

iSoxa 

120x3 

90x4. 

90x2x2 

6ox$ 

60x3x3^ 

36x5x2 
40x9       ^ 

24x15        ^ 

24'^5^3 

45^8 

45X4XZ 

45x2x2x2 

30x12 

30x6x2 

30x4x3 

30x3x2x2 

18x20 

18x10x2 

18x4x5 

18x5x2x2 

20x9x2 

20x6x3 

20x3x3x2 

12x15x2 

12x10x3    * 

12x6x5 

12X5X3XZ 

8x15x3 

8x9)^5 

8x5x3x3 
15x6x4 
15x6x2x2 
15x4x3x2 
15x3x2x2x2 
bbxQaxaa 


^o6 
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two  Components.)  And  when 
I  come  at  ca^  I  omit  caxHxaa^ 
&c,  becaufe  ih  had  been  be- 
fore confidered.  And  in  like 
manner,  at  ^a^  I  omit  all  the 
Compofitions  wherein  r^,  ii^ 
€a,  were  ingredients ;  becaufe 
thefe  had  been  before  confi- 
dered. And  in  like  manner, 
at  aa^  and  Cy  I  omit  all  thofe 
of  two  Members  which  might 
be  Compounded  with  them  ; 
becaufe  already  had.  As  is  to 
be  feen  in  the  order  adjoined. 
And  over  againfl:  the  forms  thus  expreffcd  in  Species;  I 
have  fet  the  Numbers  anfwering  to  them ;  which  are  the 
fame  with  thofe  at  art.  17,  but  not  in  the  fame  order.  Be- 
caufe here  I  was  guided  by  the  forms  of  Compofition,  in  di- 
rcfting  the  order ;  but,  there,  by  the  bignefs  of  the  Numbers. 
Having  thus  laid  the  Foundation  of  this  Do6krine  of  Dir 
vifors  and  Aliquot  Parts ;  I  (hall  give  fome  Examples  of 
Operations  concerning  them. 


hlxcaxaa' 

9x10x4 

xaxa 

9x10x2x2 

xaax'cxa 

9x4x5x2 

Xi,xaxaxa 

9x5x2x2x2 

caxbaxha 

10x6x6 

'    xhxa 

10x6x3x2 

xaaxlxb 

10x4x3x3 

xbxbxaxa 

10x3x3x2x2 

haxbaxcxa 

6x6x5x2 

xaaxcxb 

6x4x5x3 

xcxbxaxa 

6x3x3x2x2 

aaxckixbxa 

4x5x3x3x2 

ixlxbxaxdxa 

5x3x3x2x2x2 

Examples  of  the  fnfregoing  Operations. 


19.  Of  the  Number  1 10,880:  How  many  arc  the  Di* 
vifors,  and  Aliquot  Parts  ?  And  which  be  they  ? 

The  Number  110,880  divided,  as  is  dircfted  at  art.  13, 
is  refolved  into  thefe  Primes;  2,  2,  2,  2,  z,  3,  3,  5,  7,  11. 
And  is  therefore  in  this  form  a^b\de. 

1 0  5)  7)  3)  3)  a)  a) 2)  2)  2)  1 10880  (55440  (27720 (13860 

(6930  (3465  (1155  iZ^S  (77  (II  (I 

Or,  I  might  at  firft  cut  off  the  Cypher  5  an.d,  for  it,  fet 

down  two  Divifors  2,  5  :    And  then,  becaufe  it  is  obvious 

to  view,  that  11,088  is  divifible  by  ii;  I  might  next  fet 

down  II  for  another  Dirifor,    (Becaufe  by  this  means  we 

come 
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come  th6  fooner  to  fmall  Numbers.)  And  then  divide  the 
Quotient  ioc8  by  2,  and  3,  as  oft  as  I  can;  which  done, 
we  (hall  have  7  for  the  laft  Divifor.  Or,  I  might  have  di- 
vided 11,088  by  9  ;  (and  for  it  fet  down  two  Divifors  3, 
3  :)  For  it  is  obvious  alfo  to  view  that  it  may  be  fo  divided  i 
becaufe  the  Figures  put  together  without  regard  had  to 
the  places,  (as  is  ufual  in  the  proofs  of  Multiplication  and 
Divifion,)  may  be  fo  divided ;  or,  cafting  away  9  as  oft  as 
may  be,  nothing  remains ;  or,  I  may  fo  do,  for  the  fame 
rcafon,  with  1008  ;  or,  take  any  the  like  advantage  for 
expedition,  as  the  view  fhall  direft.  For  it  matters  not,  in 
what  order  we  find  the  Component  Primes,  fo  we  have 
them  all. 

The  Number  therefore  appearing  in  this  form  a^b'^cde;  it 
is  manifeft  (by  art.  12,)  that  the  Number  of  Divifors  is 
6x3X2X^X2  =:  144;  and,  of  Aliquot  Parts,  144  —  1 
=  143.  And  thofe,  (according  to  the  method  of  art.  18,) 
are  fourtd  to  be  thefe  that  follow. 

aaaaabbcde 

aaaabbcde 

aaaaabcde 

aaaaabbde 

aaaaabbce 

aaaaabbcd 

aaabbcde 

aaaabcde 

aaaabbde 

aaaabbce 

aaaabbcd 

aaaaacdc 

aaaaabde 

aaaaabce 

aaaaabcd 

aaaaabbe 

aoaaahbd 

aaaacbbc 

aabbcde 

•  aaabcde 

aaahbdt 


I 

I 

1 10880 

a 
b 

2 
3 

55440 
36960 

c 

5 

22176 

d     . 

e 

7   • 
1 1 

15840 
10080 

aa 
ab 

4 
6 

27720 
18480 

ac 

10 

1 1088 

ad     . 

14   • 

7920 

"' 

22 

5040 

bb 

9 

1*320 

be 
bd 

be      . 
cd 

15 
21 

3S 

7392 
.  5280 

3360 
3i«8 

ce 

55 

2016 

de 
aaa 

77 
8 

1440 
. 13860 

aab     . 

12 

9240 

aac 

20 

«   554^ 

2  R  2 


aad 


jc8 
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aad 


»ae 

4+ 

db 

18 

ale 

•       33 

abd 

42 

abe 

66 

Old 

to 

dce 

iio' 

ade 

'     J54 

hU 

45 

bbd 

63 

bbe 

99 

bed 

105 

bee 

.     165 

bde 

231 

cde 

385 

aaaa 

16 

aaah 

24 

aaac 

.      40  • 

aaad 

56 

aaae 

88 

aabb 

36 

cube 

60 

oabd 

,      84 

aabe 

132 

aacd 

140 

aace 

aao 

aade 

308 

Mbbe 

.       90 

ebbd 

116 

abbe 

198 

abed 

210 

abce 

330 

aide 

.     462 

acdt 

770 

bbcd 

3'5 

bbee 

495 

ibde 

693 

bcdt^ 

'   X155 

3960 

aaahhci 

2520 

aachbcd 

6160 

aaaacde 

3696            i 

aaaabde 

J264O 

aaaabce 

1680 

aaaabcd 

1584 

aaaabbe 

1008 

aaaabbd 

720        . 

aaaabbe 

2464 

aaaaade 

1760 

aaaaace 

I  120 

aaaaacd 

1056 

aaaaabe 

.    672 

aaaaahd 

480 

aaaaabe 

^88 

aaaaabb 

6930 

abbcde 

4620 

aabcde 

2772 

aabbde 

1980 

aabbce 

1260 

aabbcd 

3080 

aaacde 

1848 

aaabde 

1320       ^ 

aaabce 

840 

aaabcd 

792 

aaabbe 

504 

aaabbd 

360 

aaabbe 

12^2 

aaaade 

880 

aoaaee 

560 

aaaacd 

528 

aaaabe 

356 

aaaabd 

240 

aaaabe 

144 

aaaabb 

352 

aaaaae 

224       . 

aaaaad 

160 

aaaaae 

96 

aaaaab 

aaaaa 
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Aaaaa 

3» 

3465 

ibcde 

aaaab 

48 

ajio 

abcde 

aaaac 

80 

1386 

abbde 

aaaad 

112 

990 

tbbeg 

aaaae    . 

176 

630      . 

abba 

aaabb 

72 

1540 

€acde 

aaabc 

ilo ; 

924 

aabde 

aaabd 

168 

660 

Aokce 

aaabe 

264 

420 

aabcd 

aaacd    . 

a8o      . 

396      • 

aabbc 

aaace 

440 

252 

aabbd 

aaade 

6t6 

180 

aabbe 

The  fame^  ordered  according  to  the  greatnefs  of  the  Num« 
bers,  will  ftand  thus  : 


I 

1 

.  H0880 

cdMoibcdi 

a 

"2 

55440 

aaaahhcde 

b 

3 

36960 

aaaaabcde 

aa 

4 

27720 

aaahbcde 

c 

5      • 

22176 

aaaaabbdi 

ab  > 

6 

18480 

d 

■7 

15840 

aaaaabbci 

aaa 

8 

13860 

aabbcde  " 

■bb 

9 

12320 

.  aaaaacdi 

at 

10      . 

I 1088     , 

aaaabbde 

e 

II 

10080 

aaaaabbcd 

aab 

12 

9240 

aaabcde 

ad 

14 

7920 

aaaabbce 

be 

15 

739^ 

aaaaabdc 

aaaa 

i6     *. 

.    6930      . 

ahbcde 

abb 

18 

6160 

aaaacde 

aat 

20 

5544 

aaabbde 

bd 

21 

ft 

.    5280 

aaaaabce 

at 

22 

5040 

aaaabbcd 

aaab 

24       . 

4620 

aabcde 

aad 

28 

3960 

daabbce 

abc 

30 

3696 

aaaabd< 

aaaaa 

3» 

3465 

bbcdc 

JIO 
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he 

3Z 

cd 

■       35 

aahb 

36 

aaac 

40 

sbd 

4* 

aae 

44 

bbc      . 

45 

aaaab 

48 

ce 

55 

aaad 

56 

aabc 

60 

hbd      . 

6j 

abe 

66 

acd 

70 

aaabb 

72 

de 

77 

aaaac     . 

80 

aabd 

84 

aaae 

88 

abbe 

90 

agaaab 

'  96 

hht  . 

99 

hcd 

105 

ace 

no 

CM&d 

IIZ 

aaahe 

IZO 

abbd     . 

126 

aabe 

.13^ 

aacd 

140 

aaaabb 

144 

ode 

154 

aaaaac 

160 

bee 

165 

aaabd 

168 

aaaae 

176 

aabbe 

180 

abbe 

198 

abed 

210 

aact 

220 

3360 

aaaaahcd 

3168    , 

aaaaabbe 

3080 

aaacde 

2772 

aabbde 

2640 

aaaabce 

2520 

aaabbcd 

2464    . 

aaaaade 

2310 

abcde 

2016 

maaaabbd 

1980 

aabbce 

1848 

aaabde 

1760     . 

aaaaace 

1680 

aaaabcd 

'584 

aaaabbe 

1540 

aacde 

1440 

1386 

.      abbde 

1320 

aaabce 

1260 

aabbcd 

1232 

aaaade 

"55 

bcde 

1 120 

aaaaacd 

1056 

AiKUUibB    • 

1008 

aaaabbd 

990 

abbce 

924 

aabde 

880     . 

»      aaaace 

840 

aaabcd 

792 

aaabbe 

770 

acde 

720 

aaaabbc 

693 

.      bbde 

672 

aaaadbd 

660 

aabce 

630 

abbcd 

616 

QMdf 

«6o 

aaaacd 

528 

aaaabe 

504 

Mobbd 

aaaaad 
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aaaaai 

224 

A9S 

hde 

231 

480 

aaaabc 

240      . 

462 

aabbd 

252 

440 

,    aoahe 

264 

420 

aaacd 

280 

396 

aaaaahb 

288 

385 

aade 

308      . 

360 

hhcd  , 

315 

352 

ttbce 

330 

336 

bbce 

caaaahc 

abde 

aaace 

aahcd 

aabbe 

cde 

aaabbc 

aaaaae 

aaaabd 


20.  of"  Numbers  (for  inftance)  which  have  12  Divifors: 
To  exhibit  all  the  forms ;  and,  all  the  Numbers  in  each 
form;  not  exceeding  the  Number  2048;  (which  is  the 
loweft  Number  of  the  higheft  form  3)  according  to  art. 
15.  18.  « 

All  the  ways  according  to  which  12  may  be  expreffed  by 

Integers  (as  in  art.  17^  18,)  are  12=  6x2  =  4X3  =  3 

X  2  X  2  :  Which  affords  us  thefe  forms,  a^\  ^b^  <j'3*,  ^bc. 

And  in  each  of  thefe,  the  Numbers  are  as  follow;  being  ia 

all  211. 


a". 

2048. 

X  53  =  iM 
X  59  =1888 

a'h 

X   61  ,=   1952 

32 

X     3  = 

96 

•    243 

X     2   =     486 

3» 

X     5  = 

160 

X     5  =  i^'S 

X     7  = 

2H 

X    7  =  1701 

X    II   = 

35* 

4^b\ 

X   13  = 

416 

8 

X     9  =      7* 

X  17  = 

544 

X  25  =    200 

X    19  = 

6c8 

X  49  =    39* 

X  23  = 

736 

X121  =     968 

X  29  = 

928 

X196  =  1352 

X  3»  .= 

992 

27 

X     4  =     10^ 

X  37  = 

1184 

, 

X  25  =     675 

X  41  = 

'^Z^'i- 

X  49  =   1323 

X   43   = 

1376 

125 

X     4  =    500 

X   47   = 

1504 

X     9  =   U25 

343 
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343  X 

4 

3: 

1372 

aHc. 

tX3  X 

5 

— 

.60 

X 

7 

= 

84 

X 

II 

= 

132 

X 

13 

= 

156 

X 

>7 

23 

204 

X 

19 

n^ 

228 

X 

23 

— 

276 

X 

29 

= 

348 

X 

3' 

^"^ 

372 

X 

37 

^ 

444 

X 

41 

*"^ 

492 

X 

43 

^ 

•5'6 

X 

47 

— 

564 

X 

Si 

2:^ 

.  636 

X 

59 

zn 

708 

X 

61 

— 

732 

X 

67 

" 

804 

X 

71 

:^ 

852 

X 

73 

— " 

876 

X 

79 

T^ 

948 

X 

83 

r!2 

996 

X 

89 

zz 

1068 

X 

97 

zz 

II64 

Xioi 

IZ 

I2I2 

X103 

zz 

I2';6 

X107 

nz 

1284 

X 

109 

:z: 

1308, 

xng 

rz 

135^ 

X«27 

zz 

1524 

X13I 

— * 

1572 

X 

X37 

zz 

1644 

XI39 

zz 

i668 

XI49 

— - 

1788 

X151 

zz 

1812 

XI57 

zz 

1884 

X 

•  63 

r-* 

1956 

XI67 

^ 

2004 

4X7 


X  7  = 

no 

X  11  = 

220 

X  13  = 

260 

X  17  =F 

340 

X  19  = 

380 

X  23  = 

460 

X  29  = 

580 

X  31  = 

620 

X  37  = 

740 

X  41  = 

820 

X  43  = 

860 

X  47  = 

940 

X  53  = 

1060 

X  59  = 

1 180 

X  61  = 

1220 

X  67  = 

1340 

X  71  = 

1420 

X  73  = 

1460 

X  79  = 

1580 

X  83  = 

1660 

X  89  = 

1780 

X  97  = 

1940 

Xioi  _ 

202O 

X  11  = 

308 

X  13  = 

364 

X  17  = 

476 

X  19  =: 

bl-^ 

X  23  = 

644 

X  20  =: 

812 

X  3'  = 

868 

y^  Zl  - 

1036 

X  41  = 

114S 

X  43  = 

iio\ 

X  47  = 

1316 

X  n  = 

1484 

X  i9  = 

l6:;2 

X  61  = 

1703 

X  67  = 

1876 

X  71  = 

1988 

4X7 
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A'!<1    X 

73  = 

2044 

,   9  X  2  X  79  —  »4*« 

4X11  X 

»3  = 

572 

X  83  =  1498 

X 

J7  = 

748 

X  89  =  i6o». 

X 

19  =: 

836 

X  97  =  1746 

X 

23  = 

1012 

Xxoi  =  i8i8 

X 

29  = 

1276  ' 

X103  ^  1854 

X 

31  = 

1364 

X107  =:  J926 

X 

37  = 

1628 

X109  =  1962 

X 

41  = 

1804 

X113  =  2034 

X 

43  = 

1892 

9X5  X  7  =  315 

4x13  X 

17  = 

884 

X-ii  =  495 

X 

19  = 

988 

X  13  =  585 

X 

13  = 

1196 

X  17  =  765 

X 

29  = 

1508 

»X  19  =  855 

X 

31  = 

i6ia 

X  23  =  1035 

X 

i7   = 

1924 

X  29  =  1305  '• 

4x17  X 

19  = 

1292 

X  3*  =  »395 

X 

»3  = 

1564 

X  37  =  1665 

X 

29  = 

1972 

X  41  =  1645 

4x19  X 

23  = 

1748 

-  X  43  =  1935 

9X  a  X 

■5   = 

90 

9X7  X  II  =  693 

X 

7  = 

126 

X  13  =  819 

X 

II 

198 

X  17  =  1071 

X 

13  = 

234 

X  19  =  1 197 

X 

17  = 

306 

X  23  =  1449 

X 

19  = 

342 

X  29  =  1827 

X 

23  = 

414 

X  31  =  1953 

X 

29  =: 

5" 

9X11  X  13  =  1287 

X 

31  e 

558 

X  17  =  1683 

X 

37  = 

666 

X  19  —  i88i 

X 

41  =r 

738 

9x13  X  17  =  1989 

X 

43  — 

774 

25X2  X  3  t=  150 

X 

47  - 

846 

X  7  =  35a 

X 

53  = 

954 

X  II  =  5SO 

X 

59  = 

1062 

X  13  =  650 

X 

61  = 

1098 

X  17  =  850 

X 

67  = 

1206 

X  19  =  950 

X 

71  =: 

1278 

X  23  =  I 150 

X 

73  = 

»3H 

X  29  =  ■«45o 
a  S            a5X* 
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a5X*  X 

31  =  1 

'550 

49 

X2  X 

17 

s  1666 

X 

37  =  I 

1850 

X 

19 

s:  1862 

^S>i%  X 

7  = 

P5 

49 

X3  X 

5 

=  735 

X 

II  = 

825 

X 

II 

=  I6I7 

X 

13  = 

975 

X 

»3 

=:  1911 

X 

17  = 

1275 

itz 

X2  X 

3 

=  726 

X 

19  = 

1425 

X 

5 

=■  1210 

X 

23  =  1 

«725 

X 

7 

—  1694 

«5X7  X 

11  =:  ] 

192$ 

121X3  X 

5 

—  1815 

49x4  X 

3  = 

294 

] 

C69X2  X 

3 

z:  1014 

X 

5  =: 

490 

X 

5 

—  1690 

X 

11  = 

1078 

289 

X2  X 

3 

=  1734 

X 

13  .= 

1274 

Thefe  digcfted  according  to 
us: 

their  natural  order,  ftand 

60 

306 

516 

• 

735 

940 

2* 

308 

522 

736 

948  . 

84 

Z^S 

• 

B^S 

738 

950 

90 

340 

532 

740 

« 

954 

90  . 

342 

544 

748 

968 

108 

348 

^^0 

\ 

765 

975 

126 

350 

558 

774 

988  . 

132 

352 

• 

564 

804 

992 

140 

3^4 

^r 

812 

•. 

996 

150  . 

37« 

• 

580 

819 

1012 

156 

380 

585 

•' 

820 

1014 

,  160 

392 

608 

825 

>035  • 

198 

414 

• 

620 

836 

1036 

soo 

416 

636 

846 

• 

1060 

S04  • 

444 

644 

850 

1062 

220 

460 

650 

• 

S52 

1068 

324 

.476 

666 

855 

1071  • 

228 

486 

• 

675 

860 

1078 

^34 

490 

693 

868 

•^t 

1 098 

260  , 

492 

708 

876 

* 

1125      1 

276 

495 

726 

« 

884 

1148 

»^4 

590 

73» 

928 

1150  •* 

xz^4 
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1725  1924    • 

1734  •       ^9^5   ' 

1746  192^ 

1748  1935 

1780  194^ 

1788  1952     m 

1804  •          1953 

i8ia  1956 

1815  1962 

1818  197s 

1827  1988  i 

1845  •   19^9 

1850  2004 

1854  2020 

1862  •   2034 

1876  2044  • 

1 88 1  •   2048 

1884 

1888 

1892 

1911 


Of  tbi  Numbers  that  an  moft  convenient  for  the  Purpofe  of 
dividing  Large  ^antities  into  UJfer  equal  Parts. 


1164 

1312 

1544 

1180  , 

13»4 

^550 

1 184 

1316 

1564  . 

1 196 

»3*3  * 

»572 

1197  . 

I34<y 

1580 

1204 

J35« 

1602 

1206 

1356 

1612 

1210 

1364 

1617  . 

1 2 12 

1372  . 

1628 

1215   .' 

1376 

1644 

1220 

»^95 

l6j2 

1236 

1420 

1660 

1274 

1422 

1665  . 

"75 

1425  . 

1666 

1276  , 

•  >449 

1668 

1278 

1450 

1683 

1284 

1460 

1690 

1287 

1484 

1694  . 

1292' 

1494  . 

1696 

»J05  • 

1504 

1701 

1308 

1508 

1708 

21.  Thofe  Numbers  which  (for  the  bignefs  of  them)  have 
thegreatefl:  Npmber  of  Divifors,  and  Aliquot  Parts;  have 
been  wont  ta  be  made  choice  of,  as  moft  convenient  for 
ufe ;  efpecially  when  there  may  be  frequent  occaiion  of  di* 
viding  things  fo  deligned. 

Hence  it  is,  that  the  Englijh  Penny  is  divided  into  Four 
Farthings,  (and  almoft^all  things  in  Four  Quarters  of  a  dif- 
ferent Name,)  bccaufe  there  is  often  occafion  to  divide  into 
halves^  and  then  agaia  into  halves.     Hence  aljfo  the  Romm 

2  S  2  Paundi 
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I 

I 

I 

1 

2 

a 

4 

3 

«• 

6 

4 

ah 

IZ 

6 

a't 

24 

8 

a'i 

36 

9 

a*ic: 

48 

10 

a*h 

6« 

12 

a^ht 

.120 

16 

a'ic 

180 

18 

.  a*i>*c 

240 

20 

a*ic 

360 

24 

aU*c 

720 

30 

a*b*c 

'Z^ 

32 

a^bcd 

1260 

36 

.  a^b\d 

1680 

40 

a*bcd 

2520 

48 

a*b\d 

5040 

60 

a*b*cd 

7560- 

64 

a'b'cd- 

10080 

72 

a'b\d 

15120 

■•  80 

a*b^cd 

20160 

84 

a^b\d 

25200 

90 

a*b\*d 

87720. 

96 

an*cde 

45360 

100 

a*b\d- 

50400 

108 

a'b\*d 

55440 

120 

a*b\de 

83160 

128 

a*Pcde 

110880 

144 

a'b^cde 

166320 

160 

a'^bhde 

22 1760 

168 

a^b^c'de 

277200 

180 

a'b\*de 

532640 

192 

a^b\de 

498960 

200 

a*b*cde 

554400 
665280 

216 

a'b*c'de 

224 

a'b*cde 

Pound,  Cand  that  which  we  no\r 
call  the  Pound  Trey  fTei^bty)  is 
dnvided  into  i^  Ouncel;  and 
the  Englijh  Shilling,  into  12 
pence ;  the  Foot,'  into  11  Inches; 
the  Zodiack,  into  12  Signs;  the 
Year,  into  iz  Months  ;  becauie, 
befide  tlie  Divifion  into  Quarters, 
it  is  forther  divifible  by  3,  And 
for  ^  like  reafon  FtoUmy  (and 
others  after  him)  makes  ufe  of 
the  Sexagenary  diviiion,  of  In- 
tegers into  firft  Minutes,  or  fmall> 
or  minutiy  parts  of  the  firft  order ; 
and  of  thefe,  into  Second  Mi- 
nutesiior  Seconds,  or  fmall;  or 
minutiy  parts  of  the  Second' or- 
der $  and  fo  onward  :  beciufc 
60  is  divifible  by  2  and  3,  and 
likewife  by  5.  And  the  Chinefes 
(or  Cat  batons)'  Number  their- 
Years  (and  other  things)  by  Re- 
volutions of  60.  Aftcrthis  ;  360 
is  looked  on  as  moft  confiderable, 
becaufe  it  may  be  further  divided 
by  2  and  3  once  more :  Which 
therefore  is  made  the  Number  of 
Degrees  in  a  Circle;  admitting 
of  24  Divifors.  And  if  this  be 
not  enough,  each  of  thefe  is- di- 
vided into  60  Minutes;  (that  is, 
^y  4j  3>  5*  ^^^^  more;)  and 
thefe  into  Seconds,  and  fo  forth* 
And  the  Englijh  Pound  ^Sterling, 
is  divided  into  20  Shillings; 
which  Number  is  divifible  by  4. 
and  5,  (a$  12,  the  Number  of- 
Pence  in  a  Shilling,  is  divifible 
by ,  4^  and   3 ;)    which  was  ac-* 

.  counted 
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counted  more  convenient  than  to  make  another  Colleftion 
of  Shillings  by  12  ;  becaufe  this  would  not  afford  a  divifion 
by  5.  So  ihat  now  960  the  Number  of  Farthings  in  a 
Pound  Sterling,  is  for  the  firft  ftep  (from  Farthings  to  Pence) 
divifible  by  4 ;  for  the  fecond  ftep  (from  Pence  to  ShiU 
lings)  by  4  and  3  ;  for  the  third  ftep  (from  Shillings  to 
Pounds)  by  4  and  5.  And  (without  taking  notice  of  the 
divifion  of  Pence  into  Farthings)  the  Number  of  Pence  in 
a  Pound  Sterling,  240,  is  capable  of  20  Diviforsj  and,  of 
more  than  (o  many,  no  Number  is  capable«wbich  is  not 
gr^ at^  than  it. 


Of  the  foregoing  Table  of  Numbers  in  page  3l6, 


In  purfuance  of  which  notion,  I  have  here  CoUefted  a 
Table  of  all  thofe  Numbers,  which  (of  all  not  greater  than 
ibemfclves)  have  the  greateft  Number  of  Divifors  j  (together 
with  the  Number  of  Divifors  in  each  of  them^  and  the 
Form  of  their  Compofition;)  as  far  as  665,280,  which  hath 
244  Divifors,  All  which  (except  i,)  are  made  by  the 
Compofition  df  2,  3,  5,  7,  11,  (which  I  call  a^  by  c,  d,  e,) 
and  the  Powers  of  thefe,  without  admitting  any  other 
Prime.  (But,  if  we  would  proceed  to  a  greater  Number  of 
Divifors,  we  muft  further  take  in/=:  13.)  And,  of  thefe, 
fome  are  of  that  nature,  that  none  can  have  a  greater 
Number  of  Divifors,  which  is  not  at  leaft  the  double  of 
tbem.^  Such  are  I,  2,  6,  12,  60^  360,.  2520:  But  not  any 
after  thefe  for  a  great  way. 


0/ 
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Of  the  life  of  a  Table  of  Prime  Numhers. 


22.  For  refolution  of  fome  of  the  Queftions  above  men- 
tionedy  (as  in  am  13,  14,  17^  18,  &c,)  it  is  very  conve- 
nient to  have  at  hand  a  Table  of  Prime  Numbers :  That 
vfc  may  know,  •by  what  Numbers  to  make  trial  of  the  Divi* 
lions  therein  direded.  And,  becaufe,  in  great  Numbers, 
it  would  be  tedious  to  make  trial  of  all  the  Prime  Num- 
bers in  order,  it  is  convenient  alfo  to  know,  by  what  Prjme 
fuch  greater  Numbers  mky  be  divided. 

In  order  to  which,  it  is  evident,  in  the  firft  place,  that  all 
even  Numbers  may  be  divided  by  2  ;  and,  if  the  Quotient 
of  fuch  divifion  be  even  alfo,  it  may  be  again  divided  by 
2,  and  fo  continually  as  long  as  the  Quotient  is  an  even 
Number. 

It  is  alfo  evident,  in  the  fecond  place,  that  all  Numbers 
ending  in  5,  are  diviiible  by  5  ;  and,  if  they  end  in  o,  then 
by  2  and  5.  And  fo  continually,  as  long  as  the  Quotient  of 
fuch  divifion  ends  in  o,  or  5. 

It  is  known  alfo,  in  the  3d  place,  that,  if  the  Figures 
of  any  Number  being  added  prom ifcuoufly  •(without  re- 
garding the  places  wherein  they  (land)  are  diviiible  by  9, 
(or,  cafting  away  9  as  oft  as  may  be,  nothing  remains,) 
.  fuch  Number  is  alfo  divifible  by  9.  As  in  29097 ;  when 
(the  Nines  being  left  out,  and)  2  +  7  =  9  being  cad 
away,  nothing  remains ;  whence  we  may  conclude,  'tis  di- 
vifible by  9  =  J  X  3.  And  I  add  further,  as  a  fourth  ob- 
fervation,  (though  I  do  not  find  that  others  have  taken  no- 
tice of  it,)  that  the  fame  holds  alfo  as  to  the  Number  3  : 
That  is,  from  the  Figures  fo  promifcuoufly  added,  if  3  be- 
ing caft  away  as  oft  as  may  be,  nothing  remain,  fuch  Num- 
ber is  divifible  by  3  ;  Otherwife,  it  is  not.  As  in  530,967 ; 
where,  all  the  threes,  nines  and  fixes  being  left  out  (as 
manifeftly  divifible  by  3,)  the  reft  5  +  7  =  12,  is  fo  alfo, 

(or. 


i 
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(or,  which  is  the  fame,  x  +  2  =  3  ;)  fo  that  all  the  thrett 
b^ing  caft  away,  nothing  remains ;  whence  we  may  conclude, 
that  the  whole  Number  is  divifible  (though  not  by  9)  ac 
laft  by  3.  . 

The  ground  of  this  and  the  former  Obfervation  is  one 
and  the  fame :  Becaufe,  the  places  increafing  in  decuple 
proportion,  if  from  10,  or  any  Number  of  tens,  we  caft: 
away  all  the  nines  or  all  the  threes,  there  remains  i,  pr  fo 
many  ones.  So  tliat,  in  cafe  of  fuch  cafting  away  of  nines 
and  threes,  i  and  10,  have  the  fame  remainders;  and  fo  2 
and  20;  3  and -30,  &c.  Anil  confequently  i,  10,  100, 
1000,  &c,  2,  20,  200,  2000,  &c.  So  that  the  fame  Fi- 
gure, as  to  this,  is  of  the  fame  influence  in  whatever  place 
it  (land. 


0/  Dr.  PcUV  TaiU  of  Prime  Numbers. 


23.  Bcfide  this,  we  have^at  the  end  of  Dr.  PelVs  Algebra^ 
(Tranflaied  and  Publiftied  by  Thomas  BrankeTy  in  the  Year 
1668,  with  Dr,  P^/Ts  dir<?6Vions,)  a  Compendious  Table  of 
all  odd  Numbers  (not  etiding  in  5)  as  far  as  100,000; 
(hewing  not  only,  which  of  them  ar?  Prime  Numbers ;  but 
alfo  by  what  fmalleft  Prime  Number  every  other  of  them 
may  be  divided. 

So  that,  whatever  Number  be  propofed,  having  divided 
it  firft  by  2  and  5,  (and  if  you  will  by  3  alfo,)  as  oft  as 
may  he,  if  it  be  capable  of  fuch  divifion  :  If  the  refult  of 
fuch  divifion  do  not  exceed  100,000,  we  have  dincdion  in 
that  'I'able,  by  what  Prime  it  may  be  next  divided ;  and 
then,  by  what*  Prime  to  divide  the  Quotient  of  fuch  Divi- 
fion ;  and  fo  continually,  'till  we  come  to  a  Prime  Number. 

The  reafon  why,  in  that  Table,  he  omits  all  even  Num. 
|)ers,  and  all  Numbers  ending  in  5,  is  obvious :   to  wit, 

Becaufe 


Sto 
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Bccaufe  it  appears  to  ¥tcw  (without  the  help  of  a  Table) 
that  fuch  are  accordingly  diviiible  by  2,  or  5. 

He  might,  for  a  like  reafon,  have  omitted  alfo  all  that  are 
divifible  by  3,  (bccaufe  this  would  prefently  appear  upon 
fuch  promifcuous  adding  of  the  Figures  as  was  but  now 
mentioned  ;)  but  that  he  could  not  well  omit  thefe^  without 
difordcring  the  Form  of  the  Table. 

Now,  bccaufe,  in  fuch  Tables,  it  is  of  great  moment  that 
they  be  carefully  Computed,  and  exaftly  Printed,  (bccaufe 
miftakcs  therein  arc  not  cafily  obfcrved  and  Correfted  by 
the  Readers  Eye,)  I  have  taken  care  to  examine  that  whole 
Table  very  exadly,  (in  the  fame  method  and  with  the  fame 
pains  as  if  I  were  to  compute  it  anew;)  and  find  that, 
though  it  ha^l  been  Computed  and  Printed  with  great  care, 
yet  fome  few  miftakcs  (and  but  a  few)  have  efcaped  the 
Correftor's  Eye,  Mofl:  of  which  are  noted  in  the  Table  of 
Errata^  Printed  with  it.  Befide  which  1  have  obfcrved  thefe 
that  follow  :  Which  (to  fave  another  Reader  the  like  labour) 
I  have  thought  fit  (for  his  cafe  and  fatisfaftion)  here  to  note. 
And,  thefe  being  alfo  amcndAl  as  is  here  dired:ed  (befide 
thofe  noted  in  the  Printed  Errata,)  the  Table  will  then  be 
very  accurate ;  and  (I  think,)  without  any  Error. 
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Numb. 

F^ 

Set 

Pas^ 

Nutnh, 

For 

Set 

i 

$579 
9287 

P 

7 

28 

55609 
60701 

3 

P 

s 

«9 

37 

3» 

01 

10 1 

8 

14873 

73 

•% 

60799 

63 

"^ 

It 

2098} 

3 

33 

64499 

13 

t6 

30167 

7» 

97 

65479 

3 

P 

31001 

.29 

*^ 

34 

67993 

I 

P 

'7 

33409 

47 

P 

38 

75653 
8056X 

iS« 

P 

'9 

37583 

>3 

7 

4» 

17 

1% 

21 

40049 

■1 

»9 

43 

85909 

137 

P 

40599 

^ 

44 

86993 

79 

P 

40759 
41581 

3 

J? 

937  «9 

7 

P 

41 

¥ 

94769 

4» 

97 

24 

46199 

73 

49 

96109   J 

13 

^1 

5394' 

»3 

y 

97487   3 

13 

54449 

7' 

p 

Pag.  7,  in  the  margin  (after  43)  for  37  fct  47* 
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By  the  help  of  this  Table,  if  we  had  the  Number  pro- 
pofed  539,454,600,  it  is  eafy  to  refolvc  it  into  the  Primes 
of  which  it  is  Compofcd.    For  firft,  (becaufe  of  two  Cyphers 
at  the  end)  it  is  manifeft  that  it  may  be  divided  twice  by  2, 
and  twice, by  5.     And  then  (becaufe  thefe  Cyphers  being 
cut  off,  the  Remainder  is  yet  an  even  Number!  it  may  be  a 
third  time  divided  by  2;  and  the  refult  wi  1  be  2,697,273, 
And,    if  this  Number  were  not  beyond  the  reach  of  the 
Table,   I  (hoUld  feek  it  there;    to  fee  by  what  Prime  it 
may  be  next  divided.     Bur,  becaufe  it  is  too  big  for  it ;'  I 
find,  upon  confidcration,  that,  the  Figures  being  promif-- 
cuouily  added,  and  9  caft  away  as  oft  as  may  be^  nothing 
remains ;  and  therefore  that  it  may  be  divided  by  9  :  Which 
being  done,  the  next  Quocient  299,697,  may  (for  a  like 
reafon)  be  again  divided. (not  by  9,  but)  by  3.     And  the 
Quotient  99899,  is  now  come  within  the  reach  of  this  Ta* 
ble.  And  (without  aflaying  the  Prime  Number^  7, 11, 13,  &c, 
in  their  order,  till  I  come  to  a  Prime  Number  by  which  it 
ibay  be  divided,)  I  findj  by  the  Table,  that  it  may  be  divided 
by  283,  but  not  by  any  fmaller  Prime;  and  the  Quotient, 
of  fuch  diviiion  will  be  353,  another  Prime.     And  there- 
fore the  Number  propofed  539,454*600  is  =  2x2x2x3 
X3X3XSX5^^83X353. 

But  if,  inftead  of  99,899,  I  had  come  to  a  Number 
greater  than  this  Table,  and  yet  not  divifible  by  2,  5,  or  3 ; 
I  muft  then  (for  want  of  fuch  Table  large  enough)  have 
been  fain  to  inake  tryal  of  the  confequent  Prime  Numbers 
7,  II,  13,  &c,  'till  by  help  of  fuch  1  had  brought  it  within 
ibc  Compafs  of  the  Table ;  And,  if  no  fuch  can  be  found» 
before  I  come  at  a!  Prime  as  great  as  the  Square  Root  of 
fuch  Number ;  I  may  then  conclude  fuch  Number  to  be  4 
Prime. 


%T  CHAP- 


|tz  Of  Comhinations^  Alternations^  and 


CHAP.     IV. 

MonfieuT  Rermat's  Problems  concerning  Divifors  and 
Aliquot  Parts. 


IT  IS  here  proper  to  confidcr  of  fuch  Queftions  (concern, 
ing  Aliquot  Parts)  as  thofe  on  account  of  which  Monfienr 
Fermat  and  Monficur  Frenicte  did  vahic  themfclves ;  as  is 
tobefeen  in  my  Comtnerdum  EfiJIolicum^  Epift.  i,  ii,  |a> 
22,  25,  26,  31,  2i*  -And  in  a  Treatife  i>urpofely  Pub- 
li(hed  on  this  occafion  by  Monfieur  Frenicle,  intituled,  Sotu- 
tio  duorum  ProHematum,  circh  numeros  Cubos  (sf  ^aJratos, 
qUittanquam  injolubilia  univerfis  Europe Matl>ematicis.i  Cla^ 
riffimo  Ftro  D.  Fermat Junt  propofita^  &c,  d  D.  t|,  F.  D^  B.  in- 
ventay  &c,(thatis,  5D^w/»(?  Bernardo  rrenicle  de  Bejh.)  Partjiis 
apad  yacobsim  Langlois^  &c,  1657,  in  which  he  j^orics  much 
that  he  was  aWe  to  folvc  thena^  And  amongft  Monfieur 
P^rmat^s  fofthumous  Works,  (Publifhed  iince  his  death)  the 
Fublilher  is  pleafed  to  infert  his  formal  Challenge  of  me  to 
iplve  them  (with  fome  others  Letters  to  and  from  Monfieur 
Fernet ^  concerning  thq  fame)  in  ch^fp  Worda  : 

Probkmat^  fropofita  i  D.  F.ermaf. 

frttpimW.  CA'^^et}  Wallifio^  ^  reliquis  Anglic  Matl^ema^ 
tias,  Jfiue$is ^iejiif  ^umeric^ 

hvenire  Cuiumy  quij  additus  onmtbus  fuis  partibus  aUquotis^ 
gotificiat  ^adratum.  Exempli  gratid^  Numerus  343  eft  tubus 
i  latere  7.  Omnes  ipjius  partes  aliquotsfunt  i,  7,  49,  qu^^  ad^ 
jwsS^  iffi  3439  conficiunt  numerum  400,  qui  eft  S^uadratus  i 
latere  20.    ^^ritur  alius  Cubus  numerus  ejujdem  naturae. 

^lueritur  etia^  numerus  ^adratus,  qui^  additus  fuis  partibus 
idipiotis,  coftficiat  numerum  Cubum. 

Has 
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.  Hasfolutiones  expeSamus :  ^as,  ft  Anglta  aut  Gallut  Belgica 
6?  Celtica  non  dederint^  Da^H  Gallia  Narhonenfisi  eafque^  in 
fignus  mjcentis  amicitU^  Domino  Digly  offer et  &f  dicabit* 

But  was  not  fo  kind  (though  he  there  infert  alfo  divert' 
Letters  to  and  from  Moniieur  Fermat^  concerning  the  fatne)r 
as  to  infert  thofe  of  mine,  wherein  I  folved  thcfe  (and  others 
of)  his  Problems :  Nor  thofe  of  Monfieur  Fermaty  where- 
in he  acknowledgcth  that  I  had  fo  done.  Which  are  to  be 
feen  in  my  Commercium  Efijolicum,  in  Epift.  23,  28,  29,  47, 
and  elfewhere. 

To  thofe  two  Problems,  I  added  a  third  of  a  like  nature : 

Irtvenire  duosnumeros  ^adratos^  qui^  partihusjiiis  aliquoth 
additiy  tandem  efficiaht  fummam.  Exempli  gratidy  x6  -f  8  + 
4  +  2+ir:3iz=:25+5  +  i.  Inveniantur  i^iufmodi 
atii  dUo. 

The  whole  Myftery  of  folving  thefc  (and  fuch  like) 
Queftions,  I  there  difcover  in  Epift,  23,  which  depeilds  oa 
what  is  here  delivered  in  art.  8,  9>  xOj  ix,  12,   of  the- 

Chapter  here  next  preceeding. 

For,  I.  A  Number  added  to  all  its  Aliquot  Parts,  Isal' 
one  as  the  Aggregate  of  its  Divifors.     2.  The  Divifors  o^ 
any  Power  of  a  Prime  Nuniber,  (as  of  a)  is  a  Geometrical 
Progreffion  from  i  to  fuch  Powers  as,  for  inftance,  of  ^, 
the  Divifors  are  i,  tf,  aa^  tf%  tf^  u*.   3.  And  therefore  the 
fum  of  fuch  Geometrical  Progreffion  is  the  Aggregate  of 
thofe  Divifors.    4*  This  Aggregate  is  convenienthf  exprcffed 
by  the  Primes  which  Compofe  it.    5.  The  Divifors  of  any. 
Power,  or  Degree,  of  one  fuch  Prime,  feverally  Multiplied 
into  all  thofe  of  any  Power^  or  Degree,  of  any  other  Prime, 
give  all  the  Divifors  of  the  Compound  of  thofe  Powers** 
6.  And  therefore  the  Aggregate  of  thofe  firft  into  the  Ag-| 
gregate  of  thofe  fecond,  give  the  Aggregate  of  the  DIvif6r$' 
of  fuch  Compound.    (For,  by  the  common  praflice  of  Mul- 
trplicarion,  all  the  Members  of  one  Number,  or  Aggregate, 
Multiplied  feverally  into  all  the  Members  of  another,  are 
equivalent  to  the  wnole  of  the  one,  multiplied  intothjp  whole 
ot  the  other.)     7.  And  therefore  the  Pritne§Componhg  thi$ 

jx  T  a  laft 
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laft  Aggregate,  are  the  fame  with  thofe  of  both  the  Aggre- 
gates which  Compofe  it.  8.  And  the  fame  is  in  like  man- 
ner to  be  argued,  in  cafe  any  Power,  or  Degree,  of  a  third, 
fourth,  or  further.  Prime,  be  continually  Multiplied  wiih 
thofe  forgoing  :  provided  always,  that  they  be  all  fevcral 
Primes,  and  not  any  of  the  former  Primes  repeated  ;  for,  ia 
fuch  cafe  we  arc  to  follow  the  diredion  of  art.  11,  Chap, 
preceeding. 

As,  for  inftance ;  fuppofing  tf  =  2,  and  therefore  a^  zz 
32 :  All  the  Divifors  hereof  (or  the  Aggregate  of  fuch  Di- 
vifors)  are  I  -f  ^  +  ^^  +  ^'  +  ^*  +  ^*  =  i  +  i  +  4  + 
8  +  x6  +  3^  =  63  =  3  X  3  X  7.  And  fuppofing  h  =i 
3,  and  therrfore  b*  zz  Zi  i  The  Aggregate  ot  the  Divifors 
hereof  are  i  +  ^  4-  **  +  ^  +  ^*  =  i  +  3  +  9  +  27 
+  81  =  121=  II  X  11:  And  therefore,  of  tf'i%  the 
Aggregate  of  Divifors  is  63  x  lai  =  3  X  3  X  7,  X  n 
X  11.  And  fuppofing  further  ^  =:  5,  and  therefore  c^  = 
s  25.:  The  Aggregate  of  the  Divifors  hereof  are  i  +  r  + 
a  +  *'  =  I  +  5  +  25  -f-  125  =  156  =  2  X  2  X  3  X 
13  :  And  therefore,  of  a^b^c^^  the  Aggregate  of  Divifors  is' 
63  X  121  X  156  zr  3  X  3  X  7,  XII  X  II,  X  2  X  ^ 
X3Xi35or2  X2  X3X3  x  3X  7X  11  x  11x13. 
And  fo  onwards,  in  cafe  of  further  Compofitions. 

Now,  this  being  univerfal ;  it  will  be  eafy  to  make  appli- 
cation thereof,  to  the  particular  cafes  propofed  ;  or  to.  any 
c:her  of  like  nature. 

As  for  Example. 

L  The  firft  Qiieftion,  is,  To  find  a  Cube,  Number^  wlicb 
added  to  all  its  Aliquot  Parts  will  make  a  'Square;  (that  is, 
the  Aggregate  of  whofe  Divifors  (hall  be  a  Square  Number.) 

Here  it  Is  manifcft,  that  fuch  Cube  Number  muft  be 
either  the  Cube  of  feme  Prime,  (or  at  lead  the  fccond, 
third,  fourth,'  or  further  Cube  of  fuch  Prime ;  that  h;  fome 
Power  thereof  whofe  exponent  is  divilible  by  3  ;)  or  elfc 
Compounded  by  the  continual.  Mukiplication  of  fuch  Cubes 
(firft,  fecond,  third,  and  fo  forth,)  of  two  or  more  fuch 
Prime  Numbers.  (For  all  fuch,  will  be  Cube  Numbers, 
and  no  <«her  bvit  fuch.) 

Now 
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Now,  if  wc  can  find  any  fuch  Cube  (firft,  fecond,  thirds . 
&c,)  of  any  one  Prime  Number,  whereof  the  Aggregate  of 
Divifors  being  expreffed  in  Primes,  thofc  Primes  will  be  all 
Pairs,  (that  is,  each  of  them  occurring  an  even  Number 
of  times;)  fuch  Aggregate  (*cis  manifeft)  will  be  a  Square  . 
Number  j  and  therefore  fuch  Cube,  will  be  fuch  as  is  re- 
quired. 

And  fuch  Cube  is  343  =  7x7x7;  whofe  Divifors 
are  I  X  7  X  49  X  343  =  40c>  =2x2x2x2X5X54 
which  is  the  Square  of  2  X  2  X  S  =  20. 

When  the  Cubes  (firft,  fecond,  third,  or  others,.)  of  fc- 
veral  Primes,  have  not  their  Aggregate  of  Divifors  expreff-  ' 
able  by  Pairs  of  Primes;  yet  may  the  Compound  of  Two, 
Three,  or  more  of  fuch  Cubes  coniinually  Multiplied  (Y^hich 
will  alfo  be  a  Cube  Number,)  have  its  Aggregate  of  Di* 
vifors  (which  is  the  Compound  of  the  feveral  Aggregates 
continually  Multiplied)  fo  expreffed  :  Namely,  if  the  Cubes 
fo  to  be  Compounded  be  fo  chofen  as  that,  what  Primes  in 
expreffing  fome  of  the  Aggregates  be  fingle,  may  be  Paired 
by  like  fingle  Primes  in  fome  other  of  them. 

Thus,  for  the  Cubic  of  47,  the  Aggregate  of  Divifors 
(expreffed  in  Primes)  is  2X2X2X2X2X3X5X13JC 
17  f  where  (befide  Pairs)  we  have  2,  3,  5,  13,  17 ;  fing|y : 
And,  for  the  Cube  of  5,  the  Aggregate  is  2x2x3x1 3, 
where  (befide  Pairs)  we  have  3,  13,  folitary;  which  (joined 
to  thole  before)  ferve  to  Pair  3,  13,  but  leave  2,  5,  17,  yet 
folitary  :  And,  for  the  Cube  of  13,  the  Aggregate  is  2  x  2 
X  5  X  7  X  i  7,  which  afford  fellows  to  '5,  1 7,  but  leaves  us 

2,  7,  yet  folitary:  And,  for  the  Cube  of  41,  the  Aggre- 
gate is  2  X  2  X  3  X  7  X  29  X  29  J  where  (befide  Pairs)  ^e 
have  3,  7,  folitary  ;  which  afford  a  fellow  to  7,  but  leave  2, 

3,  folitary.  So  that  for  the  Cube  of47X5xi3X4i,we  have 
(befide  Pairs)  2,  3,  folitary.     Which  may  thus  be  Paired. 

For  the  Cube  of  1 1,  the  Aggregate  of  Divifors  is,  2  x  2 
X  2  X  3  X  61,  where  (befide  Pairs)  we  have '2,  3,  6i,  fo- 
litary ;  which  af&rd  fellows  to  2,  3,  but  leave  6|,  folitary : 
And,  for'  the  Cube  of  27  (or  the  third  Cube  of  3,  the 
Aggregate  is  2X2Xnxiix6i;  which  (befide  Pairs)  af« 
fords  a  fellow  to  6i«    So  that^  for  the  Cube  of  47  X  5  X 13 

X4» 
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X4iXtixay,  (or  27x5x11x13X41x47)  the  Aggrtf- 
gate  of  Divifor^  is  2x2x2  X2X2X3  X5  x  igXi?,   X» 

Xax3Xi3>  X2X  2x5x7x17,  X 2x2x3  X7X 49 X 
2$,  X2  X2  X  2  X  3x61,  X  2  X  2  X  n  X  II  X6i :  Or  (putting 
the  Primes  in  order)  2x2x2x2x2x2x2x2x2x2x2 

X2X2X2X2X2X3X3X3X3X5X5X7X  7 XII  XIX 

X 13  X  13  X  17  X 1 7  X  29  X  ^9  X  61  X  61 ;  where  we  have  2, 
filtecri  timfes;  3,  four  times;  and  5,  7,  ii,  13,  17,  29,  61, 
tvHe^;  whitb  therefore  (being  aH  continually  Multiplied) 
muft  needs  aSbrd  a  Scjuare  Number,  Which  was  the  thing 
required  to  be  found  in  Moniieur  Fermat*s  firft  Queftion. 

In  like  manner;  if  with  the  Cube  of  47  x  5  x  13  x  41 
(as  before)  we  Compound  the  Cubes  of  2,  and  of  3,  where 
we  have  the  Aggregates  3  x  5,  and. 2  x  2  x  2  x  5,  which 
(beffde  Pairs)  afford  us  2,  3,  folitary ;  which  afibrd  fellows 
to'  2,  3,  that  were  folitary  before.  And  therefore  for  the 
Compound  Cube  of  47  x  5  x  13  x  41  x  2  x  3  (or  2  x  3  x 
5  y  13  X  41  X  47).  we  fliall  have  (in  the  Compound  A^re- 
gate  of  Divifors)  thefe  Pririics  Components,  2,  fourteen 
times s  3  suid  5^  four  times;  7,  13,  I7^  and  29,  twice: 
Which  being  all  continually  Multiplied  will  alfo  make  a 
Square  Nnniibeh  Which  was  tKe  thing  required  to  be  found 
in'  MonfieUr  Fermat's  firft  Queftion. 

Thefe  two  Compound  Cubes,  if  they  be  further  Com* 
pOunded  with  the  Cube  of  7  (which  is  no  ingredient  in 
either  of  them)  will  afford  two  more ;  whofe  Aggregate  of 
Divifors  will  (befide  the  Primes  in  each  of  them  rcj^ftively) 
have' thefe  fart hfer  Primes  Components,  2,  four  times  ^  and 
5,  twice :  Which,  being  Compounded  with  the  fore-men- 
tidned  Squares,  will  ftill  aflbrd  Square  Numbers. 

So  have  we  five  Cubes,  whofe  Aggreg^e  of  Divifors  are 
Sc^uares. 

Roots  of  the  Cubes, 
7- 


Roots 


27  X  5  X  "  ^  13  ^  41  >«  47*  I 

a  X  3  X    5  X  ^3  ^  41  >^  47» 

17   X  5   ><     7   X  II   X   13  X  41    X  47' 

ftX3X'5X    7X13  x'4i  X  47 


a  X  3  X    5  X  ^3  ^  41  ^  47» 

27  X  5  ><     7  X  II  X  13  X  41   X  47- 
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Roots  of  ihp  ^vmres, 

jx(Eighc-tiipe€)x3X3X5X7^iixi3X/7x29x6i. 
2X  (Scveh-tiipcs)  X3X3X5X5X  7x13x17x29V 
2x(  Ten-iimcs)  X3X3X5X5X  7xiixi3Xi7X29X^% 
?x  (Nine-times)  X3X3X5X5X  5X  7xi3Xi7X29. 

In  all  which  I  make  ufc  of  no  Cube  of  a  Prinjc  which  Is 
not  lefs  than  |oo.  And»  in  like  manner,  ouy  pther  fuck 
Cubes  be  found  i  as  is  there  Ihewed  in  Epift,  2|;  and  z^^ 
3uch  as  (hefe : 

Roots  of  the  Cubes. 
«x3X5xi3  X  17x31  X4IXI9J- 
?^3XSX  7X13X17X31X4XX19X? 
3^3^3X  5x11x13x17x31X41X191, 
3X3^3><  5X  7xiixx3xi7x3»X4i^l9i, 
?7^3^X47Xi9i. 
7X17X3IX47X19I. 

Roots  of  the  Squares, 

aK(Twelvc.times)  3X3K3Kj)(^47xi3xi7X29X2^j|7« 
2x(Founeen-times)3X3^x  2X5X5X5X7X 1 3^x  1 7X29X29X  ^7* 
ax(Th'irteen-times)3X3X3X53C7:iH)^i^ijxa9X*9X37x6u 
ax(  Fifteen-tiip^s  )  3H3^*>^i^5»7^  i  ixx^jw  'p^^9ipijgx6u 
2x(Ten-times  )  3x3x5x13x17x29x37. 
ax(Twelvc-times)  3^x3x5x5x12x17x29x3711. 

In  all  which  I  mal^e  ufo  of  op  ^ubc  <^  a  Frimp  Kbmbcft 
which  is  not  lefs  than  200. 

Butj  in  order  to  make  thei^  lQq^irie$,i(Qr  £u(;h  CtHes ;  ic 
|s  expedient  to  have  at  hgpdAT^le  pC.thc^  Cubet  cf  Prime 
!«} umbers  (and  of  the  fqpQncj,  thicdj,^  or,  fuixher  Cpbes,  of 
the  Icflcr  of  theof^)  ox  qf  die  ^Qoti  o^  ^'^  Cttbou  with 
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the  Aggregate  of  Divifors  (in  each  of  thofe  Cubes)  ex- 
prefled  io  Primed 

And,  to  fave  the  Reader  the  labour  of  computing' fuch 
a-new,  I  here  fubjoin  what  I  have  at  hand. 


Roots  of 

the  Cubes. 


4 

8 

i6 

3» 
3 
9 

ay 
8i 

»43 

5 

»5 

"5 

7 
II 

>3 
«7. 
}9 
*3 
*9 
3^» 
37 
41 


.1 


43 
47 
53 

6i 

7« 
73 


Aggregate  of  their  Divifors. 

I 

3X5 

127 

3x11x31 

8191 

3x5x17x257 

2x2x2x5 

1093 

2X2X11X11X01 

797 »6i 

a  X2X2X  2x2x5x17x41x193 
.2x2x3x13 

1953' 

2  x3x11x71k  521 

2x2x2x2x5x5 

CK2X2X3X61 

2x2x5x7x17 

2x2x3x3x5x29 

3x2x2x5x181 

2x2x2x2x3x5x53 

-a  X  2  X  3  x-5  X  421 

3X2^2X2X2  X'i  X  13  X  37 
2  X  2  X  5  X  3603 

2  X  2  X  3  X  7  X  39  X  29 
3x2x2x5x5x11x37 

8.X2X2X2X2X3X5XI3XI7 

3x2x3x3x3x5x281 

3  X  2X3  X  3  X  5^X  174I 
3  X  3  X  31  X  1861 

3  X  3  X  3  X  5  X  17  X  449 
3X3X3X3X3X3X  25ZI 
3  X*X  5  X  13x37x41 


Roots 
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2  X 

2  X 

2  X 

2  X 

2  X 

2  X 

2  X 

2  X 


2x2x2x2x5X3121     '. 
2x2x3x5x7x13x53 
2  X  3   X   3   X   5   X    17  X   233 
2x5x7x7x941 
2  X  3   X    17  X  5101 
2X2X2X5XI3X   I061 

2x2x3x3X3X5*5x  229 

2  X  5  X  II  X  13  X  457 
2X3X5X19X  1277 

2X2X2X2X2X2X2X5X   1613 


Roots  of 
the  Cubes. 

19 

83 

89 

97 
101 

103 
107 
109 

127 

137 

139 
149 

151 

^57 

163 

167 

173 
179 

181 

191 

^93 

197 
199 

If,  in  the  Qiieftion  propofed,  it  had  been  requihfed  that 
the  Aggregate  of  Diviibrs  (of  the  Cube  fought)  fhoold  be 
(not  a  Square  Number,  but)  the  Double^  5lr^i/f,  or  oth^r- 
wife  MultipUy  of  a  Square  Number :  The  procefs  would  be 
juft  the  fame,  (and  the  feme  Table  will  ferve,)  favt  that, 
thenj  the  Aggregate  is  to  be  divifible  by  2,  3,  or  fuch  ether 
N  lumber  as  is  the  exponent  of  the  propofed  Multiple,  and 
the  reft  of  the  Primes  compoling  it  to  be  all  Pairs. 

Th\»s,  if  rhe  Decuple  of  a  Square  be  required ;  the  Cube 
of  3  will  anfwer  it ;  where  the  Aggregate  is  2  X  2X2x5; 
that  is,  befide  2  X  5  z:  10,  the  other  Components  are  Pairs. 

If  the  ^(odruplc  of  a  Square  (which  muft  therefore  iifelf 

lU  bo 


2  X 

2  X 

2  X  2  X   13   X   19  X   2293 

2X2X3X5X23X   1877 

2  X  2.X  2  X  5  X  67627 

2x2x3x5x5  )iiix  loi 
2x2x2X2xJ3xi9x  877 
2  X  2.x  5  X  5  X  17  X  29  X  79 

2  X^  X  41   X   2657 
2X2X2X3X7X  2789 

2x2x3x5x29x41x73 

2X2X2-X3X3X5X37X433 

2  X  2  X  7   X   13  X   16381 

2  X  2  X  2*x  2  X  2  X  2  X  2  X  3  X  17  X  29  X  37 

2x2x5x5)i5x  14453 
2X2X3X3X5X  42691 

2X2X2X2X5X5X   1980! 


S3^  Of  CtfmhirAttofu^'jBiernatiofn,  and 

be  a  Square;)  the  Cube  7  Anfwers  it;  whofe  Aggregate  is 
aX2X2X2X5  X  k :  Out  of  which,  if  we  exempt 
2  X  2  =  4,  the  reft  are' l^airs.  And  fo  will  any  other  Cube 
whofe  Aggregate  of  Divifors  is  an  even  Square,  and  there- 
fore divifible  by  4.' 

If  the  Sextuple  be  required :  The  Cube  of  27  x  1 1  anfwers 
it;  where  the  Aggregate  is2x2XtiXii  x6i,  X2 
X2x2x3x6i.  Whence  if  we  exempt  2X3  =  6,  the 
reft  are  Pairs:  And  fo  will  alfo  (for  the  fame  reafon)  the 
Cube  of  2  X  3;  where  the  Aggregate  is  3  X  5,  X  2  x 
2x2x5.     And  the  like  in  other  cafes. 

Buc'if  fuch  Multiple  fhoiild  be  required,  as  that  no  Ag- 
gregate can  be  found  (or  not  within  ciertain  limits)  which, 
being  divided  by  the  Exponent  of  that  Multiple,  will  leave 
the  reft  of  the  Prime  Components. Paii*5 ;  fuch  cafe  (at  leaft 
within  fuch  limits)  is  an  impoffible'cafe. 

As,  if  we  demand  a  Square's  Multiple  by  23,  43,  or  47  ; 
and  confine  ourfelves  to  the  Cubes  of  the  Table  foregoing  ; 
it  is  manifeft  that  (without  afluming  the  Cube  of  fome 
other  Prime,  or  fome  further  Cube  of  fome  of  theie.)  it 
cannot  be  done.  For  here,  amongft  all  the  Prime  Compo- 
nents  of  the  Aggregates,  the  Numbers  43,  and  47,  come 
not  at  all ;  and  though  23  come  once  fat  the  Cube  of  137) 
yet  it  is  there  joyncd  with  1B77,  \\hich  (coming  no  more) 
cannot  be  Paired  by  any  fuch  Compofitbn  of  the  propofed 
Aggregates.  (Remembring  always,  what  was  before  noted, 
that  the  Aggregates  for  two  or  more  Cubick  Powers  of  the 
lame  Prime,  arc  not  here  to  be  Compounded.)  So  that 
(wi!thin  the  limits  of  the  Table)  the  cafe  is  not  poflible. 
And  the  like  may  be  fliewed  of  many  others:  I  fay,  not 
poflible  Within  the  litnit^  of  this  Table.  But,  to  fay  it  is  not 
ut  allfoffible^  through  the  whole  extent  of  all  poflible  Num- 
bers; is  (I  think)  too  bold  an  aflertion  for  any  10  make  our. 


Of  the  Second  ^eftim  propofed  by  Mon/teur  Per  mat. 
See  above y  page  322. 


!!•  The  Second  Queflion  is,  [To  fnd  a  Square  Number^ 

which 


4!^^uot  ParU%  ib  J[Q^  WalUs. 


Ill 


ivbicb  added  to  all  its  Aliquot  Parfs.'tfnll  make  a  Qibe\^ih^t  i$^ 
the  Aggregate  of  Whofe  Divifors  (hall  be  a  Cu^ck  jNiim'^ 
ber.) 

And  here  the  proccfs  is  much  the,  ftme  a^  before;  fave 
that  here  we  fliall  need  a  Table  of"  Square  Numbers,  (as 
there  of  Cubes,)  with  their  Aggregate  of  Divifors  expreffed 
in  Primes :  And  here  we  are  to  find  but,  or  fo  to  Com- 
pound, the  Aggregates,  as  that  the  Primes  expreffing  them 
may  be  (not  Couples  or  Duplicates,  as  there,  but)  Tripli- 
cates :  That  is,  that  e^ch  Prime  may  occur  three,  fix,  nine, 
or  other  Number  of  times  divifible  by  tliree. 

But,  though  the  proccfs  be,  much. the  faiJie,  yet  the  fuc- 
cefs  will  not  be  altogether  fo  ready  as  there  ;  becaufe  Tripli- 
caies  of  the  Components  wilf  not  be  fo  eafily  adjufted  as 
Duplicates.  (And,  for  the  fame  reafons,  if  Biquadrates, 
or  Surfolids,  or  fome  higher  Powers,  were  required;  the 
procefs  would  ftill  be  much  t^e  fame,  but  thd  trouble  of 
findjng  fuch  would  ftill  be.increafed.). 

Such  Table  of  Squares  (becaufe, I  have  it  at  hand)'!  <hall 
here  fubjoin ;  to  fave  the  Reader  (who  Ihall  think  fit  to  give 
himfelf  the  trouble  of  inquiring  into  fuch  Queftions)  the 
labour  off  Computing  the  fame  again. 

Roots  of    ]  Aggregate  of  their  Divifors. 
the  Squares. 
1 


2 

4 

8 

i6 

3^ 

64 

128 

256 

3 
9 

81 
HZ 


I 

7 

31 

127 

511  =:  7  X73 

2047  =  23  X  89 

8191 

32767  =  7  X  31  X  151 

131071 

^3 

121   =   II   X   It 

1093 

9841  =  13  X  757 
88573  =  23  X  3851 
a  U  a 


RooDi 


33* 


Of  CmUnatim^  jfiternationSj  and 


Roots,  of 
tHe  Square's: 

.5v 
•  25" 

625 

7 

•49 

'3,43 
0401 

'    }\. 

.  lir 

169 

17 
a89 

19 
361 

*3 
'29 
31 
37 
41 
43 
47 
53 

59 
61 

67 

71 
73 
79 
83 
89 
97 

lOI 

103 
107 


Aggregate  of  thipir  Divirors. 

19531 

488281  =:  19  X  31  X  829 

57  =  3  ?<  19 

2801 

137257-  =29  X4733 

6725601  =3X3Xi9X37X  1063 


133 


19 


16105  ==  j  X  322^ 
183  =  3  X  61 

30941 

307 

88741 

381  ':=  3  X  127 


137561 


911 


=  151  X 

553  =  7  X  79 
871  =  13  X  67 

993  =  3  X  331 

1407  =3x7  X  67 

1723 

1893  =  3  X  631 

22.57  =  37  X  61 

2863  s=  7  X  409 

3541 

3783  =  3  X  13  X  97 

4557  =  3X7x7x31 

5113 

5403  =  3  X  1801 

6321  =;  3  X  7  X  7 

6973  ==  19  X  367 

8011 

9507  =  3  X  3169 

10303 

10713  =;:  3.x  3571 

11557  =  7  X  13  X  127 
11991  =  3  X  7  X571 


X  43 


Roots 


Roots  of 
theSquares 

127 
131 
137 

149 

»57 
lb  2 
167 

173 
179 

181 

191 

193 

197 

199 

<  211 

223 
227 
229 

^33 

H9 
241 

*5i 

»57 
263 

269 
271 
111 
'  281 
283 

*93 
307 
3" 
313 
3»7 


yi7ft?«o/  Parts,  ly  John  Wailis, 
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12883  = 
16257  = 

»7293 
18907  =: 

I 9461  =: 
22351  =: 
22953  = 
24807  = 
26733  = 
28057 
30103 
32221  = 
32943  = 
36673  = 

37443  = 
39007  = 

39801  = 

44733  = 
49953  = 

51757  = 
52671  = 

54523  = 
573^^  = 
58323  = 

^3^53  = 
66307  = 

69433  = 
72631  = 

737*3  = 
77007  = 

79243  = 
80373  = 

86143 

94557  = 
97033  = 

98283  = 

100807  = 


13  X  991 
3  X  5419 

7  X  37  X  73 

3  X  13  X  499 

7  X  3193 

3  X  7  X  1093 

3  X  8269 

3  X  7  X  19  X  67 


7  X  4603 

3  X  79  X  139 

7  X  13  X  J3  X  31 

3  X  7  X  1783 

19  X  2053 

3  X  13267 

3  X  13  X  31  X  37 

3  X  16651 

73  5<  709 

3  X  97  X  181 

7  X  7789 
19  X  3019 

3  X  19441 

43  X  1471 

61  X  1087 

7  X  7  X  13  X  109 

13  X  37  X  i5« 
3  X  24571 

3  X  7  X  3667 
109  X  727 
3  X  73  X  367 

3  ><  43  X  733 
19  X  5107 
3  X  181  X181 

:  7  X  14401 


1^00^ 


334 


Of  Combinations ^  yilUrmticns,  and 


Roots  of 

Aggregate  of  their  Divifors. 

the  Squares. 

331 

109893  =  3  X  7  X  5233 

337 

1 13907  =  3  X  43  X  883 

347 

120757  =  7  X  13  X  1327 

349 

122151  =  3  X  19  X  2143 

353 

1:4963  =  19  X  6577 

359. 

129241  =  7  X  37  X  499 

■367 

135037  =z  7  X  loi  X  191 

373 

139503  =  3X7X7Xi3X 

379 

144021  =  3  X  6i  X  787 

3^i 

i47t)73 

389 

151711  =  7  X  21673 

397 

138007  =  3  X  31  X  1699 

401 

161203  =  7  X  23329 

409 

167691  =  3  X  55897 

419 

175981  =  13  X  13537 

421 

177663  =  3  X  59221 

431 

186193  =  7  X  67  X  397 

433 

187923  =  3  X  37  X  1693 

439 

193161  =  3  X  31  X  31  X  67 

443 

196693 

449 

20205*  =  97  X  2083 

457 

209307  b  3  X  7  X  9967 

461 

213083  =  13  X  37  X  443 
214833  —  3  X  19  X  3769 

463 

467 

218557  =  19  X  11503 

479 

229921  =  43  X  5347 

487 

2376'*?  =  3  X  7  X  H.317 

491 

241573  =  37  X  6529 

4fl9 

249501  =  3  X  7  X  109  )|^  109 

73 


Now  i|.  is  manifcft,  upoo  view,  that  (if  wc  confine  our- 
felves  to  the  limits  of  thi^.. Table)  many  of  thefe  Rumbcrs 
jSLXt  not  of  life,  to  the  prcfent  purpofc.  Becaufe  many  of  the 
Primes  (amongft  the  Aggregates)  ,come  but  once  ;  as  5.  29. 
71.  89.  101.  139.  191.  ^07.  3.31.  397.409.  443-57^-  63 '• 
709.  727.  733.  757.  78:7.  829.  883.  911.  991.  1063.  1087. 
'327*  I47I*  1693.  16919.  J7Z3.  1783*  1^01.  2053.  2083. 

aH3- 


ji/iquot  Parts,  hy  John  Wallis. 
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2143.  2801.  3019.  3169.  3193.  3221.  3541.  3571.  3%i57. 

3769.  3651.  4603.  4733-  5IC7'  5"3-  5^33-  5347-  '5'4'9- 
6529.  6577.  7789.  801 1.  8191.  8269.  9967.  10303.  11317. 
1 1503.  13267.  13537.  14401. 16651.  17293.  19441. 1953*. 
21673.  23029.  24571.  28057.  30103.30941.  55897.59221. 
86143.  88741.  131071.  147073.  196693.  Others  but  twice 
(not  thrice)  as  23.  79.  367.  4^99.  1093.  And  therefore 
cannot  by  any  Compoiition  (within  thefe  iitnits)  make  a 
Cube.  And,  confequently,  all  the  Squares  to  which  any  of 
them  belong,  are  to  be  laid  afide  as  not  of  ufe.  And  thofe 
are,  the  Squares  of  32,  64,  256,  27,  81,  243,  25,  125. 
625.  49,  343,  2401,  121,  169,  17,  289,  361,  23,  31, 
4»>  43.  53.  59»  7i»  73>  83,  89,  97,  loi,  103,  109,  113, 
i27>  i3i»  ^i9>  149.  i5i»  i57»  »67'  »73>  i79»  181,  193, 
197,  iy9,  223,  227,  233,  239,  241,  251,  257,271,27.7, 
281,  283,  293,  307,  311,  317,  331,  337,  347,  349»353» 
359»  367*  379.  383*  389*  397>  401,  409,  419*  4^1*  43i» 
433»  443.  449»  4i7»  461,  463,  467,  479.  487,  49»' 
(And  the  Square  of  i,  is,  in  this  cafe,  infigniiicant ;  be- 
caufe  a  Multiplication  by  i  makes  no  alteration.)  And, 
thefe  being  laid  afide,  we  mud  alfo  lay  afide  the  Squares  of 
128,  9,  13,  47,  61,  79,  229,  269.  Becaufe,  in  thofe  that 
remain,  43  occurs  but  once  j  and  11,  61,  97,  151,  but 
twice«  And,  thofe  being  laid  afide,  we  muft  alfo  lay  afide 
the  Squares  of  137,  211,  313,  becaufe,  in  thofe  now  re- 
maining, 37,  181,  occur  but  twice.  And  (137  being  laid 
afide)  the  Squares  of  16,  373,  muft  alfo  be  laid  afidej 
becaufe  now  73  comes  but  twice. 

So  that  we  have  now  but  thefe  few  left  for  confideratioo,.to 
wit,  the  Squares  of  2,  4,  8,  3,  5,  7, 11, 19,  29,  37,  67,  107, 
163,  191,  263,  439,  499.  Which,  with  their  Aggregates, 
Hand  thus  :  " 


7 

31 
127 

»3 


/ 
II 

19 


31 

3x19 

7x19 
3x127 


29 

37 
67 

107 


13X^7 
3x7x67 
3x7X7X31 
7  X  13X  127 


163 
191 
263 

439 
499 


3x7x19x67 

7x13x13X31 

7x7x13X109 

3X31  X31X67 
3X7x109x10}^ 

In 


3^  '  Of  Ccmiinations,  AHernaiions^  and 

In  which  there  is  no  Prime  (amongft  the  Aggregates) 
which  doth  not  occur  at  lead:  three  times.  That  is,  3  feven 
times  J  7  eleven  times;  13  and  31  fix  times;  67  four  times ^ 
19,  109,  127>  three  times. 

Of  thefe  I  will  firft  confider  127  ;  which,  becaufe  it  comes 
but  thrice,  we  muft  take  all  or  none  of  them.  If  all,  then 
this  (at  107)  brings  in  13  ;  which  muft  therefore  be  trebled. 
And  it  muft  be  done  one  of  thefe  three  ways,  either  bf 
taking  in  the  Squares  of  3  and  29  j  or  of  3  and  263  j  or  of 
191  alone. 

If"  the  firft  way,  this  ("at  29^  brings 
in  67.  Which  (that  it  may  be  trebled) 
brings  in  two  of  thefe  3  Squares  37, 
163,  439.  Of  which,  if  163  be  one, 
this  (becaufe  of  19)  brings  in  the 
Squares  7  and  11.  And  if,  for  the 
other,  we  take  the  Square  of  37  ;  this 
brings  in  3  and  7  a  fourth  time,  and 
therefore  either  each  of  them  muft 
come  in  twice  more  (that  we  may 
have  them  fix  times)  or  elfe  37  muft 
here  be  laid  afide.  Now  if,  for  3 
twice,  we  take  (for  one  of  them)  the 
Square  of  439,  this  brings  in  a  fourth 
67;  which  muft  not  be  (unlefs  we  could  have  it  fix  times, 
which  we  cannot.)  Therefore,  if  at  all,  this  3  twice,  muft 
be  fupplied  by  the  Squares  of  67  and  499  (for  there  is  no 
other  lupply ;)  which  brings  in  109  twice;  and  this  (that  it 
may  be  tripled)  requires  the  Square  of  263.  But,  with  this, 
comes  in  13  a  founh  time ;  and  therefore  (that  we  may  have 
it  fix  timet)  we  muft  take  in  the  Square  of  191.  But,  by 
this  time,  we  have  7  ten  times ;  which  muft  not  be,  unlefs 
we  could  (which  we  cannot)  have  it  twelve  times.  Therefore 
the  Square  of  37  muft  here  be  laid  afide.  If  then  (retairi- 
ing  that  of  163)  we  take  (inftead  of  37)  the  Square  of  439  ; 
this  brings  in  3  a  fourth  time ;  which  therefore  we  muft 
have  twice  more.  But  not  from  the  Square  of  37  (becaufe 
already  laid  by,  and  becaufe  it  would  bring  jn  a  fourth  67  5) 

therefore. 


•  8 

127 

■  »9 

5.  "7 

107 

7.  i3i  "7 

■  3 

13 

29 

«3»  67 

163 

3.  7»  i9»  67 

7 

3»  »9 

II 

7»  19 

37 

h  7»  67 

67 

3»  7»  7»  3» 

499 

3»  7»  »09>  109 

263 

7,  7,  13,  109 

191 

7»  13.  »3»  31 
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tlhercforc, .  lif  at  all,  from  the  Squares 
of  67  and  499  (as  before,)  which  re- 
quires that  of  263  ;  and,  this,  that  of 
19 1,  as  before.  Bot  now  we  have  31 
a  fourth  time,  which  requires  it  twice 
more ;  which  is  not  to  be  had,  fave 
at  the  Squares  of  4  and  5  ;  whereof 
tliat  of  4  is  not  to  be  admitted,  as  be- 
ing included  in  that  of  8  already 
taken.  So  that  the  Square  of  163 
cannot  be  taken  either  with  that  of  37 
or  of  439,  and  muft  therefore  be  laid 
afide  ;  (and,  with  it,  the  Squares  of  7 
and  IX.)  And  confequently  (retain- 
ing that  of  3  and  of  29,)  we  muft 
(for  trebling  of  67)  take  the  Squares 
of  37  and  43  9«  And  here  we  have 
31  twice,  and  muft  therefore  have  it 
a  third  time :  But  not  from  the  Square 
of  4  5  (becaufe  included  in  that  of 
8  :)  Therefore  either  from  that  of  5, 
or  of  191.  If  from  that  of  5;  we 
(hall  want  a  third  7  (having  yet  but 
two;)  which  we  cannot  have  from 
the  Square  of  2  (becaufe  included  in 
8;)  nor  from  163  (becaufe  already 
rejeded ;)  nor  from  that  of  11  (becaufe  already  excluded 
with  that  of  163  j)  nor  from  that  of  191,  becaufe  this 
would  bring  in  a  fourth  31,  (which  may  not  be,  becaufe 
we  cannot  have  it  fix  times  without  the  Square  of  4,  which 
is  included  in  that  of  8 ;)  nor  from  that  of  69  (for  the 
fame  reafon  ;)  nor  from  that  of  499,  becaufe  this  cannot 
ftand  without  that  of  263;  nor  from  both  thefe  together; 
becaufe  then  we  fliall  have  it  five  times,  but  cannot  have 
it  a  fiith ;  (all  the  reft  wherein  7  is  found,  being  already 
excluded.)  Therefore  (omitting  that  of  5)  we  muft  (if  at 
all)  have  a  third  31  from  the  Square  of  191.  But  this 
brings  in  a  fourth  and  fifth  13 ;  which  (for  a  fixth)  will  re* 
t^uirc  the  Square  of  263  j   and  this  (becaufe  of  X09)   the 

.    2  X  Square 


8 

127 

19 

3»  "7 

107 

7,  13,  127 

3 

13 

29 

13,  67 

163 

3.  7»  »9»  67 

7 

3»  19 

ii 

7.  19 

4^9 

3.  31.  3>»  67 

67 

3,  7.  7».3> 

499 

3,  7,  109,  109 

263 

7»  7»  i3»  109 

191 

7.  >3.  i3»  3« 

4 

31 

Si^ 

8 

127 

»9 

3.  "7 

107 

7.  13.  »27 

3 

13 

29 

i3»  67 

37 

3.  7»  67*  , 

439 

3»  S»>  3i»  67 

5 

3« 

iJ^ 
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8 

19 

J07 

3 

*9 

37 

439 

19 «, 

463 

499 


117 


127 

7>  »3» 

U    - 

i3»  ^7 

3.  7»  ^7 
31 »  3i.»  67 
J3»  13.  3? 
7,  13,  109 
7;.  109;  109 


3» 
7> 
17? 


127 

3»  "7 
7»  «3> 
'3 
7» 


127 


3. 

3» 
7» 
3» 
3» 
3* 


;3» 
169, 


109 
109 


Square  of  499.  And  this  (befide 
Triplicates)  brings  in  a  fourth  g ; 
(which  therefore  will  afford,  not  a 
Cube,  but  the  Triple  of  a  Cube,  if 
that  had  been  required;)  we  want 
therefore  3  twice  more  (to  make  it 
up  fix  times  ;)  but  can  have  neither 
of  them  from  the  Squares  of  7  or  16  j 
(as  being  already  excluded,)  nor  from 
that  of  67,  (as  bringing  in  a  fourth 
31,)  and  therefore  not  at  all.  And, 
cqnfequc'ntlj,  this  firft  way  (by  the  Squares  of  3  and  29) 
dofh  not  fu'ccced. 

The  fecond  way  of  fupplying  13 
twice,  (which  at  the  Square  of  107 
were  wanting ;)  is,  from  the  Squares 
of  3  and  263 :  Which  (becaufe  of 
109)  requires  that  of  499.  And,  be- 
caufe (amongft  the  Aggregates)  we 
have  3  twice ;  we  mufl  have  it  a 
third  time.  If,  for  this,  we  take  in 
the  Square  of  7,  or  of  163;  either 
of  thcfe  (becaule  of  19)  brings  in  the 
other,  and  that  of  11.  And  now,  be^ 
caufe  of  67  once,  we  muft  have  it 
twice  more.  But  not  from  the  Square 
of  29  (beine  already  excluded  as  not  to  be  taken  with  that 
of  3;)  and  therefore  from  the  Squares  of  37,  and  439. 
Andj  by  this  time  we  have  3  fix  times  (and  more  than  fo, 
we  may  not  have  it,  unlcfs  we  could  have  it  nine  times ;) 
and  7  we  have  7  times,  and  therefore  muft  have  it  twice 
more :  But,  not  from  the  Square  of  z  (as  being  included  in 
that  of  8  i)  nor  from  that  of  191,  (becaufe  this  would  bring 
in  13  a  fourth  and  a  fifth  time,  which  would  require  a  Cxth, 
from  the  Square  of  29  already  rejefted;)  therefore,  if  at 
all,  from  the  Square  of  67.  But  neither  can  this  be,  (be- 
caufe it  brings  in  a  fevcnth  3  ;  which  may  not  be,  there  be- 
ing no  more  to  make  it  up  nine  times  : )  And,  confequently, 
the  third  3  (wanting  at  the  Squai^e  of  499)  is  not  to  be 
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iiipplied  from  the  Squares  of  7,  or  of  163.  If  then  (omit- 
ting thefc  two)  we  (hould  take  (for  a  third  3)  the  Square 
of  37  or  of  439,  cither  of  thefe  (becaufe  of  67)  would 
Turing  in  the  other,  and  alfo  require  that  of  29,  or  of  i63> 
already  rejefted.  If  then  (omitting 
thefe  of  37  and  439)  we  take  (for  a 
third  3)  the  Square  of  67 ;  this  brings 
in  3 1,  which  is  therefore  to  be  Tripled. 
But  not  from  the  Square  of  4  (as  in- 
cluded in  that  of  8  ;)  nor  from  the 
Square  of  191  (becaufe  that  would 
bring  in  a  fourth  and  fifth  13,  which 
woilld  require  9  fixth  from  the  Square 
of  29  already  rejefted ;)  nor  from  the 
Square  of  439  (becaufe  of  67  there, 
which  would  bring  in  that  of  29,  or 
37,  or  163,  already  rejefted)  nor 
from  the  Square  of  5,  becaufe  (though 
that  would  afford  a  fecond  3 1 ,)  a  third 
would  yet  be  wanting,  and  not  to  be 
had.  And,  confequently,  (there  be- 
ing no  other  place  from  whence  to 
fetch  a  third  3)  this  fecond  way  will 
not  fucceed. 

The  third  way  for  fupplying  13 
twice,  (which  at  the  Square  of  107 
were  wanting)  is  (omitting  the  Squares 
of  3,  29,  263,)  from  the  Square  of 
J 9 1.  And,  becaufe  here  we  have  31 
once,  this  muft  be  Tripled.  But  not 
from  the  Square  of  4 :  (as  included 
in  8  ;)  And  therefore,  if  at  all,  either 
from  that  of  439  (where  it  is  twice,) 
or  from  the  Squares  of  5  and  67.  If 
from  that  of  439 ;  then  67  (here 
found)  muft  be  Tripled  1  but  not  from  the  Square  of  29  (as 
already  excluded,)  therefore  from  thofe  of  37,  and  163 ; 
and  this  laft  (becaufe  of  19)  calls  in  thofc  of  7  and  11. 
But,    by  this  time,   wc  have  3  five  times,  and  therefoje 

i  X  2,  ihould 
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iliould  I^ave  it  a  fixth  time;  but  not  from  the  Sc^uare  of 
499  (f^^  ^^^  would  recall  that  of  263  already  rejeded ;) 
therefore,  if  at  all,  from  thap  of  67  ;  but  we  (hall  then  have 
7  fcven  times ;  which  is  not  to  be  admitted,  Cnce  we  cannot 
have  it  nine  times.  Therefore  (omitting  that  of  439,  and 
therefore  thofe  of  37  and  163)  take  we  thofe  of  5  and  67, 

And,  by'  this  time ;  we  have  7  foqr 

8[i27  times;   and  therefore,   if  at  all,  we 

•?9  3^  ^^7  "^"^  \^Vft  it  twice  more.     But   nqt 

J 07  7,  13,  ia7  from  the  Square  of  2  (as  included  in 

'9'  7>  ^si  *3>  3^       80  nor  from  that  of  37  or  i''3  (^$ 

531  already  rejefted,  with  that  of  43^;;) 

^7  3j  7>  7>  3^  nor  from  that  of  11  (which,  bepaufc 

•  of  19,  would  bring  us  back  to  that 
of  163  already  rejedtcd  ;)  nor  from  499  (which,  becaufe  of 
109,  would  bring  us  back  to  that  of  463  already  laid 
afides)  and  therefore  not  at  all.  So  that  this  third  way 
fails  alfo:  And,  confequently,  the  Squares  of  8,  19,  IQ7, 
(where  wc  (peet  w|ch  127,)  muft  all  be  laid  afidc. 

We  have  then  but  thefe  left  to  be  further  confidcred, 

3t7»i9»67    439j3t3^3i>^7 
7*^3»i3»3i  4991317.109,109 
7i7>i3*io9 

And  here  wc  will  begin  ^ith  the  Prime  109  ;  which,  be- 
caufe it  comes  but  once  at  the  Sauare  of  263,  and  twice 
at  that  of  iE|.99  >  ^'^^^^  ^^^  either  ooth  be  taken,  or  both 
omitted. 

And  becaufe,  in  thefe,  we  have  13 
once ;  this  muft  be  taken  twice  more. 
And  therefore  either  from  the  Squares 
pi  3  and  29,  or  from  that  of  191 
^bove  J  (fince  wc  have  it  now  but  five 
times  in  all.) 

If  the  firft  way  J  then,  becaufe  of 
67  once,  we  muft  take  it  twice  more ; 
from  two  Squares  of  thefe  tl^ree,  37, 
^^39  439-     ^ifftf  l^t  thofe  be  die 

Squares 
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Squares  of  37  and  163  4  therefore  (becaufe  of  19)  we  nauft 
take  alfo  thole  of  7  and  ii.  And,,  by  this  time,  we  have  3 
four  times,  (and  this  affords  us,  not  a  Cube,  but  the  Triple 
of  a  Cube,  if  that  were  required ;)  we  muft  therefore  take 
it  twice  more ;  which  is  only  to  be  had  at  the  Squares  of 
67  and  439,  (for  now  we  have  it  but 
fix  times  in  all,)  but  this  brings  in  a  263 
fourth  67  which  cannot  be  admitted.  499 
Secondly,  let  it  be  the  Squaies  of  37 
and,  of  439:  which  brings  in  31  twice, 
and  we  muft  therefore  have  it  a  third 
time.  Which  if  we  take  from  the 
Square  of  67  ;  this  brings  in  a  fourth 
3  ;  which  will  require  two  more,  from 
the  Squares  of  7  and  163;  which  will  163I3,  7^  19,  67 
bring  in  a  fourth  67.  If  from  the 
Square  of  191  ;  this  brings  in  a  fourth 
and  fifth  13,  which  cannot  be  admit- 
ted, becaui'e  we  have  not  a  fixth.  If 
from  the  Square  either  of  4,  or  of  5 ; 
either  of  thefe  (befide  Triplicates) 
would  leave  us  7  four  times  (which 
would  afford,  not  a  Cube,  but  the 
Septuple  of  a  Cube,  if  that  had  been 
required ;)  but  this  requires  7  twice 
more.  Neither  of  which  can  be  had  from  the  Squares  of 
67,  or  191,  (ars  being  already  rejeftedj)  nor  from  that  of 
163  (as  bringing  in  a  fourth  67  ;)  and  therefore,  if  at  all, 
from  the  Squares  of  2  and  11.  But  this  would  bring  in 
19  ;  and  therefore  (to  Triple  it)  will  call  in  the  Squares  of 
7  and  163  J  (which  laft  is  already  rcjeAed,  and  would  bring 
in  a  fourth  67;)  therefore  not  at  sdl.  Thirdly,  (omitting 
that  of  37)  let  this  67  twice,  be  taken  from  the  Squares  of 
163  and  439.  But  this  (becaufe  of  19)  calls  in  the  Squares 
of  7  and  1 1 ;  and  confequently,  (becaufe  then  we  have  3 
four  times)  the  Squares  ot  37  and  67  already  rgeded.  So 
(bat  this  firft  way  fucceeds  not« 


263 

499 
3 


If  7» 
3.  7» 
13 


13,  109 
109,  jto9 


.29  13*  67 

37 

439 
191 


7»  67 
3^  3»  67 
i3t  i3>  il 


a6| 


?0 


Of  Cq/tifh^tifHSp  Alterjiatms^  and 


^63 

9 

?-'9 

37 

439 

4)5 

2 

II 

7 
163 


7»  7»  U*  J09 
^  7,  X09,  109 

3»  7.  67 

3»  31.  3^  67 

31 

7 


»9 

»9 

7.  »9» 


67 


263 
495 

i 
29 

163 

439 

7 
II 

37 
67 


,7»  >  13, 
31  7»  «09. 

'3.  67 
3.  7.  «9. 

3^  3i» 

»9 

7»  67 
7.  7»  31 


109 
109 


67 
67 


263, 
499 
»9»|7 
430 
37 

II 

67 
4 
'5 


7,  7,  13,  109 
I,  7,  109,  109 

\iy  13.  31 
3i»  3'»  67 

7. 67 

7».f9»  67 

';9 

7.  19 
3,  7.  7» 


3« 


31 
3» 


If  we  take  the  fecond  way  of  fiip- 
plying  13  twice,  (which  at  the  Squares 
of  263  and  499  were  wanting)  by  the 
Square  of  191  (omitting  thofe  of  3  and 
29;)  then,  becaufe  here  we  have  31 
once,  which  muft  therefore  be  fupplied 
twice  more :  We  will  firft  try  whether 
it  may  be  done  by  the  Square  of  439 
(where  it  comes  twice ;)  and  then  whe- 
ther it  can  be  done  without  this. 

If  we  fupply  it  from  the  Square  of 

439;  this  brings  in  67,    which  muft 

therefore  be  Tripled  :  But  not  by  the 

Square  of  i9  (as  already  rejeded,  and  as  bringing  in  a  fourth 

13  ;)  therefore  from  thofe'  of  37  and  163.    Where  becaufe 

\ye  b^ve  19  oace,  we  muft  have  it  twice  more,  from  the 

Squares  of  7  and.n.     And  by.  this  time  we  have  7  feven 

jtjmes,  and  miift  therefore  have  it  twice  more  ;  And  we  have 

,3  flye  tipncs,  and  muft  th^i^efore  have  it  once  more.     Both 

^whi^h  we  may  have  from  the  Square  of  67  (and  from  thence 

'only,  becaufe  3  is  to  be  had  no  where  elfe ;)  and  now  we 

jtave^i  a  fourth  time;  which  requires  it  twice  more  (that 

'jt  may  be  fix  times ;)  and  thefe  we  have  at  the  Squares  of  4 

'and  5.     So  that. now' we  have  a  Cube  compleated  ;  whofe 

.Components  are, :7^  nine  times;  3  "and  31,  fix 

times;  13,  67,' and  109,  three  times.   And  the 

Square  whence  it'aHfeth,  is  that  of  4  >{  5  X  7  X 

Sy    II  X  37x67  X  163  X  191x263  X  439X499* 

The 
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The  retriainihg  Squares  Wtidh  are  not  ingredients  Iiito  thrs, 
are  thofe  of  2,  3,  29. 

Now  it  from  thcfe  (without  the  other)  we  coitM  fornk 
another  Cube,  fuijh  Cube  would  not  only  be  anocber,  fucf 
Cube  as  is  defired,  but  (being  a  Prime  to  that  already  found) 
might  be  Compounded  with  that  foond,  to  make  a  third. 
But  this  cannot  be :  Bfecaufe  (for  thcfe)  we  have  nd  Pritee 
that  comes  three  times. 

It  remains  to  fee,  if  (omitting  the 


Square  of  439)  we  can  otherwife  fupply    263 

31  twicci  which  at  the  Square  of  19*     499 

were  wanting.   Where,  firft,  it  ismafni-     191 

feft,  that  (thi  Square  of  439  being  laid       37 

afide)  thofe  of  37  a;nti-i63'  (beca\ife  of    163 

6y)  muft  alfo  be  laid  alide,  onlefs  we      29' 

can  have  a  third  67  frobi  the  Sqjii^re  oF'  •       ^ 

29,  Which  cannot  be,  becaufe  this  would  introduce  s(f6urtti 

13,  and  we  have  not  two  more  to  make  up  fix.    TThfen, 

having  laid  by  that  of  163,  we  muft  (tiecaufe  of  19)  lay  by 

thofe  of  7  and  11.     So  that  there  re- 
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main  only  the  Squares  ctf  2,  4»  5>  ^ij$  ^63 
to  fupply  31  twice  (becJCufe  we  have  i'i .  499 
once)  and  7  tvvice  (becaufe  We  have  it '  191 
four  times)  and  3  twice  (becaufe'  wfcr :  4,5 
have  it  once.)  NoW  21  might  be  fop-  67 
plied  t\yice  fronl  the  Sduares  of  4  and 
jj,  (but  then  we  could  falce  no  more,  becaife  fhat*  of  2  is 
Uicluded  in  4;  arfd  67  woiild  bring  in  a  fourth  31.)  Or  ft 
might  be  fupplied  by  onfe  of  thofe  (foppofe  5,)  with  thac 
of  67.  And  thus  we  (liould  have  a  fupply  of  31  twice, 
and  of  7  twice,  and  of  3  orice  :  But  there  wants*  ahodier  3 
(which  the  remaining  Squares  of  2  and  4  cs^nnot  fiif)pry)  to 
coropleat  the  Cube.  So  that  this  affords,  not  a  Cub^  biit 
4.  of  a  Cube.  There  is  therefore  no  other  Cube  (btc  rKat 
before  affigned)  here  to  be  had,  retaining  (as  is  hitherto  fup^ 
pofed)  the  Numbers  109',  109,  109. 

Let  us  therefore  now  leave  out  109,  and  confegoently  the 
Squares  of  263  and  499,  where  it  is  found ;  and  (ec  whether 

the 


34+  Of  Combinations^  Alternations ^  and 

the  remaiaing  Squares  will  afford  fuch  a  Cube  as  it  defirecL 
Mow  thefe  are^ 

^  7  sVi  7I3.19  «9|i3»67  67^,7,7,31  I9il7*i3,i3>3>^ 
4I3X  5»3x  iM7>i9  37l3»7>67  16313,7,19,67  439l3»3i^3i>67 

Of  chefe,  we  will  firfl  begin  with  19, 
.  73»  19  which  comes  thrice  (and  but  thrice)  at 

ii7»  '9  the  Squares  of  7,  11,  163.    Where  we 

^633*  7>  '9>  67    have  67  once,  and  therefore  muft  have 
37  3»  7>  67  it  twice  more.   Now  if,  for  one  of  thefe, 

439  3»  3**  3'>  67    we  take  the  Square  of  37  ^  we  muft,  for 
the  other,  take  either  the  Square  of  439, 
7|3t  <9  or  of  29.     If  that  of  439;  this  brings 

?i  7>  '9  in  3  a  fourth  time;  which  may  not  be, 

^63  3»  7^  '9>  67     becaufe  it  comes  not  twice  more  to  make 
37  3>  h  67  up  fix  times.     Therefore  (if  at  all)  it 

,«9  i3i  67  muft  be  that  of  29,  (or  elfc  37  muft  be 

3  ^3  l^id  afide;)  But  this  brings  in  13  once, 

for  which  we  may  have  a  fecond  at  the 
Scjuare  of  3,  but  then  we  cannot  have  a 
'  7  3>^  <9  ^^d  without  a  fourth,  at  the  Square  of 

.  11  7,  19  I9I*    Therefore   (waving  that  at  the 

'63  3>  7,  19,  67     Square  of  3)  we  muft  take  both  (if  at 
Z7  h  79  67  aD)  at  the  Square  ef  191.  Now  this  brings 

29  139  67  in  7  a  fourth  time,  which  calls  for  a  fifth 

191  7«  13,  13,  31  and  fixth :  One  of  thefe  we  might  have 
1 67  3>  7j  7i  31  ^^  the  Square  of  2  ;  but  then  we  cannot 
4, 5  31  have  a  fixth  without  a  feventh.    There- 

fore (waving  that  at  2)  we  muft  (if  at 
all)  take  both  at  the  Square  of  67.    But 
7  3>  19  htvt^  befide  a  fecond  31  (for  which  we 

117,  19  may  have  a  third  at  the  Square  of  4,  or 

163  3,  7,  19,  Sy     of  5,)  we  have  3  a  fourth  time  (which 
29  13,  67  will  make  up,  not  a  Cube,  but  the  Tri- 

439  3>  3^9  3 1'  67     pie  of  a  Cube,)  which  is  not  to  be  ad^ 
191  7,  13,  13,  31     micted,  becaufe  we  cannot  have  a  fifth 
and  fixth.  And  confequently,  the  Square 
of  37  muft  be  laid  afide,  (as  not  to  be  joined  either  with 

that 
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.that  of  439  or  49  j)  but  (waving  that)  we  muft  hare  rc» 
Courfc  to  the  other  two  (at  29  and  439)  fot  f  riplmg  of  67* 
Now  iiere  we  have  i^  once;  and  therefore  muft  have  io 
twice  more  i  not  from  the  Square  of  3,  (becaufe,  as  before, 
if  we  take  a  fecond  here,  we  cannot  have  a  third  without  a 
fourth ;)  but  from  that  of  igi.  Which  doth  not  only  fup- 
ply  13  twice;  but  alfo  7  and  31  which  were  alfo  wanting  1 
So  that  we  have  now  a  fecond  Cube,  fuch  as  was  defired  j 
whofe  Components  are,  3,  7,  13,  19,  31,  67,  thrite  taken. 
And  the  Square  whence  it  arifeth^  is  that  of  7  x  X  i  X  29  X 
163  X  191  X  439. 

And  if,  from  the  remaining  Square 
of  2,  4,  3,  5,  37,  67,  we  could  form 
a  third ;  this.  Compounded  with  the 
laft  foregQing  (as  Prime  to  it)  would 
form'  a  tourth.  '  But  this  cannot  be, 
becaufe  no  Prime  doth  here  thrice  oc 
cur^  but  only  7  and  31 1  And  neither 
of  tbefe  Can  be  thrice  taken,  without 
being  incumbered  with  3,  which  cannot  be  .yr^P^^d.  §d 
that,  retaining  19  (as  is  hitherto  fivppofed)  we  can  hate 
(from  thence)  no  other  Cube  than  what  is  already  fbund. 

Let  us  liow  therefore  lay  by  195  and  confequendy  the 
Squares  of  7,  ii,  163*,  wherein  it  is  found*  And  we  bav,c 
then  thefe  only  left  for  confideradon. 

3113     29113,67       6713,7,7,31         439l3>S^^S^*67- 

5131     37l3i7»67     I9i|7^i3»i3»3i 

We  have  here  67  riiree  times,  at  the  Squares  of  49,  37^ 
.439.  And  (with  thefe)  we  have  3  twice;  which  calls  for  |i 
third  from  the  Square  of  67.  And  we  have  13  or\ce,  for 
which  we  might  have  a  lecond  at 
the  Square  of  3  ;  but  could  not  then 
have  a  third  without  a  fourth  j  there- 
fore (waving  that)  we  take  both  from 
the  Square  of  191*  And  wc  have 
then  31  four  times,  and  therefore  muft 
take  ^it  twice  Qiore  from  the  Squares 
of  4,  and  of  5.    But  ire  have  7  four 
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times;  yet  cannot  find  it  twice  more  to  make  it  up  fix 
limes;  nor  indeed  once  more,  becaufc  wc  cannot  here 
Compound  the  Square  of  2,  as  being  included  in  that  of  4. 
So  that,  with  67,  we  may  make  up,  not  a  Cube,  but  a  Sex- 
tiiple  of  a  Cube. 

Suppofe  wc  then  that  67  be  laid  afide;  and  therefore  the 
'  Squiires  of  29,  gy^  439.     Thofe  that  then  remain  are^ 

^17     4I31     3I13     5I31     6713,7,7,31     19117,13,13,31 

Of  thefe,  that  of  67  mud  be  laid  afide  (becaufe  3  occurs 
but  once,)  and  confequently  (becaufe  7  comes  then  but 
twice)  that  of  %  and  191.  And  for  the  other  three  (of  3, 
4>  5f)  the  Number  13  comes  but  once;  and  31  but  twice. 
So  that  no  further  Cube  can  be  hence  expefted. 

We  conclude  therefore  (having 
fully  confidered  all)  that  (within  the 
extent  of  this  Table)  we  may  have 
two  Squares  (and  but  two)  fuch  as 
are  defired  ;  whofe  Aggregate  of  Di-* 
vifors  (hall  be  a  Cube.  Namely,  the 
Square  of  7  x  n  X29  X163X  191  X 
439,  whofe  Aggregate  of  Divifors  is 
the  Cube  of  3x7X13  x  19x31  X67. 
And  the  Square  of4X5X7Xiix 
37X67X163X191x263X439X499; 
whofe'  Aggregate  of  Divifors  is  the 

Cube  of3X3X7X7X7Xi3Xi9X 
31  X31  X67X109. 

And,  if  any  think  it  worth  the  pains  to  feek  out  more ; 
they  fnuft  enlarge  the  Table,  to  take  in  more  Primes,  or 
more  C^adratick  Powers  of  thefe  Primes. 

It  had  been  cafy  to  havic  rendered 
this  bufinefs  more  ftupendous  (as 
fome  other  would  have4one,)  if  (con- 
cealing the  methods  whereby  I  came 
at  them)  I  would  have  performed  the 
Multiplications  here  direded;  and 
then,  ia  thofe  great  Numbersi  exbi- 
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bited  thefe  two  Squares,  with  the  two  Cubes  thence  arriing ; 
affirming,  that  (within  fuch  extent  of  Numbers)  there  is 
no  other  Square  Number  (bcfide  thefe  two,  vaftly  great,) 
which  added  to  ail  its  Aliquot  Pares  will  make  a  Cube : 
Or  perhaps,  having  affigned  thofe  two,  propofed  a  Chal* 
lenge  to  all  the  Mathematicians  in  France'^  to  find  a  third 
within  thofe  limits.  But  this  would  ferve  only  >to  amufe  a 
Header,  not  to  inftruft  him.  And  I  chufe  rather  (in  whac 
I  publilh)  to  inform  my  Reader,  by  what  fteps  I  come  at 
thofe  difcoveries  I  make,  and  whereby  he  may  (if  he  plcafe) 
attain  the  like  5  defigning  more,  the  benefit  of  others,  than 
oftentation, 

I  may  here  add  (as  is  done  after  the  former  Queftioii,7 
that  the  fame  method  is  to  be  ufed,  if  (inllead  of  a  Cube)  ic 
had  been  demanded,  that  fuch  Aggregate  fhould  be  the 
Triple  (or  other  defigned  Multiple)  <u  a  Cube ;  (fuppof- 
ing  fuch  defigned  Multiple  to  be  ooffible :)  Of  which  I  have 
given  fome  inftances  as  I  pafiTed  along;  and  might  have 
done  more  if  it  had  been  needful. 

But  we  muft  not  then  demand  the  Duple»  Quadruple^ 
Sextuple  of  a  Cube,  or  otherwife  Multiple  thereof  by  an 
€ven  Number  :  For  all  fuch  are  impoffible.  For,  fince  every 
Quadratick  power  of  a  Prime  Number  (be  it  th«  firft,  fe- 
cond,  third,  or  further  Square  thereof,)  hath,  for  its  Di- 
vifors,  (befide  i)  all  its  Degrees  or  Powers  fo  far ;  (as,  for 
inftance,  d"  hath  for  its  Divifors  i^  a,  aa^  a\  4*,  4*,  4%) 
and  all  thefe  (becaufe  it  is  a  Quadratick  Power)  are  (ex- 
cluding i)  in  Number  even ;  (and  every  of  them  either  odd 
or  even  according  as  is  the  Prime  a  whence  i(  arifeth ;)  and 
confequently,  the  Aggregate  of  all  except  i,  an  even  Num* 
ber;  (for  an  even  Number  oiodds^  as  well  as  an  even  Nunw 
ber  of  evens y  will  (till  make  an  'even  Number ;)  to  this 
even  Number,  if  i  be  added  (which  is  alfo  an  Aliquot  Part^ 
and  therefore  a  Divifor,)  this  always  makes  the  whole  Ag-* 
gregate  an  odd  Number :  Which  therefore  cannot  be  Du* 
pie  of  Cube,  or  its  Multiple  by  an  even  Number,  And 
the  fame  will  bold  as  well  for  the  Quadratick  Powers  of  any 
Compound  Number:  For  (as  was  ihcwcd  before)  the  Ag- 
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gregatt  of  Divifors  of  fuch  Coraponnd  Square,  is  atwAjrs 
Compounded  of  fuch  Aggregates  ci  Divifors  of  fome  Qua* 
dratick  Powers  of  Primes ;  which,  being  (as  is  now  (hewed) 
odd  Numbers,  their  Compound  mufk  be  fo  too,  /  For  an 
odd  Number,  Multiplied  by  an  odd  Number  (and  fo  con- 
tinually) will  ftill  produce  an  odd  Number ;  and  therefore, 
|jot  the  Duple  (or  otherwife  Multiple  by  an  even  Number) 
of  any  Number  whatfoever* 

In  the  former  C^eftion,  concerning  Cubick  Powers, 
i^Kofe  Aggre^te  of  Divifors  ihould  be  equal  to  a  Square, 
(or  a  dcfigned  Multiple  of  a  Square,)  this  will  not  hold, 
For  there  the  Aggregate  may  be  either  an  odd  or  an  even 
Numben  Yet  with  this  diverfity : ,  If  the  Prime  a  be  a,  then 
^11  the  Degrees  thereof  will  be  even  Numbers,  to  which 
ifrhen  1  is  added  the  Aggregate  will  be  odd.  If  the  Prime 
4  be  3  (or  othejr  odd  Prime,)  and  the  Cube  thence  arifing 
be  the  firft,  third,  fifth  Cijbe,  (or  other  in  odd  places) 
tehofc  I^utober  of  dimenfions  is  3,  9,  15,  or  other  od4 
Number;  the  Number  of  Divifors,  without  i,  will  be  odd 
alfo;  and  therefore,  with  1,  it  will  become  evep.  $ut  if 
fisch  Prime  VI,  be  odd,  and  the  Cubick  Power  thereof  be  the 
fecood^  fourth,  fijtth,  t)r  other  in  even  places,  whofe  Num^ 
ber  of  dimenfions  will  therefore  be  6,  f  2,  18,  or  other  even 
Number  (whici^  will  therefore  be  Quadratick  as  well  as 
Cubick ;)  here  the  Number  pf  Divifors  without  i,  will  be 
leyerv,  and  their  Aggregate  even  $  and  therefore  with  i,  the 
Aggregate  will  be  odd.  And  accordingly  an  eilimate  is  to 
be  made  of  the  Compounds  of  fuch  Aggregates:  For,  if 
1^1  the  Compounding  Aggregates  be  odd,  the  Compound 
Will  be  aUb  odd ;  but  if  any  one  of  them  be  even,  the 
Compound  Aggregate  will  be  even.  I  forbear  to  puriue 
this  to  any  nicer  detiprmfnation  :  But  any  who  pleafe  may 
.foiia^  it  funher. 


<5/ 
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Of  the  Third  ^eftion  mentioned  above  in  pages  322,  3231 
which  was  fropojed  hy  Dr.  Wallis  to  Monfieur^ZKUKT. 


Ill,  A  third  Queftion  I  added  to  thofe  two;  riot  as  .a  new 
difficulty,  but  as  a  trial  whether  Monfieur  Fermat  did 
thoroughly  underftand  the  myftery  of  his  own  twoQueftions; 
and  did  not  only  by  chance  light  on  them:  For  if  he 
thoroughly  underftood  thofe,  he  muft  needs  be  able  to  folvc 
this  with  much  eafe;  which  it  feems,  by  Epift.  37,  he  did 
not  find  fo  eafy ;  and  therefore,  what  folution  he  did  find, 
he  chofe  rather  to  conceal  than  let  us  know  \u  Nor  doth 
any  where  let  us  know,  whether  he  were  able  to  folvc  his 
own  Qucftions.  But  Monfieur  Frenicle  gives  folutions  both 
of  this  and  thofe  ;  but  without  acquainting  us  by  what  me- 
thods he  came  at  them  V which  makes  me  think  they  ait 
not  better  than  mine. . 

The  Qiieftion  is  this:  To  find  two  Square  Numbers^  wkch 
added  to  their  Aliquot  Parts  Jhall  make  the  fame  Number  (or, 
whofe  Aggregate  of  Divifors  fliall  be  the  mme;)  AsforiU'- 
fiance  i6-r.8  +4  +  2  +  1=:  31  =  25  +  5  +  11  tct 
Swo/ucb  other  be  found. 

Now  'tis  manifcft  (by  what  bath  been  before  delivered) 
that  any  Multiple  of  thofe  two  (16  and  25)  by  any  other 
Square  which  is  a  Prime  to  both  of  them  (as  9,  49,  12 1, 
&c,)  will  do  what  is  defired.  For  the  Multiple  of  31,  by 
the  Aggregate  of  Divifors  of  any  fuch  other  Square,  will 
be  the  Aggregate  of  Divifors,  both  of  16,  and  0125,  Mul- 
tiplied by  fuch  Square.  As  for  inftance,  bccaufe  9  +  3 
tj.  1  n  13;  therefore  31  X  13  =  403,  is  the  Aggregate 
of  the  Divifors,  as  well  of  16  X  9  :::=  144*  as  of  2j;  x  9 
==  225. 

But,  if  we  would  have  others  than  the  Equimultiples  of 
i'6  and  25;  we  may  make  ufe  of  the  former  Tabte  of 
Squares ;  wherein  (becaufe  we  4o  not  meet  with  ^ny  fingle 

'  Squares, 


'  S5^-  ^f  Ombimilons^  AUematms^  and 

Squares^  (other  than  thofe  of  4  and  of  5,)  whoie  Aggregate 
of  Divifors  is  the  fame)  we  are  fo  to  Compound  two  or  more 
of  thetn  in  feveral  parties,  as  that  the  Aggregates  be  the 
fame.    As,  the  Sqtiares  of 

fX*?}3X7x.,x67x„7. 
3X4xnx*l9X37^3'*3'<7'<7><i3'*i9><3i'<67xi27. 

3X5«ixJ9X37^3'<3'<7><7'*i3><i9>'3i>^67x,27. 

All  which  arifc  from  Compounding  the  Squares  of  the 
Primes  lefs  than  100,  taking  into  the  Number  the  fecond 
and  third  Squares  of  a. 

And  more  Couples  than  thefe  are  not  to  be  found  within 
thofe  limits,  unlels  by  Multiplying  both  the  Numbers  of 
fbrae  of  thefe  Couples  by  fome  common  Square  which  is 
u  Prime  to  both  of  them;  which  may  be  done  at  plea- 
furc.  But  if  we  extend  the  limits,  to  odier  Primes,  and 
other  Powers  of  thefe  Primes,  we  may  have  more  with- 
out ftint. 

And  by  the  fame  me^ns  we  may  have  Three  or  more 
fuch  Squares,  whofe  Aggregate  of  Divifors  (hall  make  the 
fame  fum.  A%  (amongft  thefe)  ^t  haye  Three.  Namely 
the  Squares  of 

7x8x^9x67       1 

3x4x11x19x37  I  3x3x7x7x13x19x31x67x127. 

3X5XHX19X37J 

.  But  if  we  enlarge  the  bounds,  we  may  find  Qthcrs  (Two's, 
Threes^  Fours,  &c,)  in  great  Multitudes,  whofe  A^re5a^e 

of 
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of  Divifors  (hall  be  the  fame.  As  any  man  by  expe* 
riencc,  may  find,  who  (without  going  farther)  wiU  give 
himfelf  the  trouble  of  purfuing  the  whole  Table  here 
given,  as  I  have  done  thofe  Primes  which  are  fmaller  than 

100. 

I  forbear  to  purfue  more  Queftions  of  this  nature ;  but, 
according  to  the  fame  method,  any  others  of  like  kind  may 
he  difpatched. 
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TRANSLATOR'S    PREFACE. 


X  HE  TUU'Page  fays  that  ibis  Book  was  a  Tranflation,  hut 
hath  hem  much  altered.  If  any  man  deftre  to  know  what 
the  alterations  are^  and  why  they  were  made  i  be  may  do  well 
to  compare  it  with  the  Original : »  A  Printed  Copy  whereof  may 
be  had  at  Francfort  in  Germany,  by  any  that  inquiref  therefor 
it  by  this  Title^  Algebra  Rhonii  Germanice  ;  Tiguri  *  apud 
Bodmerum,  1659,  in  quarto.  The  Copy  which  I  bave^  was 
given  me  anno  1662,  by  a  good  Friend^  who  then  told  me  be 
much  deftrid  to  read  it  injome  Language  that  he  underfiood ;  / 
then  promijed  him  to  Englilh  it.  Asfoon  as  my  leijure  permitted^ 
I  correSltd  it  according  to  the  Printed  Catalogue  of  Errata^ 
and  then  began  the  Tranjlaiion.  IVben  it  was  finifhed^  I  dejired 
to  fee  it  Printed^  and  got  it  JJcenJtd  May  18,  1665,  ^'^/^  ^^^ 
name  of  An  Introduftion  to  Algebra.  And  Jo  without  any 
alteration  either  in  the  Precepts  or  Examples^  fave  only  the  cor^ 
reSion  of  mny  Mijickes  ':  It  was  fent  to  the  Prefs^  with  order 
to  Reprint  the  fix  leaves  of  His  Tabic  of  Incompofits  pre^ 
cijehf  as  tbsy  ftand  there. 

A  little  dfier,  I  beard  that  there  was  at  that  time  in  Lon- 
don, a  Perfonof  Note\  very  worthy  to  be  made  acquainted  with 
my  defign^  before  I  made  any  farther  progrefs  in  the  Imprejfion. 
Being  admitted  to  /peak  with  bim,  1  found  bim  not  only  able 
to  direB  me^  but  aljoyery  willing/^  to  do,  Jo  fftr  as  bis  leifurt 
would  permit.  He  gave  me  divers  cautions  concerning  the  Work. 
He  fbewed  me  the  way  of  making  the  Table  of  Incompofits, 
of  examining  it^  and  of  continuing  it  as  far  as  1  would.  He  en^ 
couraged  me  to  extend  it  to  100  tboufand:  Telling  me  that  by 
that  time  that  I  had  Calculated  and   Printed  that  Table,  be 

*  That  is,  at  Zurich^  in  Switzerland. 
+  Dr.  John  PcU, 

2  Z  2  koped 
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hoped  to  he  at  leifure  to  review  Jome  of  Monfieur  Rhonius  his 
Problemes^  and  to  work  them  anew ;  and  that  be  would  fend 
them  to  me,  with  leave  to  fublifh  them  or  to  keep  them  by  me. 

I  bad  finijhed  and  Printed  that  Table,  as  alfo  Twelve 
(hects  of  the  Book  itfclf,  before  be  fent  me  bis  Alterations. 
Tbg  begin  with  Probl.  24,  pag,  100.  All  from  tbence  to  the 
end  is  bis  fVbrk :  As  alfo  pag*  79,  8^,  81,  82,  which  bt 
feiU  kfi  of  all:  So  ibat  inftead  of  thefirjt  124  pages  of  Rho- 
nius, this  hath Jujl  twice  as  many :  hfiead  of  tbofe  8'  ^r  9  fheets 
remaining  in  Rhbnrus,  how  much  Jha/l  be  hereafter  publi/bedy 
/  will  not  adventure  to  foret^h  becaufe  of  the  uncertainty  cf 
life,  healthy  leifure^  and  of  the  acceptance  which  this  fiall  find 
mnongfl  the  Lovers  of  tbefe  Studies^  So  whom  this  might  have 
'ieen  more  acceptable j  if  it  had  been  wholly  void  of  Prefs-faults. 

As  for  the  Table  of  Incompofits,  I  was  very  fenfible  of  the 
bad  effells  of  perfunSlorinefs  in  Supputatingj  Tran/cribingj  or 
'  Printing  of  it.  My  care  therefore  was  not/mall :  yet  pag.  1 98, 
is  almq^  filed  with  Errata,  and  1  dare  not  warrant  that  none 
have  ef coped  unfeen :  But  feeing  fo  few  are  fit  to  undertake  to 
Sifpputate  it  anew,  wbofoever  pall  happen  to  difcover  any  other 
fault  in  that. 1: able,  fhall  do  well  to  ftgnify  it .%  /i^^  Bobk.-feller» 
or  to  any  other  likely  to  be  concerned  in  the  next  Imprejfion. 

7be  Errata  in  the  reft  oT  the  Book  are  many,  notwithfiand- 
ing  my  care,  and  the  diligence  of  a  good  friend ^  who  CorreBed 
y^rt  of  iti  after  my  removal  to  an  abode  fo  far  from  Ijondon. 
rMcfi  qf  shem  cannot  trouble  the  more  exercifed  fort  of  Readers .> 
But  ftar  of  leaving  any  fiumbling- block  in  the  way  of  Beginners 
bath  catted  this  larger  Enumeration  of  them  in  the  three  next 
following  pages. 

Whitc-gjate  in  Chclhirc,  ,—     P 

April  22,   1668.  i  •    B* 
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Fr§m  p0ges  34  Md  35  of  Bra^^ck tK*s  franjlaf ton  of 
RhokiusV  Algilra. 


BU  T  it  is  oftentimes  very  troublefome  to  fiad  a  Square^ 
Cube,  &c,  whereby  this  ALbreviation  may  be  performed.. 
Find  therefore  all  the  Partes  aliquot ^e^  or  juft  Dividers^  and 
thefe  will  tell  us  whether,  and  jiow  often  any  Cube,  Square, 
&c,  is  contained. in  the  Quantity  aiBgned. 

Foriafmuch  then  as  .the  Difcovery  of  the  Partes  aliquot^  is 
many  waies  ufeful  in  Vulgar  yiriihmeiick,  I  have  adjoyned 
a  Table  in  the  End  of  this  Book,  which  difcovers  them  in 
all  uneven  Numbers  as  far  as  100,000. 

In  which  Table  [p]  ftands  for  a  Prime  Number  through^ 
out. 

The  UJt  of  that  liable  is 

To  difcovei;  at  view  whether  any  given  Q^iantity  be  com- 
pound or  fimple,  /.  e.  be  divifible  or  indivffible,  and  how 
many  Partes  aliquot^  it  hath.  On  the  left  fide  you  fee,  run 
down  all  the  odd  Numbers  to  99,  which  mxift  be  fet  after 
the  Numbers  in  the  Head-Row,  as  Occafion  is,  thus.  Let 
the  Number  given  be  21449,  ^^^^  49  ^^  ^^^  '^^^j  ^"*'  ^^c 
other  214  in  the  head,  then  run  downward,  and  fide-waies 
till  their  Rows  meet  in  a  Square,  where  we  find  89,  which 
is  a  Pars  aliquota,  which  dividing  21449,  gives  Quotient 
241.  With  this  241  do  as  before  (/.  e.  feek  41  on  the  fi^e, 
and  2  in  the  head)  and  in  its  Square  you  find  (P)  which 
(hews  that  it  is  an  indivifible  or  Prime  Number.  Wherefore 
the  aliquot  Parts  of  this  21449  ^^^^d  thus. 

I 

89     •     241 

21449. 

If 
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If  the  even  Number  21696  were  givetiy  fubiiivrJe  it  cdii-» 
tiniialljr  by  2  till  the  Quotient  be  an  odd  Number  (as  at  the 
(ixih  Time  you  will  here  find  339.)  Seek  this  339  in  the 
Table  as  you  are  dire(9:ed  above.  In  its  Square  we  find  3, 
which  dividing  339  gives  Quotient  113,  which  113  we  find 
to  be  a  Prime  Nijmber.  The  Paries  aliquota  of  the  Num- 
ber 21696  ftand  as  follows.  Out  of  i,  a>  3,  IJ3,  we  may 
find  the  reft* 

1 

2.2.2     2  >  2.2 

4  .  8. 16.32. 54 


5  •  6  .  12  .24.  48.  q6  .  192 


113.226.432.904.1808.3616.7232.3^9.678.1356.2712.5424 
10848  .  21696. 

How  thofe  Prmipal  Divifors  (i,  2,  3,  113,)  arc  multi* 
plied  into  each  other,  and  into  their  Produds,  lies  plain 
before  the  Eyes  without  any  more  words. 


Mr.  Thomas  Brancker'j  Preface  to  bis  Jong  Table  0/  In* 
compejil,  or  Prime,  Numbers  \  from  pages  193,  194,  195, 
196,    197,    and   198,    of  his  Tranjlation  of  Rhonius*/ 

Algebra y  puhlifhed  in  the  Year  1668. 


This  isi  the  Table  mentioned  page  34,  line  8.  It  fills  56 
■pages.  Its  firft  page  calls  it  a  Table  of  Inccmfcftt  numbers 
iejs  than  100,000  ;  but  it  contains  far  more  compojit  numbers, 
than  incontpofit ;  For  it  doth  not  only  give  an  Orderly  enume- 
ration  of  all  odd  numbers  which  arc  v\ot  compojit :  but  alfo  ic 
Ihews  that  none  of  the  reft  are  fo.  To  every  other  odd  num- 
ber there  expreffed,  the  Table  fets  feme  incompojit  that  will 
divide  it  without  fraSlion. 

Each  page  haih  21  columels,  .whereof  xht  frjl  is  filled 

with  40  odd  numbers  ftanding  in  their  natural  order.    The 

following  twenty  columels  arc  dilUnguiChed  on  their  Tops,  by 

numbers 
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numbers  in  their  natural  order  o,  i,  2,  3,  to  998,  9^9. 
Thefe  Top  numbers  are  hundreds ;  the  40  marginal  numtleri 
are  Unites  adhering  to  the  Centuries.  A  line  running  from 
any  marginal  crofs  the  page,  (hews,  in  any  column,  the 
place  of  the  number  made  up  of  the  Top-number  and 
that  marginal.  In  every  fuch  place  of  concourife  you  (hall 
cither  find  the  letter  J>,  or  fome  incompofit  lefs  than  317, 
The  letter  p  (hews  the  number  to  be  a  prime  or  incompofit^ 
(See  Euclid,  VII.  def.  11  and  13.)  If  any  number  lefs  than 
100,000,  do  end'  in  i,  3,  7,  or  9,  you  may  find  its  place 
in  one  of  thofe  50  pages,  and  then  fee  whether  it  be  z  prime 
or  no  :  If  it  be  compo(it,  you  will  there  find  its  leafi  Divi/bn 
Thus  in  page  i,  where  the  line  marked  with  the  marginal 
67,  croffeth  the  columel  whofe  Top-nymber  is  16;  there 
you  find  p,  that  is,  16!^  is  a  prime;  Where  the  fame  line 
cro(reth  the  next  columel,  you  find  3  ;  That  is,  1767  is  no 
prime,  and  3  is  the  leaft  Divi/or  of  it.  So  in  page  25,  you 
iee  49031,  49033,  49037  are  primes ;  but  49039  is  a  Com>* 
pofit,  and  19  is  its  fmalleft  Divifor. 

It  may  be  of  great  ufe  fometimes  to  have  a  complete  and 
crderly  enumeration  of  all  incompoftts  between  o,  and  100,000, 
without  any  mixture  of  Compojits ;  thus  i.  2.  3.  5.  7.  ii.  13* 
&:c,  leaving  out  9,  21  and  all  other  compofus.  The  numbcre 
2  and  5  are  primes,  though  they  be  left  out  of  the  long 
Table,  becaufe  no  other  incompofit' ends  fo.  ^  Thefe  two 
prime  numbers  2  and  5  being  duely  placed,  all  the  reft  of 
the  primes  are  taken  out  of  the.  long  Table  as  they  there 
(land  marked  with  p,  from  7  in  the  firft  page  to  9^9991  in 
the  end  of  the  ^oth  page. 

If  to  each  of  thefe  primes  you  fet  the  Briggian  Logarithm, 
you  may  find  the  Logarithms  for  all  the  reft  of  the  numbers 
jn  the  firft  loo  Chiliads,  by  addition  of  the  Logarithms  of 
their  incompofit  Fadlors. 

The  Refolving  of  a  number  into  all  its  incompofit  Fac- 
tors ^as  4620  into  2.  2.  3.  5.  7.  II.]  is  altogether  neceffary, 
for  the  determining  how  many  Divifors  that  number  hath, 
%nd  which  they  be;  As  in  pages  X94,  19^. 

XXIX 
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XXIX  Affermt  Examples  «f  a  Cmpofit, 


{»9)  , 

n.abcdef 

a.  bcdef 

b.  acdef 

c.  abdef 
<J.  abcef 
e.  abcdf 
{,  abed 
ab.  cdef 


«d.  beef 

ae.  bcdf 

af.  bcdc 
he.  a^e 

bd.  acef 

be.  acdt 

bf.  acde 
cd*  abef 

ce.  abdi 

cf.  abd 

de.  abcf 

df.  abce 
ef»  abed 
abc*  "Sef 

abd.  cef 

abe.  cdf 

abf.  cde 

acd.  bef 

ace.  bdf 

acf.  bdc 
ade. 

adf.  bcc 
acf.  bed 


ee. 
bdef  de.  aabc 
aab.  cde 
aae.  bde 
aad,  beeaad 
f  ^ae.  bed 
abe.  ade 

abd.  ace 

abe.  acd 


bcfcd 


(28) 

l.aabede 
<a.  abede 

b.  aaede 

c.  aabde 

d.  aabce 

e.  aabcd 
aa,  bcde 


ab.  aede 

ac.  abde  d 
id.  abceaa 
ae.  abed 
be.  aade 

bd.  aaee 

be,  aacd 
cd.  aabe 

aabd  cd 


c^aaabd 

.  aaabc 

abed 

ab.  aa^d 

ac.  aabd 

ad.  aabc 
be.  aaad 
bd.  aaac 

.  aaab 

aaa.  bed 

aab.  acd 

aac.  abd 
.  abe 


abed  aab, 


(?7) 
i.aabbed 

c[a.abbcdab. 

b.  aabcd 

c.  aal^bd 

d.  aabbc 
aa.  bbed 
ab. 

ac.  abbd 
ad. abbe 
bb.  aacd 
bc«  aabd 
bd«  aabc 

•  aabb 

aab.  bed 

aac.  bbd 

aad.  bbc 
abb.  acd 
abe.  abd 


C26) 
i.aaabcd 

a.  aabcd 

b.  aaaed 


(23) 
i.aaaabc 

a.  aaabc 

b.  aaa^ 

c.  aaaab 

aa.  aabc 

ab.  aaac 
ac.aaab 
be.  aaaa 
aaa.  abe 
aab*  aac 


(^5) 
i.aabbcc 

a.  abbec 

b.  aabce 

c.  aabbc 
aa,  bbec 

I.  abce 
ac.  abbe 
bb.  aaee 
be.  aabc 
cc.  aabb 
I.  bcc 
aac  bbc 
abb.  ace 
abe.  abe 


(24) 

t.aaabbc 

^a.  aabbc 

b.  aaabc 

c.  aaabb 

aa.  abbe 

ab.  aabc 
ae.  aabb 
bb.  aaac 
be.  aaab 

aaa.  bbc 

aab.  abe 


aac.  abb 


(22) 
i.aaabbb 


(18) 
{ . abede 

a.  bcde 

b.  aede 

c.  abde 

d.  abce 
abed 

ab.  cde 

ac.  bde 

ad.  bee 

ae.  bed 
be.    ade 


bbb*>d 


a.  aa 

b.  aaabb 

aa.  abbb 

ab.  aabb 
bb.  aabb 

aaa.  bbb 

aab.  abb 


ace 
be.  aed 
cd.  abe 
ee.  abd 
de.    abe 


Wd 


(21) 
i.aaaabb 

a.  aaabb 

b.  aaaal 

aa.  aabb 

ab.  aaab 
bb.  aaaa 

aaa.  abb 

aab.  aab 


(20) 
i.aaaaab 

a.  aaaab 

b.  aaaaa 

aa.  aaab 

ab.  aaaa 
aaa.  aab 


(19) 
I .aaaaaa 

a.  aaaaa 


aaaalbb.  aac 


aa« 

aaa.  aUa 


(»5) 
I  .aaabc 

a.  aabc 

b.  aaac 
e.  aaab 

aa.  abe 

ab.  aac 
ae.  aab 
be.  aaa 


04 

uaaabb 

a.  aabb 

b.  aaab 

aa.  abb 

ab.  aab 
bb.  aaa 


('7) 
I.  a^bcd 

a.  abed 

b.  aacd 

c.  aabd 
aabc 

aa.  bed 

ab.  acd 

ac.  abd 

ad.  abe 
be.  aad 
bd.  aac 
ed.  aab 


(i6j 
I.  aabbc 

a.  abbe 

b.  aabc 

c.  aabb 
aa.  bbc 
lb.  abe 
ae.    abb 


be. 


a.  abe 

aabb.  aac 

e.  aab 

aa.  be 

ab.  ac 


(9) 

I. aabb 

a.  abb 

b.  aab 

aa.  bb 

ab.  ab 


I.  aaaab 

a.  aaab 

b.  aaaa 

aa.  aab 

ab.  aaa 


t 

.2) 

I.< 

laaaa 

a. 

aaaa 

aa. 

aaa 

( 

'0 

I. 

abed 

a. 

bed 

b. 

acd 

c. 

abd 

d. 

abe 

ab 

.    cd 

ac, 

bd 

ad 

.    be 

119) 

1,  aabc 


(8) 
f.aaab 

a.  aab 

b.  aaa 
aa.  ab 

"7) 

I.  aaaa 
a.  aaa 
aa.    aa 

I.  abe 

a.  be 

b.  ac 

c.  ab 

(5) 

I.  aab 
a«  ab 
b.  aa 

(4) 
I. aaa 
a.  aa 

(3) 
I.  ab 
a.   b 

(2) 

I.  aa 
a.  a 

(0 
I.  « 
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(49) 

1.30030 
^.15013 

3.  lOOIO 

j.6006 

7.4290 

11.2730 

13.2310 

6.5005 

10.3003 

14.2145 

22.1365 
26.1155 
15.2002 
ZI.I430 
33-  9'o 


39* 

35- 

55- 
65. 

77- 
91. 


770 

85S 
546 
462 

390 
330 


6.770 
10.462 

i4'33o 
22.210 
15-308 
21.220 
33-Mo 
35->32 

55-  84 
77.  60 
12.385 
20.231 
23.165 
44-105 

30154 
42.110 

66.  70 


143-210 

30.1001 

42.71J 

,    66.455 

78.385 

70.429 
I  10,273 

182.165 
286.  IO5 


(23J 

1^4620 
2,2310 

3,1540 

5-9M 
7.660 

11.42  c 

4-n5 


5,168 
7,120 
4.Z10 

6.140 
10*  S4 
14.  60 

21.  40 

35-  ^4 

12.  70 
20,  42 
z8,  ^0 


(27) 
1.1260 

2.630 

3-420 

5.252 

yaSo 

4-3^5 
6.210 

JO. 126 

9.    140 
15'  84 

21-    6c 

35-  36 

12,103 

20>  63 

28-  45 

18.  70 

30.  42 


(25) 
1,840 
2,420 
3,280 


{^5) 
1.900 

a.450 

3-300 
5.180 

4.225 
6.15c 

o.  9& 

9.100 
5.  60 

v  36 
75 
45 
50 


12. 

20. 
18. 


(24; 
1.360 

2.lSc 

3.120 

5-  72 
4.   90 

6.  60 
10.  36 

9-  40 
15.  24 

8.  45 
12.  50 


(22) 
1. 216 
2.108 
3.72 

4-54 
6.36 
9.24 
8.27 
12.18 


(zi) 
1.144 
2.72 
348 
4  3<^ 

6.2^ 

9.16 
S.18 

12.12 


{■20) 
1.96 
2.48 

3-32 
4.24 
6.16 

8.12 


4- 
8. 


16 
8 


C18J 
1.2310 

i*  770 
5.  463 

7-  330 

I  I.ZIO 

6-385 
10.231 

14.165 

22.105 

15.154 

2 1 . 1 1  o 

33-  70 
35.  66 

55.  42 

77-  30 


C>7) 
1 .420 

2.210 

3.140 

5-  84 

7.  60 


4.105 
6.  70 


10. 
14. 

'5- 
21. 

35- 


4^ 

2i> 
20 
13 


tl6J 
i.:8o 

2.  90 

3.  60 


(19J 
1.64 

2.31 


36 
45 

18 


9.20 


(15) 

1.120 

2,    60 


2.30 
3,20 

5.14 

4-15 

6.10 


40 
24 
30 

20 

10.12 


5.  8 


(9) 
1.36 
2.18 
3.12 
4.  9 
6.  6 


(14J 
1,72 

2,36 

3-24 
4.18 

6.12 
9-  S 


CS) 

1,24 
2. 1  2 

3.  8 

4.  6 


(13) 
1.48 
2.24 
3.16 
4.12 
6.  8 


(I2J 
1.32 
2.16 

4.  8 


tiO 

1 .210 

2.105 

3'7c 
5-42 
7-3° 

*'-35 

10.21 

14.15 


^10) 

1.6: 


C7) 
1. 16 
2.  8 
4.  4 


C6J 
1.30 
Z.15 
3,10 
5-  6 


'g-- 


(5) 
1.12 

z.   6 
3-  4 

(4) 

1.  8 

2.  4 

C3) 
1.  6 

i-  3 

{^) 

1.  4' 

2.  2 

(I) 

I.   z 


29 

28 
27 
26 

^5 
24 

23 

22 

21 

20 
19 

18 

16 

15 
14 

^3 
12 

11 
10 

5 

8 

J_ 
6 

5 
_4 

3 
9 


Forme 


ahcdef 
aahcde 
aUhbcd 
aaabtd 
^abbcc : 
aaabbc 

aahbb 

aaahb 

aaaaab 

taaaaa 


abcde 
aabcd 
aabbc 
aaabc 
aaubb 
aaaab 
aaaaa 


abed 
aabc 
aabb 
aaab 
aaaa 


abi 
aal 
aaa 


ab 


48 

36 

32 
27 

24 
20 
16 

15 
\% 

32 

^4 
18 
16 
\z 
10 
_6 

76 
12 

9 

3 

J 
3 
6 

_4 
4 
3 


1  h^tu/L  ucx^th 
lort  hath  ^4  I^*" 
rifori;  the  iBth 
hafh  but  |ir  &c. 
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l^e 


(  ^^  ) 


U^  tf  tbi  iMg  Tail€  cf  NumhirSf  ending  in 
1,  3*  7s  ^  9* 


ILvcxy  Miquoipart  of  a  Number  is  one  qf  the  juft  Divilbrs 
pf  it.  Tibe  greateft  DiviTor  being  equal  to  the  wbok  Di- 
yidend,  ipuft  not  be  cal^c;d  |i  fart:  Wherefore,  fubftraft  i 
trqm  every  piumber  in  the  laft  colui;nel  of  page  1.95,  you 
Qiall  havf  the  number  of  idiquot  parts  belonging  to  eytjy 
pne  of  tbpr<;  29  fons« 


Having  the  U^  Divi/br  of  any  Number  ef  tbe  long  TabU, 
fe  find  all  iis  otbcr  ineempofii  Co^eficients. 


J  g 


If  that  Diyifor  end  in  i  or  ^9  and  have  a  black  flroke 
tinder  \t  in  the  Dividend's  pl^ce  m  the  long  uble ;  or  if  the 
Divifor  end  in  3  or  7,  and  have  fuch  a  ftroke  over  it  in  the 
Dividend's  pkce ;  the  Dividend  is  the  fquare  of  an  incom^ 
pofit^  and  the  Quotient  is  given^  for  it  is  equal  to  the  Di« 
vi(or. 

If  the  lead  Divifor  have  no  ftich  ftroke  by  it,  let  it  di- 
vide the  propofed  number,  the  Quotient  (hall  be  the  greateft 
aliquot  part  of  that  Dividend  :  Seek  that  Quotient  in  the 
fame  long  Table ;  if  it  be  chere  marked  with  p,  your  inquiry 
is  at  an  end  ;  tbe  Dividend  is  of  the  form  AB.  If  it  be  noe 
Jo  marked^  by  the  Prime  there  found,  divide  your  Jirji  Qj^o- 
tient,  dial  with  the ^icW  Qiioiicnt  as  you  had  done  with 
the  firft^  repeating  fuch  Divifions,  till  the  Quotient  be  in- 
compofit.    Thus  53191   is   found   in   page  27,    with  its 

imalleft 


tffe  of  the  long  Table  of  Numbers^  ending  mi^^^y^erg.    3^3 

fmaUeft  Divifor  43.   Nofcr  5319^  ^liVicfed  b^  43  gives  ligy. 
f&^  i  Hfyis^  this  1237  h  a  prim^    Ific^uiremrrarthen 

Btst^  deftring  the  tocompofit  faddrs  of  $^'361X9  I  fififd  it 
ift  pagi^  47  of  the  long:  Tafbfe,^kh  7  for  its  feaft  DWifor, 
The  Cfeiotient  13373^  is  found  hi  page  7^  with"  its  Icaft  :Di- 
Ytfor  43!.  Tfhis  43  gtveis  a  ftc6nd  qaoitieht  ^ii.  Pafae  I 
fw9|  this  311  isfan  incoAipofit.  So  the  prkne  Co-efficiS^nts 
w  i^i^i  are  7.  43.  31 1.  ^Hebrc  infdc  that  53191  i^  to 
9361  r^  »i237  to  2177  =  7  ♦  311^  or  7X3»i.; 

K  yoi>  divide  any  odd  number  by  all  the  ptime\  in  order ^ 
begmnlAj^  with  ^  The  &fft  Divifor  that  fiods  i  (^6tit:nt 
i^itbout  fra£t:ioni  is  the  leaft  Divifor  that  the  Dividend  can 
luVd.  Thus^  ^39.is  the  \tak  number  that  moAires  1 1  f  x  ? 1 1* 
Try  3,  7i  II,  &c.  No  prime  can  divide  i  lix  1  if,  till 
ypif  coaie  to  439.  If  no  fuch  Divifor  find  aii  fne^ger  QJio- 
tienty  before  the  Quotient  is  lefs  thsii  the  Dififor^  pro^ 
Rounc-e  your  Dividend  to  be  incompofit,  and  tMlt  I^  Di-^ 
vifor  to  be  greater  than  the  Dividend's  fqnare  rooti  f  re^ 
quent  occaiion  of  Dividing  by  IncoQi profits  calli  for  Kfariffa 
m  as  many  primes  as  (hall  Be  nccdfuT.  For  refolving  of 
numbers  Ids  than  100,000^  itfufficeth  if  it  be.eiteridra  tQ 
313,  as  in  the  next  page. 
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Of  Rational  Numbers  that  exprefs  the  Sides  of 
Right-angled  Triangles. 

A       PROBLEM. 


Article  i .    To  find  as  many  right-angled  triangles  as  wt 
pleafe,  of  which  the  three  fides  (hall  be  exprefllible  in  ratio* 

nal  numbers. 


SOLUTION. 


Let  the  numbers  that  exprefs  the  lengths  of  the  two  fides 
that  contain  the  right  angle,  be  denoted  by  the  letters  m 
and  n.  Then  will  the  number  that  denotes  the  hypotcnufc 
of  the  triangle,  or  the  line  that  fubtends  the  right  angle,  be 
greater  than  cither  of  the  two  numbers  m  and  »,  and  its  ex- 
cefs  above  either  of  the  faid  numbers  will  be  a  rational 
number  :  for,  if  it  were  not,  the  number  itfelf  which  ex* 
preffes  the  faid  hypotenufe  would  not  be  a  rational  number. 
Let  the  excefs  of  this  number,  which  exprelles  the  hypote- 
nufe, above  the  number  w,  which  expreffes  one  of  the  fides 
containing  the  right  angle,  be  called  e.  Then  will  the 
number  which  expreffes  the  hypotenufe  be  iw  +  ^,  and  its 
fquarc  will  be  mm,+  zme  +  ee.  But  (bv  El.  i,  47,)  the 
fquare  of  the  hypotenufe  of  a  right-anglea  triangle  is  equal 
iQ  ibc  fum  of  the  fquares  of  the  two  fides  of  it.    Therefore 

2  H  fw» 


41 8  0/  Rational  Numbers  that  exprefs  the 

mm  +  ime  +  ee  will  be  equal  to  mrh  +  nn ;  and,  confe- 
quently  (fubtrafting  mm  from  both  fides),  2me  +  ee  will  be 
equal  to  nn  j  and  (fubtrafting  ee  from  both  fides,  which  is 
evidently  kfs  than  ^me  ■+•  ee^  and  confequcnily  muft  be  lef$ 
alfo  than  nn^  or  the  right- hand  fide  of  the  equation  ime 
+  ee  z=z  nn^)  vne  will  be  equal, to  nn  —  ee;  and  (dividing 
both  fides  of  the  equation   by  2^,)   m  will   be  equal    to 

V^^\  and  confequently  m  +  e  will  be  equal  to  ^^^^'  +  ^, 
or  to + ,  or  to ,  or  ro  — ^—.     And 

le  *         2€  26  ^       2i^  ze 

confequently  the  three  numbers  »,  n^  aqd  m  +  e,  that  will  ex- 
prefs  the  three  fides  of  a  right-angled  triangle,  will  be  equal 

to  —1—,  »,  and  — - — ,  or-— — ,  — ,  and  ;    or,  if 

26    ^     ^  Ze  ze  26^  ze     ^         ^ 

we  take  any  number  whatfoever,  and  call  it  e^  and  take  any 
other  number  whatfoever  that  is  greater  than  ^,  and  call 

it  »•  the  three  numbers  — "^,  — ,  and  ^ — ^,  will    be 

'  26  ze^  ze     ^ 

three  rational  numbers  that  will  exprefs  the  three  fides  of  a 
|-igllt- angled  triangle.  o^  li.  i. 


f,xamples  of  this  Method  of  finding  fueh  Rational  Numbers. 


Arf,  2-    Thus,  for  example,  if  ^  is  ±:  i,  and  »  is  rr  2, 
(which  are  the  fimpleft  numbers  we  can  chufe,)    we  (Ixall 

have  -ee  =:  i,  and  nn  —  4,  and  confequently  ~^   (  = 
i —  -zz  i — )  =:  -^,  and  —  (zz  — )  =  -2-,  and 

2x1  2    ^  2.  '  ze     ^  2X1^  2  ^ 

...  -^% 
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— ,  — ,  and  -^,  will  be  three  rational  numbj^rs  that  ^\^ 

fexprefs  the  lengths  of  the  three  fides  of  a  righi&-anglcd 
triangle.     And  accordingly   we   ftall  find  that  the  fquare 

of  the  laft  of  thefe  numbers,  to  wit,  — ,  which  expreflea 
the  hypotenufe  of  the  triangle^  is  equal  to  the  fum  of  the 
fquares  of  the  two  former  numbers,  to  wit,  —  and  -i-^ 
which  exprefs  the  two  fides  that  contain  the  right  angle* 
For  the  fquare  of  —  is  — ,   and  the  fquares  of  —  and 

--^  are  -^  and  — ;  and  —  is    =    -^  +  — • 
«  4  4  4      .  4*4 

Secondly,  let  e  be  n  2,  and  »  be  z:  3. 

Then  we  fliiall  have  ee  =  4,  and  nn  =  9,  and  u  =  4^ 
and  confcquently  — -^—  (n  ^  ""— )  =  4-^  and  -^SL 
( =  i2i£iL_3)  ^  _IL,  and  ^-i-'  (=  i±i)  =  JLL.. 

^  2X2^  4'  2ir^  4'  4* 

Therefore  -^,  ^,  and  — ,  will  be  three  rational  numbers 
4       4  4 

that  will  exprefs  the  three  fides  of  a  right-angled  triangle. 
And  accordingly  we  Ihall  find  that  the  fquare  of  ^  will  be 
equal  to  the  fum  of  the  fquares  of  -^  and  — .  For  thte 
fquare  of  -il  is  =  ^,  and  the  fquares  of—  and  —    are 

^      "            4                 10  *  4  4        ' 

^^         J    H4  J  i^Q  •     2tf     .     144. 

*4  and  -7^  J  and  -^  IS  =  -^  +  '^. 
i5  16  '  16  16         16 

Thirdly,  let  ^  be  =  3,  and  »  be  =  5.. 

-  Then  we  (hall  have  ^^  =  9,  and  »«  =  25,  and  2^  ==  6^ 

and   confequently  -^Izj!!  r::^  21rl.)  =  ii,  and   -^ 

3  H  2  Therefore 
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Therefore  —-,  ^,  and  ^,  will  be  three  rational  numbers 
that  will  exprefs  the  three  fides  of  a  right- angled  triangle. 
And  «cordingly  we  Ihall  find  that  the  fquarc  of  ^  will  be 

equal  to  the  fum  of  the  fquares  of  -^  and  ■^.     For  the 

fquarc  of  ^  is  i^,  and  the  fquares  of  ^  and  -^  arc  ^ 

and5^;andilfSs=iL6  +  2^. 
36  36  36        36 

Thefe  three  numbers  -^,  ^,  and  ^,   might  tave  been 

reduced  to  fmaller  numbers,  by  dividing  both  their  nume- 
rators  and  denominators  by  2.    For  they  would  then  have 

Jjcen  — ,  -i^,  and  — .     Therefore  thefe  three   numbers 

— ,  -^,  and  — ,  will  exprefs  the  three  fides  of  a  right- 
angled  triangle. 

Fourthly,  let  ^  be  =  3,  and  »  n  7, 

Then  we  fliall  have  ee  =  9,  and  »»  =  49,  and  ^e  =  6, 
and  confcquently  ^^f  '^  (z:  '^^J"^-)  =  -^,  and  •—- 
(=  ii<3>L2)  -  iL,  and   ^tif  (=  i2  +  2)  =  ^, 

Therefore  -^,  •—-,  and  -—->  or  — ,  — ,  and  — ,  will  be 

6'-     6'  6'  33  3 

three  rational  numbers  that  will  exprefs  the  fides  of  a  right- 
angled  triangle.     And  accordingly  we  (hall  find  that  the 

fquare  of  ~  will  be  equal  to  the  fum  of  the  fquares  of  ~ 

and  — .    For  the  fquare  of  ~  is  -^,  and  the  fquares  of 

i£.and  2Larei22and  Hi ;  and  5ii  is  =  ^  +  ^. 
3  3  9  9  9  99 

Fifthly, 
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Fifthly,  let  ^  be  =  3,  and  »  =:  11. 


Then  we  {hall  have  ee  zz  9,  and  «»  =  121,  and  le  r: 
- —  (=  — T — )  =  -^^  and  — 


6,  -and  confcquently   ^ — -  (=r  — jr— ^)  =;  ^,  and  — 


(=-6—)  =T'  ^^^  —7"  C=  —6—)  =  X-  There 

fore  ~,  — ,  and  ^,  or  -^,  — ,  and  — ,  will  be  three 

rational  numbers  that  will  exprefs  the  three  fides  of  a  right- 
angled  triangle.     And  accordingly  we  (hall  find  that  the 

fquare  of  —  will  be  equal  to  the  fum  of  the  fquares  of.  -^ 
and  — .    For  the  fquare  of—  is  ^^,  and  the  fquares  of 

i^andliare  iii-^  apd  I^;  and  ^^  ^3  ^  3136  ^  £089 
3  3  99  9  99 

Sixthly,  let  ^  be  —  5,  and  »  =  1 3. 

Then  we  ihall  have  ee  =  25,  and  nn  zz  169,  and  ze  == 
10,  and  confcquently  —^  (=  '■^^^)  =  ^,and~ 
( =  I2JLL1)  =  11°,  and  ?^tif  (=  lh±2i)  =    i2i_. 

^  10       '  10  ,2#  ^  10         '  10 

Therefore  i^,  if,  and   '^,  or  ^',  ^,  and  ^  will  be 

three  rational  numbers  that  will  exprefs  the  three  fides  of  a 
right-angled  triangle.    And  accordingly  we  (hall  find  that 

the  fquare  of  —  will  be  equal  to  the  fum  of  the  fquares  of 

Z^  and  -^    For  the  fquare  of  —  is  2i22,  ind  the  fquares 

of^and-^arclll*andl^;and2i^is  =  ^  + 
4*25 
«5  * 

Thus  we  have  obtained  fix  different  fcts  of  rational  num- 
bers, which  exprefs  the  lengths  of  the  fides  of  as  many  dif- 

fercnt 


4ii  0/  Rational  Numhei^s  that  ex^ejf  iU 

ferent  right-angled  triangles ;  to  wit,  ift,  — ,  -^,  and  -*.  j 
and,  2dly,  -|-,  ~,  and  -^;  and,  3dly,  — ,  -^jond^; 
and,  4thly,  ■^,  ^',  and  ^;  and,  5thly,  ^,  2i,  and  ^5 

and,   6ihly,  — ,  ~j  and  •^.      And,    by  changing  cither 

both  the  numbers  denoted  by  e  and  tty  or  only  one  of  thofe 
numbers,  and  computing  the  values  of  the  tliree  fraftions 

r-,  — ,  and  ,  we  may  obtam  as  many  more  fuch 

fets  of  numbers  as  we  pleafe. 

Art.  3.  All  thcfe  numbers  are  fradlions,  becaufe  they  arc 
derived  from  the  general  fraflional  expreffions  — "^^  — , 

and  21±-!f,    But,  if  we  multiply  the  three  fraflions  of  each 

of  thefe  fix  fets  of  fraftions  by  their  common  denominator, 
the  produAs  will  be  whole  numbers  expreffing  the  fides  of 
greater  right-angled  triangles  fimilar  to  the  former  triangles, 
of  which  the  fides  were  exprefled  by  the  foregoing  fradions^ 

Thus,  if  we  multiply  the  three  fradlions  — ,  ~,  and  -^, 

^y  tlieir  common  denominator  2,  we  Ihall  have  the  whole 
numbers  3,  4,  and  5,  for  the  fides  of  a  greater  right-angled 
triangle  fimilar  to  the  former  triangle,  of  which  the  fides 

were  expreflfed  by  the  fradions  — ,  -i-,  and  -^ .     And, 

if  we  multiply  tlfe  three  fraftions  — ,  — ,  and  — ,  by  their 

common  denominator  4,  we  Ihall  have  the  whole  numbers 
5,  12,  and  13,  for  the  fides  of  a  greater  right-angled  tri- 
angle fimilar  to  the  former  triangle,  of  which  the  fides  were 

— y  ~,  and  ^.    And,  if  we  multiply  the  diree  fraftiona 
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« — ,  — ,  and  — ,    by  their  common   denominator  3,    we 

3  0  D 

(hall  have  the  whole  numbers  8,  15,  artd  ly,  for  the  fides 
of  a  greater  right-angled  triangle  fimilar  to  the  former  tri- 
angle, of  which  the  fides  were  — ,  — ,  and  — .  And,  itt 
^  3        3  3 

like  manner,  from  the  fra^ions  — ,  ~,  and  — ,  we  may 

derive  the  whole  numbers  ao,  ai,  and  29;  and  from  the 

fraftions  — ,  — ,  and  —,  we  may  derive  the  whole  nam* 
3      3  i  ^ 

bers  56,  33,  and  65  ;  and  from  the  fradions  — ,  -i,  and 

— ,  we -may  derive  die  whole  numbers  72,  65,  and  975 

all  which  fets  of  whole  numbers  will  exprefs  the  fides  of 
right-angled  triangles  fimilar  to  the  three  former  triangles,  of 

which  the  fides  were  expreffed  by  the  fraftions  — ,  ~,  and 

•^,  and  the  fradions  — ,  21    and-.— >  and  the  fradtions— , 
3  '  3       3  3  .5 

X  and  ^. 
S  5 

Art.  4.    And  thefe  whole  numbers  might  have  been  ob- 
tained at  once  by  computing  only  the  numerators  of  the 

three  general  fraftions  ^"  *"  ^^,  — ,  and  ^ — ^,  to  wit,  the 

cxpreflions  nn  —  ee^  len,  and  tm  +  ee^  which  are  the  pro- 
dufts  of  the  multiplication  of  the  faid  three  fraftions  into 
their  common  denominator  2e.  For  then  we  ftiould  have 
found,  in  the  firft  example,  in  which  tf  is  =  i  and  n  is 
=  2,  that  the  faid  expreffions  tm^-^ee^  zcn,  and  nn  +  ee, 
would  have  been  equal  to  (4 —  i,  2  x  i  X  2,  and  4  +  i,' 
^0  3»  4*  ^^^  S »  ^^^>  ^^  ^he  fecond  example,  in  which 
i  was  =  2,  and  ;/  =  3,  we  Ihould  have  had  nn  —  ee,  len^ 
jwd  nn  +  €€^  equal  to  (j  ^m/^^  2  )<  a  X  j,  and  9  +  4,  or) 
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5^  12,  and  ig;  and,  in  the  3d  example,  in  which  e  was 
rr  3,  and  »  =  5,  we  fhould  have  had  nn  —  ee^  zen,  and 
nn  +  ^,  equal  to  (25  —  9,  2  x  3  X  5,  and  25  +  9^  or) 
16,  30,  and  34,  which,  when  divided  by  2,  become  8, 
15,  and  17  ;  and  in  the  4th  example,  in  which  e  was  in  3, 
and  »  =  7,  we  fliould  have  had  nn  -—  ee,  len^  and  «»  + 
^,  equal  to  (49  —  9,  2  X  3  X  7,  and  49  +  9>  or)  40, 
42,  and  58,  which,  when  divided  by  2,  ^become  20,  21, 
and  29 ;  and,  in  the  5th  example,  in  which  ^  is  =  3,  and 
n  is  =  II,  we  fliould  have  had  nn  —  eSy  len,  and  nn+  ee, 
equal  to  (121  —9,  2X3  X  ii>  and  121  +  9,  or)  112, 
66,  and  130,  which,  when  divided  by  2,  become  56,  33, 
and  65  ;  and  in  the  6th  afifl  laft  example,  in  which  e  was 
rr  5,  and  p  was  =13,  we  fliould  have  had  nn  —  ee,  zen, 
and  nn  +  ee,  equal  10^(169  —  25,  2x5x13,  and  169 
+  25,  or)  144,  130,  and  194,  which,  when  divided  by  2, 
become  72,  6^,  and  97.  And  thus  we  fhould  haye  ob- 
tained the  fix  foregoing  fets  of  whole  numbers  to  exprefs 
the*  fides  of  different  right-angled  triangles,  to  wit,  ift,  the 
numbers  3,  4,  arid  5  ;  2dly,  the  numbers  5,  12,  and  13  ; 
3dly,  the  numbers  8,  15,  ^d  ly ;  4thly,  the  numbers  20, 
21,  and  29;  fihly,  the  numbers  56,  ^3^  and  6^;  and, 
(6thly,  the  numbers  72,  65,  ^nd  97. 


A    SCHOLIUM. 


Art.  5.  It  tnay  be  obferved,  that  in  the  four  firft  of 
the  foregoing  fix  fets  of  numbers,  which  exprefs  the  fides 
of  right-angled  triangles,  to  wit,  in  the  numbers  3,  4,  and 
5,  and  in  the  numbers  5,  12,  and  13,  and  in  the  numbers 
S,  i5»  and  17,  and  in  the  numbers  20,  21,  and  29,  the 
firft  number  of  each  fet  is  lefs  than  the  fecond ;  but  in  the 
fifth  and  fixth  fets  of  thofe  numbers,  to  wit,  in  the  numbers 
561  33,  and  65,  and  in  the  numbers  72,  65,  and  97,  the 

firft 
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firft  number  of  each  fee  is  greater  than  the  fecond.  Nov 
this  depends  upon  the  proportion  in  which  the  number  n 
(which  is  always  greattt*  than  ^,)  exceeds  the  number  e^ 
For,  if  »  were  not  a  number,  but  a  quantity  incommenfur- 
able  to  I,  which  bore  the  fame  proportion  to  the  number  e 
as  i  bears  to  \/2  —  i,  or  to  the  excefs  oiy/i  above  i,  or 
as  the  fide  of  a  fquare  bears  to  the  excefs  of  its  diagonal 
above  its  fide,  the  general  expreffion  m  —  ee^  from  which 
the  firft  terms  of  all  thefe  fets  of  numbers  are  derived, 
would  be  exaftly  equal  to  the  general  expreffion  2«r,  from 
which  the  fecond  terms  of  the  laid  fets  of  numbers  are  de- 
rived :  and,  when  the  proportion  oi  n  to  ^  is  lefs  than  that 

of  I  to  y/i  —  I,  or  »  is  lefs  than  e  x  ,   the  general 

expreffion  fpi  -^  ee  will  be  lefs  than  2en :  and,  when  the 
proportion  of  ;y  to  ^  is  greater  than  the  faid  proportion  of  i 

to  \/z  —  I,  or  »  is  greater  than  e  x  "7;zT>  ^^^  general 

expreffion  m  '^ee  will  be  greater  than  ^en.  Theft  things 
may  be  demonftrated  in  the  manner  following. 

Art.  6.   In  the  ift  place,  if  »  is  =  ^  x  -7 ,   we  (hall 

have  nn  =  ee  X     ;-!—■;  = ^^y—i — >  and  nn  —  ee  (= 

ee     ^  a    f  1  ^  z  ^2  -^x  X  ee      ^^ 

2-2  i/1^  ^-^  ee  ^  ^^^  i/2  + 1  a  -  2  v^2  +  1         ~ 

te  (^ee  -^  1  $Jz  X  ee  -^  ee  __                ee 

2—2  t/z  +T  j         a  —  a  y^a  +  1  2  —  2^/2  +  1 

ijee^  2  ^2  X  ee  _     w_ '  —  ye  +  2  j/z  X  ee      _ 

ja  —  2v^2  +  i               a-2v^2  +  i  a  —  2^2  +  « 

iV^j^ee^:^         jeejT^^      ^    _^fl_  .   and  WC 
2  —  2  ^a  +  1  2  -,  2  V^2  +  1  -^  v^a  —  I    ' 

(hall  alfo  have  2<f»  (=  2f  x  ^  X  —r^ — )  =    -r-"- — • 

And  cbnfequently  m  —  a  will  in  this  cafe  be  equal 
to  zen^  Q^  £•  D. 

3  I  ^%, 
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2dly,  If  n  is  Icfs  than  e  x     ■  ^  _  ,  the  compound  quan- 
tity nn  — ee  will  be  lefs  than  zm. 

For,  if  we  fuppofe  »,  from  being  equal  to  e  x     y  -'^ — » 

to  become  lefs  than  that  quantity,  but  ftill  to  be  greater 
than  e,  and  the  decrement  of  »,  or  its  difference  from  its 
firft  value,  to  be  denoted  by  the  letter  dy  it  is  evident  that 
^hile  n  is  decreaiing  from  nion  —  d^  the  compound  quan* 

tity  tm^^ie  will  decreafe  from  nn  —  ie  to  n  —  ^V  —  ^^, 
that  is,  to  nn  »  tnd  -^  dd-^  te^  or  to  nn  ^ie  —  znd  +  dd^ 

or  to  nn  —  ^^  —  (%nd  —  ^,  or  will  be  lefs  than  it  was  be- 
fore by  the  quantity  ind  —  dd\  and  in  the  fame  time  the 
quantity  ^en  will  decreafe  from  its  firft  value,  2^,  (which 

was  equal  to  nn  —  ei)  to  a^  x  n — d^  or  len  —  zed^  or 
will  be  lefs  than  it  was  before  by  the  quantity  zed.  •  Now, 
btcaufe  n  —  ^  is  greater  than  i?,  it  follows  that  n  muft  be 
greater  than  e  +  d,  and  cenfequently  that  n  —  e  muft  be 

greater  than  d.  Therefore  id  x  n  —  ^  will  be  greater  than 
2.d  X  dy  or  2nd  —  led  will  be  greater  than  idd,  and  con- 
fequently  ind  will  be  greater  than  idd  +  zed,  and  md  -^  dd 
will  be  greater  than  dd  +  led.  Therefore,  h  fortiori^  ind 
m^dd  will  be  greater  than  zedy  that  is,  thp  decrement  of 
the  quantity  nn^—  ee  while  n  decreafes  from  »  to  a  —  ^,  will 
be  greater  than  the  decrement  of  the  quantity  zen  m  the 
fame  time :  and  confequemly  the  quantity  nn  —  ^^  — 
{%nd  — •  ddj  to  which  nn  —  ee  will  have  decreafed,  while  n 
was  decieafing  from  »  to  »  —  d^  will  be  lefs  than  the  quan- 
tity zen  ^^  zed,  to  which  the  quantity  zen  (which  was  at 
firft  equal  to  wi  —  ^,)    will  have  decreafed  in  the   fame 

time ;  or,  if  n  is  of  any  magnitude  lefs  than  e  x     .   _ — > 

but  greater  than  e,  the  quantity  nn  —  ee  will  be  lefs  than 
the  quantity  zen.  q^  e.  d. 

And,  3dly,  if  n  is  greater  than  e  x  -7-^  1  the  com- 
pound quantity  nn  —  ee  will  be  greater  than  len. 

For, 


For,  if  wc  fuppofe  »,  from  beiirg  ^eqtial  to  t  X  jl^$ 

to  become  greater  than  that  quantity,  and  the  iocremenc 
of  n^  or  its  difference  from  its  forfner  value,  to  be  denoted 
by  the  letter  dj  it  i$  evidqnt  that,  wlule  n  is  increafing  from 
n  to  n  +  d,  the  compound  quantity  «« —  ^  will  increafe 

from  itn^^ie  to  p  +  d]*  **•  ^^>  ^^^^  ^»  ^^  ^  ^*  ^^  +  ^ 
^^  ^dv  or  to  m  ~  ^/  +  2nd  +  ddj  or  it  will  be  greoboer  tliaA 
it  was  before  by  the  quantity  and  +  dd ;  and  in  the  hmt 
time  the  quantity  len  will  increafe  iirom  its  firft  value^  lett^ 

(which  was  equal  to  »»  —  ee,}  to  ae  X  n  +  d,  or  2€n  +  a^, 
or  will  be  greater  than  it  was  before  by  the  quantity  2ed^ 
Now,  becaufe  n  is  greater  than  e,  it  foHows  that  ind  mtift 
be  greater  than  2«/;  and  confequencly,  ifortioriy  tnd  +  dd 
Will  be  greats  than  %ed'^  that  is,  the  increment  of  iw-^  «f 
during  the  increafe  of  n  from  »  to  »  +  J  will  be  greater 
than  the  contemporary  increment,  of  %en.  Therefore  the 
ijuantity  m  —  «f  +  and  +  dd^  to  which  m-^  ee  will  have 
increafrd  while  n  increafcd  from  w  to  »  +  ^^  ^H  be  greater 
than  the  quantity  %en  +  zed^  to  which  the  quantity  zm 
(which  was  at  firft  equal  to  nn  —  ee^  will  have  increafed 
in  the  fame  time ;  of,  if  n  is  of  any  magnitude  greater  than 

t  X  ■?;■  -^i^  ,  the  quantity  tm  -^  ee  will  be  greater  than  the 

quantity  len.  q^  e»  P. 

Am  7*  If  we  take  two  numbers  for  e  and  «  that  are 
ftearly  in  the  propordoa  of  v/2  —  i  and  1,  we  Ihall  find 
that  »»  —  «  will  be  very  nearly  equal  to  %en.  Now  \/x 
is  =  1*414  &c.  Therefore  y^a  —  i  b  =  1414  &c  —  x  » 
2=  0.414  &c,  and  s/z  —  i  is  to  i  pretty  nearly  in  the  pro- 
portion of  0.414  to  I,  or  of  414  to  tooo,  or  of  ao/  to 
jjoo.  Therefore',  if  wc  fuppofe  ^  to  be  =  aoy,  and  n  to 
oe  si  500,  the  value  o£  m  —  te  ought  to  be  nearly  equal 
\o  that  of  2€n.    And  fe  we  fliall  find  theta  to  be. '  For^  * 

i^pon  thefe  fuppofitioos,  we  (ball  have  ^  (=  207I*)  a 
42,849,  and  »»  (r:  500 1*)  n  150,000,  and  m^^ee  (n 
Jt^o,ooo  —  42,849)  r:  107,15 !•    And  ^en  wiU  be  (  — 

3  I  2  ax 
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2  X  207  X  500  =  ^07  X  1000)  =  207,000;  wl^icb  is 
very  nearly  equal  to  207,151,  or  nn  —  ee^ 

Art.  8.  And,  upon  thcfc  fuppofitions,  fin  +  et  will  be 
(rr  250,000  +  42,849)  2=  292,849  ;  which  gives  us  a  fe- 
venth  fet  of  numbers  that  exprcfs  the  fides  of  a  right- 
angled  triangle,  to  wit,  the  numbers  207,151,  207,0009 
and  292,849.  And  accordingly  we  ihall  £lnd  that  the 
fquare  of  the  number  292,849,  which  rcprelcnis  the  hypo- 
tenufe  of  the  triangle,  will  be  equal  to  the  fum  of  the 
fquares  of  the  other  two  numbers  207,151  and  207,000, 
which  reprefent  the  fides  that  contain  the  right  angle.  For 
the  fquare  of  292,849  is  85,760,536,801,  and  the  fquares 
of  207,151  and  207,000,  'are  42,911,536,801  and 
42j849,ooo,ooo ;  and  85,760,536^801  is  =1  42,911^536,801 
+  42,849,000,000. 

Art.  9*  If  we  fuppofe  ^  to  be  sr  2s,  and  »  to  be  =  5, 
we  (hall  have  m  —  ee  (z=  25  —  4)  =  21,  and  zen  (= 
.2X2  X  5)  =.20,  and  nn  +  ee  (^  25  +  4)  =  49, 
Therefore  21,  20,  and  29,  will  be  three  numbers  that  will 
cxprefs  the  lengths  of  the  three  fides  of  a  right-angled  tri- 
angle. And  thefe  numbers,  we  may  obferve,  are  the  fame 
with  the  three  numbers  20,  21,  and  29,  obtained  above  in 
art.  4,  by  fuppofing  e  to  be  equal  to  3,  and  n  to  be  equal 
to  7,  excepting  that  the  order  of  the  two  firft  numbers  20 
and  21  is  different  in  the  two  fcts,  20  being  the  firft  nutnber 
In  the  firft  fet,  20,  21,  and  29,  and  being  the  fecond  num- 
ber in  the  fecond  fet,  21,  20,  and  29 ;  the  reafon  of  which 
is,  that  20  is  derived  from  the  firft  general  exprcffion 
nn  —  ee  in  the  firft  fet  of  numbers,  20,  21,  and  29,  and 
it  is  derived  from  the  fecond  general  quantity  zen  in  the 
fecond  fet  of  numbers,  21,  20,  and  29.  This,  however, 
lias  an  odd  appearance,  that,  when  the  original  numbers 
n  and  e,  from  which  the  general  expreflions  nn  —  ee^  qm^ 
and  nn  4*  ee  are  derived,  are  made  to  bear  different  pro- 
portions .to  each  other  (for  the  proportion  of  5  to  a  is  greater 
than  the  proportion  of  7  to  3^,  being  equal  to  that  of  7  ta 
a.8,  or  of  70  to  28,)  the  three  numbers  obtained  by  means 

of 


'     Sidis  of  Rigbt^a^gkJ  trtM^Ui^   '  4Sf 

of  thofe  general  expreffions  Ihould  ftill  be  the  fame^  though 
placed  in  a  different  order :  and  therefore  it  may  not  be 
amifs  to  inquire  a  little  further  into  it. 

Art.  ID.  In  order  therefore  that  the  reafon  of  this  feem* 

ing  irregularity  may  appear  the  more  clearly,  we  will  recur 

to   the  obfefvation  made  above  in  art.  5,  concerning  iho 

change  in  the  proportion  of  the  general  expreifion  rm^^ei 

to  the  general  expreflion  zeuy  when  the  proportion  of  91 

to  e^  from  being  at  firfl  a  lefs  proportion  of  majority  than 

chat  of  I  to  V2  --*  1 9  or  of  I  to  0.41 4^  &c^  becomes 

equal  to,   and  greater  than,   the  faid  ration   to  wit^  that^ 

when  the  ratio  of  nxot  is  lefs  than  the  ratio  of  i  to  0.4 141 

bcQy  the  quantity  m^^et  is  lefs  than  the  qilantity  TJtn ;  and 

thatj  when  the  ratio  of  n  to  ^  is  equal  to  the  ratio  of  i  to 

0.41 4,  &c,  the  quantity  nn  —  ee  is  equal  to  the  quantity 

dor ;  and  that,  when  the  ratio  of  »  to  ^  is  greater  than  the 

rat^  of  I  to  0.414,  &c,  the  quantity  rm  -^  ee  is  greater  than 

the  quantity  ien^    And  to  this  obfervation  we  mtift  add 

that,  if  the  ratio  of  n  to  ^,  after  having  been  equal  to  the 

ratio  of  i  to  0.414,  &c,  is  fuppofcd  to  increafe  gradually 

ad  infinitum^  the  ratio  of  m  ^^  ee  io  2en  will  increafe  gradu* 

ally  at  the  fame  time  ad  infaiitum^  or  fo  as  to  become  greater 

than  any  affigncd  ratio  whatfoever.   For  the  ratio  of  ;f»—  ee 

to  zen  IS  equal  to  the  ratio  of to  (— ,  or)   i,  or  to 

the  ratio  of  —  —  —  to  1,  or  to  the  ratio  of  —  —  ~  to 

zen  lea     ,     "  le         zn 

I,  which  evidently  incrcafes  ad  w/nitum,  while  the  ratio  of 
»  to  ^  increafes  ad  infinitum.  Therefore  while  the  ratio  of 
»  to  ^  increafes,  from  being  equal  to  the  ratio  of  1  to  0.414, 
&c,  ad  infiiiitumy  the  ratio  of  nn  —  ee  to  2^11  will  increalc 
gradually  from  a  ratio  of  equality  ad  infinitumy  and  confe* 
quently  will  become  fucceifively  equal  to  all  ratios  of  ma-? 
jority  whatfoever,  Therefore,  if  the  ratio  of  n  to  e  is  a( 
one  time  taken  equal  to  the  ratio  of  7  to  3,  (which  is  lefs 
than  the  ratio  ot  7  to  2.898,  &c,  or  of  7  to  7  x  0.414^ 
&c^  or  of  X  to  0.414,  &c,)  and  i^  afterwards  fuppofed  tQ 

increafe 
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ificiw&^nidualljrtill  it  beteooies  equal  to  the  fmd  latb  xA. 
I  ta  1x414,  &c,  and  then  to  increaie  funhar  ^d  in/fmi/mp 
the  ratio  of  the  compouAd  quantity  fm  -^  ee  to  the  quantity^ 
nen  (which  is  ecjual  to  the  ratio  of  ao  to  21,  when  the  ratio 
of  IT  to  e  is  equal  to  the  ratio  of  7  to  3,)  will  firft  become 
a  ratio  of  equality,  to  wit^  when  the  ratio  of  ir  to  #  becomes 
equal  to  the  ratio  of  z  to  0.414,  &c,  and  afterwards  will 
inchftale  continually  firom  being  a  ratio  of  equality^  (which 
may  be  conftdcred  as  an  infinitely  fmall  ratio  of  msyority^ 
and  is  ufuaily  fo  confidered  by  writers  who  treat  of  the 
magnitudes  and  meafures  of  ratios,)  till  it  becomes  fuccef^ 
fively  equal  to  every  ratio  of  majority  whatfoever.  It  there* 
foPe  miA  at  one  point  of  time  during  its  faid  increafe  be^ 
cxime  equal  to  the  ratb  of  ai  to  ao ;  or,  there  will  be  a 
certain  ratio  of  majority,  greater  than  that  of  i  to  ovVi4# 
&c,  to  which  when  the  ratio  of  «  to  /  (hall  Jiave  become 
cqusd,  the  xatio  o(  m^-^ee  to  2en  will  be  equal  to  the  ra- 
tio of  21  to  ao«  And  this  ratio  of  majority  is  thai  of  5  ta 
9,  as  has  been  (hewn  in  the  fi^regoing,  or  9th,  article. 

Att.  II.  I  will  juft  add  one  more  example  of  the  fore* 
going  method  of  finding  three  whole  numbers  that  fliall  ex^ 
prefs  die  lengths  of  the  fides  of  a  right-angled  triangle* 

Let  e  be,  =  5,  and  »  be  =  17*  And  we  (hall  hate 
H  r:  15,  and  nn  =  289,  and  mi  ^  t€  {zz  189  —  25)  =: 
264,  and  2«r  (=  2  X  5  X  17  =  10  X  17)  =  170,  and 
m  ^  €if  (s  289  +  25)  =  314*  Therefore  264,  170,  and 
314,  or  (dividing  all  thcfe  numbers  by  2,)  132,  85,  and 
157,  will  be  three  whole  numbers  that  will  exprefs  the  three 
fides  of  a  right-angled  triangle. 

And  accordingly  we  (ball  find  that  the  fquare  of  the 
number  157,  which  feprefents  the  hypotenufe,  orlinefub* 
tending  the  right  angle,  will  be  equal  to  the  fum  of  the 
iqoares  of  the  two  numbers  132  and  85,  which  reprefenC 
the  fides  that  contain  the  right  angle.  For  the  fquare  of 
157  is  24,649,  and  the  fquares  of.  132  and  85  are  1 7^424 
and  7225  j^-and  24,649  is  =  I7,4H  +  7*^5* 
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We  have  therefore  now  found  the  nine  following  fets  of 
whole  numbers  for  expreffing  the  three  fides  of  different 
right-angled  triangles  ;  to  wic, 

I  ft.  The  whole  numbers  3,  4,  and  5 ; 
adly.  The  whole  numbers  5,  iz,  and  13 ; 
3dly,  The  whole  numbers  8,  15,  and  17 ; 
4Chl3r9  The  whole  numbers  20,  21,  and  29; 
5thly,  The  whole  numbers  56,  33,  and  65$ 
^tbly,  The  whole  numbers  7-2,  65^  and  97  i 
7thly,  The  whold  numbers  207,151^  207,000,   and 

292,849 ;  *  i 

Sthly,  The  whole  numbers  21,  20,  and  29;  and 
9thly,  The  whole  numbers  132,  85,  and  157. 

And  we  may  eafily  find  as  many  more  fets  of  fuch  num« 
bers  as  we  pleafe^  by  fubftituting  different  numbers  for  e 
and  »,  or  for  either  of  them,  in  the  three  general  expref- 
fions  nn  — -  ee^  2^,  and  m  +  ee. 

Art.  12.  The  foregoing  fubjeft  may  alfo  be  treated  in 
a  fomewhat  different  manner,  by  «foJving  the  following 
Problem. 


A      PROBLEM. 


To  divide  a  given  fquare  number  into  two  other  fquare 
numbers^  either  whole  numbers,  or  fradions,  or  mixt  num- 
bers. •  . 


SOLUTION. 
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SOLUTION. 


Let  the  given  fquare  number  chat  is  to  be  fo  divided^  be 
denoted  by  the  letters  aa^  and  let  xx  be  one  of  the  two 
fquare  numbers  that  are  fought,  and  yy  be  the  other. 

Then,  fince  the  two  numbers  fought  are  together  to  be 
equal  to  the  given  number,  we  (hall,  in  the  firft  place,  have 
9CX  '^r  yy  '=^  M^ 

Now,  fincc  XX  ^  yy  is  =  aa^  it  follows  that  yy  will  be 
^         rz  aa^—  xx.    But  aa  —  xx  is  =z  o  +  x  X  a  •^  x.    There- 

'  V  fore  yy  will  he  zz  a  +  x  x  a  —  x.  Therefore^  will  be 
a  geometrical  mean  proportional  between  a  +  x  and  a —  x, 
and  confequently  will  be  lefs  than  a  +  x.  Let  the  pro- 
portion of  a  +  X  to  j^  be  that  of  the  two  numbers  m  and  ^, 

of  which  m  is  the  greater.    Then  will  j^  be  =  —  x  a  -i-  x  , 


and  yy  will  be  =  ^  x  ^  +  *i*  (^  ;^  ^  ^^  +  ^^^  +  ^) 
=  —   X  aa  +  -^  X  2ax  +   —   x   xx.     Therefore  xx 

0fM  w/w  ffitn 

>   1 1 «   fl  lift  .      fiff  •« 

+  jn  will  be  =  **  +  rr  X  tf«  +  -—  X  zax  +  —  x 

^  mm  mm  mffi 

M  »Wi  «*       V.        -^         I  •*        ^^  ,  fW 

**.(=  ;^  ><**  +  ;;=;  ^  **  +  is;  X  ^**  +  i;^  >« 

=z   — ^ —  X  XX  ^   —  X^^H X    ^ax.      But 

tntn  tniti  ffwt 

XX  +  yy  is  =  aa.     Therefore  '^-^ — -  x  ^x  +  —  X  aa 

*    -^-^  mm  mm 

+   ~   X   20X  will  alfo  be  =:   aa^    and  confcquently  *  rr 

IV0V 

^  X  «^.     Therefore  ^^^L+J^  x  *«  +  £    X   2«f  wUl 
be  =  —  X  ««  —  -  X  «a  =    """"*  X  M,  and  con- 

mm  mm  mm 

fequcntJy 
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fequcfttly  (multiplying  all  the  terms  by  mm^)  mm  +  nn\  X 
XX  +  nn  X  2ax  will  be  =  mm'^mA  X  >»<»>  and  (dividing 

all  the  terms  by  mm  +  »«,)  xx  +  — r —  X  2ax  will  be 
=  ^^7**  X  At,  Therefore  (adding  >  ■■^■-  ,,  ■  ■■■■  x  aa  to 
both  fides  of  the  equation.)  we  (hall  have  xx  +  -ii^ 


X  aa  +  — !L^    X  aa:=: !1—    X  aa.  Therefore  (er- 

trailing  the  fquare-roots  of  both  fides,)  we  ftiall  have  x  + 


X  a  zz  -^^ —  X  a,  and  confcquently  x  = 


mm  +  nit  mpi+ hm  ^  ^    .         mm  + «» 

"^  ^  ~    ■  "I^  X  «  =  ^rZTn  ^  ^"    Therefore  ^  +  a? 

Will  be  =  tf  4-  — ; —   X  a  (—  -— -■ —  X  ^  + : — 

^  mm+  nn  ^       mm  -^  nn  '^       ^     mm  +  nm 

X  a)  =  ;;£!^  X  a;  tindy,  or  ^  X  ^  +  ^,  will  be  = 

jn  mm  +  »«  ««  +  *» 

root,  or  fide,  of  the  firft  of  the  two  fquares  fought,  to 
wit,  XX  and  vy,  will  be  equal  to  — ^ —  x  tf,  and  y,  or 
the  root,  or  fide,  of  the  latter  of  the  faid  two  fquares,  will 
be  equal  to      ^^      X  a ;    and   confequcntly  xx,   or  the 

*  mm  -J-  ttM 


firft  of  the   faid    two   fquares   itfeif,    wil^    be   equal    to 

-  the  latter  of  the  faid  two  fquares 
3K  itfel^ 


*"  H^-  X  aa^  and  jy,  or  the  latter  of  the  faid  two  fquares 
+  mt\^ 


mm 
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itfelf,  will  be  equal  to  ^^*  ,    X  m,  or     ^^*\    X  aa  ; 

or,  if  m  and  »  be  any  two  numbers  whatfoever,  of  which  m 

isthe'greater,  r"""^*  X  aa  and     ^^* .     x  ««  will   be 

two  fquare  numbers  that  will  together  be  equal  to  the  origi- 
nal fquare  number  aa.  Ol  e.  i. 

\^ 
Art.  I  a .  That  thefc  two  fquare  numbers  '^!L-!^.  X  am 

•^  mm  +  ««' 

and  *^"*^  X  <W,  will  tt^ctbcr  be  equal  to  the  original 
fquare  number  «r,  will  be  evident  by  adding  them  together. 
For  SS:^  xaa  +  ==r.  X  ^4  are  =  ^,  .^^>^^ 

Q^  JS«   D. 

This  folution  of  the  foregoing  Problem  fcems  to  me 
more  eafy  and  natural  than  that  of  Dr.  Saunderipn  in  liis 
Algebra,  Vol.  2,  page  366,  ft /equentibus. 


Examples  of  the  foregoing  Solution. 


Art.  14.  Let  the  given  fquare  number  aa  be  25,  and  let 
ff  be  1,  and  m  be  2.     . 

Then  will  m  be  a  i,  and  mm  he  zz  4,  and  w»  —  »» 
will  be  (=  4  —  1)  =  3,  and  wrw  +  /w  will  be  (=  4  +  i) 
=   5,   and  confequently  mm  —  nn]*   will   be  =  '9,  and 

mm  +  nnV  will  be  zz  25,  and  4i»V  will  be  (=  4  X  4  X  1) 

s=x6. 
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£2.1$,  aiid^^S  X  «  wiUt)e=,,^  x  25.  =  9»  and 

mm  +  fuif  .5 

%ti^^  X  V?^  will  be  =  -  K  25   =   16.    Therefore  9 

and  16  will  be  two  fquare  numbers  that  will  together  be 
equal  to  the  given  fquare  number  25.  And  it  is  evident 
that  9  and  16  are  equal  to.  25; 

Secckidly,  let  aa  be  =  25,  and  fi  zz  i,  and  w  =a  3. 

.  Then  will  nnh^  zi  1^  ancj  »«»  be  =i  9,  and  confequently 
mm  r— i«f  wrll  be  (=  9—  i)/  =  8,  and  mm  +  m  will  be 
±:  9  +  1.=  10,  and  4i»?»*  will  be  {2::  4  x  9  X  1)  =  36* 

Therefore  «m».— ii«)*  will  be  r:   64,   and  mm  -f-  nn\*  wiljl, 
be  zz  roo,  and  ..    ;    ,  ;■.  X  aa ,  will  be  =»  t—:  X  ^  =  -3: 
•  X  25.=  i^  k  25  =  16,  'and  -.JS!^    X  aa  will  be  = 

*^  .X  '^w  ±: •  2.  X  *«  =  •?•  X  -2?  =  0.    Therefore  1 6  and 

9  will  be  two.fquard  numbers  that  will  together  be  equal 
to  the  given  fquare.  number  ■  215.  And  it  is  evident  that 
they  are  equal  to  25. 

.  Thefe  two  fquare  numbers  16  and  9  are  the  fame  with  the 
t^o,  former  fquare  numbers  9  and  16,  derived  from  the 
fuppqfition  that  m  was  r:  3,  exapt  in  the  order  of  their 
pofition.       '     \ 

.  Thirdlyi   let  aa  be  n   25/  and  »  be  =  i,  and  m  be 
r:  4.    ' 

Then  we  fliatthave  nn  =  1,  and  mm  ~  16,  and  confe* 
"quemly  tm-^nn  (.=  16  -^  i)  —  15,  and  mm  +  nn  (=: 

:  1(5  +  i)   •=:   17,    and  mtn  —  nn\^,  (=  f^*)  =  I25,  and 

^mm  +  »»]*  (=471-)  =  289,  and4wV  (=  4  x  i6  X  ij 

=  64/  Therefore  "^^V  x  ««  will  be  (  =  gj     y.  aa) 

*    '    ;  .■   3  K  2  =: 
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=  fji  X  aiJ>  and  s^^-XM  will  be  (== -^  X  aa) 

=  ^  X  25.  .Therefore  ^  X  45  and  ^    x   25,  will    be 

two  fqaare  numbers  that  will,  together,   be  equal  to  the 
given  fquare  number  25^^    And  it  is  evident  that  thefe  two 

fquare  numbers  are  equal  to  25  :  fof  ^  X  25  +  ^  X    25 

22c  +  <54.  280 

.    If  wc  multiply  thefe  three  numbers  f^  X  25,  jg^  X    ^5, 

and  25,  by  289,  we  (hall  thereby  obtaia  the  three  fallow* 
ing  whole  numbers,  to  wit,  225  x  25,  64  x  25,  and 
289  X  25,  which  will  be,  all  of  them,  fquare  numbers,  and 
of  which  the  two  fornier  will,  together,  be  equal  to  the  lat- 
ter. And,  if  w*  divide  thefe  three  laft  numbers  try  25^  we 
(hall  obtain  the  three  following  lefler  whole  numbers,  to  wit, 
225,  64,  and  289,  which  will  be,  all  of  them,  fquare  num- 
bers, and  of  which  the  two  former  will,  together,  be  equal 
to  the  latter. 

^     Fourthly,  let  m  be  =  25,  and  ;i  be  =  i^  and  m  be 

'Then  we  fhail  ha^re  nn'=z  i,  and  mm  =  25,  and  confe- 
quently  mm  —  «»  r:  24, "knd  mm  -{*  m:=:  16,  and  /»/»— w»j* 
(=  24I*  =:  576,  and  mm  +  nil]*  (=   26^)  =  676,  and 

4JwV  (=  4  X  25  X  1)  =  100.    Therefore  ^;^:^  x  aa 

mm  +  nny 

will  b.(=|2|  X  «)  =  |2?  X  is.  .„d  j^x  « 
will  be  ■(  =  12?  X  «.)  =  ^,  X  2S.   Therefore  ^  x  .5 

and  z-5  X  25  will  be  two  fquare  numbers  that  will,  to- 
gether,  bei  equal  to  the  givea  fquaic  joumbcr  25,     And 

accord- 


accorditigly  it  is  evident  that  the(e  two  fquare  numbers  are 

X25  =|Z^  x*25  =  25.^ 

If  we  multiply  thefe  three  hinnbers,  |2-  x  25^.  |^  x  25, 

and  «5,  by  676,  we  (hall  thereby  obtain  thethreii  follow- 
ing whole  numbers,  to  wit,  576  X  25,  100  x  25,  and 
676  X  25,  which  will  be,  all  of  them,  fquare  numbers^ 
and  of  which  the  two  former  will,  together,  be  equal  tO' 
the  latter.  •  And,  if  we  divide  thefe  three  laft  members  by 
2  J,  we  (hall  thereby  obtain  the  three  following  leffer  whole 
numbers,  to  wit,  5(76,  100,  and  676,  which  will  be,  all 
of  thdm,  Iquarc  nirmbers,  >and  of  which  the  two  former 
will,  together,  be  equal  to  the  latter.  And,  if  we  divide 
thefe  laft  numbers,  576,.  looj  and  676^  by  4,  we  (hall 
thereby  obtain  the  three  following  ftill  leflfer  whole  num- 
bers, to  wit,  144,  25,  and  169,  which  will  11  kewife  be,  all 
of  them,  fquare  numbei(,<  as4  4lf  -which  the  two  former 
will,  together,  bte  equal  to  4he-latler. 

Art.  15.    In  the  5th  place,  let  iitf  be^  as  before,  =  25, 
and  let  »  be  ir  2,  andiw  be  21  3. 

Then  we  ih^  hive  nn  7^  4^  aad  mm  ^sz  g^  and  confe* 

quently  mm  —  nn  (r:   9  —  4)   =   5i  and  mm  +  m   {:=: 

'  J  tit    .^ 

^-+4)    =   13,   and  mm  —  iro\*  =;  25,   and  mm  +  »»]* 

=  169,  and  4«iV  (=4x9x4)  =  144.  Therefore 
=^  X  aa  Will  be  (=  -^  X  -»«)  =  -^  X  25,  and 

^^-X-aa  will  be(=  Ji*  x  aa)  =  Jg  XA5.  There- 

mm  +  nii]*  ^169  ./  I%9     *     •^ 

fore  ^  X  25  9x^d^  2~  x  25  ..will  betwp;fquare  numbers 
that  will,  together,  be  equal  to  25.  And  accordingly  it  is 
f  vidcnt  that  thefe  two  fquare  numbers  "j^   X  25  and  -j^ 

X25 
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X  25  arc  equal  to  25.    For  they  are  equal  to  ^^—  X  2  j 

If  we  multiply  tliefe  three  numbers,  ^.  x  25,  ;^  X 

45,  and  2^,'  by.  169,  ^e  fliall  thereby  obtain  the  three  fol- 
lowing whole  numbers^,  to  wit;  25.x  25,  144  x  25,  and 
169  X  25,  which  will  be,  all  or  them,  fquare  numbers^ 
and  of  which  the  two  former  will,  together,  be  equal  to  tbe 
fatter.  And,  i^  we  divide  thefe  three  laft  numbers  25  X25J 
144  X  25,  and  169  X  25,  by  25,/we  flialL  thereby,  obtain 
the  three  following  leffer  whole  numbers,  to  wit,  25,  144,' 
and  169,  which  will  be,  all  of  the'm,  fquare  numbers,  and 
of  which  the  two.  former  will,  together,*  be  equal  to  the 
latter,  .  '\  • .      . 

Sixthly,  let  aa  be,  as  before,  irr  25,  aiii  let  »  be  ±:  i^ 
And  «i  be  =  5.  ; 

Thjen  we  (hall,  have  1m  =:  4,  and  mm  ix  i^i  and  confe>« 
quently  mm  —  nn  (==  25  —  4)  =  21^  and  mm  +  m  (=1 

25  +  4)  z=  29J  and  mm  —  nn)^'(=z  2I*')  =  441,  and 

'mm  +  nnV  (=  .2p*)  =  841,  and.'4^V  (rz  4  x  25.x  ♦) 

z;  400.  Therefore  ^^^  X  aa  will  be  (=  i^i   x    aa) 

-  §17  X  ^5/ and      r*^>       X  aa  will  be  =  g? -x   25- 

Therefore  fjj  X  25  and  ^  X  25,  will  be.tvvo  fquare 
numbers  that  will,  together,  be  equal  to  the. given  fquare 
number  25.    And.fo  we  fliall  find  them  to'be^'  for  |^ 

—  25.         ■  .  •    • 

If 
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If  we  multiply  thefe  three  numbers,  |^  ^  ^5*  |^  ><  ^S>: 

aad  25,  by  841 ;  we  (hall  thereby  obtain  the  three  following 
whole  numbers,  to  wit,  441  x  ^5,  400  x  25,  and  841  x  , 
25,  which  will  be,  all  of  them,  fquare  numbers,  and  of 
which  the  two  former  will,  together,  be  equal  to  the  latter. 
And,  if  we  divide  thefe  tlirce  whole  numbers  by  25,  we 
(hall  obtain  the  three  following  leifer  whole  numbers,  to 
wit,  441,  400,  and  841,  which  will  be,  all  of  them,  fquare. 
numbers,  and  of  which  the  two  former  will,  together,  be 
equal  to  the  latter. 

Seventhly,  let  aa  be,  as  bcfot-e,  =  25,  and  let «  be  =  3^. 
and  mbt—f. 

Then  we  (hall  have  m  =  4,  and  mm  =  49,  and  confe« 
quently  mm  —  nn  ( =  49  —  4)  =  45,  n^nd  mm  -^  tm  (== 

49  +  4)  =  53,   and  mm  -  «M*  (=  4s\*)  =  2025,  and 

mm  +  »»]*  (=  53V)  r=  2809,  and  4i»V  (.-^  4  X  49  X  4) 

=  784.  Therefore  ^^^  X  aa  will  be  (=  ^  x  aa) 
=  ^  X  25,  and  =^^  X  aa  will  bo  =  -^  x  25. 

2809  ^'  mmJ^nn\^  2809  ^      ^ 

Therefore  ^  x  25  and  ^  X    25,   will   be  two  fquare 

numbers  that  will,  together,  be  equal  to  the  given  fquare 
number  25.     And  accordingly  it  is  evident  that  thefe  two 

fquare  numbers  ^|^  x  25,  and  ^^  x   25,   are  equal  to 

^      1  1        202c  -I-  784  2800 

25-    For  they  are  equal  to  --^^f^  x  25  =  jg^  X  25 

=  25. 

If  we  multiply  thefe  thiee  numbers,  jg^l  X  25,  ^^  X  25, 

and  2 j  by  2809,  we  (hall  thereby  obtain  the  three  follow- 
ing whole  numbers,  to  wit,  2025  X  25,  784  x  25,  and 
2809  X  25,  which  wHl  be,  all  of  ihem,  fquare  numbers, 

and 
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^nd  of  which  the  two  former  will^  togetherj  be  equal  to  the 
latter.  And,  if  we  divide  thcfe  three  whole  numbers  by  25, 
we  (hall  thereby  obtain  the  three  following  lefler  whole  aum- 
bers,  to  wit^  2025,  784,  and  &8d9i  which  will^  all  of  them> 
be  fquare  numbers,  and  of  which  thtf  two  former  will^  to- 
gether, be  equal  to  the  latter. 

Art.  t6.  In  the  8th  place,  let  aa  be,  as  before,  equal  to 
95,  and  let »  be  n:  3,  and  m  be  =  5. 

Then  we  ihali  have  m  =  9,  and-  mm  zz  25,  and  con* 

fequently  mm  —  nn  (=  25  — ;  9)  =  16,  and  mm  +  m$  (= 

g5   +  9)  =  34,  and  mm  —  nn\*  (=  TSj*)  r:  256,  and 

.w«r+^*  (=  34l»)  =  1156,  and  4WV  (=  4  X  25  x  9 

e  100  X  9)  =  900.    Therefore  ^^  "  ""^l   X  ^a  will  be 

^  <=  ^  X  ^^)  =  ^  X  ^5-  Therefore  ^  x  ^5, 
and  -^^  X  25,  will  be  two  Xquare  numbers  that  will,  to- 
gether, be  equal  to  the  given  fquare  number  25.  And 
accortiiagly  it  is  evident  that  thefe  two  fquare  numbers 

-^  X  25,  and  ^~  X  25,  are  equal  to  25.    For  they  arc 

2c6  +  gcx5  iic6     ^      ^  

-  -^ilf-  X  25  =  jTla  X  25  =  25. 
If  wc  multiply  thcfe  three  fquare  numbers,  -^^    X    25, 

-^^  X  25,  and  25,  by  11 56,  we  (hall  thereby  obtain  the 

three  following  whole  numbers,  to  wit,  256  x  25,  900  x 
25,  and  1 1 56  X  25,  which  will  be,  all  of  them,  fquare 
numbers,  and  of  which  die  two  former  will,  together,  be 
cqu.il  to  the  latter*  And,  if  wc  divide  thcfe  three  whole 
numbers  by  25,  we  (ball  thereby  obtain  the  three  flowing 

leffcr. 
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Icflcr  whole  numbers,  to  wit,  256,  900,  and  1156,  which 
are,  all  of  them,  fquare  numbers,  and  of  which  the  two 
former  are,  together,  equal  to  the  latter. 

Ninthly,  lee  aa  be,  as  before,  =  25,  and  let  «  be  n  3, 
and  z»  be  =  7. 

Then  we  (hall  have  nn  zz  9,  and  mm  =  49,  and  confc- 
quentiy  mm  —  nn  (zr  49  -r-  9)   =  40^  and  mm  +  nn  (z= 

49  +  9)   z:  58,  and  mm  —  nn\^  (=  4?*)   =    1600,  and 

*- — '  *— ^. 

mm  +  nny-  \^=:  58  *)  =  3364,  and  4WV  (r:  4  X  49  X  9) 

=  1764.    Therefore'^Si  X  aa  will  be  (=  i^  x  tf^) 

'  mm  +  nn\-  33^4  ' 

3364  ^  mm  +  »"  1*  3364  ' 

=  ig  X  .5.    Therefore  i^  x   25,  and  gjx  25,will 

be  two.  fquare  numbers  that,  together,  will  be  equal  to  the 
given  fquare  number  25.      And  accordingly  it  is  evident 

that  thefe  two  numbers  arc  equal  to  25,     For  -~  x  25 
176A  ^^  1600+1764  .-  •  5^64 

=  25. 

If  we  multiply  thefe   three  numbers,  —^  ^  25,  ^1^ 

X  ^5,  and  25,  by  3364,  we  (hall  thereby  obtain  the  three 
whole  numbers  1600  X  25,  1764  X  25,  and  3364  X  25^ 
which  will  be,  all  of  them,  fquare  numbers,  and  of  which 
the  two  former  will,  together,  be  equal  to  the  latter.  And, 
if  we  divide  thefe  three  whole  numbers  by  25,  we  (hall 
thereby  obta^in  the  three  following  leflcr  whole  numbers^ 
to  wit,  1600,  1764,  and  3364,  which  are,  all  of  thern^ 
fquare  numbers,  and  of  which  the  two  former  ait  equal  to 
the  latter. 

%  Li  Tcnthlf^ 
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TentUly,  let  aa  be,  as  before,  =  25,  and  iet «  be  ^  3?, 
ftad  »  be  ;=  1 1. 

Then  we  fliali  Have  nn  =  9,  and  mm  ir  in,  and   con- 
fequcmly  »»—««(=   121  —  9)  iz  112,  and.  pnm  -i-  nn 

(=  121  +  9)  =  130,  and  mm  —  nn\*  (=  112I*)  =r 
^^>544>  ***^  ««»  +  »w)*  {=  130]*)  =:  16,900,  and  ^m^n^ 
(=:  4  X    121   X   9   =  484   X  9)  =  4356.     Therefore 

'-—l     X  tftf  wiU  be  (iz  -T^^    X  ^/J)  =  _!2U    X     2<, 

iw,»+^»  •         ^       i6,9po  ^        ^  16,900    ^        -=>* 

and  .=^^  X  aa  wiU  be  (=  ^  x  ^)  =-1151  X  25. 

M«  +  «<y)«  ^         \6,y>o  "'         16,900  ^ 

Therefore  J^  x  25,  and  ^    x    25,    will    be    two 

fquare  numbers  that  will,  together,  be  equal  to  the  given 
fquare  number  25.     And  accordingly  it  will  eafiiy  appear 

that  thefe  two  numbers  are  equal  to  25,    For  ^-r—  X    25 

/L\z6  12,544  +  4396  16,000 

+   7S^  X  ^5  arc-,     ,e,9oo'    -X  ^S  =15^^   X    25 

=  25, 

If  we  multiply  thefe  three  numbers,  iilllf  x  2ij,  -^ — 
^  ^  '  16,900  ^  ^  •>'   16^990 

X  25,  and, 25,  by  16,900,  we  (hall  thereby  obtain  the 
three  folldwipg  whole  numbefs,  to  wit,  12,544  x  25, 
4356  X  .25;  ahd  16,900  X  25,  whigh  are,  all  of  them» 
fquat:e  numbers,  and  of  which  the  two  former  are,  together, 
equal  to  the  latter.  And,  if  we  divide  thefe  whole  num- 
bers by  25,  we  fliail  thereby  obtain  the  three  following  leflcr 
whole  numbers,  to  wit^  12,544,  4356,  and  16,900,  which 
are,  all  of  them,  fquare  numbers,  ^^o  wit,  the  fquares  of 
the  nuipbers  112,  66,  and  130,)  and  of  which  the  two 
former  are/  together,  equal  to  the  latter. 

Art.  17.    In  the  nth  place,  let  aa  be  equals  as  before, 
to  «5,  and  let  »  be  =  5,  and  »  be  =  7, 

Thea 


s 
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Then  we  ihall  have  nn  =  25,  and  mm  =  49,  and  con- 
fequently  mm  —  rm  (zz  49  —  25)  =  24,  and  mm  +  nn 

'         (=  49  +  ^5)  =  74>  and  wtw  —  n/^r^  (=r  2"^*)   =   576, 
and  mm  +  »»]*  (;=  74I*)  =  5476,  and  4»»V  (=  4  x  49 

J  X  25  =  100  X  49).=  4900.     Therefore !"'"  ""  ""^  ■■  x  m 

Will  be  (=  ^  X  aa)  zz  ^•  x  25,  and  ..^^  X  ^ 

%viU  be  {=  121^  X  ^la)  =  122?  X   25.     Therefore  -^ 
^       5476  ^         5476  ^  547^ 

X   25,   and  12^  X  25,  will  be  two  Cquare  numbers  that 

will,  together,  be  equal  to  the  given  fquare  number  25. 
And  accordingly,  if  we  add  thefe  numbers  together,  we 

lliall  find  them  10  be  (=  iZlJli???  x  25  =  -^^^  x  25) 
^  5476  ^        S476         •>/ 

-  ^^-  .    . 

If  we  multiply  thefe  three  numbers,  -^  X  25, 122?  x  25, 

gnd  25,  by  5476,  we  Ihall  thereby  obtain  the  three  follow- 
ing whole  numbers,  to  wit,  576  x  25,  4900  x  25,  and 
5476  x  25,  which  are,  all  of  them,  fquare  numbers,  and 
of  which  the  two  former  arc,  together,  equal  to  the  latter; 
And,  if  we  divide  thefe  whole  numbers  by  25,  we  (hall 
thereby  obtain  the  three  following  leflfer  whole  numbers^ 
to  wit,  576,  4900,  and  5476,  which  are  alfo,  all  of  them,* 
fquare  numbers,  and  of  which  the  two  former  ate,  together,  " 
equal  to  the  btter, 

Twclfthly^   Jet  m  be,  as  before,  =  25,   and  let  ;f  be 
r:  5,  and  i»  be  1=  i  u 

Then  we  fhall  have  rm  =  25,  and  mm  zz  121,  and  con* 
fequently  tnm  — .■  nn  (=  121  —  25)  =  96,  and  mm  +  nn 

(=:  121  +  25)  =  146,  and  mm  —  nn\*  (s:  96^*)  =-9216^ 

3  L  2  and 
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and  mm  +  nnY  (r:  146)*)  =r  21,316,  and  4«iV  (r:  4  x 

121  x' 25  =  121  X  100)  zz  j2,iDo/  Therefore 

X   aa  will  be  (=  ^   X   aa)-  ^ 
^        41,316  '  *i.3it 

-i!^*-  V  ^^  will  h.  r-  I£i!??  ^.  ..N  -  "''^ 


ivrm  —  «« ' 


I  •^-  HA 


L-.  X  ^^  will  be  (=:  I^^  X  ^^)  =  -^^    X    25, 

Therefore    ■^^'  ;    x   2c,  and  iiil^    x    2;,    will   be  two 
21,310  •        -^  21,316  -" 

fquare  numbers  that  will,  together,  be  equal  to  the  given 
fquare  number  25,     And  fo  we  (hall  eafily  find  them  to  be. 

T^      .       0216  ,      t2,IOO  ,  0216 -f  12,100 

F^"^  n;jl6   ^  ^5  +  It;^  X  25,  arc  equal  to  2-^^;^— 
IX  *5  =  T^,  X2s  =  ^5. 

If  we  multiply  thefe  three  numbers,  — ^  X   2  c,  — -^ 
^  ^  21*316  -^    21,316 

X  25,  and  25,  by  21,316,  we  (hall  thereby  obtain  the 
tl>ree  following  whole  numbers,  to  wit,  9216  x  Z5, 
12,100  X  25,  and  21,316  X  25,  which  are,  all  of  them, 
fquare  numbers,  and  of  which  the  two  former  are,  together, 
equal  to  the  latter.  And,  if  we  divide  thefe  three  whole 
numbers  by  25,  we  (hall  thereby  obtain  the  three  IciTer 
whole  numbers  9216,  12,100,  and  21,316,  which  are,  all 
of  them,  fquare  numbers,  (to  wit,  the  fquares  of  the  num- 
\)tn  96,  110,  and  146,)  and  of  which  the  two  former  are, 
together,  equal  to  the  latter. 

Art.  18.    We  have  now  obtained,  by  means  of  the  three 

general  exprc(fions  ("'"""'^     x  ^^^     ^  "'     ,  and^,  the 

twelve  following  fets  of  three  whole  numbers  each,  that 
are,  all  of  them,  fquare  numbers,  and  of  which  the  two 
firft  numbers  in  every  fct  arc,  together,  equal  to  the  third 
puinljer  j  tp  wir^ 


t 
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ift^  The  numbers  9,  16,  and  25; 

idly.  The  numbers  16,  9,  and  25,  which  differ  from  thp 
three  former  numbers  9,  16,  and  25,  only  in  the  order  in 
vhich  the  two  firft  numbers  9  and  16  are  placed ; 

^  3^'y»  The  numbers  225,  64,  and  289 ; 

4thly,  The  numbers  144,  25,  and  169 ;      v 

5thly,  The  numbers  25,  144,  and  169,  which  differ  from 
the  three  foregoing  numbers  only  in  the  order  in  which  the 
two  firft  numbers  25  and  144  are  placed  ; 

;?  6thly,  The  numbers  441  j  400,  and  841 ; 

7thly,  The  numbers  2025,  784,  and  2809 ;  ^ 

Sthly,  The  numbers  256,  900,  and  11 56; 

pthly.  The  numbers  1600,  1764,  and  3364; 

lothly,  The  numbers  12,544,  4356,  and  16,906; 

iithly.  The  numbers  576,  4900^  and  5476;  and, 

}2thly,  The  numbers  9216^  j 2,100  and  21,316. 

Art.  19.  The  fquare  roots  of  the  foregoing  twelve  fcts  of 
^lumbers  are  as  follows  ;  to  wit, 

ift.  The  numbers  3,  4,  and  5 ; 

2dly,  The  numbers  4,  3,  and  5  ; 

gdly.  The  numbers  15,  8,  and  17; 

4ihly,  The  numbers  12,  5,  and  13  5 

5thly,The  numbers  5,  12,  and  13  ; 

6thly,  Th^  numbers  21,  20,  and  29 ; 

7thly,  The  numbers  45,  28,  and  53  ; 

Sthly,  The  number^  16,  30,  and  34  j 

9thly,  The  numbers  40,  42,  and  58  ; 
lothly.  The  numbers  112,  66,  and  130; 
lithly.  The  numbers  24,  70,  ^nd  74;  and 
I2tbly9  The  numbers  96,  uo^  and  146. 

Art,  JO,  Jf  wc  divide  the  wjmbQW  pf  fomc  pf  the  fore- 
going 


'^l' 
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going  fets  of  numbers  by  %%  (wbich  will  not  ak4r  the  pro- 
portion of  fuch  numbers  to  each  other,)  the  £ttd  twelve 
fets  of  numbers  will  be  as  follows ;  to  wit, 

rft>    3»  4»  a^<*    Si 

2dly,    4»  3»  and    5; 

3dly,  15,  8,  and  17  j 

4thly,  12,  5,  and  13; 

^   5thly,     5,  12,  and  13  ; 

6thly,  21,  20,  and  29  ; 

7thly,  45,  28,  and  ^S'y 

8thly,     8,  15,  and  17; 

9thly9  20,  21,  and  29; 

lotUly,  56,  33,  and  65; 

iithly,  12,  35,  and  37;  and 

i2thly,  48,  SS^  and  y^. 

And  all  tbcfe  twelve  fets  of  numbers  will  exprefs  the 
lengths  oi  the  fides  of  diflerent  right-angled  triangles. 

Art.  21,    In  the    three    foregoing    general   expreflions 


X  tftf ,  ^  i;  ■  X  #<»,  and  m^  or  . 


«8m4*^*  «i«f  +  a«i»  x«/v  4-  »«!* 

obtained  in  art,  12,  the  letter  n  anfwers  to  the  letter  e  in  the 
three  former  general  expfefltlorts  nn  —  ee,  zne^  and  m  •+•  ^^, 
obtained  in  art.  4 ;  and  the  letter  KH  in  the  three  expreffions 
obtained  in  art.  12,  anfwers  to  the  ktter  n  in  the  three 
former  expreflions  obtained  in  art.  4.  And  accordingly  we 
find  that,  where  the  fame  two  numbers  have  been  uibfti- 
cuted  inftead  of  the  letters  m  and  n  in  the  general  expreMons 

'     X   ^i  .  rimL     X  ^>  and  's=r-^ — -  -   --    -- 


were  fubftituted  in  art.  4,  rnftead  of  the  letters  n  aAd  « 
refpedively,  in  <he  geMral  eacprefiions  M  ^  ^^  ;tffr»  and 
wi  +  ^^,  they  have  produced  the  fame  three  numbers  to 
reprdent  dfe  kngths  of  tH  thrte  fi^  of  a.  right-?ngied 

triangle. 
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trtafl^.  The  o»Iy  difereiice  between  thefe  two  fets  of  ge« 
acjral  expreffioas  is,  tbat  the  three  expreflions  ^U!!*  x  ^^H 

mm  +  «»»* 

-         •^■-  X   oa.  and  ;...■■      ■  x  aa^  give  us  the  rquares 

tnmJirnt^^  mm  ^  n»>  °  ^ 

of  fuch  numbers  as  will  exprefs  the  fides  of  right-angled 
triangles,  and  the  three  expreffions  nn  —  ie^  2Me^  and 
**  +  ^^}  give  us  the  faid  numbers  themfelvcs. 

Art.  22.  The  whole  nitebers  that  expreis  the  lengths  of 
«he<(ide8  of  a  right-angled  triangle,  cannot,  when,  they  ace 
reduced  to  the  k)weft  numbers  poflible  by  dividing  tbeoi 
by  their  connnon  divifors,  be,  ail  of  them,  even  nui^iers. 

For,  if  they  were  all  even  numbers,  they  might  all  be 
divided  by.  2,  .either  oiw^,  or  more  than,  once,  till  at  laft 
fotw  of  the  quotients  wQuld  be  odd  numbers-  Thus,  for 
exaojple,  the  three  even  numbers  16,  30^.  and  34,  which 
have  been  found  above  to  exprefs  the  three  fides  of  a  right* 
angled  triangle,  are  all  divifible  by  2,  and  are  by  fiich  di- 
vifion  reduced  to  the  three  lefler  numbers  8,  15,  and  17,  of 
which  the  two  latter  are  odd  numbers. 

Art.  23.  And  further,  the  faid  numbers  that  exprefs  the 
lengths  of  the  fides  of  a  right-angled  triangle,  cannot  be, 
all  of  them,  odd  numbers. 

For,  if  the  two  numbers  expreffing  the  lengths  of  the 
two  fides  of  the  triangle  that  contain  the  right  angle,  were, 
both  of  them,  odd  numbers,  their  Tquares  would  alfo  be 
odd  numbers ;  becaufe  the  fquare  of  every  odd  number  is 
an  odd  number  taken  an  odd  number  of  times,  and  confe* 
quently  mud  be  an  odd  number:  and  confequendy  the 
fum  of  the  faid  two  fquares  muft  be  an  even  number,  be- 
caufe two*odd  numbers  added  together  always  make  an  even 
number.  Therefore  the  fquare  of  the  number  reprefent- 
ia^  thd  hji^tenufe  of  the  triangle,  being  equal  to  the  faid 
fum  of  the  two  other  fquares,  mud  be  an  even  number. 

And 
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And  confequently  the  fquare-root  of  the  faid  outnber,  that 
hy  the  number  rcprcfenting  the  hypotenufe  of  the  triangle, 
xnufl  be  an  even  number  likewife,  which  is  contrary  to  the 
fuppolition.  Therefore  it  is  impoffible  that  all*  the  three 
numbers  which  reprefent  the  lengths  of  the  fides  of  a  right- 
angled  triangle^  (hould  be  odd  numbers. 

Art.  24.   There  is  alfo  another  way  of  finding    feveml 
whole   numbers  that  (hall  reprefent  the  lengths  of  the  (ides 
of  different  right-angled  triangles ;  which  confifts  in   form- 
ing a  lift,  or  table,  of  the  fquares  of  the  natural    numbers 
1,  2,  3,  4,  5,  6,  7,  8,  9,  10,  II,  12,  13,  &c,  fet  down 
in  their  proper  order ;  and  a  lift  of  the  differences  of  the 
faid  fquares,  (which,  it  is  well  known,  are  the  ieveral  odd 
numbers  3,  5,  7,  9,  n,  13,  15,  17,  19,  21,  23,  25,  &c, 
taken  in  their  natural  order,)  and  adding  together  the  faid 
differences  that  follow  any  given  fquare  number  in  the  lift 
of  fquares  till  their  fum  amounts  to  another  fquare  number. 
Such  a  table,  carried  as  far  as  the  fquare  of  100,  will  be  as 
follows. 


4f^l^ 
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jt  TABLE  of  the  Squares  of  ibe  Natural  Ntmbers  i,  2,  3, 
4>  5i  6,  7,  8,  9,  10,  II,  la,  13,  6fr,  A;/tfr  «j  100, 
i?»^  of  tbeirfeveral  Differences  from  each  other  ^  and  iikemfe 
of  the  Differences  of  tbofe  Differencesy  or  of  the  Second  Dif^ 
ferences  of  thefaid  Squares, 


The:>qnaret  of 

The  Differ- 

Their  ad  Differences, 

The  Natural 

the  Natural 

enoes  of  the 

or  the  Differences  of 

Numbers. 

Numbers. 

faid  Squares. 

their  Differdltoes. 

I  . 

I 

2 

4 

3      

2 

3 
4 

9    .... 
j6 

5    

7    ..... 

2 
2 

5 
6 

I 

•  9 

25 

7 

36 

49    ...„ 

64 

81 

9    ..... 
1 1 

••••• 

13    

15 

'7    Z 

2 
2 
2 

2 
2 

10 

100 

19    

21 

2 

II 

121 

2 

12 

144 

3    ..... 

2 

»3 

169 

*5    .... 

2 

15 

106 
"^           ••••• 

22  < 

*7    

29 

^         ••••• 

2 

2 

.      .  16 

256 

3^ 

2 

17 

289   

33 

*•*'     ••••• 

2 

18 

324 

2 

»9 

20 

361  ::: 

400 

37  ..... 

39 

2 
2 

21 

••••• 

441 

41  ..... 

2 

22 

484 

43  ..... 

2 

23 

S^9 

45  ..... 

2 

14 

576 

47  ..... 

2 

^5 

625     •*"• 

49  ^. 

2 

26 

676,    ••- 

5* 

53    .... 

2 

27 

729 

2 

28 

7«4 :: 

55    ..... 
57    .... 

2 

s 

M 


The. 


«• 
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The  Squares  of 
the  Natural 

The  Differ- 

Their  2d  Differences, 

TtaeNatonl 

cnces  of  the 

or  the  DiSereooet  of 

Numbers. 

Numbers. 

did  Squares* 

their  Differences. 

29 

841 

••••• 

59 

30 

900  ..... 

61 

2 

3» 

961 

63     ••" 

65 

67 

-  •     ••••• 

69 

7' 

'             ••••• 

73    ..... 
75    ._ 
77    ..... 
79    ..... 

2 

32 

1024 

2 

33 

10S9 

2 

J4 

1 150 

2 

•35 

1225 

2 

36 

H 

1296 

»3  9    I. 

2 
2 

38 

1444    ..... 

2 

39 

1321 

2 

40 

1600 

2 

4* 

1681    "•" 

_            ••••• 

83 

85    .;.„ 
87 
89 
9» 

93    „... 
95    ..„ 
97    .... 
99 
101 

2 

42 

1764 

2 

43 
44 

1841      • 
1936    •"" 

Z 
2 

45 

2025 

2 

46 
47 
48 
49 
50 

2116 

••••• 

2209 
2304 

••••• 

2500 

2 

2 

2 
2 
2 

51 

2601 

2 

5» 

53 
54 

5| 

2704 
2809 
2916    •-• 

30*5    ""• 

»07    ..... 

109 

111 

a 
2 
2 
2 

56 

3136    "•" 

113 

"7    ...„ 
119 

I2Z 

"5    .^.. 
127     ^ 

1 20 

^          •ftt* 

2 

57 

3349 

2 

58 

60 
61 

62 

3364    ••- 
3481    - 
3600    ••- 

37"    '"" 
3844     •- 

2 
2 
a 
2 

63 

3969    ••- 

2 

*4 

4o.9tS    •-, 

.    2 
2 
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Thp  Natural 
Numbers, 


*5 

66 

67 
68 

69 

70 

71 

72 

7J 

74 

75 
76 

77 
78 

81 

8z 

83 
84 

86 

87 
88 

89 

90 

9« 

91 

93 
94 

96 
97 

98 

99 

too 


The  Squares  of 
the  Natural 
Numbers. 


4445 
4356 
4489 
4624 
4761 
4900 
504» 
5184 
53*9 
5476 
5625 
5776 

5929 
6084 
6241 
6400 
6561 
6724 
6889 

7056 
7225 

7396 
7569 
7744 
7921 
8100 
8281 
8464 
8649 
8836 
9025 
9216 

9409 
9604 

9801 

10,000 


The  Differ- 
ences of  the 
laid  Squares. 


»33 

ns 

W 
139 
141 

H3 
145 

»47 
149 

151 

^S3 

155 

157 

159 
161 

163 

165 

167 
169 

'73 

'75 

.'77 
179 

181 
183 
185 
187 
189 
191 

.\   197 
199 


Theif  2d  Dtterencet^ 
or  the  Differences  ai 
their  Differences. 


t 
Z 

a 
% 
% 
a 

a 
% 
% 
% 
% 
a 

2 

2 
2 

2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

2 
2 
2 
2 
2 
2 
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•  Art,  25.  In  the  foregoing  table  the  firft  column  contains 
all  the  natural  numbers  ly  2,  3,  4,  5,  &c,  as  far  as  100 ; 
%nd  the  fecond  column  contains  .the  fquares  of  the  faid 
numbers  fet  down  even  with  the  faid  numbers  themfelves, 
or  fo  that  every  fquare  number  (hall  be  in  the  fame  hori- 
zontal line  with  the  natural  number  of  which  it  is  the 
fquare  i  and  the  third  column  contains  the  differences  of  the 
fquare  numbers  in  the  fecond  column,  fet  down  in  lines 
between  the  lines  in  which  the  fquares  themfelves,  of  which 
they  are  the  differences,  are  fet  down ;  and  the  fourth  co- 
lumn contains  the  differences  of  the  foregoing  differences 
that  are  fet  down  in  the  third  column,  or  the  fecond  dif- 
ferences of  the  fquare  numbers  that  are  fet  down  in  the  fe- 
cond column ;  and  each  of  ihefe  fecond  differences  is  fet 
down  in  a  line  that  lies  between  the  two  lines  in  which 
the  two  firft  differences,  of  which  it  is  the  difference,  are 
fet  down.  And  we  may  obfcrve,  that  the  differences  fet 
down  in  the  third  column  are  the  odd  numbers  3,  5,  7; 
9,  II,  13,  15,  &c,  uken  in  their  nacural  order;  and  the 
fecond  differences  fet  down  in  the  fourth  column,  being  the 
differences  of  the  faid  odd  numbers,  are  all  equal  to  each 
other,  and  to  the  number  2. 

Art,  26.  From  the  conftruftion  of  this  table,  it  is  obvi- 
ous that,  if  we  take  any  nuiiiber  whaifoever  in  the  firft  co- 
lumn, and  look  out  its  fquare  in  the  fecond  column,  and 
then  add  together  the  feveral  differences  in  the  third  column 
that  follow  the  faid  fquare  ncmber  in  the  fecond  column, 
till  the  fum  of  the  faid  differences  fhall  amount  to  a  fquare 
number,  the  fquare-root  of  the  faid  fquare  number,  or 
the  number  in  the  firft  column  that  is  placed  even  with  it, 
-and  the  number  firft  taken,  will  exprefs  the  lengths  of  the 
two  fides  of  a  right.»angled  triangle  that  contain  the  right 
angle,  and  the  number  in  the  firft  column  that^iinmedi- 
ately  follows  the  laft  of  the  faid  differences  in  the  third 
column,  fo  added  together,  will  exprefs  the  length  of  the 
hypotenufc  of  the  fame  triangle.  Thus,  for  example,  if 
we  take  the  number  g  in  the  firft  column,  and  find  its 
fquare,  to  wit^  9,  in  the  fecond  column^  and  then  add  up 

the 
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the  difierences  7,  9,  11,  t^y  &c,  \n  the  third  column, 
which  come  after  the  fquare  number  9,  till  their  fum  be- 
comes equal  to  a  fquare  number,  (for  which  purpofcwe 
need  only  add  together  the  two  diffejences  7  and  9,  bc- 
caiifc  their  fum  is  .16,  which-  is  a  fquare  number,)  the 
fquare  root  of  the  faid  fquare  number  1 6,  or  the  number 
in  the  firft  column  which  is  placed  even  with  it,  to  wit,  the 
number  4,  and  the  number  3,  which  was  taken  at  firft, 
will-  exprefs  the  lengths  of  the  two  fides  of  a  right-angled, 
triangle  that  contain  the  right  angle>  and  the  number  5  in 
the  &rft  column,  which  immediately  follows  the  laft  of  the 
faid  two  differences,  (b  added  together,  to  wit,  9,  will  ex- 
prefs the  length  of  the  hypotenufe  of  the -fame  triangle. 
So  that  we  we  fliali  hereby  obtain  the  whole  numbers  3, 
4,  and  5i  to  exprels  the  lengths  of  the  three  fides  of  a 
right-angled  triangle:  which  numbers  we  had  before  ob- 
tained by  both  ^hc  former  methods  of  inveftigation. 

Art.  27.  If  we  look  in  the  3d  column,  or  column  of 
diiFerences,  for  thofe  differences  that  are  themfelves  fquare 
numbers,  without  being  added  to  any  of  the  foregoing,  or 
following,  differences  to  make  them  fo,  Cwhich  differences 
are  but  few  in  number,  being  only  the  following  fix  num- 
bers, to  wit,  9,  2j,  49,  8t,  121,  and  169,  in  the  whole 
table,)  we  may  at  once  obtain  from  each  of  thcfe  differences 
a  fct  of  nCimbers  that  will  exprefs  the  lengths  of^the  three 
fides  of  a  right-angled  triangle.       « 

For,  fince  9  is  a  fquare  number,  and  is  likewife  the  dif- 
ference between  the  two  contiguous  fquare  numbers  16  and 
25,  and  confequently  9  4-  16  are  r:  25,  it  follows  that  the 
fquare-roots  or  thefe  three  numbers  9,  16,  and  25,  that  is, 
the  three  numbers  3,  4,  and  5,  wifl  exprefs  the  three  fides 
of  a  right-angled  triangle. 

And,  in  like  manner,  fince  25  is  a  fquare  number^  and 
is  likewife  the  difference  between  the  two  contiguous  fquare 
numbers  144  and  169,  and  confequently  25  +  144  are  = 
169,  it  follows  that  the  fquare-roots  of  the  three  numbers 
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a$y  744,  ^d  169,  that  is,  the  three  numbers  5,  tft,  an4 
13,  will  exprefs  the  three  (Ides  of  a  right-acigjied  triugk* 

And,  fince  49  is  a  fqnare  number,  and  is  tikewile  the 
difference  of  the  two  ct)ntignous  fquare  numbers  576  and 
625,  and  confequently  49  +^76  are  equal  to  625,  it  fol- 
lows that  the  fquare-roots  of  the  three  numbers  49,  576, 
and  .625,  that  is,  the  three  numbers  7,  24,  and  25,  will 
exprefs  the  three  fiilesL  of  a  right-angled  triangle. 

And,  (ince  8t  is  a  fquare  number,  and  is  likewife  the 
dilSerenoe  of  the  two  contiguous  fquare  numbers  1600  and 
168 1,  and  confequently  81  +  1600  are  :="  i69x,  itibilows 
that  the  fquare-roots  of  the  three  «iam1t>ers  81,  i6od,  and 
1681,  that,  is,  the  three  numbers  9,  40,  and  41^  wifl  ex* 
prefs  the  three  fides  of  a  right-angled,  tciangle. . 

And,  fince  121  is  a  fqnare  number,  and  is  likewife  cfae 
difference  of  the  two  contiguous  fquare  numbers  3600  and 
3721,  and  confequently  121  +  3600  are  zz  3721^  it  fol- 
lows that  the  fquaro^  roots  of  the  three  numbers  121,  3600^ 
and  3721,  that  is,  the  three  numbers  11,  60,  and  61,  wiH 
exprefs  the  three  fides  of  a  right-angled  triangle. 

And»  latlly,  fince  169  is  a  fqtiare  nunaber^  and  HkewUe 
is  the  difference  of  the  two  contiguotts  fquanc  Aumfaco 
7056  and  7225,  and  confequently  169  4-  7056  are  r:  pLZg^ 
k  follows  thai  the  fquare-roots  of  the  three  fioockbeiB  169, 
7056,  and  7225,  that  is,  the  three  numbers  131  8i4«  aad  85, 
will  exprefs  the  three  fides  of  a  right-angled  triangle. 

Art.  28.  In  this  way  of  obtaining  three  numbers  Aat  Ihall 
exprefs  the  three  fides  of  a  right-angled  triangle,  namely, 
by  chufine  fuch  numbers  in  the  3d  column,  or  cdlumn  of 
differences,  as  are  themfelv^s  fquare  numbers,  it  is  ejiridenc 
that  the  number  expreffing  the  hypoteni^fe  of  the  triangle 
wfU  always  exceed  the  gneater  of  the  odier  two  numbers, 
diat  expreis  its  fides,  l^  an  unit.  But,  when  we  take  &fQ^ 
ral  fuccefiive  differences,  of  which  the  fum  b  eqeal  to  n 
iquare  number,  the  number  that  eaqp^effisa  die  ikypotenufc 
of  the  triangle,  will  exceed  the  number  ukeo  at  firft,  and 

between 
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between  the  (quart  of  which,  and  the  fqusre  of  the  number 
reprefenting  die  hjrpotenufe,  the  feveral  differeoces  that  are 
added  together  lie^  by  as  many  units  as  there  are  differ* 
ences  chat  have  been  fo  added  together  in  order  to  make 
a  fquare  number*  Of  this  it  will  not  be  aoufs  to  give  a  few 
examples. 

Art.  29.  Let  us  take  8  for  the  firft  number.  Then, 
iince  the  fquare  of  8  is  64,  we  muft  begin  with  the  differ* 
cnce  17,  which  comes  immediately  after  64,  and  we  muft 
add  together  ihis  difference  J7,  and  the  following  differences 
19,  21,  23,  25,  2jf  ice,  till  their  fum  amounts  to  a  (quare 
number.  For  this  purpofe  we  need  add  together  only  two 
of  thefc  differences,  to  wit,  17  and  15^  For  17  +  19  ar^ 
=  36,  which  is  a  fquare  number,  to  wit,  the  (iquare  of  6. 
Thercifore  the  firft  number  8,  and  the  number  6,  (or  the 
fquare-root  of  the  fum  of  thefe  two  differences),  and  the 
number  lo,  (or  the  fquare-root  of  the  fquare  number  100, 
which  comes  immediately  after  the  Jr^  difference  19),  will 
be  three  numbers  that  will  exprefs  the  three  fides  of  a  right* 

angled  triangle.  For "§]*  +  ^*  will  be  =  iJ*,  or  64  +  j6 
will  be  =  100.  And  the  number  10,  (which  reprefcnts 
the  hypotenufe  of  the  triangle,)  exceeds  the  firft  number  8^ 
(which  reprefcnts  the  greater  of  its  two  ficjcs,)  by  2,  or  two 
units,  or  the  fame  numt)cr  of  units  as  there  were  differ* 
ences  added  togeijjer,  in  order  to  produce  the  iijuarc  num- 
ber 36. 

And,  if,  inftead  of  taking  only  two  of  the  differences* 
J7,  19,  21^  23,  25,  27,  29,  &c,  we  take  nine  of  them, 
we  (hall  find  their  fum  to  be  equal  to  another  fquare  num- 
ber, to  wit,  225,  which  is  the  iquarc  of  15^.  For  17  +  19 
+  21  +  23  +  25+27  +  29  +  31+33  are  =  225. 
Therefore  the  firft  number  8,  and  the  number  15,  (or  the 
fquare-root  of  the  fum  of  thefe  nine  differentesj)  and  thse 
number  17,  (or  the  fquare-root  of  the  (buare  number  tB^, 
which  comes  iranKd lately  after  the  laft  difference  3:3,}  wiH 
be  three  numbers  that  will  exprefs  the  three  fides  ctf  a'right- 

n^led  triangle.    For  8]'  +  ip*  will  be  'sTy)*,  or  64  + 

9^5 


45^  Of  Ratmal  Numhers  that  expn/s  the 

225  will  be  =  289.  And  the  number  17,  (which  reprc- 
fencs  the  hypotenufe  of  the  triangle,)  exceeds  the  fiiil 
number  8,  (which  reprefents  one  o?  the  fides  that  inclofe 
the  right  adgle,)  by  9,  or  nine  units,  or  the  fame  number 
of  units  as  there  were  differences  added  together,  in  order 
to  produce  the  fquare  number  225. 

Art.  30.  Now  let  the  firft  number  be  20.  Then,  (ince 
the  fquare  of  20  is  400,  we  mud  begin  with  the  difference 
41,  'which  comes  immediately  after  400,  and  mull  add  to* 
gether  this  difference  41,  and  the  following  differences  43 , 
45^  47v  49 »  51 »  ^^y  till  their  fum  amounts  to  a  fquare 
number.  And  for  this  purpofe  it  will  be  neceflary  to  add 
together  nine  of  thefe  differences.    For  41  +  43  +  45  + 

47  +  49  +  51  +  53  +  55  +  57  ^«  =  44if  which 
is  the  fquare  of  21.  Therefore  the  firft  number  .20^  and 
the  /lumber  21,  (or  the  fquare-root  of  the  fum  of  thefc 
nine  differences,)  and  the  number  29^  (or  the  fquare-root 
of  the  fquare  number  84 1 9  which  comes  immediately  after 
the  laft  difference  57,)  will  be  three  numbers  that  will  ex- 
prefs  the  three  fides  of  a  right-angled  triangle.    For  2o\*  + 

2TI*  will  be  =  29!%  or  400  +  441  will  be  =:  841.  And 
the  number  29,  (which  reprefents  the  hypotenufe  of  the 
triangle,)  exceeds  the  firft  number  20,  (which  reprefents 
one  of  the  fides  that  irtclofe  the  right-angle,)  by  9,  or  nine 
units,  or  the  fame  number  of  units  as  th^c  were  differences 
added  together   in   order  to  produce  tne  fquare  number 

44X. 

Art.  31.  Now  let  the  firft  number  be  28.  Then,  fincc 
the  fquare  of  28  is  784,  we  muft  begin  with  the  difference 
57,  which  comes  immediately  after  784,  and  we  muft  add 
together  this  difference  57,   and  the  following  differences 

S99  ^^i  ^3'  ^5'  ^^'  ^^^  ^^^^^  ^^^  amounts  to  a  fquare 
number.  And  for  this  purpofe  it  will  be  neceffary  to  add 
together  feven  of  thefe  differences.  For  57  +  59  +  61  + 
63  +  65  +  67  +  69  are  =  441,  which  is  the  fquare  of 
21.    Therefore  the  fijit  number  28^  and  the  number  21^ 

(or 
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(or  the  fquare-root  of  the  fum  of  thefe  feven  differences,) 
and  the  number  35,  (or  the  fquare-root  of  the  fquare  num- 
ber 1225,  which  comes  immediately  after  the  laft  difference 
69,)  will  be  three  numbers  that  will  exprefs  the  three  fides 

of  a  right-angled  triangle.  For  28I*  +  2?*  will  be  r:  sy*, 
or  784  +  441  will  be  =  1225.  And  the  number  35, 
(which  reprefents  the  hypotenufe  of  the  triangle,)  exceeds 
the  firft  number  28,  (vyrhich  reprefents  one  of  the  fides  that 
inclofe  the  right  angle,)  by  7,  or  feven  units,  or  the  fame 
number  of  units  as  there  were  differences  added  together, 
in  order  to  produce  the  fquare  number  441. 

Thefe  examples,  I  apprehend,  are  fufficient  to  explain 
jthis  method  of  obtaining  different  fcts  of  whole  numbers 
that  (ball  exprefs  the  lengths  ot  the  fides  of  different  right* 
angled  triangles.  And  with  theni  1  (hall  conclude  this 
little  traft. 


End  of  the  Difcourfe  concerning  the  Methods  of  finding  Rational 
Numbers  that  exprefs  the  Sides  of  Right-angled  Triangles^ 


jN.  O^ 
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OP      T  H  B 

D  I  F  F  E  R  E  NX  E.S 

OF     THE 

CUBES 

I 
OV     THE 

NATURAL  NUMBERS  i,  ^^  3,  4,  5,  6,  7,  &c^ 


Article  i.  We  have  feen  in  the  table  of  the  fquares  of 
the  natural  numbers  i,  2,  3»  4,  5,  6,  7,  &c,  fet  dovi^n 
in  the  foregoing  Traft,  that  the  firft  differences  of  the 
fquares  of  thofe  numbers  are  the  odd  numbers  3,  5,  7,  9^ 
ii>  i3j  I5>  i7>  &c,  in  their  natural  order,  and  their  fe- 
cond  differences,  or  the  differences  of  their  firft  differences, 
are  all  equal  to  each  other,  and  to  the  number  2.  We 
will  now  fet  down  a  table  of  the  cubes  of  the  feveral  natural 
numbers  i,  2,  3,  4,  5,  6,  7,  8,  9,  &c,  and  of  their  dif- 
ferences, and  the  differences  of  thofe  firft  differences,  and 
the  differences  of  thofe  fecond  differences ;  by  which  it  will 
appear  that  the  cubes  of  the  faid  numbers  have  three  orders 
of  differences,  and  that  their  differences  of  the  third  order 
are  all  equal  to  each  other  and  to  the  number  6,  This 
Table  will  be  as  follows  : 


^.N  3>  A  t^SLE 
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Of  the  Bifftrettcei  of  the  Cubes  of 


A  TJBLE  of  the  Cubes  of  the  Natural  Numbers  i,  a,  3, 
4»  5»  6,  7,  8,  9,  fcff,  OS  far  as  100 ;  together  •mtb  their 
Firfit  Secondy  and  Thirds  Differences. 


The 

Natural 
Numbers 


I 

2 

3 
4 

5 
6 

7 
•« 

9 

10 
II 

12, 

13 

14 

15 
16 

17 
18 

19 
20 
21 

22 

23 
24 
25 
26 

27 
28 
29 


Their  Cubes. 


The  Differeoces 
of  their  Cubes. 


I 

8 

27 
64 

216 

343 
512 

729 
1000 

i33» 
1728 

2ig7 
2744 

3375 
4096 

4913 

6859 

8000 

9261 

10,648 

12,167 

13*824 
*5»<;25 

»7,5/*' 
19,683 

21,952 

24>389 


rheir2dDtffs.orjTbe3d  DiSe- 
che  Diffs.  of  the  rences  of  the 
fomoer  Diffs.     laid  Cubes. 


7 

19 

37 
61 

91 
127 

169 

217 

271 

33> 

397 
469 

547 
631 

721 

817 

919 

1027 

1141 

1261 

1387 
1519 

1801 

2107 
S269 

2437 
2611 


12 

28 

24 

30 

36 
42 

48 

54 
60 
66 
72 
78 
8+ 
90 
96 
loa 
108 

.114 
120 
126 
132 

138 
144 

150 
156 

162 

168 

»74 
180 


6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
(S 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 


The 


the  Nktwal  Numiers  i,  2,  3, 4,  5, 6,  7,  6?^.        461 


The 

Natural 

Their  Cubei . 

Numbers 

30 

27,000  „^ 

31 

29.791   ... 

3^ 

32,768  _ 

33 

35.937  ... 

34 

39.304  ... 

35 

42.875  ... 

36 

46,656   , 

37 

50.653  ... 

38 

54,872  ... 

39 

59.319  ... 

40 

64,000 

41 

68,921 

42 

74,088 

43 

79.507*  ... 

44 

85. '84  ... 

45 

9».»25 

46 

97.336  ... 

47 

103,823  _ 

48 

i'0'592  ... 

49 

117,649 

50 

125,000 

51  • 

132.651  ... 

52 

140,608 

53 

148,877  .,, 

54 

157.464  ... 

55 

166,375  „ 

56 

175.616 

57 

^85.193  ... 

5« 

195,112  _ 

59 

205.379  ... 

60 

2 1 6,000 

61 

226,981 

62 

»3«.3i8  ;;• 

63 

^50,047  ... 

64 

262,144  ^__ 

The  Differences 
of  their  Cubes. 


2791 
2977 
3169 

3367 

357* 
3781 
3997 
4219 

4447 
4681 

4921 
5167 
5419 
5677 
5941 
621 1 

6487 
6769 

7057 

7351 

7651 

7957 
8269 

8587 
8911 

9241 

9577 

9919 
10267 

10621 

1098 1 

"347 
11719 
12097 
2248 1 


Tbeir2dDifi«.or 
the  Diffg.  of  the 
former  Diffs. 


ThesdDiffe. 
rencesofthe 
&id  Cube*. 


186 
192 
198 
204 
210 
216 
222 
t28 

234 
240 
246 
252 
258 
264 
270 
276 
282 

288 
294 
300 
306 
312 

318 
324 
330 
336 
342 
348 
354 
360 
366 

372 
378 
384 
390 


6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
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Of  the  Differtnces  pf  the  Cubes  of 


vrrrhcjSSiScI 

fences  of  the 
faid  Cubes. 


The 

Natural 

Their  Cubes. 

Numbers 

•  65  . 

*74»625     

66 

187,496 

67 

^0,763  • 

68 

3^4.453^  .  ..._ 

69  .) 

3^8,509-.  .„„ 

70 

343,000 

71 

^57.9'"  : ..... 

72 

373,248 : 

73 

389,017  ; 

74  .' 

405,224 

75    ' 

421,875  ■  •• 

76 

438,976 

7)[ 

^sfi»5n 

7« 

474.552 

79 

493.039 

80 

^12,000 

81 

53^,441 

82 

551,368 

83 

571,787 

84 

592,704 

85 

614,125 

86 

636,056 

87 

658,503    ••••' 

88 

681,472 

89 

704,969 

90 

729,000 

91 

753.571 

92 

778,688    •■■" 

93 

804,357 

94 

830,584    

9S 

857,375 

96 

884,736    

97 

912,673 

98 

941,192 

99 

970,299 

lOO 

1,000,000 

The  D'tfferencca 
of  their  Cubes. 


TheiradDiffB.. 
the  Diffi^oftbe 
former  Difs. 


12871 
13267 
13669 
14077 

1449' 
149 1 1 
'5337 
15769 
16207 
16651 
17101 

^7557 
10019 

18487 

18961 

19441 
19927 
20419 
20917 
2142 1 
21931 
£2447 
22969 

23497 
24031 

24571 
25117 
25669 
26227 
26791 
27361 

^7937 
28519 

29107 

29701 


396 

402 

408 
414 

432    ..... 

458    _ 

444 

450 
4^^  ■ 

462  _ 
468 

474  "I 

480 

486    _ 

492  z 

498  ..... 
504  ..... 
510  ..... 

516  ..... 

522 

528 

534  Z. 

540  _ 

546  

552  

558  ..... 

564 

570  ..... 
576 
382 
588  "" 

594 


6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 

9 
6 

6 

6 

6 

6 

6 

6 

6 

6 

6 

6 

6 
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Art.  2.  And  in  like  manner  it  will  be  foup4  (h«t  the 
fourth  powers  of  th^  nacwal  numbers  i,  2,  31  4,  5,  &c, 
will  have  four  orders  of  differences^  and  that  their  fifth 
powers  will  have  five  orders  of  differences ;  and,  in  gene-* 
ral,  that  their  mh  powers,  ».being  any  whole  number  what* 
foever,  will  have  n  orders  of  differences.  This  is  a  curi- 
ous property  of  the  powers  of  the  natural  numbers  ii  ?>  3^ 
4f  Si  ^9  7>  &c>  ^^^  h^s  t>een  long  known  to  Mathemati- 
cians. The  celebrated  Mr.  Leibnitz,  of  Hanover,  had 
taken  notice  of  it  before  the  month  of  February,  1673; 
and  it  had  been  obferved  before  him  by  a  French  M^the-* 
matician,  named  Mouton,  (who  was  a  Canon  of  the  Church 
of  Lyons,)  in  a  bpok  on  the  apparent  diameters  of  the 
Sun  and  Moon ;  but  which  Mr.  Leibnitz  declared  he  had 
not  feen  at  the  time  he  made  the  fame  difcovery*  -Mr. 
Leibnitz's  manner  of  confidering  the  fubjed:  is  explained 
pretty  fully  in  a  large  extraft  from  a  letter  of  his  to  Mn 
Henry  Oldenburgh,  the  Secretary  of  the  Royal  Society  of 
Lx>ndon,  dated  at  London  on  the  3d  of  February,  167^, 
which  has  been  publifhed  in  the  Commercium  Efiftolicum  of 
Mr.  John  Collins  and  other  Mathematicians  of  that  time. 
This  extradt,  as  it  contains  feveral  interefting  particulars  re-^ 
lating  to  thefe  numbers,  I  (hall  here  infert  at  length  from  the 
faid  Commercium  EpiftoUcum^  P^g^s  108,  109,  no,  -  «*  •  « 
1I4«    It  is  as  follows. 


Art.  3.  E^cerpta  ex  Eftfiold  Domini  Gothofredi  Gulielmi 
Leibnitzii  a4  Dminum  Oldenburgh*  Lmdirdy  4nno  16711^ 
^tio  ^ig  Fehuarii,  datd. 

Hujus  Autograpbon  in/criniis  Repa  Socf$tatis  extat,  it  exemplar 
ejus  in  Ubro  Epiftolarum  diH^e  Sodetatis^  A*.  6,  pag.  35, 

dejcriptum  legitur. 


CUM  heri  a  pud  illuftriffimum  Bcylium  incidiffem  in  cla« 
tiffimum  fellium  Mathemfttjcum  infignem^  ac  de  Numeris 

ingidiffec 
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incidiifet  mentio,  comtnemoravi  ego,  duftus  occafione  Ser-. 
monum,  effe  mihi  methodum  ex  quodam  differentiaruin  ge- 
nere,  qiias  voco  generatrices^  colHgendi  terminos  Seriei  cu- 
jufcunque  continue  crefcentis  vel  decrefcentis.  DifTerentias 
autem  generatrices  voco,  fi  datse  Seriei  inveniaiitur  difFeren- 
rise,  &  differentisB  differentiarum,  &  ipfarum  ex  differentiis 
difFerentiarum  difFerencise,  6?^.  &  feries  conftituatur  ex  ter- 
mino  primo  &  prima  differentia,  &  prima  difFerentii  differ- 
cntiarum,  &  prim^  differentia  ex  differentiis  differentiarum, 
6?c.  ea  Scries  erit  differentiarum  generatricium,  ut  fi  Series 
continue  crefcens  vel  decrefccns  fuerit  tf,  b^  Cy  d. 

Pofitd  c«  differentia  Notdy]  differentiae  generatrices  erunt.' 


la  .   %au^  b   •   ^a^nbtr^b^c  .  ^  a  u^b  (n  b  ^  t  CO 
i  Kn  c  {fi  c  u^  d. 


4     a^b<f^b{/ic^b^c^c^d 
2   /a  ^  b  (fi  i^  en  c  b  t/^  c  ^n  c  Kn  d 

^      av^  b  b  u>  c  ^  <fl  d 

1      a  b  c  d 

Aut  in  Numeris;  fi  Series  (n  Numeromm  cubiconim 
deinceps  ab  unitate  crefcentium,  differentiae  generatrices 
erunt  numeri  o,  i,  6,  6,  Voco  autem  generatrices,  quia 
ex  iis  certo  modo  multiplicatis  producuntur  termini  Seriei ; 
cujus  ufus  turn  maxime  apparet,  cum  differentiae  generatrices* 
funt  finitsB,  termini  autem  Seriei  infiniti ;  ut  in  propofico 
exemplo  Numerorum  Cubicorum. 

000 
6    6    6     6 
6         11        18    24    30 
I    7    ^9        37         61   .91 
o    I    8    27    64    125  J  216 

Hoc  cum  audiffet  clariflimus  Pellius,  refpondit,  id  jam 
fi)iffe  in  literas  relaium  a  D.  Mouton^  Qanonico  Lugdimehfi^  ex 

obfer* 
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ebfervatione  nobiliflimi  -viri  Frmcifd  RegnaUi  LugdimmfiS^ 
dudum  in  licerario  Orbe  Celebris,  in  libro  laudati  D.  Moutom 
dc  diametris  apparentibus  SoHs  &  Lonae.  Ego  qui  ex  Epif- 
tola  quadam  a  Regnaldo  ad  Monconifmm  fcripta,  &  Dlario  iti- 
nerum  Monconifiam  inferta,  nomen  D.  Meutoni  &  defignata 
ejus  duo  didiceram;,Diametros  Luminarium  apparcntes,  & 
confilium  de  menfuris  rerum  ad  pofteros  tranfmittcndis ; 
ignorabam  tamen  librum  ipfum  prodiiffe  :  quare  apud  D. 
Oldtnburgium  Societatis  R^alis  Secretarium,  fumtum  mutud 
tumultuarie  percurri,  &  inveni  veriffime  dixilfe  Peilium.  Sed 
&  mihi  tamen  dandam  operam  credidi,  ne  qua  in  animis 
relinqucretur  fufpicio,  quafi^  tacito  ^  inventoris  nomine,  ali- 
enis  meditationibus  honorem  n^ihi  qua^rere  voluifltm  ;  & 
fpero  appariturum  efle,  non  ad^o .  egenum  me  meditatio* 
num  propriarum  ut  cogar  alieoas  emendicare*  Duobus  au- 
{em  argumentis  ingenuicatem  meam  vindicabo.  Primo,  fi 
ipfas  Schedas  meas  confufas,  in  quibus  non  tantum  invencio* 
mea  fed  &  inveniendi  modus  occafioque  apparec,  monftrem  : 
deinde,  fi  quaedajm  momenti  maximi  Regnaldo  MotUonoque 
indidta  addam,  quae  ab  hefterno  vefpei:e  confinxiffe  me  non 
fit  verifimile,  quaeque  non  ppfl'unt  facile  cxpeftari  a  Tran- 
fcriptore.  .  ^ 

Ex  Schedis  meis  occafio  invcnti  haec  apparet :  quaerebam 
modum  inveniendi  difFereritias  omnis  generis  poteflatum, 
quemadmodum  conftat  differentias  Quadratorum  effe  nume- 
ros  impares  ;  inveneramque  regulam  generalem  ejufmodi, 

Dati  potentii  grades  dati  prsecedence,  invenire  fequentem 
(vel  contra)  diftantias  datse  vel  radicum  datarum ;  feu  in- 
venire potentiarum  grades  dati  utcunque  diftantium  differ- 
entias. Multiplicetur  potentia  gradus,  proxime  praecedentis 
radicis  majoris  per  differentiam  radicum ;  &  differentia  po- 
tentiarum gradus  proxime  prsecedeniis  multiplicetur  per 
radicem  minorem  :  produftorum  fumma  erit  quaefita  differ- 
entia potentiarum,  quarum  radices  funt  datse,  tandem  re- 
{julam  ita  inflexeram,  ut  fufEceret,  praeter  radices,  cujuf- 
ibet  gradfis,  etiamfi  non  proxime  prsecedentis,  porentias  <3a:. 
t^um  radicum  dari;^  ad  differentias  potentiarum  alterius  cu« 

♦  Id  eft,  cdatqt 

3  O  jufcunque^ 
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jqfcunque,  licet  altiorisj  gradus  inveniendas.  £t  oftendi 
quod  in  Quadratis  obfervatur,  numeros  imparts  efle  eorxioi 
diiferentias,  id  non  nifi  reguls  propofits  fubfumptioiiem 
cffc. 

His  meditationibus  defixus,  quemadmodum  in  Quadratis 
diflferentias  funt  numeri  impares,  ita  quoque  qua^iivi  qtiales 
eflent  difFcrcntiae  Cuborum,  quse  cum  irregulares  vidcren- 
tur,  quasfivi  diiferentias  differentiarum,  donee  inveni  difier* 
entias  certias  effe  numeros  fenarios.     Hsec  obfervatio  laihi 
aliam  peperit :  videbam  enim  ex  differentiis  prjecedentibua 
generari  terminos  difTerentiafque  fequentes,  ac  proinde^   ex 
primis,  quas  ide6  voco, generatrices y  (ut  hoc  loco  o  .  i  •  6  •  6,) 
fequentes  omoes.     Hoc  conclufo,  reftabat  invenire,  quo  ad* 
diuonis,  mukiplicationirvei  aut  horum  complicarionis^  gene- 
re,  termini  fequentes  ex  differentiis  gcncratricibus  produce- 
rentur.     Atque  ita  refolvendo  experiundoque  deprehenda* 
primum  1  erminum  o  componi  ex  pnm^  differencii  genera- 
trice  o  liimta  femel,  feu  vice  un&  :  Secundum  i  ex  prini&  o 
femel  &  fecunda  i  femel :  Tertium  8  ex  prima  o  femel,  fc-^ 
cundi  1  bis  &  terril  6  fcm^l :  nam  o  x  ^  +  ^  X  a  + 
6  X  I  =  8.     Quartum  27,  ex  prim4  o  iemel,  fecunda  i 
ter,  tertia  6  ter,  quarta  6  fcmcl :  nam  0x1  +  1x3  + 
6  X  3  +  6  X  I  =  27,  £j?r.  idque  Analyfis  mihi  uniirer- 
fale  efle  coniprobavit.    H»c  fuit  occafio  obferyacionis  mese^ 
longe  alia  a  Mpufoniand,  qui  cum  in  Tabulis  ccndendia  la- 
borarety  in  hoc  calculandi  compendium  cum  Regnaldo  inci- 
4it :  nee  vel  illi  vel  RegnaLdo  adimenda  laus  ;  quod  &  Brig^ 
gius  in  Logarithmicis  fuis  jam  olim  talia  qusdam,  obfervante 
Pellioj  ex  parte  advercit.     Mihi  hoc  fupereft  ut  addam  non- 
nulla  illis  indida^   ad  amoliendum  Tranfcriptoris  liomen ; 
neque  enim  intereft  Reipublicae  ^uis  qbfervaverit,  imereft 
quid  obfervetur.     Primum,  ergo  lUud  adjicio,  quod  apud 
Moutonium  non  extat,  &  caput  tamen  rei  eft :  quinam  fine 
illi  numeri,  quorum  Tabulam  ille  exhibet  in  infinitum  coni 
tinuandam,  quorum  dudu  in  diiferentias  generatrices,  pro-^ 
duitis  inter  fe  junftis,  termini  Serierum  gcnerentur.     Vidcs 
enim  ex  ipfo  modo  quo  tabula  ab  eo  ^g*  385,  exhibctur^ 
jion  fuille  id  ei  fatis  exploratum  ;  aljoqui  enim  verifimilc  eft 
|ta  Tabulam  fuifle  difpofiturumi  ut  ea  nuinerorum  ^onnexiq 
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atque  harmonia  appareret;  nifi  qnis  de  induftrii  texifle  di- 
cac :  ita  enicn  fe  babec  pars  Tabula?. 


I 

2 

I 

3 

2 

I 

(4) 

I 

3 

3 

I 

5 

I 

4 

6 

4 

t 

6 

5 

10 

10 

5 

X 

7 

6 

n 

20 

^5 

6 

8 

7 

21 

35 

35 

21 

9 

8 

28 

56 

70 

56 

10 

9 

36 

84 

126 

126 

II 

10 

45 

120 

2IO 

2C2 

Apparet  ex  hujus  Tabulse  conftruftione  folam  habcrl  ratio- 
titm  correrpohHis  numerorum  generantium  cum  numero 
Termini  generati ;  ut  cum  terminus  eft  quartus  (4)  produ- 
citur  ex  prima  diffcrentii  femel,  fecunda  ter  3,  tcrtii  tcf  3, 
quarta  femel  i ;  ideo  in  e^ em  (4^  Line&  tranfvers^  locaniur 
1*3' 3.  !•  Sed  vei  non  obfervavit  vei  diffimulavit  autor 
correiponfum  numeromm,  fi  k  fummo  deorium  eundo  pet 
columnas  difponantur  hoc  modo. 


I 

2 

^  ' 

3 

2^J  1 

4 

3   3^? 

X 

5 

4   6 

4^  « 

6 

i    ^° 

10  ,  5^,  1 

7 

6  15 

20   15   6 

8 

7   21 

35   35   ai 

9 

8  28 

56   70   56 

Jo 

9  36 

84  126  126 

II 

10  4; 

120   210   2(2 

It»  enim  ftadm  vera  genuinaque  eorum  natura  ac  genera- 
tic  apparet;  efle,  fcilicet^  eos  numeros  quos  (jmtbsnatmos 
appdlare  foleo^  de  quib'us  inulta  dixi  in  diilertatiuncula  de 
Arte  Combiiuitori& ;  quofque  alii  appellant  Ordiiies  numeri- 

3  O  2  cos  2 
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cos ;  alil  fpecie  pricnam  columnatn  Unitatum ;  fecundam 
Numerorum  naturalium,  rertiam  Triangularium,  quartam 
Pyramidalium,  quintam  Triangulo-Triangularium,  6?r.  de 
quibiis  incc^r  extat  Traftatus  Pafcbalii  fub  titulo  Trianguli 
Arithmetici ;  in  quo  tatnea  proprietatem  numerorum  ejuf- 
modi  tarn  illuftrcm  tamque  nacuralem  *  xion  obfervatam 
fum  miracus.  Sed  eft  profedo  cafus  quidam  in  inveniendo^ 
qui  non  Temper  maximis  ingeniis  maxima,  fed  fsepe  etiam 
mediocribus  oonnulla  offert. 

Hinc  jam  vera  numerorum  iftcrum  natura,  &  Tabulae 
conftruftio,  five  a  Regnaldo  five  a  MoutOfAo  diflimulata,  in- 
telligitur:  fempcr  enim  terminus  datus  columnae  datas  com- 
ponitur  ex  termino  prseccdente  columnar  tam  praecedentis 
quam  daise  :  Atque  illud  quoque  apparet,  non  opus  eflc 
molefto  calculo  ad  Tabulam  a  AloutcniOs  propofitam  continu- 
andam,  ut  ipfe  poftulat ;  cum  has  numerorum  Series  pafsim 
jam  tradantur  calculenturque. 

Caeterum  Mcutonius  obfervatione  ifta  ad  interponendas 
medias  proportionates  inti^r  duos  extremes  numeros  daros  ; 
^o  ad  inveniendofi  ipjfos  numeros  extremos  in  infinitum 
cum  eorum  difTerentiisj  utendum  cenfebam.  Hinc.ille,  noa 
nifi  cum  differentiae  uitimse  evancfcunt  (aut  pene  cvancf- 
cunt)  ufum  regulae  invenir ;  ego  detexi  innumerabiles  cafus, 
regula  quadaret  inobfervara  comprchendendos;  ubi  pofiTum 
ex  datis  numeris  finitis  cerio-  modo  multiplicatis  producerc 
numeros  plurimarum  Serierum  in  infinitum  euntium,  etfi 
differentiae  earum  non  evanefcano 

Ex  iifdem  fundamentis  poffum  efficere  in  progreflionibus 
problemaca  plurima;  aut  in  Numeris  fingularibus,  aut  in 
Rationibus  vel  Fradionibus :  poffum  enim  progreffiones  ad- 

♦  Imo  ohfemfata  fuit^  Vi^t  Pafchalii  Tnatigulum  Aritbmtticum^  Pari£is 
Jinno  1665  editum^  pag^  2.  uhi  defini'tionum  anlcptnultima  biCc  eft. 

Le  nomhre  de  chaque  cellule  eft  egal  h  celuy  de  la  cellule  qui  la  friciie  Jams 
/on  rang  pef'pendiculairef  plut  ^  celuy  de  Ifi  ceihtle  gut  laprecide  dtemfon  rang 
parallels  Ainfi  la  cellule  F,  c'efi  h  dire  le  nombu  di  h  celkh  F,  igak  Is 
celluU  C  plus  la  alluk  £ ;  iS  ainji  des  atgrtu 

dere 
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derc  fubtraherequc,  imo  multiplicare  quoquc  &  dividcre,  Id- 
que  compendiose. 
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1 
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X 
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• 

1 
TT 
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X 
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TX 

• 

X 

• . 

f 
TV 

% 

Ttr 

tSc.         t^C.  (^C.  &?f. 

Multa  alia  circa  hos  numcros  obfervata  funt  ^  me,  ex 
quibus  illud  eminet,  quod  modum  habeo  fumtnam  inveni- 
endi  Seriei  Fradionum  in  infinitam  decrefcentium ;  qua- 
rum  numerator  Unitas,  nominatores  vero  numeri  ifti  Tri- 
angulares aut  PyramtdaieS)  wt'Triangulo- Triangulares,  6?r% 

End  of  the  Extr all  from  Mr.  LeibnitzV  Letter. 


Art.  4^  By  the  help  of  the  foregoing  table  of  the  cubes 
of  the  natural  numbers  i,  2^  3,  4,  5,  6,  7,  &c,  as  far  a$ 
100,  we  may  find  the  cube- root  of  any  number  exad  to 
two  places  of  figures,  without  the  trouble  of  any  calculation 
whatfoever,  or  by  the  mere  infpeftion  of  the  table.  Thus, 
for  example,  if  I  wanted  to  find  the  cube  root  of  looo^  I 
need  only  look  along,  the  fecond  column  of  the  table^ 
(which  contains  the  cubes  of  the  numbers  fet  down  in  the 
firft  column,)  till  I  found  the  two  cube  numbers  which  are 
neareft  to  the  propofed  number  2000,  the  one  above  it  and 
the  other  below  it.  Thefe  numbers  I  fhould  find  to  be 
2197  and  1728  J  of  which'  the  former  is  the  cube  of  13, 
and  the  latter  is  the  cube  of  12.  And  hence  I  might  con* 
dude  with  certainty  that,  lince  fhe  propofed  number  2000 
is  greater  than  1728,  or  the  cube  of  12,  but  lefs  thaa 
2197,  or  the  cube  of  13,  its  cube-root  muft  be  greater  than 
12,  but  lefs  than  13,  and  confequently  that  the  two  firft 
figures  of  it  mull,  be  12.  And  from  the  two  firft  figure* 
pf  the  cube-root  of  any  propofed  number,  wc  may  derive 
the  following  figures  of  it  to  five,  or  fix,  or  any  greater 

number 
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number  of  figures  that  we  may  defire,  by  the  method  of 
approximation  invented  for  this  purpofe  by  Monfieur  De 
Lagnej^  which  has  fince  been  approved  and  adopted  by 
Dr.  Rallej  and  other  Mathematicians,  as  the  mod  conve- 
^nient  that  can  be  taken.    This  method  is  as  follows. 


JMmJuiBr  D^  Lagney  V  Mitbod  of  approximating  to  the  Value 
of  tie  Qiie^root  of  anfipropofed  Number^  when  tie  Twa,  or 
Three,  firfi  Figures  of  the  f aid  Cube-root  are  known. 


Art.  5.  If  the  number  of  which  the  cube-root  is  to  be 
.extraAed  be  called  c,  and  a  number,  conilfting  of  two^  or 
more  figures^  that  is  fomewhat  lefs  than  the  true  value  of 
the  faid  cube-root  be  called  a,  the  remaining  part  of  the 
fidd  cubci-root  will  be  very  nearly  equal  to  the  quantity 

»r^'  ^^"\  and  confcquently  the  whole  of  the  faid  cube- 

root  will  be  very  nearly  equal  to  ^  -4*  ^~1  ^^ »  ^^  ^^ 

will  always  be  a  little  greater  than  the  faid  quantity.  Alio 
the  faid  remaining  part  of  the  cube-root  of  r,  which  is  to 
be  added  to  its  nrft  value  a,  will  be  very  nearly  equal  to 

the  quantity  \/p£-—i-|' — ^y  and*  confequcntiy  the  whole 

of  the  faid  cube-root  will  be  very  nearly  equal  to  a,  4- 

i/fcf?_JL,orto^+v/|^r  but  it  wiU  altwys 

be  a  little  leis  than  that  quantity.  And'dds  letter  eoEpneffioB 
will  be  a  little  nearer  to  the  traevaltie  of  the  cobe^rooi 

of  e  than  the  former  expreiCon  a.  +  ■  ^\}^  »•  but  the 

difference  will  be  fo  fihali  at  to  Be- hardly  wordy  confix 
during. 

Alt.  6. 
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Art,  6.  And,  if  a,  or  the  firft  near  value  of  the  cube- 
root  of  the  propofcd  number  ^,  be  a  little  greater  than  its 
true  value,  the  quantity  to  be  fubtraAed  from  «,  in  order 
to  make  it  equal  to  the  faid  true  value,  will  be  very  nearly 

equal  to  the  quantity  ^-—r — r>    *nd  confequently  the  faid 

cube- root  will  t>.e  very  nearly  equal  to  ^  —  ^  ^^  ^^;  but 
k  will  be  always  a  litde  greater  than  the  faid  quantity. 

Alfo  the  faid  difference  between  a  and  the  true  value  of 
the  cube-root  of  r,  or  qiiantity  which  is  to  be  fubtrafted 
from  tf,  in  order  to  make  it  equal  to  the  faid  cube-root, 

will  be  very  nearly  equal  to  the  quantity  —  —  \/  pZi!^ 

and  confequently  the  faid  cub^-nxit  will  be  very  nearly  equal 

'-'-%-^f^>'^"''r*^^'  ""it  Witt 

always  be  a  little  lefs  than  the  faid  quantity.  And  this  lat« 
terexprcffion~  +  %/r''"  will  be  a  little  nearer  to  th^ 
true  value  of  the  cube-root  of  c  tkiQ  the  farmer  ezpreffion 
a  —  IfiziiL? .  but  the  difference  will  be  fo  fms^l  as  to  be 
hardly  worth  confidering. 

Art.  7.    The  number  of  figures  that  will  be  exaft  in  the 
fecond  near  value  of  the  cube- root  of  the  propofed  num«>  . 
ber  c  that  will  be  obtained  by  either  of  thefe  four  expreffioos 

^    c  +  za^     '    2     ^     ^  \     12a    '  c+  za*  ^  .    z      ^ 

f/  pim.,  (which  laft  cxpreffion,   we  may  obferve,  is  the 

very  fame  with  the  fecond  expreffion,)  is  ufually  triple,  or 
triple  wanting  one  figure,  and  in  the  worit  cafes  is  triple 
wanting  two  figures,  of  the  number  of  figures  tliat  are  exad 
in  the  firlt  near  value^  a^ 


if 7^  ^f  ^*^  differences  ef  the  Cubes  of 


An  Example  of  the  Extr anion  of  the  Cube- root  of  a  Numhr, 
-    by  means  of  the  foregoing  Method  of  Approximation. 


Art.  8.  Let  it  be  required  to  extraft  the  cube- root  of  the 
number  2 ;  which  anfwcrs  to  the  fohition  of  the  Problem, 
fo  much  celebrated  amongft  the  Antients,  of  doubling  the 
cube,  or  finding  the  length  of  the  fide  of  a  cube  that  (hall 
be  double  of  a  given  cube. 

Here  I  obferve,  in  the  firft  place,  that,  fince  the  number 
tooo  is  equal  to  1000  X  2,  or  to  10  x  10  x  10  x  h 
the  cube-root  of  aooo  miUt  be  equal  to  10  times  the  cube- 
root  of  2,  But  it  appears  from  the  foregoing  table  of  cube 
niunbers,  that  the  cube-root  of  2000  muft  be  greater  than 
12,  but  lefs  than  13,  and  confequently  that  the  two  firft 
figures  of  it  muft  be  12.     Therefore  the  cube- root  of  a 

muft  be  (=  —  IT  —  +  — )  =  1.2,  or  the  two  firft  figures 

of  the  faid  cube-root  muft  be  1.2.  Here  then  we  hare 
^  =1  2,  or  2.000,000,  and  a  zz  1.2,  and  confequently  ^^  - 
1.728,  and  2a^  =1  3'^S^>  ^nd  c  +  zc?  (=  2  -f  J.456)  = 
5.456,  and  c  '-^  a^  (=:    2.000  —  1.728)  =  0.272,  and 

€  —  tf*]  X  a  (=  0.272  X  1.2)  3.264,  and  ""^^^^^^  {= 

g^)  =  d.059,82.    Therefore  a  +  I^^  will    be  = 

1.2  -J-  0.059,82,  or  1.259,82;  or  the  fccond  near  value  of 
the  .cube-root  of  2,  which  is  obtained  by  means  of  the  firft 

cxpreffion  a  -f  ^^^.^^^   given  in  art.  5,  is  1.259,82. 

The  number  of  figures  that  are  exaft  in  this  fccond  nwf 
value,  I  259,82,  of  the  cube- root  of  2,  is  four,  to  wit,  the 
figures  1.259,  that  is,  three  times  as  many  figures,  wanting 
two,  ^s  are  containe^l  in  1.2,  or  a^  the  firft  near  value  of 

tbf 
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the  faid  cube-root,  tl^  more  accurate  .value  of  which  is 
1.259992 1,0499  &c,  which  is  greater  than  1.259,82  by 
o«ooo,i9  &c» 

The  other  ejtpreiEon  given  in  art.  5,  to  wit,  -j  +  ^^7^> 
may  be  computed  as  follows. 

Since  4  is  =:  i«2>  and  r  is  z:  2,  we  (hall  have  x%  a  {:± 
12  X  1*2)  =  14.4,  and  —  =:  0.63  and  4^  =  S.ooo,  find 

4r  —  «•  (=  8.000  —  1.728)  =  6.272,  and  ^'^^■■'  (= 
^)  =  0.435.555,555.  &c,  and  v/p^  (=  %^0.435. 
555*555^  &c,)  =  0*659,96,  and-^  +  \/[^^  (  = 
0.6000,00  +  0.659,96)    =   I  •259,96.     Therefore   —   + 

\/ jif-Zi-    or  the  fecond  near  value  of  the  cube-root  of  2^ 

which  is  obtained  by  means  of  the  fecond  expreflion  givea 
in  art.  5,  is  1.259,96  ;  which  is  exaA  in  the  firft  five  figures 
1.2599,  and  is  greater  than  the  true  value  of  the  faid  cube* 
Ipoot,  to  wit,  1.259.92,  &c,  by  only  0.000,04,  &c,  which 
is  lefs  than  the  difference  0.000,1,  by  which  1.259,82,  or 
the  fecond  value  of  the  cube-root  of  2,  obtained  by.  means 

of  the  former  expreffion  a  +  lufiJLfL     fcn  fljort   of  the 

true  value  of  the  (aid  cube*  root.  But  either  of  thcfe  fecond 
near  values  of  the  faid  cube-root,  1.259982  and  1.259,96, 
is  a  great  improvement  upon  its  firft  near  value,  1.2,  though 
lefs  3ian  it  would  have  been  if  the  two  firft  figures  of  the 
cube-root  of  the  propofed  number  had  been  higher  figures 
than  I  and  2. 

Art.  9.   And^  if  we  repeat  this  procefs  of  approximation 
with  cither  of  the  two  expreffions  a  -}•  ^rzi^^  ^^  T  + 

3P  ^. 
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^fy—f  taking' the  fifft  four  figures  of  the  fecond  values 

of  the  cube-root  of  2,  which  have  been  already  Jound, 
(and  which  are  the  fame  in  boch  the  foregoing  calculations,) 
to  wit,  jthc  four  figures  1.259,  for  the  bafis  of  the  next 
operation,  we  fliall  obtain  the  value  of  the  faid  cube-root 
to  a  very  great  degree  of  exaftnefs.  This  may  be  done  in 
the  .^finer  following. 

Let  a  be  fuppofed  =:  1.259. 

-  Then  we  (ball  have  a^  (=:  1.259)')  :r  J«995>^j6^79f 
and  confequently  2a^  (=:  2  X  1.995,616,979}  =  3*$9^> 
M$j95^s  and  r  +  la^  (iz  2  +  3-99I>^33»m8)  = 
5.991,233,958,    and  c  '^a^  (z:  2.000,000,000  —  1.995, 

*^$»979).  ^  0.004,383,021,  and  r  -  a^[  x  «  (it  0..OO4, 


383,02jt    X    1.259)  =:  0.005,518,223,439,  apd  -  /^-^^ 
<=  ^f5^i^>  =  ox,oo,9«i,c49,55.  3cc.  Therefor. 


c-^aH  X  a 


=  i.259^92f,Q49i55i  &c;  which  is  exad  in  the  firft  ten 
£gures  1.259,921,049,  the  more  accurate  value  pf  the 
cube-root  c$  2  being  1*259,921,049,89,  which  is  greater 
than  1*259,92 1,049,55  by  only  the  very  fqaail  quantity 
0.000,006,000, 34. 

Alfo  we  (hall  have  4^  (=4  X  2)  =  8.000,000,000, 
«Qd  4^  —  4*  (sc  8.000,000,000  —  I -995,616,979)  = 
^.004,383,021,  and  iia  <=  la  x  1-259)   =:  15.108,  and 

^  {=  Si^'ii)  =  0.397^30^00,,.  .«iy^ 

(r:  \/o.397,43 0,700,3)  =:  0.630,421,050,61.  Therefore 
V  +  ^(^'^^"  be  (=  i:^  +  0.630,421,050,01  = 

0.6295  +  0.630,421,050,01)  =  1.259,921,050,01 ;  which 
exceeds  che^n^e  Mcyrayte  yklue  of  die  oibe*oooc  of  a,  to 

wit. 


hy  Mr.  de  LagiieyV  Method  0/ j^proxtmation.       ^^^' 

wit,   r.259,92 1,049,89,    by  only  the  very  fmall  quantity 
d.ooo^ooOjOOd,!]^,  which  is  ftiU  Icfs  than  ihcfmaU  quamky - 
o.ooo,ooo,ooo,34.    V  -    . 


# 


»>!'u''^if' I  *!    i',V,>M>ilJ'<>i'i'1»'y  ■     -V       ■t.A.  i.-A" 


':(< 


Jnotber-Exantple  of  the  ExtragH^-  vf'iVi  Quhe^dofof  a  ^im^ 
beTy  hjt  the  fame  Method  of  Apfroxml^^^^^^  \^jA]'\ 


Art.  zo.  Let  it  be  propofcd  to  £nd^ 'U  iiletei^ds^^ 
ro^  parts  of  an  inch,  the  fide  (^  st  cube  tfa^ij^^  eqtKli  to  Vbit^ 
EngUiU.iiiedruiie  called  a  gallon^^  whicH  x^^Mbi^^'^^l^^ 
incbcis;  or,  in  other  Words,  let  itibe  reqdii^cd^Ci^M^Ai^ 
cube-root  of.  the  liamber  231.  Aii.iibn  ^rn  u\.  i 


Ndw,  if  wb  look  along  thie  cohnmi  lo&xubb  imiiiiWP  kt^ 


be  greater  than  6^  but  lefs  than  7.  We  ,will  ibjsrefore  f»kc 
6  for  the  value  of  tf,  or  for  the  flfl^  near  value  of  v ''231^ 
with  whk;Ji  w^  ^e  to  begin  our  approximation  :r.  u-.l;):>  c/.i 

Now,  fince  r  is,  in  this  eran>pilc>"cqMlii»i;qjtir,.>aad  ^« 
=  6,  we  (hall  have  «*  (=  5]'^^  ^  ,216,  .apd-%?\=5tffc3?> 
and  r  +  2i!j'  (z:   231  "+  43,2)  =    663V  ^nd^f  —  ii^' (= 
231.  —  fti^y.  2z  15,  arid  7^^^^^  X  a  (=tit^>x^6^*c£  ^j* 

aad'lHB^f  (-  ^=0.1^.^  TlreFeroT%:i=+^^^^ 

will  be  (=  6  +  0.13)  =  6.13;  which  i^, iJier^fo^p-XtiiP  fe* 
coad-Hear  vdii*  of  the  cube-root  (of '  a^i*      ■  •  -  '   '  *''• 


Cil  L 


Now  let  ^  be  taken  =  6.13,  m  o\^tt  tqjobcaii]  ^hird 
near  viiiueof'the*cube.rotot^ofi3ff    "^  ^      '*ii    J^'^"^- 

Thefi  we  tfilaM  have  dJffcr-fiTi^^-d'ija^^ 
aa'  (=   2  X  230.346,397)  ="460.692^794,  and  ^  +  i«* 

3?*  (= 


476.         ...    C)/  ibc  ExtraSm  of  the  Cuii^not 

(=f  2j;.^4-  460.692,794)  =2  691.692,794,  and  ^  —  4p  (= 
23<.9oo,opo  —  23Q.3it6,397.)  =: 0,653,603,  and  7^^^  x  # 

(=  0.653,603  X  6,i3)  =  4-006,586,39,  and  -J-Cx^^ 

^=  ^^i^  ^  OK>a5,79«t436.  Therefore  a  +  ^^^^ 

will  be  (=  6.13  +  0.005,792,436)  =  6.135,792,436; 
ilbid;)r  i^  i^ci{;(^ore  t^ie  third  near  value  of  the  cube-root  oi 
2^1,  or  ofthe  lehgtn^  in  inches  and  decimal  parts  of  an  inch, 
of  the  fide  dFa  cuoe  chat  contains  an  Englifh  gallon,  i)^  e.  i. 

This  number^l^r35,792,436,  is  cxadl  in  the  firft  nine 
%u(^sL  f!^^l^j79^;4j;  tbe^more  accurate  value  of  the  cube* 
r^fK^iid^.i^^illgt  according  to  Dr.  Halley,  (from  wbofe 
Q^;r]u»p^Orthi$:  C^bjeift  in  the  Fhilofophical  Tnmfa&ions 
t|i^ (S»ipple  i?  »ke3,).6,i3i5,79z,439,66i,958,  &c.  There- 
fore the  number  of  figures  obtained  exaftly  in  this  inilance 

by  QDMbftffif  ihfeiiri^cffioii  a  +  '^V^^^^    ^^  juft  triple  of 

thc^.numt^r'l  of  feg^rcs  that  in  J,  or  ^.ij^ 

^^!^^^y-.%^^  iaart.  7* 

"T  AVjtr  iirirhe  other  expi-cffioni  of  the  third  near  value  of 
the  cube-root  fd^t^r^  totrit^  the  expreffion  —  +  %/r^^^  , 
ntay  beiT^cootpuccd'as  folldWs. 

tSSihoF/}#~  231V  and^  }»rr  ^.13,*  we  (hall  have4r  (= 

i.^  *3'^&=x9^4>~»»'iT'C^-T^=  ^-^^51  and  sza  (= 

»;rSi3)-:-=T^7^r56j.  ^  «?x=  fi^Tjl*)  =  130.346,397, 

an*4«)*Atf»  (=  924.(300,000—230.346,397)  =  693.653,603, 

^^V^^^'  d-^-^-  -i/  H?9,76«,ai8,Qi3.289,8)    =: 
lrf»o^^^.,^gTh«r<^forc  -J  :^,  i/|^  wiU.be  (=  3.0^5 

=)  =  'i  i  ^ 


hy  Mr.  de  LagneyV  M^tUd  of  Apfroximatiim.       477 

+  3070,792,441)  =  6.135,792,441 1  or  the  third  near 
value  of  the  cube-root  of  231,  obtained  by  mea^^  of  the 

cxpreffion  j  +  v/|^~,  will  be  6.135,792,441.    , 

Art.  12.  This  number  6.135,792,441,  obtained  by  means 
of  the  expreffion  ~  +  x^y  ""  ^ ,  exceeds  the  more  ac- 
curate value  of  the  cube«root  of  231,  to  wit,  6.135,792,439, 
&c,  by  only  the  fmall  fraAion  0.000,000,002;  which, is 
(bmewhat  lefs  than  the  fmall  fradion  0.000,000,003,^  by 
which  the  former  number  6.135,792,436,  that  was  obtained 

by  means  of  the  expreffion  a  +  — q7nr»  ^*'  ^^^  ^^  ^^ 

fayi  more  accurate  value.  But  both  thefe  diflferences  enter 
in  the  fame  place  of  decimal  fractions,  to  wit,  the  ninth 
place,   and  therefore  the  fmall  difference  of  exaftnefi  in> 

thefe  two  expreffions  a  +  ^^^    ,'*,  ancTi-  +  V^M--"*  ^ 


llA 


is  not  worth  attending  to.    But  Dr.  Halley  gives  the  prcr 

ference  to  the  latter  expreffion  -^  +  v^{^^^-^^ — onanothec 

acfcount,  to  wit,  becaufe  he  thinks  the  extraftion  of  the 

fquareroot  of  the  fradion  ^  '^^  a  lefs  laborious  operatioa 

^han  the  divifion  of  r  -^  fl*j  x  «  by  the  great  divifor  c  +  2tf^ 
His  words  are  as  follows.     *'  And  this  Formula  [the  irra* 

«*  tional  formula  — -h  \/[^*^-,  though  he  ufes  a  feme-' 

^  wb&t  (fifferent  notation/]  is  defervedly  preferable  to  the 

^  rational  [or  a  j^  ~i-^2-f,]  upon  the  account  of  the 

'^  great  divifor^  which  is'  not  to  be  managed  without  a 
<<  great  deal  of  hbour;  whereas  the  extiuftion  of  the 
^f.Iqiiar^root  proceeds  much  more  eafily,  asnaoifold  ex< 
^  pericnce  has  taught  me/' 

Thefe 


^1^  Of  Ae  ExtraOfm  ofjhe  QAi-fm 

Thdfe  t«rd' examples  are  takea  from  a  verf  iogenious  and 
tfTeful'tcaffton  thbfiifa^^  iadded^  A  new,  exaS^  mdfaj^ 
Method  of  findini  tht  Roots  of  Eqmiioms  GauraUf^  md  thai, 
witbtna  any  previoiw  RiduSion;  wmten  By  the  celebrated 
Dr.  Edtauldd  Halley,  and  publiflied  fiift  in  the  Philorophi- 
cal  Tranfa&ions  for  the  month  of  May  i6p4»  Number  21  o» 
and  nftet^firardk  in  the  year  1708;  ra  the  (econd  vohime  of 
die  CoUcftion  of  Mathematical  and  Philofofdiical  Trads^ 
intitled  IfCfcellanoa  Curi^a^  in  three  vohimes  odavo.  Sec 
t}ia  id^  volume  of  the  (aid  NCfaUama  Curicfa^  p^ges  70^  ^ly 

T^f^n^^l^  and  75* 


Ai  ^QMt  Example  of  Obe  EMtraBion  of  the  Cabe^rooi  of^  ei 
•  Vkniikt\  ijf  Ae  fame  Mtthod  of  Approxtmation. 


Art;.  13.  This  exaaaple  fhall  be  that  -which  is  given  by 
Mr.  Raplifbn  in  his  Anatyfis  jEquationum  UniverfSis,  Pro- 
Uett  ad.    It  iV  to<  find-jche  cube* root  of  the  number  37>945« 

'  Now*  if' we  lookalonr  die  Qolumn  of  cube«Qum)>en  in 
the  foregoing  table,  we  mall  find  that  351937  i*  the  cube 
of  JJf  Md  that  J9t3^*  ^'  ^^  ^^^  ^  34*  Therefore, 
fincc  the  pFopofcd  number  37,945  is  greater  than  55^937,. 
but  lefs  than  39,304,  it  follows  that  the  cube- root  of  37,945 
Will  be  greater  thart  33,  but  lefs  than  34,  and  confequcntly 
that-  the  two  fi:rlt«  figures  of  it  will  be  35. 

,  Here  then  we  have  c  zz  37,945»  and  azz  $^.  Therdfore 
«•  will  be  =  35,937»  and  20*  will  be(=  2  X  35»937)*  = 
7tii874#  «nd  ^  +  ^«^  will  be  (=  37>946  +  7^^*74)  ^ 
109,819,  and  c ~ tf*  will  be.(=  37,945  —  35*937)  = 
aoQ8,-,and  c  ^  a\  x  «  will  be  (=  2008  x  33)  =  66,264^ 

an4coiiftq«fiUy  ^^  wiU  be  (r:  ^^)  z:  0.6053.- 

Therefore 


1y  Mr.  de  Lftgney '^  Metkcd  of  i4t(f9^oxmatiofU       41^ 

Thcftffore  a  +  i=^l—,  or  the  fecwd  mar  ntoe^die 

cube-root  of  the  propofed  number  37,945f  wiM  be  f  =  31 
+  0.6033,  or)  33.6033  ;   of  which  number  Che  "fire  firft 
fibres  33.603  are  exaS:,  the  more  accurate  ^alue  of  the 
.faid  cube-root  being  33.603,526,179,43,  &c. 

Now  let  us  fuppofe  a  toi>e  =  33-6033,  or  the  iecond 
near  value  of  the  cube-root  of  37,945  that  has  been  ditca^j 
found ;  and  let  us,  in  ofder  to  obtain  a  third  nev.  value 
of  it,  repeat  the  forgoing  procefs. 

Then  we  (hall  have  a^  =  37,944.233,801,747,937,  and  itf* 
(=  a  X  37>944-233,8oi,747,9S7,)  =  7Sy^^'^%^<^$A9Sp 
.874,  and  r+ 2^  (=  37,945*000,000,000,000  +  75>888.467> 
^»4955874)  =  xi3>8s3-467>6o3,495,874,  und^  — 4*(S 
37/945*ooOiPoo,ooo,ooo_--37,944,232,8oi,747,937)  = 
0-766,198,252,063, and  c  —  a^x  «  (=  o.766,i9r8,252,o63 
•X    33*^<^33)    =    25.746,789^723,548,607^   and  confe- 

<P^^^y    TTTST  (-  IX3,833.467,603,495>B74  ^    ^    ^-^^i"*^* 

i79>437i9^    Therefore  a  +  ^^^J  will  be  (  =  33-6033 

.+  0.000,226,179,437,95,)  h=  33-6o3,5*6*i79i437»95* 
that  is,  the  third  near  value  of  the,  cube-root  of  c,  or 
37V945,  that  is  obtained  by  means  of  the  rational  expreffion 

^  +  T+1^'''  ^^  ^  33*603,526,179,437,95;   wJbich  I 

beKeve  to  be  exaft  in  the  firft  fifteen  figures  33.603,526!, 
179,437,9,  if  not  in  the  laft^  or  fixteendi,  figure  5  iike^ 
wife. 

Art.  14.  The  other  expreffioo  6f  the  third  near  value  of 
Jthe  cube-root  of  37*945.  to  wit,  the  irrational  expreffiou 

—  +  \/p  7^  ,  may  be  computed  as  follows. 

Since  ^  is  =  37,945,  and  tf  is  =  336033,  we  (hall  have 
i  (=  ii:^;  ~  16.801,65,  and  12a  (=  12  X  33-6033) 


480  Of  the  Extra ffm  0/  the  Oih^-root 

=  403^96,  and  4*  (=  4  X  S7»94j)  ==  i5^>78o»  an<l 
V  (=  33-6o3il')  =  37»944-.a33.8oi,747,937,  add  4*:— -«» 
(=  151,780.000,000,000,000  —  37,944'233»8oi, 747,937) 

=   «i3»835'76fi»i98>*52.o63,   and    ^  ^'^'*     (  = 

^[— p   (=  V  ^82.303,043,149,165,069)    =z   i6.8oi, 

.«76*i79»437f96-     Therefore  ~  +  v/^^  ^M  be   (=» 

i6,8oi,65  +  16.801,876,179,437,96)  =  33-603,526,179, 
437,96 ;  that  is,  the  third  near  vaiue  of  the  cube-root  of  <, 
or  37>945»  that  is  obtained  by  means  of  the  irrational  ex- 

prtffion  -J-  +  ^[^^1  wiU  be  33-6o3i5^6,i  79,437,96. 

Art.  15.    This  number  33.603,526,179,437,96  muft  (if 
there  has  been  no  miftake  made  in  the  calculation,)  be  (bmc* 
what  greater  than  the  true  value  of  the  cube-ro6t  of  r,  or 
37»945  5  ^^d  the  former  number  33«6o3,526,i79,437f9S» 
obtained  by  means  of  the  rational  expreffion  a  +  ^^j — j— , 

muft  be  fomcthing  lefs  than  the  Taid  true  value.  Thefe 
two  numbers  differ  only  by  an  unit  in  the  laft,  or  fixteenth, 
fisure.  And  hence  it  follows  that  the  firft.  fixteen  figures 
of  the  faid  true  value  muft  be  the  fame  with  tbofe  of  the 
leflcr  of  thofe  two  numbers,  or  33-603,526,1 79,437,95. 
Mr.  Raphfon,  however,  computes  it  to  be  33.603,526,179, 
438,08.  But  I  fufpedt  that  his  three  laft  figures  are  not 
exa6t.  But,  whether  they  are  exaft  or  not,  we  may,  at 
leaft,  conclude  that,  fo  far  as  thcfe  different  calculations 
agree  with  each  other,  they  muft  be  exaft,  and  confequently 
that  the  firft  thirteen  figures  of  the  cube-root  of  the  number 
37,945.  are  33-603,526,1 79,43. 


Afmih 


fyMnde  Lagne^V  Mit^  tf  ApffMnmtion.       ^fitK 


A  Fourth  Example  of  the  i^traSiton  6f  the  Cuie-root  of  4 
Numier,  iy  means  of  the  foregoing  Method  of  Appro^ilmation. 


Art.  x6-  This  example  (hall  be  one  that  is  ghren  by 
Monfieur  de  Lagney  himfelf,  in  his  book  intitled,  Nou^ 
njeaux  Elements  d'Aritbmitique  et  (tAlgebre^  which  was  publifti- 
ed  at  Paris  in  Duodecimo,  in  the  year  1697.  It  is  to  find 
the  cube-root  of  the  number  696,536,483,318,640,035,073^ 
641,037,  which  confifts  of  twenty-feven  figures,  and  may 
be  expreffed  in  the  words  following,  to  wit,  696  quadriU 
lions,  or  fourth  powers  of  a  million,  536,483  trillions,  or 
third  powers  of  a  milliort,  318,640  billions,  or  (econd 
powers  of  a  million,  035,073  millions^  and  641,037  units* 

This  number  is  fo  great  that  it  will  be  convenient  to  divide 
it  into  thefetwo  parts,  696,536,483,000,000,000,000,006,006 
and  318,640,035,073,641,037,  and  to  begin  by  feekingthc 
cube-root  of  the  firft  part,  696,536,483,000,000,060,000, 
000,000. 

.  Now  this  number  696,536,483,ooo,ooo,ooo,ooo>ooo,oop 
is  n  696,536,483  X  1,000,000,000,000,000,000,  or 
696,536,483  X  the  cube  of  1,000,000.  Therefore  its 
cube-root  will  be  equal  to  1,000,000  X  the  ciiberoot  of 
696,536,483.  Therefore,  if  we  can  find  the  cube-root  of 
696,536,483,  we  need  only  multiply  it  by  1,000,000,  id 
order  to  obtain  the  cube  root  of  696,536,483,000,000,000, 
000,000,000.  We  will  therefore  endeavour  to  find  the  cube-* 
root  of  696,536,483. 

Now  this  number  696,536,483  is  greater  than  696,536,000, 
or  than  696,536  x  1000,  or  than  696,536  x  the  cube  of 
10.  Therefore  the  cube- root  of  696,536,483  will  be  greater 
than  the  produd  of  the  multiplication  of  the  cube-root  of 
696,536  into  10.  Therefore,  if  we  can  find  the  cube-root 
of  696,536,  we  need  only  multiply  it  by'  10,  in  order  to 
obuin  the  cube-root  of  6196,536,000,  which  will  be  {bmething 

30.  14 


4S«  Of  the  txtfaSim  of  the  Cuie-mt 

Icfs  than  the  cube-root  of  696,536,483,  and  may  fcrtre  ^  a 
bafis  from  which  to  begin  our  approximation  to  the  true 
^u^  of  the  faid  cube- root.  We  will  therefore  ncfw  en- 
deavour to  flodi  €0  a  fmail  degree  of  exadoefs^  the  cube- root 
of  696,536.  * 

Art.  17.  iJovtj  if  ^e  look  into  the  foregoing  table  of  the 
cubes  of  the  natural  numbers  i,  2,  3,  4,  5,  6,  7,  ice,  as 
far  as  100,  we  (hall  find  that  681,472  is  the  cube  of  88, 
said  that  704,96^  is  the  cube  of  89.     It  folbws  therefore 
ihat  the  cube-root  of    696,536,   (which   is    greater    than 
681,472,  but  lefs  than  704,969,)  muft  be  greater  than  88, 
but  lets  than  89,  and  confequently  that  the  two  firft  figures 
of  it  muft  be  88.     Therefore  the  cube-root  of  696,536,000 
muft  be  greater  than  88  x  10,  or  880,  but  lefs  than  89  x 
10,  or   890,   and  confequently  the  two  firft  figures  of  if 
wilt  be"  881    Therefore  880,  being  lefs  than  the  cube-root  of 
the  number  696,536^000,  will  be  lefs  alfo  than  the  cube* 
p^oc  of  the  number  696,536,483,   which  is  greater   than 
496,536,000  ;  but  it  will  approach  fufficiently  near  to  it  to 
enable  us  to  begin  a  further  approximation  to  it  by  ineans 
of  the  foregoing  expreffions  of  Monfieur  de  Lagney* 

Art*  18.  Let  us  therefore  fuppofe  ^  to  be  =  880;  and, 
in  order  to  find  a  fecond  near  ralue  of  the  cube-root 
off,  or  696,536,483,  let  us  compute  the  ezpreffion  a  + 

€  +  Id*  • 

Here  then  we  (hall  have  a^  (=880]')  =  681,472,000, 
and  2a^  =  i>362,944>ooo>  ^^^  ^  +  ^tf'  (=  696,536,485 
+    i,362,944,oc^)  =    2059,480,483,   and  c  —  c?    (= 

696,536^83  —  681,472,000)  rr  15,064,483,  and  c — ef 
X^tf  (=  15^064,483  X  880)  =  13,256,745,040,  and  con- 

fc<iucndy  E^  (=.  li^^)  =  6.436,,.  Therefu. 

*+  '-7^  will  be  (=  880  +  6436,9)  =  8*6.43693 
and  confequently  886.4369  will  be  a  fecond  near  value  of 
^e  cube*r6oc  of  the  muaber  e,  or  696,526,48}« 
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Art.  19,  Therefore  (by  what  is  (hewn  in  art.  16,) 
€86.4369  X  it)oo,ooo,  or  886,436^900  will  be  nearly 
equal  to,  but  fomewhat  lefs  than^  the  cube-root  of  the  nunit^ 
bcr  696,536,483,000,000,000,000,000,000,  and,  hjMmi^ 
will  be  Icfs  than  the  cube-root  of  the  propofed  number 
696/536,483,318,640,035,073,641,037.  And,  as  886,436, 
900  is  not  much  lefs  than  886,437,000,  it  feem$  probable 
that  886,437,000  will  likewife  be  fomewhat  lefs  than  the 
cube-root  ot  the  faid  number  696,536,483,318,640,035,073, 
641,037.  And  fo  upon  trial  we  (hall  find  it  to  be.  For 
the  cube  of  886,437,000  is  696,535,206,998,055,453,000, 
000,000,  which  is  lefs  than  the  faid  propofed  number. 

^Art.  20.  Now  let  a  be  fuppo(ed  to  be  =z  886,437,t)oo, 
and  let  us  endeavour  to  find  a  nearer  value  of  the  cube^rbot 
of  the  propofed  number  696,536,483,318,640,035,073,641, 

037,  by  computing  the  expreffioi)  —  +  \/pZiL, 

Then,  fmce  r  is  =  696,536,483,3 i8,64o,035,o7«,64i, 
"037,  and  tf  is   =:  886,437,000,  and  confequently  a^  \%  = 

696,535,204,998,055,453,000,000,000,  we  (hall  have  ^ 

(886,437,000.  o  « 

=  — ^ — )  =  443*^18,500,  and 

4^  (s=a  4  X  696>536>483>3^ 8,640,035,073,641,037) 
:^        2,7a6,i45,933,274,56o,i4o,294,564ii48 

and4r  -^  a^  (=  2,786,I45»933»^74^56o,I4o,^94•564,I48, 
'^     696,535,206,998,055,453,000,000,000) 

=:  2,o89,6|o,7^6,?76,504,687, 294,564,148,  and   iia  (=; 
12    X    886,437,ooq)   =   10,637,244,000,  and  i^-=;^  (:=; 


983,and\/[^  (=  >/ 196,442,868,686,33^,983)   » 
.5;  443,218,759.    Therefore  -^  +  v^j^^  wiU  be  (='   , 

3CL*  443»   ' 
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443,218,500  +  443,2x8,759)  =  886,437,259;  and  eon-r 
lequcntly  the  cube-root  of  the  propofcd  long  number 
6961536,483*3 18,640,035,073,641,037,  will  be  very  nearly 
tqual  to  886,437,259.  Oi  B.  u 

Monfieur  dp  L^gney  detertnipes  this  cube-root  to  be 
only  886^437,166.  But  this  is  owing,  as  I  apprehend,  to 
his  intirely  negleftine  the  laft  eighteen  figures,  318,640, 
035,073,641,037,  ot  the  propofcd  number,  and  confe- 
quently  giving  us  only  the  cube-root  of  the  number 
696,536,483,ooo>ooo,coo,ooo,ooo,ooo,  which  is  lefs  than 
•the  propofcd  number  :  whereas  in  the  laft  operations  of  the 
foregoing  procefs  we  took  notice  of  all  the  figures  of  the 
propofed  Qum|:>er,  wjien  we  found  tl^e  value  qf  4^,   and 


^a^ 


CXtraded  the  fquare-root  of  the  frafkion  — 

Mr.  de  Lagney  adds,  as  a  proof  of  the  great  ufefulnefs 
pf  this  method  of  extrafting  cube-roots,  that  the  moft  ikil- 
ful  Arithmeticiap  wpuld  not  be  able  to  find  the  cube -root  of 
this  long  number,  696,536483,318640,035073,641037,  ^o 
the  fame  degree  of  exaftnefs,  or  to  nine  places  of  figures, 
by  the  common  method  of  extrading  the  cubt-root,  in  the 
fpace  of  a  whole  inonth.  See  Monfieur  de  Lagney's  Nou^ 
veaupc  Elements  d^Jritbmeti(jue  et  it'JIgfkre,  page  307. 


A      SCHOLIUM- 


Art.  21.  This  very  ufeful  method  of  apppoximating  to 
the  cube-roots,  and  other  root$,  of  numbers  was  firft  pub- 
ii(hed  by  Mu  de  l-agney,  at  Paris,  in  the  Journal  dc% 
Sfavants  for  the  14th  of  May  1691,  and  afterwards  was 
-puljliftipd  again  at  gricater  length,  and  Y^th  a  demonftra^ 
tion,  in  a  fep^rate  traft  in  quarto,  in  the  moftth  of  May  of 
^he  ibllowing  yeai-  1692.  But  Mn  Jofeph  Raphfon  ha4 
pvj^Ulhed  his  Anafyfts  ^G^atio^ftm  Univer/alU,  (which  coa- 
•      *   '  '     ■  tains 


/ 
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tains  a  general  method  of  finding  the  roots  of  all  forts  of 
equations  by  approximation,)  in  the  year  1690:  and  his 
method  of  approximation  is  not  very  different  from  this  of 
Mr.  de  Lagncy  ;  and  the  ground,  or  principle,  of  it  is  ex- 
adly  the  feme.  So  that,  if  Mr.  de  Lagney  had  feen  Mr* 
Raphfon's  Analyfis  Mquationum  before  he  had  difcovered  his 
own  method  of  apprpximation,  it  would  have  been  eafy 
for  him  to  have  deduced  his  own  method  from  Mr.  Raph- 
fon*sj  and  in  that  cafe  it  would  have  been  candid  in  him 
to  acknowledge  that  he  had  feen  Mr.  Raphfon's  book,  and 
had  been  led  by  it  to  the  difcovery  of^his  own  method. 
This,  however,  he  has  not  done ;  at  leaft,  not  in  his  Nouveaux 
Elements  (tAritbmetique  et  d'Algebrey  which  is  the  only  book 
of  his  that  I  have  feen.  And  therefore  I  fuppofe  he  invented 
his  method  of  approximation  by  his  own  efforts,  and  with- 
p\}t  having  met  with  Mr.  Raphfon's  book. 

Art.  22.  It  may  further  be  obferved,  that  Mr.  Raphfdn 
•  himfelf  was  not  the  firft  inventor  of  the  method  of  refolvine 
^equations  by  approximations  of  the  kind  he  has  made  u(e 
or,  that  is,  by  approximations  performed  by  transforming 
the  original  equation  into  another  iequation  that  involves  in 
it  the  powers  of  the  unknown  difference  between  the  firft 
near  value  (already  obtained,  by  conjefture  or  otherwife,) 
pf  the  root  of  the  firft  equation  and  its  true  value,  and  by 
refolving  the  faid  transformed  equation  in  the  manner  of  a 
fitnjple  equation,  or  by  dropping  all  the  terms  that  involve 
in  them  any  higher  powers  of  the  faid  unknown  difference, 
or  root  of  the  fecond  eqgation,  than  its  iimple  power.  But 
this  excellent  method  of  difcovering  the  roots  of  high  equa- 
tion$  had  been  found  out  by  the  great  Sir  Ifaac  Newton 
more  than  |wcnty-four  years  before  the  publication  of  Mr. 
Raphfon's  Analyfis  JEquationum  Univerfalis^  to  wit,  in  the 
year  j666,  when  he  wrote  his  learned  httle  traft,  intitled 
De  Anahifi  per  iequationcs  numera  terminorum  infinitas^  which 
|s  printed  in  the  Commercium  Epiftolicum  of  Mr.  John  Col- 
lins and  other  Mathematicians,  pages  67,  68,  69,  &c.  -  - 
p3,  of  the  2d  edition.  This  traft  was  firft  printed  in  the 
year  J7U,  in  th?  firft  edition  of  the  (aid  Commercium  Epifto^ 

licum^ 


4^6  Of  tbi  Extraaim  of  the  Cuh^-rwf 

Bcum.    But  it  had  been  (hewn  in  manufcript  to  Dr*  Ifui 
Barrow,  and  by  him  fcnt  to  the  faid  Mr.  John  Collins,  witi 
Mr.  Newton's  leave,  in  the  month  of  July  1669,   and  (hewi 
to  the  Lord  Vifcount  Brouncker,  (a  great  M^hetnaticiat 
of  that  time,)  and,  probably,  to  many  <Kher  learned  Matbc 
maticians  that  were  Fellows  of  the  Royal  Society,  to  whidi 
Mr.  Collins  was  then  a  Secretary.    And  afterwards  a  part  d 
it,  containing  a  (hort  fpecimen  of  Mr.  Newton^s  method 
e(  refolving  equations  by  approximation,  was  publiflied  bf 
Dr.  Wallis  in  the  94th  chapter  of  his  Algebra  in  the  year 
1685,  which  was  five  years  before  the  publication  of  Mr. 
Raphfon's  Anafyfis  jEquationum  Univerjalis.     Whether  this 
fpecimen  fu^efted  to  Mr.  Raphfon   the  difcovery  of  his 
method  of  approximating  to  the  roots  df  equadons,  (whid 
differs  but  little  from  that  of  Sir  Ifaac  Newton,)  it  is  difi- 
cult  to  determine.   He  has  not  mentioned  Newton's  method 
in  his  treatife  on  this  fubjeft,  though  he.  was  a  great  ad* 
mirer  of  his  genius,  and  ev*r  ready  to  commend  him :  and 
therefore  I  am  inclined  to  think  that  the  above^mentiooed 
fpecimen  of  Newton^s  method  of  approximation  was  not  the 
circumftance  that  led  him  to  the  difcovery  af  his  own.  Buf, 
whether  it  was  or  not,   it  is  certain  that  the  honour  d 
priority  with  refpcft  to  this  very  ufeful  invention  is  due  to 
Sir  Ifaac  Newton. 


Of  (be  Ground,  or  Principle,  jof  tbe  Inveftigation  of  tbe  /tf^^ 
going  Expr^onSy  invented  by  Monjieur  de  L^gney,  fir  Af^ 
froximeUing  to  tbe  Value  of  tbe  Cube-root  of  a  giveM  J^umier* 


Art.  23.  The  inveftigation  of  all  the  foregoing  expirf' 
fions  invented  by  Monfieur  de  Lagney  for  approxiraating 
to  the  cube-root  of  a  given  number,  when  a  firft  near  value 
pf  the  laid  cubf^root  that  is  ?xaft  W  one,  qx  tWQ|  or  morct 

pUctt 
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f  laces  of  decimal  figures^  is  alr6ady  known,  is  not  difficult^ 
t  refults  from  the  contemplation  of  the  compound  quanti- 
ties that  are  equal  to  the  cubes  of  a  binomial  quantity,  (fuch 
m%  a  +  b^)  and  a  rcfidual  quantity,  (fuch  as  a  —  by)  ac- 
cording as  a^  or  the  firft  near,  value  of  $/« \c  which  is  al- 
ready known,  is  lefs,  or  greater,  than  V^'fT;  and  therefore 
it  ought  properly  to  be  divided  into  two  parts,  the  one  re- 
lating to  the  cafe  in  which  j,  or  the  firil  near  value  of  the 
cube-root  of  the  given  number  c  that  is  already  known,  is 
lefs  than  the  cube*  root  of  f,  and  the  other  relating  to  the 

cafe  in  which  tf,  or  the  faid  firfi  near  value  of  \/'  17,  is 
greater  than  the  faid  cube-root.  The  firft  of  thefe  invefti- 
gations,  (by  which  we  (hall  alfo  obtain  Mr.  Raphfon's  ap- 
proximation to  the  value  of  the  faid  cube-root,  in  the  faooa 

cafe>  or  when  a  is  lefs  than  \/'  (7^)  is  as  follows* 


WSsssBsessgaasssssssssssssssss^    'ii,  ■         ■       m  ,11 

'idn  Jmeftigatim  of  the  two  Ekfriffim^  a  +  i~L^,  mi4 

^  +  ^l^77J">  &*^^  h  Monjieur  de  Lagney^  for  a  Second 
mar  Vahu  of  the  Cube-roof  of  a  given  Number  c^  wb^  a, 
§r  a  Firft  near  Value  of  1/  that  is  already  known,  is  lefs 
than  its  true  Value. 


Art*  24.  Let  %  be  put  for  the  unknown  difference  by 
which  a,  or  the  firft  near  value  of  the  cube- root  of  the 
given  number  c,  falls  Ihort  of  its  true  value ;  fo  that  a  +  z 
IhaU  be  =  \/'(7. 


Then  will  a  +  z]'  be  =  ^.  But  a  +  a]*  ii  =  «»  +  ^§az 
'+  ^azz  +  2*.  Therefore  a^  +  ^aaz  +  ^zz  +  2*  will 
alfo  be  s  r.    This  cubick  equation  is  the  foundation  both 
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of  Mr.  Raphfon's  and  of  Monfieur  dc  Lagney*^  methods  0/ 
approximating  further  to  the  true  value  of  \/^  fc. 

Art.  2^.  Mr.  Raphfon*s  approximation  is  obtainred  as  fol- 
lows. Smce  ta  is  Icfs,  and  ulually  much  lefs,  than  a,  to  wit, 
about  a  loth  or  a  looth  part  of  it,  or,  perhaps,  ftill  Ids,) 
it  follows  that  both  ^azz  and  2'  will  be  lefs,  and  ufuaJij 
much  lefs,  than  3<7tfz,  and  confequently  that  a*  4-  311^2  will 
be  nearly  equal  to  a*  +  ^aaz  +  ^azz  +  ^*,  and  therefore 
to  c.  Let  them  therefore  be  fuppofed  to  be  equal  to  (, 
Then,  lince  a^  +  ^aaz  are   =   c,  we  (hall  have  ^aaz  = 

c  -A*  tf%  and  confequently  z  =  ^""^  ,   which  fraftion  con- 

fifts  intirely  of  known  quantities.     Therefore  a  +  %  will  be 

—  ^  +  LiLf-    and  a  +  ^T''    will  be  a  fecond  near  value 

of  y/^  (T,  or  the  cube- root  of  the  given  number  c.     q^  e.  i. 

This  is  Mr.  Raphfon's  approximation  to  the  cube-root 
of  f ,  when  a  is  lefs  than  the  faid  cube-root ;  and  it  is  the 
fimpleft  and  eafieft  approximation  that  can  well  be  imagined, 
and  approaches  very  confiderably  beyond  a  to  the  true  value 
of  v^'f?.  For  it  ufually  gives  us  twice  as  many  figures 
cxaft  as  we  had  before  in  a^  or  the  firft  near  value  of  y/fc. 
And  it  is  lefs  operofe,  or  difficult  to  compute,  than  Mr.  de 

Lagney*s  firft,  or  rational,  expreffion  a  +  f^^'r  ^^, .   be- 

caufe  it  is  eafier  to  divide  c  —  a^  by  3^^,  or  three  times 
the  fquare  of  <7,  than,  firft,  to  multiply  c  ^  ^  by  J,  and 
tjien  to  divide  the  produdt  by  r  +  2^%  which  is  a  longer 
number  than  :^aa.  And  for  thefe  reafons  Mr.  Raphfon,  in 
the  Appendix  to  the  fecond  edition  of  his  Analyfis  Jfja^- 
tionum  Univer/aliSj  (which  was  pubiiftied  in  the  year  1697, 
feveral  years  after  the  publication  of  Mr.  de  Lagney's  me- 
thod of  approximation,)  declares  that  he^continued  to  prefer 
his  own-  approximation  to  thofe  of  Mr.  de  Lagney,  not- 
ivithftanding  their  greater  exadtnefs, 

Wc 
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We  will  now  proceed  to  inveftigate  Mr.  de  Lagney's  firft, 
or  rational,  expreflSon  above-mentioned,  in  obtaining  which. 
Mr.  Raphfon's  approximation  is  made  life  of  as  a  neceffary 
ftep. 

Art.  26.    Mr.  de  Lagney's  firft,  or  rational,  cxpreffion, 
^  +  — Ti"*  ^^  obtained  by  preferving  the  term  ^azz^  as 

well  as  the  term  ^aaz^  of  the  cubick  equation  a^  +  3tf^z  + 
^azz  +  a'  =  f ,  or  by  fuppofing  a?  +  %aaz  +  ^azz  to  be 
equal  to  Cy  and  refolving  the  quadratick  equation  a*  -|-  '^aaz 
+  ^azz  ==  r,  refuiting  from  that  fuppofition,  in  an  im« 
perfed,  or  inaccurate,  manner,  by  proceeding  as  follows. 

Since  a^  +  2^az  +  ^azz  is  =:  r,  we  (hall  have  ^aaz  +' 
3tfZ2  =  r  —  4%  and  (dividing  both  fides  by  ^aa  +  3^2;) 

z  =     ^""^ — •    Let  us  now  fubftitute,  inftead  of  »,  in  the 

denominator  of  this  fraftion  ^7'^ — f  ^h^  near  value  of  z 
already  obtained  by  the  refolution  of  the  fimple  equation 
a^  +  %aaz  =:  f,  to  wit,  the  fradion  ^""''  ;   and  we  (halt 

thereby  obtain  the  equation  z  =:  -^ ^-^ — ^TT  >  which 

3A9  +  3if  X 


3<M 


laft  quantity  is  equal  to ^ j  (=  — ;- 


3tftf + 


+  c^d 


T    — 


will  be  =  ~f__f^  and  confequently  a  +  z  will  be  =! 
«  +  — ^^r — T"*    Therefore  the  true  value  of  tf  +  2,  of 


the  cube-root  of  the  given  number  o  ^^  be  nearly  =2 


^    ,    c— «')  X  tf 


3  R  Art.  17,' 
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^ 

Art.  37.    This  cxpreflion  .a  +  •~Z7^"    ^^   ^^^   icconc 

near  value  of  v/'f7,  will  always  be  lefs  than  its  true  vaJucj 
as  may  be  demonftratcd  in  the  manner  following. 

Since  r  — ^  dS  is  n  ^4taz  +  3^w  +  a%  and  ^aax  +  3^22 
+  2*  is  :r  "^aaz  +  tfz2  +  zazz  +  2?^  it  follows  that  r  —  tf* 
DviU  be  =  ^aaz  +  1122  +  2iiz2  +  2',  and  confequemly  will 

be  greater  than  ^aaz   -f-  azz.    Therefore  ^""^     will   be 
^eater  than  2fS! — f^,  or  than  ^az  +  zz.    But    ^  ""^    is 

=  3^  X  {  -^  »  Therefore  3^1  x  ^^^  will  be  greater 
than  ^az  +  2z;  and  confequently  (adding  3(W  to  both  fides,) 
3^^  +  3^  X  —7-  ^^11  b^  greater  than  %aa  +  34K  +  22. 
Therefore  ^""^^,^^     will  be  lefs  than        '  ^ 


la  X  I 


But       ■         — ■      ^  1$  =:  —7 — r-,  and  77—7 r^ 

laa  +  3a  X   — — - 

is  =  the  true  value  q(  z.    Therefore  ^-^ — -^  will  be  lefs 

c  +  aa* 

c  —  a^\  X  tf 


than  the  true  value  of  z.  Therefore  a  +  ■■^''  ^  will 
be  lefs  than  the  true  value  of  ^  +  2,  or  than  v^'  (7. 

This  expreffion,  a  +  ~^r~r^  gives  ufually  three  timfs 

as  many  figures  of  the  value  of  y/^  j7  exaft  as  were  given 
cxadly  by  a^  or  the  firft  near  value  of  the  feid  cube-root. 
But  in  fome  cafes  the  figures  which  it  gives  exadly  are  only 
three  times  as  many  wanting  oiiet  and  in  fome  imfiivour* 
able  cafes  only  three  times  as  many  wanting  two^  «  ^^^ 
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exaft  in  n  i  as  we  have  feea  in  fome  of  the  foregoing  ex- 
sunples* 

Art»28.  Mr^de  Lagney's  fecond^  or  irrational,  expreffion, 

^  +  y/  HZ-l.    for  the  fecond  near  value  of  the  cube-root 

of  €j  when  a  is  lefs  than  the  faid  cube-root,  is  obtained  by 
preferving  the  term  "^azz^  as  well  as  the  term  %mz^  of  the 
cubick  equation  a^  +  i^z  +  3tf2»  +  z'  =  f ,  and  refolv- 
ing  the  equation  thence  rcfuhing,  to  wit,  the  quadratick 
equation  a^  +  2^az  +  jazz  ss  r,  in  an  accurate  manner. 
This  may  be  done  as  follows. 

If  we  fuppofe  a^  +  jaaz  +  3^22  to  be  equal  to  r,  wc 
(hall  have  jaaz  +  ^azz  =  c  —  i.%  and  (dividing  all  the 

terms  by  ^a)  az  +  zz  =  — ^«  Therefore  (adding  —  to 
both  fides,)  we  Ihall  have  -  +  «z  +  zz  =  — ^  +  -^ 
(=  ±1ZL±^  +  Ifl  =  liHtlilil')  =4iziVand  (extraa. 

^  lltf  ^     12a  12a  '  12a     '  ^V[ 

ing  the  fquarc-roots  of  both  fides,)  ~  +  2  z=  y^iiillf.. 

Therefore  2;  will  be  =:  \/  ^^^^^^^ -7-,  and  a  +  z  will  be 

(=a+  v^EEf!  — iL)  =  JL  +  1/&.  Therefore 
v/'  /7  will   be  nearly  equal  to  the  fame  quantity  ~  -§• 


Art.  29.    This  expreffion  |-  +  v^ p\7/    "^"^    always 

t)e  greater  than  the  true  value  of  \/^f7i  or  than  the  true 
value  of  tf  4-  z  in  the  original  cubick  equation  a*  +  jaaz 
+  3^^2  +  «*  =  f» 

For  it  is  derived  from  a  fuppoCtion  that  a^  +  jaaz  + 

3  K  2  3^zz 
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%azz  IS  equal  to  r,  or  to  a*  +  ^aaz  +  ^axz  +  2*,  or  is 
greater  than  it  reajly  is :  from  whirii  it  will  neccflarily  fol- 
.  low  that  the  value  of  z  deduced  from  that  fuppofition  muft 
be  greater  than  its  true  value,  and  confequently  that  the 
value  oi  a  -^r  z  deduced  from  that  fuppofition,  that  is,  the 

expreffioa  ^  +  V^J^^p^,   will  be  greater  than  the  true 

value  of  a  +  z,  or  than  v^*[7.  q^  ?.  o. 


Art.  30.  The  irrational  expreffion  -^  +  y/\-^  ^^'^ 
approach  a  little  nearer  than  the  rational  expreffion  a  + 
'7+2tf^'  ^^  ^^^  ^^^  y^Xut  of  \/'  f7,  becaufe  it  is  obtained 
by  refolving  the  quadratick  equation  a^  +  ^aaz  +  ^^^ 
=^  c   accurately,    whereas-  the    rational    expreffion    a  + 

'  71  la^^  ^^  obtained  by  refolving  the  fame  quadratick  equa- 
tion inaccurately,  by  fubftituting  ^— ^  inftcad  of  z  in  the 
quantity  ^az  in  the  denominator  of  the  fra^ion     ^      g 

in  art,  26.  But  the  'difference  of  the  two  expreffions  in 
point  of  exaftnefs  is  not  confiderable ;  and  the  principal 

reafon  for  preferring  the  irrational  expreffion  —  +  ^f^ 

to  the  rational  expreffion  a  +   -777^ »  is,  that  there  is 

much  lefs  labour  in  extradling  the  fquare-root  of  the  fradioq 

f^*"^ ,  than  in  dividing  the  numerator  c  —  a^]  X  ^  by  the 

denominator  €-{-  za\  when  that  denominator  isa  ve^Iocg 
jjupibcr. 


^ 
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An  Inviftigation  of  the  Two  Expreffions,  a  —  ~i^,  and 

—  +  ^\~~9  g^'^^  h  Monfieur  de  Lagney  for  a  Second 

near  Value  of  the  Cube-root  of  a  given  Number  c,  when  a, 
or  a  Firft  near  Value  of  it  that  is  already  known,  is  ff eater 
than  its  true  Value. 


Art.  31.  Let  z  be  put  for  the  unknown  difference  by 
which  tf,  or  th,e  firft  near  value  of  the  cube- root  of  the  given 
number  c»  exceeds  its  true  valuer  fo  that  a^^z  fhall  be 

Then  will  «  —  z)'  be  =:  e.  But  a  —  2)*  is  =  V  — 
^aaz  4-  ^azz  —  a'.  Therefore  a^  —  ^aaz  +  ;iazz  —  z* 
will  alfo  be  zz,  c.  This  cubick  equation  is  the  foundation 
both  of  Mr.  Raphfon's  and  of  Monfieur  de  Lagney's  me- 
thods of  approximating  further  to  the  true  value  of  v^*fZ 

An.  32.  Mr*  Raphfon's  approximation  is  obtained  as 
follows. 

Since  z  is  lefs^  and  ufually  much  lefs^  than  a,  (to  wit, 
about  a  loth,  or  a  looth,  part  of  it,  or,  perhaps,  ftill  lefs,) 
it  follows  that  both  3^22  and  z^  will  be  lefs,  and  ufually 
much  lefs,  than  3tf^2,  and  confequently  that  a*  —  ^aaz 
will  be  nearly  equal  to  a^  —  ^aaz  +  3^22  —  2%  and  there- 
fore to  c^  Let  them  therefore  be  fuppofed  to  be  equal  to  e. 
Then,  fince  j3  —  ^aaz  are  z:  f,  we  (hall  have  tf'  =  ^  + 

^aax,  and  ^aaz  =  a'  —  f,  and  confequently  z  =  UHl , 
Therefore  a  —  z  will  be  =  «  —      "^,  and  confequendy 

the  expreiSon  a  -1-  |— ~— •  will  be  a  fecond  near  value  of 

\/'  f7,  or  the  cube^root  of  the  given  number  c^    o^  e.  i. 
^  ^  This 
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This  is  Mr.  Raphfon's  approximation  to  the  cube-root 
of  Cj  when  a  is  greater  than  the  faid  cube- root ;  and  it  is 
the  fimpleft  and  eaiieft  approximation  that  can  well  be  ima* 
gined^  and  approaches  much  nearer  than  a  to  the  true  value 
of  the  faid  cube-root.  For  it  ufualiy  gives  us  the  value  of 
the  faid  cube- root  exaft  to  twice  as  many  decimal  places  of 
'  figures  as  were  exaft  in  a,  or  the  firft  near  value  of  the  faid 
•cubc-root.  And  it  is  Icfs  operofe,  or  difficult  to  compute^ 
than   Mr.  de  Lagney's  firft,  or  rational^  cxprelfionj  a  — 

— ^ — g-^l  becaiife  it  is  eafier  to  divide  c  —  a^  by  ^aa,  or 

three  times  the  fquare  of  a,  than,  firft,  to  multiply  «*  —  c 
by  a,  and  then  to  divide  the  produft  by  ir  +  2^',  which  is 
a  k)nger  number  than  ^aa.  And  for  thefe  reafons  Mr.  Raph* 
Ion  always  preferred  it  to  Mr.  de  Lagney's  approximations, 
notwithftanding  their  greater  exadnefs. 

We  will  now  proceed  to  invcftigate  Mr.  de  Lagney's  firft 
cxpreffion  above-mentioned)  to  wit,  the  rational  expreffion 

fij  _  j^  y  tf   •  •  • 

a  —  — ^    '    ,  in  obtaining  which  Mr.  Raphfon's  approxi- 

matioQ  is  made  ufe  of  as  a  necefiary  ftep. 

Art.  33.   Mr.  de  Li^ney's  firft,  or  rational,  expreffion, 

^  _£ElLi^,  is  obtained  by  preferving  the  term  ^azz,  as 

well  as  the  term  $aaz,  of  the  cubicle  equation  ^  —  $imz 
+  ^azz  —  z*  =  f,  or  by  fuppofing  a*  —  ^aaz  +  ^azz  to  be 
equal  to  r,  and  refolving  the  quadratick  equation  a'  — 
^aaz  +  %azz  zz.  r,  refulting  from  that  fuppofition,  in  an 
imperfeft,  or  inaccurate,  manner,  by  proceeding  as  follows. 

Siace  a'  —  ^aaz  +  3^22  is  fuppofed  to  be  equal  to  r, 
-we  (hall  have  a^  -f-  %azz  =:  f  +  3^z,  and  11'  =r  r  +  ^aaz 
—  3<2za,  and  a'  -*  ^  =:£  ^aaz  —  3<^2»,  or  ^aaz  •—  ^azz 
zz  ^  —  ^,   and  (divklipg  both  fides  of  the  equation  by 

ia§  —  3/f »,)  %  r:  —I——.    Mr,  de  I^ney  then  fabfti- 

tutes. 
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tutes^   inftead  of  Zy  in  the  denominator  of  the  fradioa 

^,  the  near  value  of  z  already  obtained  by  the  refo- 

lutioQ  of  the  (imple  equation  0'  •—  ^aaz  z:  ^^  to  wit^  the 
fraftion   — II—,   and  thereby  obtains  the  equation  x  v» 

"*  ""  ^  ;  which  laft  quantity  is  equal  to      *  "^ 


-pp 


<tf  *  —  r  fl5  —  f  tfl  —  ^  -% \ 

."^    ,)  =  ^-^^^^ — ;2.     Therefore  z  will  be  =  i-^^^ — -? , 

and  confcsquently  tf  —  2  will  \x  zz  a  ^  ""Z~7"*  There- 
fore  the  true  value  of  tf  —  z,  or  of  the  cube- root  of  the 
given  number  f,  will  be  nearly  =  «  —       "7^  ^« 

Art.  34*   This  cxprcffion,  a  —  -f-ZlJLf^  of  the  fecoad 

near  value  of  v^*fT,  will  always  be  greater  than  its  tnic 
value ;  as  may  be  demonilrated  in  the  manner  following. 

It  has  been  fhewn  above  in  art.  31,  that  ^  —  ^aaz  + 
jtfzz  —  2:*  is  =  €.  Therefore  a^  +  ^azz  will  be  =  ^  4- 
^aaz  +  2%  and  a*  will  be  zr  ^  +  ^aaz  —  ^azz  +  a',  and 
a*  -^  c  will  be  =  $aaz  —  3^22  +  2*.  But  30^2  —  3^1x2 
+  2*  is  =  3^2  —  ^22  —  2tf22  +  2'.  Therefore  n*  —  ^  will 
be  =  2^^  —  ^2:2  —  2^22  +  2*.  But,  becaufe  2  is  lefs 
than  4f,  2*  win  be  lefs  than  ^^22,  and,  i  f^rtiari^  lefs  than 
%azz.  Therefore  3^42  —  azz  —  2^22  +  2'  will  be  lefs  than 
349^12  — r  422 ;  and  confequently  4'  —  c  (which  is  s=  ^aaz 
^—  azz  —  2^22  -^  2%)  will  be  lefs  than  ^aa%  —  ^22, 

Therefor?  ^—^will  be  lefs  than  ISSLZSSt^  ot  than  ^az  — 

22. 


zz. 
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Butfi:!^  is  =  3^  X  ^.    Therefore  3a  x  ^^ 

will  be  lefs  than  3^22  —  22.     Therefore,  if  both  thefc  quan- 
tities be  fubtrafted   from  ^aa^  the  remainder  2^a  —  3^ 

X   r  ""^  will  be  greater  than  the  remainder  34^^  --[^azr-zz^ 
or  than  3^ J  —  3^2  +  zz.    Therefore  "*  will 

be  lefs  than  — "*  -  '       .    But *'  ~  *" , is  = 

.-niTlx*     Therefore  ^i?^  will  be  lefs  than      ""' 


But f-Ilf is  equal  to  the  value  of  z  in  the  cubick 

^aa  —  3tf2J  +  Tisi  ^ 

equation  tf'  —  ^aaz  +  ^azz  —  2'  =  r,  or  to  its  true  value. 
Therefore  -^       ^  '^-  will  be  lefs  than  the  true  value  of  z. 

C  +  2tf  *  

And  confequently  a l-^iiLf  will    be  greater  than   the 

true  value  of  ^i  —  z,  or  than  the  cube- root  of  c.    ^  e.  d. 


Art.  35.  The  other,  or  irrational,  expreflion—  +  Vr——9 

given  by  Mr.  de  Lagney  for  the  fecond  near  value  of  the 
cube-root  of  r,  when  a  is  greater  than  the  faid  cube-root, 
is  obtained  by  preferving  the  term  ^azz^  as  well  as  the 
term  30^2,  of  the  cubick  equation  a^  —  ^aaz  +  %azz  —  z^ 
zz  c,  obtained  in  art.  31,  or  by  fuppofing  the  trinomial 
quantity  a^  —  ^aaz  +  3^22  to  be  equal  to  c^  and  refolving 
the  quadratick  equation  a^  —  ^aaz  +  ^^zz  r=  r  in  an  ac- 
curate manner.    This  may  be  done  as  follows. 

If  we  fuppofe  a^  —  .^aaz  +  ^azz  to  be  n  f,  we  fliall 
tave  a*  +  ^azz  =  ^  +  3<^tfz,  and  tf*  =  r  -t-  ^^az  —  ^(izz, 
and  tf'  ^—  f  =  ^MZ  —  3^22,  or  ^aaz  —  lazz  'zz  a*  —  r. 

Therefore 
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^Therefore  (dividing  both  fides  of  the  tquation  by  ^ay)  w# 


ftiall  have  tfs  —  zz  =  — ^. 

The  compound  quantity  ai  -i-  22,  which  formd  the  lefc 
hand  fide  of  this  equation^  is  =:  a  —  z\  X  z,  and  confe-^ 
qucntly  (by  Euclid's  Elements/  Book  ad,  ProJ),  5,)  muft 

be  Icfs  than  the  fquare  of  i,  or  than  — •  And  confequently 
the  other  fide  of  the  equation,  or  the  quantity  ■*'  ""^j  will 
alfo  be  lefs  than  — *  They  may  therefore  both  be  fubtrafted 
from  — .   Let  them  be  fo  fubtraftcd.  And  we  fliall  then  have 


M        (  da         CrZ7         ad  I  dd 

4  4       n^         4^4 


cLzi  (=  ^  —  (4<>'  -  4^  _  3tf>«>f4tf»-4f  _  3£:iif!±4f\  ^ 

■  "''  '»    Therefore  the  fquare^rodt  of  the  trinomial  quantity 

—  —  tfx  +■  zz^  will  be  equal  to  the  fquare-i*ot  of  tht 

fradion  ^-^~.    Now,  if  z  could  be  of  two  different  values^ 
12a 

the  one  greater  than  -^,  and  the  cither  lefs  than  — ^  the  tn* 
nomial  quantity  ^  --^  az  +  zz   might  have  two  fquare* 

roots^  to  wit,  -2 Zy  and  z  — ^  — .     But,  as  z  in  the  pr«- 

fent  problem  is  fuppofed  to  be  much  left  than  — ,  the  latter 
of  thefe  fquare-roots,  to  wit^  z  — 4-,  cannot  exift,  and  the 

other  fquarc-root,  j-  -^  z^  will  be  the  only  one  confiftent 

with  the  conditions  of  the  Problem.     Therefore  we  (hall 

3  S  havf 


It. 
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have  ~  —  z  =  ^\^f  J  and  confequently  (adding^  z  to 
bdth  fides,)  ^  =  %/(^^^  +  «»  ^"^  (fubtrafting  v/^^ 
from  both  fides,)  z  r:  -^  -•—  v^[^  "^  >     Therefore  a  —  2^ 

Witt  b. = .  -fT-vi^(= '  — :  +  ^(^) 

r:  -  +  v^Jy""^  ,  Therefore  (he  fecond  near  Value  of 
v/»f7  wiU  be  ^  +  v/(5^.  Oj  H.  I- 


Art.  36.    This  expreffion  -^  +  ^\iz^ '    ^^^  always 

be  lefs  than  the  true  value  of  the  cube-root  of  the  given 
number  c. 

For,  if  we  fuppofe  z  to  iacreale  continually  from  o  till 
h  becomes  equal  to  — ,  the  compound  quantity  az  —  a», 
or  i  —  af  X  2>  will  increafe  continually  y  the  fame  time 
till  it  becomes  equal  to  -^|  ,  or  — ;  and  confequently  the 

compound  quantity  ^  x  f^z —  zz,  or  the  compound  quan* 
tity  3MZ  —  3^22,  will  increafe  continually  till  it  becomes 

equal  to  3^  X  ^,  or  1^.   Therefore,  when  the  compound 

quantity  z^z  —  34ZZ  is  equal  to  a^  7-  r,  the  quantity  2; 
will  be  greater  than  when  the  compound  quantity  %aaz  — 
3tfzx  is  equal  to  4'  —  r  — *  z%  which  is  lefs  than  is'  —  r ; 
diat  is,  the  value  of  z  in  tlie  quadratick  equation  3MZ  -— 
3«BZ  =  ^s*  —  r  will  be  greater  than  the  value  of  z  in  the 
cubick  equation  ^aaz  — -  3^7zz  =:  i^s  —  r  —  z<,  or  in  the 
ciibick  equation  ^aaz  —  ^azz  +  z'  s  ii'  •—  r,  or  in  the 
cubick  equation  a*  —  3AIZ  +  ,^azz  -^  z^  zz  €.  But  the 
Talue  of  z  in  the  quadratick  equation  %aaz  -—  %^mi  = 


ly  Mir.  de  Lagney 'i  Method  of  Jfproxiwuuim.       4ff^ 

i^  •«.  r  is  -^  •—  ^[ilZfl ;  and  the  value  of  z  in  the  cubick 

equation  is'  —  ^aaz  +  ^azz  ~  2'  z:  r  is  the  true  value 
of  »,  or  of  the  cxcefe  of  a  above  v^'ifl    Therefore  the  «- 

pre&on  -^  «—  v^l^'^J^  ^^^l  be  greater  than  the  trueMlub 

of  2.  Therefore  a  —^^  ^  v/(^=^,  or—  +  v/|i=^, 

will  be  lefs  than  the  true  value  of  ii  —  z,  or  than  the  cube- 
jroot  of  the  given  number  c.  <u  £•  o* 

Art.  37^    The  irrational  Formula  -j-  +  v^/^^^'  ■   wfll 
approach  a   little  nearer  than  the  rational  Fomuda,  a  •— 

— v^  ■  *  to  the  true  value  of  the  cube-root  of  r;  becaufe 

the  irrational  Fetmula  is  derived  from  the  quadratick  equa- 
tion a^  —  3^42  +  3«2z  =  ^  by  an  accurate  refoiution  of 
it^  and  the  rational  formula  is  derived  from  the  Tame  equa- 
tion by  an  inaccurate  refolution  of  it.  But  the  difference 
of  exadnefs  between  thefe  two  expreffions  is  not  great,  and 
either  of  them  will  ufually  give  us  three  times  as  many  de- 
cimal figures  of  v^'  (Texaft  as  were  exa&  in  a^  or  the  firft 
near  value  of  it.  But^  when  the  given  number  c  itfelf 
coniifts  of  nine,  or  ten,  or  more  figures,  and  alfb  when  a 
confifts  of  three,  or  four,  figures,  and  coniequemly  a^  con- 
iUls  of  nine,  or  ten,  or  more,  figures,  the  irrational  expreC- 

fion  -^  +  v^l^""^  ,  will  be  found  to  be  much  eafer  to 

compute  than  the  rational  expreffion  a  —    J2^i^>  ^^  •^ 

count  of  the  labour  of  dividing  a^  —7]  x  ^  by  the  long 
number  c  +  za^;  and  therefore  Dr.  Halley  thinks  it  ought 
to  be  prefiaied  to  the  other. 

3Sa  Art  3^* 
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Art.  3B.  I  have  now  given  very  full  inveftigations  of 
the  four  expreflions  invented  by  Mr.  ide  Lagncy  for  the 
fecond  near  value  of  the  cube-root  of  a  given  number  r, 
of  which  z,  firft  neaj:  value,   denoted   by  the  letter  dy   is 

|Llr©|dy  known,   to  wit,  the  four,  expreflions  a  +  —  ?,  ^^ 

tod  r-'  +  V  Ft~i>  ^"d  tf  T-  — ^     -  ,  and  -  +^  y/y-- ; 

of  which  thp  two  firft  relate  to  the  cafe  in  which  a,  or 
the  firft  near  value  of  the  feid  cube-root,  is  lefs  than  its  true 
value;  and  the  two  laft  relate  to  the  cafe  in  which  a,  or 
the  firft  nev  value  of  the  faid  cube- root,  is  greater  than  its 
frpe  value,  ^nd  I  have  given  dpmpnftratiqns  of  wb^  is 
aflerted  concerning  thcfe  wur  cxpreffions  in  art.  5  and  6, 

^0  wit,  that  the  firft  of  them,  or  a  +  ■  ^  J^  ^^^ — ,   is  al- 

^ays  left  than  the  true  value  of  V^'lT,  and  that  the  fecond 


•  fif  thpm,  or  ^  +  \/^ — —p  is  always  'greater  th^i  \hp 

^id  true  value,  and  that  the  third  expreflion  a  — -  '^—^^j^ 
is  always  greater  than  the  faid  true  value,   and  (hat  the 

fourth  exprcffion  -^  +  %/r """     is  always  lefs  than  the 

faid  true  value.  And  the  two  firft  of  thefe  afl[crtions  have 
t)een  confirmed  upon  trial  in  the  exapiples  given  in  art.  8, 
^,  10,  XI,  12,  13,  14,  15,  16,  17,  18,  19,  and  20,  of  the 
cxtraftion  of  the  cube-roots  of  the  numbers  2,  231,  37,945, 
*ftnd|:helongnumbcr696,536,483,3i8,640,035>o73>64i»o375 
the  faid  cube-roots  having  been  extracted  by  means  of  the 


'two  firft  cxpreffions  a  +     -"^    *    ,  •  and  — ^  +  v/  • 

which  rdatc  to  the  cafe  in  which  a,  or  the  firft  near  value 

of  \/^(cl  is  lefs  than  its  true  value,  I  will  now,  therefore 
give  an  example,  or  two,  of  the  extraftion  of  the  cube- 
jcfii^  f^  numbers  by  meaxxs  of  the  two  latter  exprefiionii 
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0  —      "7'^"^ and  —  +  y/\^ — ^,  which  rehite   to  the 

cafe  in  which  »,  or  the  firft  near  value  of  \/^fcl  is  greater 
than  its  true  value. 


jIn  Example  of  the  Extra ff ion  of  ibe  Cuie-root  of  a  given  Niemr 
ler^  by  means  of  Mr.  de  Lagncy'j  Third  and  Fourth  Expref^ 


Rons  a  —  ^ — ^ — ^  and  —  +  v/I-^— — •»  ^»  which  a, 

or  the  Firft  near  Value  of  ^/^^^  is  fuppofed  to  be  greater 
than  its  true  Value. 


Art.  39.  Let  it  be  required  to  find  the  cube-root  of  %f 
which  was  extracted  above  in  art.  8  and  9 ;  and  let  aj  or 
the  firft  near  value  of  the  faid  cube-root,  be  1.26,  which 
is  fomewhat  greater  than  its  true  value»  which  is  1.259,921, 
049,  &c. 

Here  then  we  have  r  1=  2,  and  a  =1.26.  Therefore  ^ 
will  be  zz  2.000,376,  and  m'  will  b^  =  4.000,752,  and 
€  +  za^  will  be  {=  2  +  4.000,752)  =  6.000,752,  and 
rt? —  c.  will   be.  (iz  2.000,376  —  2)   =  0.000,376,   and 

4*f— 7)  X  a  will  be  (n  0.000,376  X  1.26),=  o«ooo,473,76, 
apd  confequcntly  ?1^  will  be  (=      0.000^73.76   y  _ 

^  ^  .-'      f+2tf3  ^  6.000,752         ^ 

p.oco,o78,Q  CO.    Therefore  a  -r  ^  ".     ,^->   pr  the  fecond 

near  value  of  the  cube-root  of  2,  will  be  (rr  1.260,000,000 
-^  0.000,078,950)  =  1.259,921,050;  which  is  a  little 
greater  than  its  true  value  i«  259,921,049,  &c,  agreeably  td 
what  is  afierted  in  art.  6,  and  demonftrated  in  an.  34. 

And  we  (hall  have  4r  (n  4  X  2)  =  8.000,000,  and 
•J-(='~)  =s:  0.63,  and  i%a  (=  X2  x  i»a^6)  =  15.12, 

and 


5^*  Of  tU  Extraaion  $/  the  Cubi-not  - 

and  4^*— «*  (=:  S.ooo^ooo  •—  2.000^376)  =:  5*9991624,  and 
lir  (=  ^'"^^^l^)  =o.396,8oo,5a9,ioo,529,ioo,5a9,&c, 
and  v^l^"^'  (=  \/o.396,8oo,529,ioo,5a9,ioo,5Z9,  &c,) 

s=  0-62^,921,049,894,76,  and  -^  +    v/[^,74f^     (  = 

0.630,000,000,000,00  H-  0.629,921,049,894,76)  =  1*259, 
92i«049»894,76.    Therefore  the  fecoinl  near  vidue  of  the 

cube-root  of  8,  obtained  by  ^  irrational  ezpreflioa  -j-   + 

^jliZfL,  will  be  I •a59>92 1^49,894,76;  which  is  a  little 

lefs  than  the  true  value  of  the  faid  cube-root,  agreeably  to 
what  is  aflerted  in  art.  6,  and  denlonftrated  in  art.  36,  the 
more  accurate  value  of  the  faid  cube-root  being  x*2^9,99i> 
049>894>873>^64,76,  &c. 

Art*  40.  The  foregoing  more  accurate  value  of  the  cubi- 
rootof  2|  towit,  i.259,92i,o49j894t873,x64,76,  was  obtained 
by  tsiujDig  1.259,921,0  for  a,  or  the  firft  near  value  of  thefod 

cube-rooty  and  cpmputing  the  expreffion  —  +  vM^-— — ^* 
For,  if  tf  is  =  1.259,921,0,  or  1.259,921,  we  Ihali  have 

-~  =^  0.629,960,5,  anda»  (=  1.259,921]')  =  x-999^99f» 

76^,^90,486,961,  and  4r  (=  4  X  2)  =  8.000,000,000^ 
000,000,000,  and  4^  -^  la'  =:  8.000,000,000,000,000,000 

—  1-999,999,762,390,486,961 
•    =  6.000,000,237,609,513,030, 
and  I2ii  (=  12  X  i.?59,92i)  =  15.119,052,  and  confer 

quently     ^""f'    >=    6>oo<Hooo>i37>go9>Si3>q39  x    _ 
*         '        iztf        ^  15.119,05a  ' 

o.396,85o,294,423,85o,982,i»5,o69,746,436,  and  •(^~* 
(  =    V'  0.396850,294423,850982,125069,746436  )    = 
0.629,960,549,894,873,164,76^  &C.     Therefore  — j-  4> 
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^  J    12m 


will  be  (=  0.619,960,5  +  0*629,960,549,894^ 

875,164,76,  &c,)  =  1.259,921,049,894,873,164,76,  ike, 
which  therefore  will  be  a  very  near  value  of  the  cube-root 
of  2. 

AH  the  twenty-one  figures  of  this  number  1.259,92  f, 
049,894,873,164,76,  may  be  depended  upon  as  exad,  iJF 
no  miftake  has  been  made  in  computing  the  value  of  the 

expreffion  \/\^—^ ;  bccaufe  tf,  or  the  firft  value  c[  the 

cube-root  of  2,  to  wit,  1.259,921,0,  confifts  of  eight  figures 
which  are  all  exaft,  and  the  number  of  figures  that  arc 

cxaft  in  ~  +  v^f^j^g     ^^  always  triple,  or  triple  wanting 

one  or  two  figures,  of  the  number  of  figures  that  are  cxslBL 
in  41 1  as  was  obferved  in  art.  7. 

/■ 

Art.  41.  And  in  like  manner  in  the  fecond  example,  re- 
lating to  the  extraction  of  the  cube-root  of  231,  if  we  take 
^  equal  to  6.14  (which  is  fomewhat  greater  than  thp  true 
value  of  the  faid  cube-root,)  inftead  of  taking  it  equal  to 

,6.13,  (which  is  fomewhat  lefs  than  the  faid  true  value,)  and 

compute  the  two  expreflions  a  —     ^7]^^^  and  —    + 

V^l^""^  ,  we  (hall  find  the  formef  of  theft  exjM:e£5ons  to 

be  fomewhat  greater,  and  the  latter  of  them  to  be  fomewhat 
lefs,  than  the  true  value  of  the  faid  cube-root,  agreeably 
to  w^hat  is  aflerted  in  art.  6.  Theft  computations  may  be 
performed  as  follows. 

If  tf  is  fuppofed  to  be  =  6.14,  wc  Ihall  tave  ^  (=  ^) 

=:  3.07,  and  124  (=  12  x  6.14)  =  73.68,  and  a^  (= 
6^')  =  23i.475,544,^Md  tf^  — r  (=  231.475,544  — 
231)  =  Q.475*544f>nd  «»— 4  X  a  {=:  0.475,3^^-  X  6.14) 
=  2.919,840,16,   and  2^^=   2    X   23  ^•475*54+)    = 

462. 


^  5^4'  0/  tbi  ExtraSttM  of  the  Cuh-root,  6?^* 

462-95i>o88,  and  c+  2a^  (zz   231    +  4^2.951,088)  rr 
«93.95  ..088,  ^  co„fe,u.„.l,  i^'  (=  i2j^^)  = 


0.004,207,559.     Therefore   a  —  ^'  /"^^"^  will  be  { = 

6.140,000,000  —  0.004)207,559)  =  6.135,792,441; 
which  is  greater  than  the  true  value  of  the  cube-root  of 
*3i>  agreeably  to  what  is  afferted  in  art.  6,.  and  dcmon- 
ftrated  in  art.  34,  the  faid  true  value  being  only  6.135,792, 
439,661,958,  &c.     Sec  above,  art.  10,  page  476. 

And  wc  fliall  have  4^  (=  4  x  231)  =  924,  and  4^ — ^ 
\-=z  924.000,000.—  23^-475*544)   =692.524,456,  and 

^^  <=  ^^^^^>  =  9-399»o83*279»<544*5'6,829,and 
WnriT"  (-  •9-399083,279044,516829)  =  3.065,792, 
439,004.     Therefore  ~-  +  •/  ^  J/'    will  be  (=  3.07 

+  3-o65>79^>439>oo4»)  =  6.135,792,439,004;  which  is 
lefs  than,  the  true  value  of  the  cube-root  of  231,  to  wit, 
^•i35»792>439»66i,958',  &c,  agreeably  to  what  is  afferted 
in  art.  6,  and  demonftrated  in  art.  36. 

Art.  42.  Thefe  two  examples  are  fufScIent  to  illuftrate 
and  confirm  what  is  afferted  in  art.  6,  and  demonftrated 
in  art.  34  and   36,  concerning  the  two  cxpreffions  a  — 

^r^\a*  ^  ^d  -r^  +  V\~^ ;    which   arc    given  by 

Monlkur  de  Lagney  for  z  f<jcond  near  value  of  the  cube- 
root  of  a  given  number  r,  when  a,  or  the  firft  near  value 
of  it,  is  greater  than  its  true  value.  And  with  them  I  (ball 
conclude  the  prefent  trad. 

End  of  the  TraH  mi  the  Cubes  of  the  Natural  Numbers  i,  5, 

3,  4^  5,  6,  7,  £^r,  and  on  Mr.  de  Lagney'/  Method  of 

Extra^g  the  fube-rcots  of  Numbers  by  Jpproidmatm^ 

A  GENE- 


GENERAL   METI^OD 


OP 


EXTRACTING  THE  ROOTS  OF  NUMBERS 

BY 
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AND  FUBLISH^  IN  THE  YEAR  1697, 
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GENERAL    METHOD 

or 
EXTRACTING  THE  ROOTS  OF  NUMBERS 

S  Y 

APPROXIMATION. 


Aniclc  !•  T  N  the  foregoing  Trad  I  have  inferted  Mon- 
X  ^^"^  ^^  L^gny's  Method  of  Extrafting  the 
Cube-rocits  Of  Nur^bers  by  Approximation/ and  have  both 
given  full  inveftigations  of  it,  and  illuflrated  it  by  feveral 
examples  that  clearly  prove  its  great  utility.  But  Mr.  de 
Lagny  did  not  confine  this  method  to  the  extraction  of  the 
cul^-roots  of  numbers,  but  extended  ft  to  the  cxtraftion  of 
their  fifth  roots,  and  their  feventh  roots,  and  all  higher 
roots  of  them  whatfoever.  This  he  did  by  purfuing  the  lame 
principle  bv  which  he  had  before  been  enabled  to  find  bis 
approximations  to  thd  cube-root  of  a  given  number,  to  wit, 
by  C(>nfidering  the  conftitution  of  the  cotnpound  qu^lntity 
that  is  equal  to  any  given  power  of  a  binomial  quantity, 
(ftich  as  fl  +  b^)  or  of  a  refidual  quantity,  (fuch  as  «  —  *,) 
and  fubftitutine  the  fum,  or  difference,  between  Cf  the  flrft 
near  value  of  the  root  fought,  (which  is  fuppofed  to  be  al- 
#eady  Jcnown,)  afid  tf  its  unknown  difference  from  the  true 
value  «)f  the  faid  root  fought,  inflead  of  the  faid  true  value 
itfelf  in  the  original  equation  derived  from  the  conditions  of 
li|e  Problem,  and  then  refolving  the  new  equation,  refult- 

3  T  2  ing 
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ing  from  fuch  fubftitution,  as  i^^^  it  were  a  quadratick  equa« 
tion,  or  negleding  all  the  terms  of  it  which  involve  any 
higher  powers  of  its  root,  or  the  difference  z,  than  the  fquare. 
This  tnethc^  I  (hall  now  endeavour  to  explain  in  the  folu- 
tions  of  the  two  following  Problems. 


PROBLEMI. 


Art.  2.  Let  N  be  any  propdfed  number  whatfocver,  and 
m  any  propofed  whole  number  whatfoever ;  and  let  ^  be  a 
known  nuqiber  that  is  nearly  equal  to,  but  lefs  than,  the 
mih  root  of  the  given  number  N.  It  is  required  to  find  a 
fecond  near  value  of  the  faid  iwth  root  of  the  given  num* 
bcr  N,  that  Ihall  approach  much  nearer  to  it  than  a^  or  the 
former  hear  value  of  it  that  is  already  known. 


SOLUTION. 

Let  z  be  put  for  the  unknown  difference  between  tf,  the 
firft  near  value  of  the  iwth  root  of  the  given  number  N,  and 
the  true  valite  of  the  faid  ftumber.    Then,  fmce  a  is  fup- 

pofcd  to  be  Icfs  than  v^"*N|  it  follows  that  a  -{^  z  will  be 

2=  v^*  N,  and  confequemly  that  a  +  z]''  will  be  =  N. 
But,  by  the  binomial  theorem  in  the  firft  and  fimpleft  cafe 
of  it,  to  wit,  the  cafe  of  integral  powers,  a  +  iT  will  bo 
=r  the  fenes  J^  +  m  /'~'i  +  »  x  "^^   X    4*T  *a* 

•  +•■ 
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+  «  x.^  X  !^'  X  «"-'z»  +  «.  X  ^'  X  ^*  X 

2=i   X  a-***  +  «.x^^X==-*X^x'!ij^X 

<i**""5  z»  +  &c,  continued  to  m  +  i  terms ;  or,  if,  for  the 
fake  <^  brevity,  we  fubftitute  the  capital  letters  A,  B,  C, 
D,  £,  F,  &c,  inftead  of  the  feveral  numeral  co-efficients 

I,  OT,   M    X   ^.  »  X  -J-    X  — ,  »  X  -7-    X  —     X 

2^,  and  «  X  2Z.'  X  2p  X  ^'  X  —*,  &c,  .refpec- 
tively,  a  +zf  will  be  =:  the  fcrics  A»*  +  Btf*~'a 

+  ice,  continued  to  m  +  i  terms.   Therefore  the  faid  feries- 

HIM*  f 

-I-  F  tf  ^  z*  +  8rc,  continued  to  w  +  1  terms,  will  be 
=  N.  This  is  the  original  equation,  by  the  folution  ojf 
which  we  are  to  find  a  near  value  of  z,  and  confequently 

a  fecond  near  value  of  a  +  z,  or  \/*  N, 

Art.  3*  Now,  fince  z  is  Icfs  than  a,  and  ufually  muck 
lefs,  being  about  a  loth  or  looth  part  of  it,  or  fome  (till 
Icffer  part  of  it,  it  is  evident  that  all  the  terms  in  the  afore- 
faid  feries  that  involve  zz^  and  z',  and  z*,  and  the  follow- 
ing powers  of  z,  will  be  lefs,  and  ufually  much  lefs,  than 

the  term  B a'^  a,  which  involves  only  the  fimple  power 
of  z.  And  therefore,  if  ail  the  faid  terms  of  the  feries  be 
negleded  or  omitted,  the  two  firil  terms  alone,   to  wit, 

Aa^  +  Ba^^^ Zf  will  be  nearly  equal  to  the  given  num- 
ber N  ;  and  confcquently  (if  we  fubtraft  A  tf  *  from  both 
fides  of  the  equation,)  we  (hall  have  Ba*"^^  z  nearly  r: 
N  —  Aa**,  and  (dividing  both  fides  by  Bii*'"')  z  nearly 


jidi  Mr,  it  Lag^V  MaM  tf  ExtrslHai 

=  *"**  ,  or  (becaufe  A  is  =  i,  «nd  B  fa  =  »)  » 

nearly  =      ■   ^- ;  which  fradion  may  be  derived  fix)m  the 

known  quantities  N  and  a  by  the  operations  of  Mulriplica^ 
fion,  Subtradion,  and  Divifion.  This  therefore  is  an  ap* 
proximttion  to  the  true  ralue  of  Zy  and  confequcndy  a  4^ 

f  ^  Hi 

■^    will  be  an  approxtmation  to  the  true  value  of  a  -f-  ^ 

Qro(  ^^  Up  6t  will  be  -a  fecond  near  value  of  k  that  will 
approach  nearer  td  it  than  a^  or  the  firft  near  value  of  it 
wmch  was  already  known.    B(it  it  will  evidently  be  (bm^* 

what  greater  than  the  true  value  of  v/**  N ;  becaufe  it  arofe 

from  a  firppofition  that  Aa^  +  Ba  ""  z  were  equal  to  die 
whole  feries  of  which  they  are  only  the  two  firft  renns>  or 
that  they  were  greater  than  they  really  were. 

This  quantity,  a  + ^  is  the  cxprciEon  given  bjr 

Mr.  Raphfon  for  the  fecond  near  value  of  the  «rth  root  of 
die  given  number  N*  And  it  is  a  very  ufeful  approxima* 
f ion  :  for  it  ufually  gives  us  twice  a3  tnany  figures  of  the 

true  value  of  V**  N  cxaft.  as  were  exaa  in  4,  or  the  firft 
Bear  value  of  the  faid  mxh  root*  And  it  is  evidently  the 
mod  iimple  and  eafy  approximation  to  the  value  of  the  laid 
mh  root  that  can  well  be  imagined. 

Art.  4.  Bat  Mr.  de  Lagny,  being  defirous  of  finding  at 
once  a  ftill  nearer  value  ot  (he  tmh  root  of  the  number  N^ 

rcuins  the  third  term  Ctf"""^2*,  as  well  as  the  two  firft 
term?  Aa*  and  Ba""^^  z,  of  the  feries  Atf*  +  Btf*""a 

&€|  Qwhich  is  equal  to  N^)  and  thereby  converts  the  original 

cquatioa 
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equation  A  a*  +  B/"''«  +  Ctf**V  +  Pfi'^^V^ 

E^"'"*^*  +  Fit*"**'  +  &c,   rr  N  into  a  qyadrntidL 

equation,  to  wit,  the  equation  A  «**  +  B  a^^^z  +  Cii^"*at* 
2=  N,  inftead  of  converting  it  (as  Mr^  Raphfpn  does,)  into 

the  fimplc  equation  Aa*^  +  Ba^"^  z  =  N.  And  this 
quadratick  equation  he  refolves  firO;  imperfe&lyr  V  ioacr 
curately,  by  fubftituting  in  one  pf  its  terms,  inftwl  of  2,  the 
inaccurate  value  of  z  already  found  by  the  refolution  of  the 

finple  equation  A /^  +  Ba"""*  z  =  N,  to  wit,  the  fraftion 
i^ri  »  ,  (by  which  fubftkution  the  quadratick  equation  is 

reduced  to  a  fimple  equation,)  and  then  refolving  the  faid 
fimpiv  equation  thereby  obtained  ;  which  produces  a  fecon4 

talue  cf  z  that  is  nearer  than  the  former  value  — ^^^ —  to 

hs  trae  value*    And  this  gives  hitn  a  rational  expreflion  for 

the  vahie  of  a  +  2,  or  the  fecoiid  near  value  of  v^*'  N* 
And  then  he  refolvds  the  fame  quadratick  equation,  Aa^ 

+  Ba"^^ z  *i^  Qg'^'^^ z\  accurately,  by  the  eemmoa 
methods  of  refolving  quadratick  equations ;  which,  produces 
a  furd,  or  irrational,  c^pceffioa  for  the  value  of  z,  an4 
confequently  another  furd,  or  irrational,  expreffion  for  the 

value  of  tf  +  z,  or  for  the  ftoend  pear  vahic  of  •*  Nt 

Thefe  refolutions  of  the  faid  quadratic^  equation  A  4^  -f? 

B  fl "*'"'  z  —  C  tf  ^""^ a*  =  N,  nmy  be  performed  in  the 
following  manndr^    ^  ^ 

Art.  5,  Since  A  a"*  +  B^*"^'  z  +  tia^^*  is  a  N^ 
weftair  h*w]|#^^>  t  C#**V=?  N -^A^*;  that 
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is,  2  X  Ba"^^  +  «  X  C  X  a'^'^z  wiU  be  =  N  — 

Aa^,  orz  xfB^*""*  +  C  Xtf*^^«]wiU  be  =  N  — 
A  ii^ «  Therefore  (dividing  both  fides  of  the  equatioa  by 
the  compound  quantity  B^*""*  +  C  X  «****2)  we  IhaU 

have  X  = 


s-i^-»+c**^*« 


Npw  let  *  T^J  ,  or  ^*   ^  ,  (which  has  akeady  been 


— '. — 1-,  or  < — 

l«  ma 

^  Oiewn  to  be  nearly  equal  to  2:^)  be  fubffituted  inftead  of  a 
in  the  fecond  tenp  Ca^'^^z  of  the  denominator  of  th^ 


fraftion  lad  obtained^  to  wlt>  the  fraftlon 


And  we  ihall  have  z  =    ■■  »■      ^  "'^^    i — .,  1       ^   or 


»•"-'+ cV 


(becaufe  A  is  =  i,  and  Bh  =  m,) 


X  j    1  n 


«=                TT' 

-;■:.-•" 

.."-■ 

'     <^*«—*  +  c*— *  X  »  -  .« 

^       ••*«*—  +  on*—*  -  c*^*- '» 

«^"'-* 
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77^ 


X   ma 


J9V— I 


tf     I  X    2M  tf 


«-l 


2)0^  a  4~   2CNtf  '^  zza 


-—  =   (bccaufc  G  k 


=  »>  X 


«l  — I 


>  and  confequently  2C  is  z:  01  x  ^  —  if 


which  therefore. may  be  fubftituted  for  it,) 


TTRx 


ima 


=;  (if  we  divide  both  the  num^^rator  and  the  denominator 
by»,) 


2«rtf*^*"^  +  »^^  X  rf'X  tf^ 


'-^-i;;rr?) 


X  tf 


2JM|-*2 


H-^H   X 


m  — I 


^iSff 


-»rrn 


x^^^-^  +  ifTrn  X  Kx«"-* 


N^^ 


X  2« 


«r— I 


2« 


-  «  +  0 


X  4 


zm-r-z 


m^z 


^ 


X    2il 


«+  il  >:  tf^*"    ^  +  «  —  il  X  n  X  a 


+  m  — i^  X  W  X  tf' 

— -- —  =  (if  we  mul* 

iw  —  2  * 


tiply  both  the  numerator  and  denominator  into  a,) 

N  —  «n  X  2a^  ,,         ,.   ,j. 

c    (by  dividing 


«+lXfl^"'"^    +  i^^x^  X  a"^"^^ 

both  the  numerator  and  the  denominator  o£  this  £radion  by 


•—.)-■ 


?i 


tf    1  X  24 


mT7)xfl    H-'i»-^ilxir 


,  or 


a<f  X  N  —  <> 


Therefore  2  will  be'  = 


^   2d  X  N  —  tf 


»—  i]  X  H  +  i»+rt  +  tf  * 

j^  and  corift- 
qucntly 


m-^W  X  H  +  w+l^X  a 

3U 


514  A/r.  de  La^nyV  Method  of  ExtralUng 


2tf  X  M  — # 


que/idy  ^  +  2  wUl  be  =  ^  +  —  ■  —  , 

«r^^  X   N  +  «+  1I  X    tf* 

2^1   X   N-*  a** 

6r  ^  +  ~! will  be  a  fccond  near  value 

f^l  a  '^  %^  or  of  tlje  wh  root  of  tl>e  propofed  HMinber  N» 

c^.  E.   I. 

Art.  6.    The  quadratick  equation  mentioned  above   in 

art.  4,  tp  wit,  the  equation  A  ^^^  +  B^j**""*z  4-  C  iT^^T^ 
sc  N,  or  (becaufe  A  is  =  i,  and  B  is  =1  m,  and  C  is   rir 

fn  X  0  the  equation  a     +  ma        z  +  m  x  X 

a^'^^z^  rs  N,  may  be  accurately  refolvcd  in  the  manner 

following^ 

I 

By  doubling  both  fides  of  this  equation  we  (hall   have 

to*    +   ima^'^^z  +  m  X  fn  — ~i]  x  ^^^ %z  =    ^N  ; 
and,  by  multiplying  both  fides  of  this  equation  into  aa^  we 

fhall  have  z^a*""^^   +   ima'^'^^ z  +  m  x   »-^  i    X  «* 

X  22  =   2tf*  N  ;   and,  by  fubtrafting  za    '^    from  both 

fides,  we  (hall  have  2ma^    ^  z  +  pt  x  m  —  i\  X  a''  Xzz 

£=  2aa  N  r—  2a        ;  and,  by  dividing  both  fides  of  this 

laft  equation  by  |W    x   m — i\    X   a^  y    we    fliall   have 
+  2z  =  5 irrrr — ^,  or — '-  + 


p- 


' m  X  ptrril  X  fT  ^  ^  w— il  X  J^  JB?-.|1  X  tf 


2«  =; 


ihe  Rtots  if  Nmh-'s  9y  ^fproxMamk  '$1$ 

**  ^ — ===; — ;?®'^5z;  xz  +  zzi:     _ — r^-r 


*»   X    «»— I    X  «" 


Now  let  the  fquarc  bf  jj~  (whieh  is  half  tli^  co-efficient 
of  X  in  tte  term  |~.)  be  added  to  both  fides  of  this  equa- 
tion.   And  we  fliall  have -3*  ^  JL  ^  z  +  zz=s:'^±f- 

*"— M  »— »  ffi— 1| 

a.  2   X  M-c"  ^  .  2    X   «  -  «*! 

T  J — iii        ^     "  —  '    "T  '  ■«    ■      »  J    oti 

m  X   m-ix  a    ~'        «.-7)»         »X»-%iX-*"~* 

if,   for  the  fake  of  brevity,   we  put  P  for  the  quantity 
^^  +  ^L^lfl—    we  (hall  fcave  ID'  +  .J£. 

X  «  +  az  =  P.    .Therefore,  (extra^ing  the  fquarc-rdot* 
of  both  fides,)  we  (hall  have  — ^  +  2f  =  V'P,  and  a  a: 

v/P  —  ^.    Therefore  ^  +  z,  or  v'^fN,  will  be  = 


irfi-f  i"'i 


a 


,  Art.  J,   This  irfatiorul  exprefiion 
*  +  V   - ,  ■    ■  +  -^ —  — = — ,    dr   i*  a? 

^P  *-  ;;:ri»   *|^1  approach  fomewhac  nearer  to  the  trut 

Yaluc  of  i/**  (fj  than  tht  former,  or  rational,  e^prcffioh, 

3Ua  ^^ 
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M  ^  ':;:^ — _ij.""      ;  bcc^fe  it  proceeds  from  the 

accurate  refoludon  of  the  quadratick  equation  d^  +  m'^% 
+  fl»  X  —9"  X  tf  **"*  zz  =  N,  whereas  the  rational  ex- 
was  derived  from  an  in- 

jccurate  rpfolution  of  the  fame  quadrafick  eqtJatiop.  But 
the  difference  of  the  two  expreffions,  in  point  of  exafinefs, 
is  not  great  j  and  either  of  therti  will  ufualljr  give  ts  thrctf 

twe^  as  Hfiany  decimal:  figures  of  the  tru^  value  of  •**(§ 
exaft  as  were  exaft  in  a^  or  the  precccding  near  value  of  it, 

EiumpUf  of  fbe  E^traSHm  9f  the  Roots  of  Nimim  hj 
Ateans  of  ike  foregoing  Expre§^M 


m 
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Art.  8.  Let  it  be  required  to  find  the  cube-root  of  the 
number  a,  having  1-259  for  ay  or  the  firft  near  vaijiQ  cf  the 
faid  cube-root. 

Here  N  is  a:  2,  and  iw  is  rr  3,  and  cpnfequently  ^'^\ 
is  (=  3  —  i)  =  2^2in^  m  +   i  is  (tz  3  +  x)  n  4^  ana 

the  exprcffion  a  +  -_il2Li-.-±-- becomes  ns  + 

«-^  X  N  +  «+i)  xa^ 

we  fiibftitute  the  fmall  Icttur  €  inftead  of  the  capital  letter 


fion,  given  in  the  preceeding  traft  for  the  cube-root  of  the 
mimb^  r»    A^  as  ^  ]«  fuppofed  to  tae  =  1*2595  this  e^^ 

prcffion  a  +  i^j;^  will  be  ^  1.259  +  ^"^'^^^^"tl^ 

-  1-^59   +   r+  .  X  i.99J,6i6,979  "^    '"^^^     + 

4.004,383,011  X  1.259  ^  J  .^       .   0.005,518,22.^.43^    _ 

a  +  3•99I^*33»95«  ^^  S:99»»«33i9j8       ~         ^^ 

4"  0.000,921,049,55,  &c  =  1.259,921,049,55,  &c.  There* 
fore  i«»59,92i,o49,55,^  &c,  wiUL  be  d  nour  vidue  of  cIm  cubo^ 
fOdC  of  £•  Qe  *•  ^« 

See  the  preceeding  Traft,,  page  474* 

Arcw  9.  And  if  we  compute  this  cube-root  by  meau  oi 
the  irrational  expreffion  a  +  y/P  —  -^,  orir  —  -^  -|% 


—  +  ^1=5  +  " = — :zr*^ 


(hall  find  that  this  expreffion  wilt,  upon  making  the  propelr 
fobftitutions,  co-incide  with  the  irrational^  ezpooffion  g^vea 
for  the  cube*root  of  a  given  number  c  in  the  foregoing 

traft,  to  wit,  the  cxpreffion  —  +  \/p  ^  ^'9    and   conTe* 

%uentfy  giv&tbe  fame  value  of  the  cube  roQt  of  2,  a;.  w^J 
obtaii^d  in  the  foregoiqg  trad  by  means  of  that  expreffion* 

For,  fince  w  is  =t  3,  we  (hall  have  fv  —  i  :^  a,  andf 
«i^-*~^*  =  4»  and  «»  K  m—  I  (=:  3  x  2)  =.  fi^  swi, 

«;—  2(=3-r-2)=:i^  and  a**"*  ::;:  tf,  and  confequently 

am      ^_  aa  ,  2  x  m  —  a*"  a  X  n— Ji?'       w— n* 


and 
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and  P,  or  ===^  + ==- -i^::^  (=  -.+.*—— 

_  3£.  +  liLiMf!  ^  3il±4i:::4ff J  ^  4»L-lfi,  or,  (if  we 
fobftitute  c  inftead  of  N>  in  order  to  adopt  the  notation 
ufed  in  the  fdrcgoing  tra6t,)  P  =  im^-,  and  a  «i—  — ^— 

+  •?  (=  a-4.+  ^/P  =  -^+  v^P)  =  -f-  + 

f^i^ — J  which  is  the  irrational  expreffion  given  in  the 

foregoing  traft  for  the  fecood  near  value  of  the  cube-root  of 
the  number  c.  So  that  the  general^  irradonal,  expreffion  a  — i4 


X  m^-^' 


vrhich  is  obtained  by  the  general  invefUgacion  of  the  flith 
root  of  the  given  number  N  lii  the  prefent  tradt,  agrees 

perfeftly  with  the  particular,  irrational,  expreffion  -^  + 

\fY  ^  "*  >  which  was  obtained  in  the  foregoing  traft,  by 

the  particular  inveftigation  of  the  cube-root  of  the  givea 
number  c. 

.  And,  fince  f  is  =  a,  and  a  is  =  1.259,  we  (hall  hare 

tf»(=:  1.259I')  =  i.995>6 16,979,  ^°d  4^  — «*(=  8.0CXD, 
000,000  —  i.995>6i6,979)  rr:  6.004,383,021,   and   la^ 

t=«axi.z59)  =  «5.io8,and^-^  (=  ^^^^  = 
o-397>430,700*3*  a^^  V^^  (=  1^0.397430,7003)  =: 
0.630,421,050,01,  and  ~  (=:  i:^22)  —  0.6295,  and  ~- 

■*"  V^fil/   (=  0*^^95  +  o.630yt2i,o5o,oi)  =  1,459, 
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511,050,01.    Therefore  1.259,921,050,01  will  beafecond 
near  value  of  the  qjbc-root  01  2.  q^  i.  u 

The  firft  eight  figures  1.259,921,0,  of  this  number 
1.259,921,050,01,  are  e^tadt,  the  more  accurate  value  of  the 
cube-root  of  2  being  i. 259,921,049,894,873, 164,76^  &C9 
of  which  I  believe  all  the  figures  to  be  exa^«  See  above, 
pages  502  and  503* 


af= 


EXAMPLE    II. 


Art.  lo.  Let  it  be  reauired  to  find  the  fifth  root  of  the 
number  2,  which  the  celebrated  Vieta^  or  Monjieur  Fict^, 
has  found  to  be  1.148,697. 

Here  i«  is  =  5,  and  confequently  m  —  i  is  :r  4,  and 
«  -f  I   is   =:  6,  and  the  firft   geiieral  exprefiion  a   + 

will  be  (=  4  +  -— xT^r)  »  «  + 


«l— ii  X  M  +  m4"li  X  <»  T     • 

^z^-^zas  >  ^^  ^  +  ^2^1  ^  <^ » ^^^  ^'^^  ^^^'^  geqeral  expneffion 


4* 


wiU  be  (=  «-  -^  +  ^fff  ^  JLJij:rfLr'=  Jf.  + 

^  4  '  16  ^     J  X  4  X «»  4      ^ 

^  1 16  ^    loa*     —   4  T  '^  |^2o3»  ^         l6o«*  4      ^ 

^ri<M*+  i6»i-ri6a»  _3a   .    .yf^~^*\  —  2f  4.  ./fgw-a^ 
'^  '  160a*  "~  4  ^  ^  I     160.*   ^  ■".  4   "^  *^|    8o«»    • 

We  muft  therefore  compute  one  of  the  two  expreffions 

fecond 
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fecond  near  value  of  the  fifch  root  of  N,  or  2,  whea    we 

(hall  have  firft  found  a^  or'a  firft  war  value  of  tlie  faid  fifth 
root  thtt  is  lefs  than  its  true  value,  to  a  finall  degree  of 
cxaftnefs. 

Art.  If.    The  value  of  a^  or  the  firft  approxirtiation  to 
the  fifth  root  of  2,  may  be  found  in  the  following  manner.  • 

The  fifth  root  of  2  is  the  fecond  of  fix  quantities  in  con- 
tinued «e6metrical  proportion,  of  which  t  is  the  firft,  cw 
Icaft,  and  2  is  the  fixth,  or  greateft.'  Now  the  excels  of  the 
lecond  of  thefe  proportionals  above  the  firft,  is  neceffarily 
Icfs  than  the  fifth  part  of  the  excefs  of  the  gredteft  above 
^the  leaft,  becaufe  the  excefles  increafe  in  the  fame  proportion 
as  the  terms  thetttfelves.  The  txcefs  of  the  greateft  of  tbcfc 
fix  terms^  to  wit,  2,  above  the  leaft  of  them,  or  i,  is  i ; 

of  *hich  the  fifth  part  is  -i-,  or  — ,  or  o;2.  Therefore  the 

excefs  of  the  fecond  term  above  the  firft  will  be  lefs  than 

<^y  of  6.1 ;  slnd  tonfequentljr  chb  fecond  term  itfelf  will  be 

lefs  than  t  +  -j^,  or  than  U2,    Let  us  thet^fotie  fuppofe 

this  fecond  term,  or  the  fifth  root  of  2,  which  we  drft  leek* 
ing,  to  be  equal  to  i.x  ;  and  let  us  raife  this  number  to 
the  fifth  power,  in  order  to  try  how  nearly  it  approaches  to 
the  truth. 

Now,  if  we  raife  ia  to  the  fifch  powei",  or  multiply  It 

four  times  intd  itfelf,  we  fhali  find  that  r7|*is  =  1.61051  ; 
which  ii  confiderably  lefs  than  2.  Therefore  l.i  mutt  be 
confiderably  lefs  than  the  true  value  of  the  5th  root  of  2. 
But  we  have  (een  that  the  faid  true  value  muft  be  lefs  th^ 
1.2.  Let  us  therefore  fuppofe  it  to  be  equally  diftanf  fron\ 
1-1  and  1.2,  or  to  be  n  1.15,  and  try  whether  thi$  will  not 
be  pretty  hear  the  truth. 

Nov/  1.15I*  is  =  2.011,357,187,5;  which  is  a  little 
bigger  than  3«  Therefore  1.15  mutt  be  fomething  grcatw 
thai)  the  5th  root  of  2.    But  the  diflfcrcncc  c^n  ht  but  fmall. 

Wp 
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We  will  therefore,  in  the  next  place,  fuppofe  the  faid  5th 
root  to  be  =  1.14,  and  raife  this  number  to  the  fifth  power, 
in  order  to  difcover  whether  the  faid  fifth  power  will  be 
greater,  orlefs,  than  2,  and  tonfequently  wheth^  1.14  will 
be  greater,  or  lefs,  than  the  fifth  root  ^2.      '^ 

NcJw,  if  we  multiply  1^14  four  times  Tucceffively  into  it* 

fclfj  we  (hall  find  that  i.i^l'  is  e^  1.925,414,582,4;  which 
is  fomewhat  lefs  than  2,  Therefore  the  5th  root  of  2  will 
be  greater  than  1.14,  bur  lefs  than  1.15  ;  and  therefore  1,5^4 
will  be  a  very  convenient  firft  near  value  of  the  5th  root 
of  2,  and  will  be  very  fit  to  be  made  the  bafis  of  a  further 
approximation  to  the  true  value  of  the  faid  5th  root,  br- 
fubftituting  it  inftead  of  a  in  either  of  the  two  exprefliora 

^  +  EEBjif  and  5f  +   v/l^S,  which  have  been  de- 

rived  firom  the  foregoing  Problem. 

Art.  12.  Now,  if  we- fuppofe  tf  to  be  =:  t.14,  we  (hall 
have  aa  =  1.2996,  and  a^  =  1.481,544,  and  a^  =  1.925, 
414,582,4,  and  confequcntly  N  —  a^  {^—  2.000,000,000,0 

~  1.925,414,582,4)  =  0.074,585,417,6,  and  N  -  a^  x  a, 
(=  0.074,585,417,6  X  1. 14)  =  0.085,027,376,064,  and, 
2N  (=  2  X  2)  =  4,  and  3^*  (»  3  X  1.925,414,582,4)=^' 
5.776,243,747,2,  and  2N  +  3a'  (=  4  +  5-77M43^747>*) 

,  J  N— /»5|x  a  ,       0.085,027,376,064. 

=  9.776,242,747,2,  and -r—r  (= \  '"  )    = 

0.008,697,34.     Therefore  a  +  ^  "  ^   ^^  "^  will  be  (=  1.14 

+  0.008,697,34)  =  1.148,697,34;  and  confequently 
i«i48,697,34  will  be  Very  neiirly  equal  to  the  5th  root 
of  2.  cu  E.  I. 

This  number  i ,148,697,34  agrees  with  that  found  by 
Vieta^  to  wic,  x.  148,697,  iq  all  its  feven  figures,  but  is  car- 
ried to  two  more  figures. 

The  other  expreffion  —  +  s/\  ^^^l  ,  may  be  computed    " 

as.  follows. 

3  X  Since 
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Since  aiszi  1.14,  we  ihall  have  3^  (=  3  X  i*i4)   ^= 
3.42,  and  ^^  (=  2di)  =  0.855,  and  8N  (=  8  x  ^)  = 

16,  and  3^*  C=  3  X  i-9^5>4M.582,4)  =  5-77^>^43»7473*» 
and  8N  —  3^*  (:^  16.000,000,000,0  —  5^7 76,243^747,2) 
=  10.223,756,252,8,  and  804^  (=   80  X    1.481,544)   = 

ii8;5Z3,52o,  and  ^-^^  (=  ISd^^dii!)  =  0.086, 
^9*303,240,40.   and  v^jJLlifl  (=  1/0.086259,303240, 

40)  =  0.293,699,34,    and  confcquently  ^  +  V^f  "g^r" 

(=  0.855 '+  0.293,699,34)  =  1.148,699,34.  Therefore 
die  fifth  root  of  2  will  bftoreiy  nearly  equal  to  1.148,699,34. 

<(•   E.   I. 


EXAMPLE    III. 


Art*  13.  Let  it  te^required  to  find  the  5th  root  of  the 
nunibcr  307,68282,11067,13625. 

In  order  to  find  a  firft  near  value  of  the  5th  root  erf"  this^ 
long  number,  we  may  begin  by  comparing  it  with  the  fifth 
powers  of  the  numbers  10,  100,  and  1000,  and  the  follow- 
ing powers  of  lo.  Now  the  fifth  power  of  10  is  100,000  ; 
which  is  very  much  lefs  than  the  propofed  number :  and 
the  fifth  power  of  100  is  10,000,000,000;  which  is  alio 
much  lefs  than  the  propofed  number :  and  the  fifth  power 
of  iOOO  is  1 000,000,000,000,000  ;  which  is  alfo  le(s  than 
the  propofed  number  :  but  die  fifth  power  of  10,000  is 
1 00,000,000,000 J, 000,000,000  ;  which  is  greater  than  the 
propofed  number.  We  may  therefore  conclude  that  1000 
muft  be  lefs,  and  that  10,000  mull  be  greater  than  the  fifth 

*  root 
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I'pot  of  the  propofed  number.     Therefore  the  fifth  root  of  . 
the   (aid  number  muft  be  of  an  intermediate  magnitude  be* 
twecn  looo  and  10,000*  ,  ^ 

Further,  the  propofed  number  307,68282,1 1067, X5625  h 

greater  than  ^07,00000,00000,00000,  or  than  307  X  lOQo,^ 
Therefore  the  fifth  root  of  the  faW  number  ^11  be  greater 
than  the  produdt  of  the  multiplication  of  the  fifth  root  of 

307   by  icoo,     Wc  will  therefore  inquire  what  is  the  fifth 

root  of  307. 

Now  the  fifth  power  of  2  is  3;,  and  the  fifth  power  of  3 
is  243,  and  the  fifth  power  of  4  is  1024.     Therefore  the 
fifth  power  of  4  is  much  greater  Aan  307,  and  the  fifth 
power  of  3  is  a  Uttle  lefs  than  ^7.     We  may  therefore 
conclude  that  the  fifth  root  of  307  will  be  much  lefs  thaa 
49  and  a  little  greater  than  3 ;  and  confequently  the  fifth 
root  of  the  number  307,00900,00000,00000  will  be  much 
lefs  than  4  x    1000,  or  4000,    and   a  little  greater  thaa;,. 
3  X  |ooo,  or  3000.     We  may  therefore  reafonably  con- 
jefturc   that  the  fifth   root  of  the  propofed   number  307, 
68282,11067,15625,  will  be  nearly  equal  to  3100.     Anci 
accordingly,  if  we  raife  this  number  3100  to  the  fifth  power, 
we  (hall  find  the  faid  power  of  it  to  be  rr  286,20151,00000^ 
00000,  which  is.precty  nearly  equal  to,  bui  lomewhat  lefs 
than,ihe  pmpofed  number  307,68282,1 1067,15625.  There- 
fore 3100  wiil  be  a  proper  number  to  make  the  biiis  of  a 
funher  approximation  to  the  [rue  value  of  the  fifth  root  of 
the  faid  propofed  number^  b(f  means  of  either  of  the  two  ex- 

preffions  alxive-mentioned,  to  wiu  a  4*  ^!-^ — -^,  and  ^ 


I    \ 


^ 


> 


Art*  14*  Here  then  we  have  N  ~  307,68282,11067,15625, 

and  ^  =  3100,  and  confequently  «*  ^  a865a9i5i>ooooQ, 
ooouoj  and  3*1*  (zz  3  x  2865Z915i>qqooo,ooooo)  :=^ 
858,87453»ooooOjOoooo,  and  2N  (=  2  X  307168282, 
11067,15625)  —  615,36564,22134,31250,  and  aN  +  3^* 


Xz 


(= 
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(z=  6.15,36564,22134,31^50  +  853,87453,ooooo,ooooo> 
::;;:  1474,24017,22134,31250,  and  N  ^  a^  (zz  307,68282,, 
11067,15625  —  286,29i5i,ooobO|Ooooo^  =  21,39131, 
11067,15625,  and  N — a^  x  a  {=  21,39131,11067,15625 

^  3IQ0)  =  66313,06443,08184,37500,  andi^^^^-^  (  = 

663n>o6443,o8r84.37ig2)  ::,  g.     Therefore  ^  +  ^^=?^" 

1474,24017,22134,31250  ^       -r^y  ^    2«  +  3^* 

will  be  (n  3100  +  44-98)  =  3H4-98,  which  will  there- 
fore  be  nearly  equal  to  the  fifth  root  ot  the  propofed  num- 
Ijer  307,68282,1 1067,'! 562^.  Q^  £•  I. 

The  three  firft  figures,  314,  of  this  number  3144.98,  or, 
rather,  the  five  firft  figures  of  it,  3144.9,  are  exadt,  the 
error  being  only  in  the  fixth  figure  8,  which  ought  to  be 
^  9  inftead  of  an  8.  For  the  exaft  root  of  the  propofed 
number  307,68282,11067,15625  is  3144.999,999,  ad  infi^ 
nitumy  or  the  whole  number  3145,  as  will  appear  by  iraifing 
the  faid  number  3145  to  the  fifth  power. 

Art.  15.  The  other,  or  irrational,  expreffion  for  the  fc- 
cond  near  value  of  the  fifth  root  of  this  number  307,68282, 

11067,15625,  to  wit,  the  expreffion  "^  4-  M"^§i^'    ™*y 

be  computed  as^  follows. 

Since  tf  is  =  3100,  we  (hall  have  3^  (=  3  X  3^<=>o)  zs 

9300,  ^n4  2f  (n  22^)  =  2325,  and  a^  =  2,979 lo^ooooo, 
4  4 

and  flf  =   286,29151,00000,00000,  and  80^2'  (=   80  x 

2^97910,00000)  =  238,32800,00000,  and  8N  (=   8   X 

307,68282,11067,15625)  =  2461,46256,88537,25000,  and 

.jtf*  =  858,87453,00000,00000,  and  8N  —  3a'  (r=  2461, 

46256,88537,25000  —  858,87453,00000,00000)  =  1602, 

58803,88537.25000,  and  -^  (=  ,38,3z«oo.«Lr^^ 
=  672429.6091,  and  \/t^~|?  (=  v^  672429.6091) 

Sao.ot, 
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^__  i 

Sao.oi,  and  confequently  —  +  \/\  "^^f*   (^    *3*5   + 

820.01)  =:  gi45.oi.  Therefore  3145,01  will  bcs^fecond 
near  value  of  the  fifth  root,  of  the  propofed  number  307^ 
68282^11067,15625.  cu  B,  I* 

Art.  1 6.   If  we  fliould  chufe  to  find  the  fifth  root  of  diis 
number  307,68282,1 1067,1  <;625,  by  n>ean^  of  Mr.  Raph*, 
fon*s  expreffion  for  its  value,  to  wit,  the  expreffion  0   + 


f  or  a  +  — ^,  (which  ceruinly  has  the  merit  d 


being  much  fimpler,  and  eafitr  to  be  remembered,  than 
either  of  Mr.  de  Lagny's  expreflions,  and  likewife  much 
eafier  to  compute,)  the  computation  wiU  be  as  follows. 

Since  ah  =:  3100,  we  (hall  have  a^  n  9235,2x000,00000, 
and  a*  =  286,29151,00000,00000,  and  54*  =  46x76, 
05000,00000,  and  Nr-^*  (=  307,68282,1x067,15625 
~    286,29151,09000,00000)    =    21,39x31,11067,15625, 

and  ^^  (=  ^'♦39-3t>x.o67,M6.i    _.         Tbcrefo«4  + 
5tf*     V  46176,05000,00000   ^         ^ 

*■ — —  will  be  (=  3100  +  46)  =  3146;  which  therefore 

^ill  be  the  fecond  near  value  of  the  fifth  root  of  the  pro- 
pofed number  307,682*82,11067,15625,  obtained  by  Mr. 
Raphfon's  approxioution.  Q^  s«  i« 


A     SCHOLIUM. 


This  laft  near  value  of  the  fifth  root  of  the  faid  propofed 
number,  which  has  bc;en  obuined  by  Mr.Raphfon's  approx* 
iaiation,  is  greater  than  its  true  value,  3145,  by  only  an 
unit,  or  the  3i45ih  part  of  the  faid  true  value.  So  that  this 
very  fimple  method  of  approximating  to  the  roots  of  num- 
bers 
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bers  may  be  jiiftiy  confideFcd  u  extiemely  u(Vful  as  well  ai 
cafy.  And,  if  this  proccfs  were  to  be  repeated,  by  taking 
3^146  for  the  value  of  ^,  and  fuppofing  a^^  zto  be  equal 
to**/*  N,  (4,  or  3146,  being  fomewhac  greater  than  the  tnic 
value  of  the  fifth  root  which  we  are'  in  fearch  ofj  and  by 

ccMrikputing  the  djcprtdffidn  a  «•—  ^'^l'»  ^^  would  rdulc  from 

that  fuppofition,  this  fecond  proccfs  would  double  the  number 
of  figures  that  arc  exafl:  in  j,  or  3146,  or  give  us  about  four 
times  the  number  of  figures  that  were  exad  in  3100,  or  the 
fbrmcr  value  of  a;  li^hich  is  more  than  is  done  by  either  of 

the  H^t  expreffions,  a  +  ~=^^^  and  ^  +  x/f^. 

given,  us  by  Mr.  de  Lagny  s  So  that  two  fteps  of  Mr.  R/^ 
fon*s  method  of  approximation  are  more  than  equivalent  to 
one  ftep  of  Mr.  de  Lagty's  method.  It  may  thcrefpre  be 
doubtea,  whether  Mr.  Rapbjen^s  method  is  not,  upon  the 
whole,  to  be  preferred  to  Mr.  de  Lagny\  as  Mr.  Raphp 
Kimfetf  always  thought  it  to  be.  For  he  tells  us  in  the  Ap- 
])endix  to  the  fecond  edition  of  his  excellent  Treatife,  in- 
titled,  Analyfis  Mquationum  UnherfaliSy  (which  fecond,  edition 
was  publiflied  in  the  year  1697,  feven  years  after  the  firft 
edition  of  it,  and  five  or  fix  years  after  the  publication  of 
Monfimr  d$  Lagtrf^  method,)  that  he  himfelf  had  had  thoughts 

of  refolving  the  quadratick  equation  ha     +  B ii       z 

+  Cia*-%*  =  N,  or  tf"*  +  «  J^^'x  +  »  x  ^  X 

431**  ■"  *  2*  =i  N,  in  the  imperfe^  manner  adopted  by  Mr/ 
Lagnyy  in  order  to  obtain  his  rational  value  of  z^  to  wit, 


^^         ,  to  wit,  by  fubftituting  in  the  term 


w  X X  n        z^  of  the  Aud  quadratick  equation, 


in- 


ftead  of  z,  the  value  of  z  already  obtained  by  the  refolution 

of  the  fimple  equation  <i*  +  ma^**^  z  zz  N,  to  wit,  the 

fraftioii 
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%   X   W— fl' 


«iit**«-*+^;r:^x.f«"-* 


X    H  —  JW4I  .   +  *  .    _ 


.«— I 


«    )?H-i' 


,,1^^*— ^  +  a^'"-* 


+  ^  *-  t:  X, g^,""^.X   w 


r—  1 


3«  X  N  — ^ 


gj^^"'""'  4,^^-'  +  ^iT^ra  X  #^"'f  X  1^ 


—  t 


—  •^X  H- 


i#  ^   M  —  # 


•W     +  #      +«-l    X  » 


m^fTi  X  M^  +    «  -  I  X 


N  -  41        K  i4i 


—    >JL*^^ -^  .  ■ — f  arid  confequcntly  a  +  z  zi^-^- 

w-U  X  N  +  iR-hl  X  «** 

r— -7 ;  which  is  Mr.  de  Lagfr^'s  rational 

cxprcffion  f#r  the  fecond  near  value  of  the  «rth  root  of  N. 
Mr.  Rafb/on  (I  fay,)  tells  us  that  he  himfelf  had  had  thoughts 

of  rcfolving  the  quadratick  equation  a''  +  ma^"  2  + 
m  X  ~^  X  a^"^^  z^  =  N  in  this  manner,  «iB  order  to 
obtain  a  value  of  z  fomewhat  nearer  to  the  truth  than  the 
fraaion2.=4— ,  which  he  had  obtained  by  the  refoludoQ 

of  the fimple equation  a*"  +  iwtf *""'  a  =  N;  but  that  Be 
did  not  think  proper  to  adopt  this  method,  bccaufe  be 
thought  his  own  method  of  approximation,  (which  he  pub- 
lilhed  in  the  firft  edition  of  his  Amljfis  jEquaiionum  Unt'off* 
fills y  in  the  year  1690,  and  which  is  derived  itom  toe 
fimple  equation  a"^  +  w^"""'  2  =  N,)  the  eaficd  and 
cleared,  and,  upon  the  whole,  the  bcft,  and  fitteft  for  V^^' 

ttcc,  that  could  be  followed.    His  words,  in  hisApp^;^^* 

rdauDg 
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relating  to  this  fubjeft,  are  as  follows.  An  Domsnus  dc  Lagny 
Uhrum  meum  unquam  viderat^  nic-ne^  prorsus  nefcio.  ^ibufce 
fnodis  non  Jolum  Jua  tnethodusy  fed  et  etihm  alia  quam-plurima^ 
eodem  prorsus  proceffu^  et  per  pet  ud  inde  derivatd  graduum  Jcald^  - 
inveniri  poffinty  hujufce  Appendicis  eft  cftendere ;  idque^  quim 
pvjjtmus^  brevijjimi. 

Ipje  equidem  de  gradat}m  inferendis  (quas  prim  rejeceram  in 
Tbecremate  Yietxo,}  poteftatibus  olim  cogitavi:  Sed  tamen  non 
profecutus  fui  I  utpote  qui  methodum  meam^  barum  omnium  fun- 
damentalem^  veluti  facillimam  Jemper  e^iftimavi.  Subjequenti 
procejfu  earum  omnium  inventionem  indagare  cuilibet  liceat.  See 
Mr.  Raphfon's  Analyfts  yEquationum  Univerfalis,  Edition  2d, 
1697,  page  49.  And  again,  in  page  ^gy  he  concludes  his 
Appendix  with  thefe  words :  Imtumeras  etihm.alias  metbodos 
et  abbreviationes  (nov^rum  quidem  methodorum  nomine  injigni^ 
endaSj)  adinvenire  liceat ;  qua  tamen  omnia  fundamentali  buic 
Juperiorum  poteftatum  imprimis  rejeOionis  metbodoy  pofteique  gra* 
datm  retinendarumj  innitantur.  JSIoftram  tamen  fimpliciffimam 
fore  et  faeillimam^  cuivis  pateat. 


EXAMPLE     IV. 


Art.  17.  Let  it  be  required  to  find  the  feventh  root  of 
the  number  34,487,717,467,307,513,182,492,153,794,673; 
which,  Mr.  BomrycaftUy  of  the  Royal  Military  Academy 
at  Woolwich,  in  his  Scholar's  Guide  to  Arithmetick,  page 
189,  tells  us,  is  32017. 

This  number  muft,  in  the  firft  place,  be  compared  witft 
the  feventh  powers  of  10,  100,  1 000,  &c,  to  which  it  ap- 
proaches neareft,  in  order  to  know  between  which  two  of 
ihofe  numbers  lo,  100,  1000,  &c,  its  feventh  root  will  lie* 
Now  the  feventh  power  of  10  is  io,ooo,ooq,  which  is  very 
much  lefs^  than  the  faid  propofed  numjber ;  and  the  feventh 

3  y  power 
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power  of  106  is  i #0,000,000,000,000,  which   is  likewi{« 
much  lefs  than  the  {aid  propofed  number }  and  the  (eveDih 

Sower  of  1000  is  1000,000,000,000,000,000,000,  which  is 
kewife  lefs  than  the  faid  propofed  number }  and  the  fevcnth 
power  of  10,000  is  1 0,000,000,000, Qoo,ooo,ooo>ooOiOoo,ooo, 
or  I  with  twenty-eight  cyphers  annexed  to  it ;  which  is  like- 
wife  lefs  than  the  faid  propofed  number,  which  ^confifts  of 
32  figures.  But  the  feventh  power  of  100,000  is  100,000, 
000,000,000,000,000,000,000,000,000,000,  or  I  with  ^^ 
cyphers  annexed  to  it,  and  is  therefore  greater  than  the  faid 
propofed  number,  which  confifts  of  only  32  figures.  There- 
fore iD^ooo  will  be  Icfi,  and  100,000  will  be  greater,  than 
the  feventh  root  ot  the  faid  propofed  njamber. 

Further,  the  propofed  number  34,487^717,467,307,513, 
182,49^,153,794,673,  is  greater  than  the  number  34480, 
000,000,000,000,000,000,000,000,000,  or  than  3448  x 
.jo,ooo,ooo,ooo,ooo,ooo,o<5o,ooo,ooo,ooo,  or  than  3448 
X  the  feventh  power  of  10,000  :  but  the  dilfFerence  between 
them  is  not  great.  Therefore  the  feventh  root  of  the  faid 
propofed  numbc;r  will  be  greater  than  10,000  times  the  fe- 
venth root  of  3448  :  but  the  difference  between  them  will 
not  be  great.  And  confequenriy,  if  we  can  find  the  feventh 
root  of  the  number  3448  exaft  to  two,  or  three,  places  of 
figures,  we  need  only  multiply  the  ikid  feventh  root  by 
10,000,  in  order  to  obtain  the  feventh  root  of  34480,000, 
000,000,000,000,000,000,000,000,  exad  to  two  or  three 
places  of  figures.  And,  when  we  have  obtained  the  faid 
near  value  of  the  feventh  root  of  the  number  34480,000, 
000,000,000,000,000,000,000,000,  tl>€  faid  near  value  will 
likewife  be  a  near  value  of  the  feventh  root  of  the  propofed 
number  34+87.717,467,307,513,182,492,153,794,673,  and 
will  be  lefs  tlian  the  true  value  of  the  feventh  root  of  the 
faid  number,  and  therefore  will  fervc  as  a  convenient  bafis 
of  a  further  approximation  to  the  true  value  of  the  feventh 
root  of  the  faid  propofed  number,  by  means  of  one  of 
Monfieur  de  Lagfty*s  two  expreffions  found  above  in  the  fo- 
lution  of  the  foregoing  Problem,  We  muft  therefore  now 
endeavour  to  find  a  near  value  of  the  feventh  root  of  the 

number 
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number  3448.     Now  this  may  be  done  in  the  tdfenner 

following. 

Art.  1 8,    The/eventh  power  of  the  number  z  is  ia8, 
and  the  feventh  power  of  3  is  2187,  and  the  feventh  power 
of  4  is  i6384.     Therefore,  fince  3448  is  greater  than  2187, 
or  the  feventh  power  of  3,  but  is  much  lefs  than  16384,  or 
the  feventh  power  of  4,  it  follows  that  the  feventh  root' of 
J448  miift  be  greater  than  3,  but  much  lefs  than  4.     We 
may  therefore  reafonably  conjefture,  that  it  will  be  nearly 
equal  to  3I,  or  3.2.     And  accordingly,  upon  trial,  we  (hall 
find  it  to  be  fo.     For,  if  we  raife  3.2  to  its  feventh  power, 
we  fhall   find  the  faid  power  to  be  =   3435.973>836,8  ; 
which  is  lefs  than  3448,  but  very  nearly  equal  to  it.    There- 
fore 3.2  is  a  very  near  firft  value  of  the  feventh  root  of  the 
number  3448  ;  and  confequently  3.2  x   10,000,  or  32000, 
will   be  a  very  near  firft  value  of  the  number  34480,000^ 
000,000,000,000,000,000,000,000,    and  therefore  will  be 
alfo    a    pretty   near  firft    value  of   the   propofed   number 
34487,717,467,307,513,182,492,153,794,673.       We    will 
therefore  fuppofe  ^  to  be  z:  32000,  and  proceed,  upon  that 
fuppofition,  to  compute  the  two  expreffions  given  in  the  fo- 
lution  of  the  foregoing  Problem,  for  a  fecond  value  of  the 
feventh  root  of  the  faid  propofed  number  that  (hall  approach 
nearer  than  a^  or  32000,  to  its  true  valine.  Thefe  computa-. 
lions  will  be  as  follows. 

Art.  19.  The  firft,  or  rational,  expreffion,  given  in  the 
foUuion  of  the  foregoing  Problem,  for  the  fecond  near  value 
of  the  wth   root  of  any  propofqd   number  N,    is  ^   + 


N  — 0       X  2a 


f— I  X  N  +  iw+1  X  a^ 


Now,  when  «i  is  =:   7,   this  ex** 


preffion  will  be   (=   a  +    —  ^ — -^ — =J^ =:  «  + 


Now,  fince  N  is,  in  this  cafe,  =  34*487,717,467,307, 

3  Y  a  513, 
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5i3,li2,492,i53,794,6739  and  ^^  is  =  32000,  we  (hall  have 

a'  (—   32000I')    =r  34,359,738,368,000,000,000,00*0,000, 

000,000,  and  N  —  a' 

(=34,487»7^7»467'3o7»5^3.i84,492, 153,794,673 

— ■  34,359,738,368,000,000,000,000,000,000,000) 

= ^i^7*979>099j307>513'1  82,492, 1 53,794,673,  and 

N— tf'l  X  a  (=  127,979,099,307,513,182,492,153,794,673 
X  32000)  =  4>095,33i, 177, 840,421,839,748, 921,429, 
536,000,  and  3N  (z:  3  X  34>487,7i7^467i3o7»5i3>i82, 
492>I53»794^673)  =  103,463,152,401,922,539,547,476, 
461,384,019,  and  ^a' 
(=  4  X  34,359,738,368,000,000,000,000,000,000,000) 

— '  137,438,945,472,000,000,000,000,000,000,000, 

and  3N  4-  4^2^ 
(z:  103,463,152,401,922,539,547,476,461,384,019 

+  137)438,945,472,000,000,000,000,000,000,000) 
•  =  240,902,097,873,922,539,547,476,461,384,019,    and 

w  —  tf^l  X  a    ^ 4«OQ5>33^^77>84Q»4^'»S ^9*748,92 1,429,436,000  

3N-h4i»?     ^~       240^90^,097. 873»922,539,547,476,46i, 384,019  ""' 


N— 4»7|    X  tf 


nearly,  *=^^i^)  n  .16.99998.     Therefore  .i  + 

will  be  (rr  32000  +  16.9998)  =  32016.9998,  and  confe- 
qucntly  the  fecond  near  value  of  the  feventh  root:  of  the  pro- 
pofed  number  34i48757i7>467>3o7>5i3>i82,492,i53,794, 
673 -will  be  32oi6*99y8.  <^  e.  i. 

This  number  is  true  in  all  the  figures  but  the  laft,  which 
ought  to  be  a  9  inftead  of  an  8,  the  true  value  of  the  fevendi 
root  of  the  faid  propofed  number  being  32016,999,999^999, 
999,  &c,  ad  infinitum,  or  the  whale  number  32017. 

Art.  20.  The  fecond,  or  irrational,  cxpreflion,  given  in 
the  folution  of  the  foregoing  Problem,  for  the  fecond  near 
Taluc  of  the  /wth  root  of  any  propofed  number  N,  is  ^  — 


«— 1  JB— l)      , 


2    X   N  —  A 


;  which,  when  m  is 


m  X  «— I   X  a 


la—  2 


=  7. 
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near  value  <^  the  feventh  root  of  the  propofed  number 
3+^487f7i7*467i307,5i3>^82>49^>i53 ^94.673.     <i.  e.  i. 

This  number  32017.000,01  is  exaft  iq  the  firft  nine 
figures,  32017.0000,  and  errs  only  in  the  loth  figure,  i, 
Which  ought  to  be  a  cypher,  o,  ioftead  of  a  i,  becaufe  the 
true  value  of  this  feventh  root  is  32017.000,000,000,  &c, 
ad  infituium^  or  the  whole  number  32017. 

Art.  21  •   If  we  feek  the  value  of  this  feventh  root  by 

Mr.  Raphfoh's  expreffion  a  +  ^"*''    ,  or  a  +  ^i-^ 

computation  will  be  as  follows. 

Since  ^  is  =  32,000,  we  flball  have  a^  (=  32,000*^)  =  | 

1,073,741,824,000,000,000,000,000,000,   and  7^*  (=  7  j 

X  1,073,741,824,000,000,000,000,000,000)  =  7,5^6>^9^>  i 

768,000,000,000,000,000,000,   and  a^   (=:   32,000!')   =  ' 

34>359»73^>3^^>^^^>^^^>^^^*^^^>^oo>ooo>o^^>  ^^^  ^  ""'^^  ' 

(=  34>487»7I7j467,307»5I3>i82,492,i53,794,673  i 

"*  34,359,738,368,000,000,000,000,000,000,000)  I 
=        ia7,979,099,307,5i3,i82,492,x53,794,673,  and 

»  -  g^  r,_    '^7.979>099>307>5^3»^82>49^»'53»7Q4>673  >     «.         ^^^^ 
7«f  7,516,192,768,000,000,000,000,000,000    ^  ' 

Therefore  a  +  ■  J"/-  is  (=  32000  +  17.02)  =  32017.02; 
7* 

and  confequently   32017.02  will   be  nearly  equal  to  the 

feventh  root  of  the  propofed  number  34,487,717,467,307, 

513,182,492,153,794,673.  <t.  B.  I. 

This  number  320x7^02  is  exaA  in  the  fix  firft  figures 
32017.0,  and  errs  only  in  the  feventh  figure  2,  which  ought 
to  be  a  cypher  inftead  of  a  2,  becaufe  the  true  value  of  this 
feventh  root  is  32017.000,000,000,  &c,  ad  infinitum^  or  the 
vhole  number  32017, 

Art.  22.   This  exprcflion  a  +  ^  ""^  ,  or  4  +  ^Vi  " 

i9 
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fo  much  fimpler  than  either  of  Mr.  de  Lagny's  exprcffions 
above-mentioned,  and  fo  much  lefs  difficult  to  be  computed, 
that  I  am  inclined  to  agree  with  Mr.  Rapbfon  in  thinking  it, 
upon  the  whole,  preferable  to  them.  But,  perhaps,  w|)en  tf, 
or  the  firft  value  of  the  root  fought,  coniifts  of  only  one 
figure,  it  may  fftmetimes  be  advifeable  to  make  ufe  of  one 
of  Mr.  de  Lagny*s  expreffions,  in  order  to  obtain  a  fecond 
near  value  of  the  root  fought,  and  then  to  make  ufe  of 
Mr.  Rapb/on's  expreffion  in  order  to  obtain  a  third  neat 
value  of  it. 

Art.  23.  'Thefe  four  examples  are,  I  prefume,  fufficient 
to  illuftrate  Monfteur  de  Lagnyh  method  of  extracting  the  wth 
root  of  any  propQfed  number  denoted  by  the  letter  N,  by 


means  of  either  of  the  two  expreffions  4^+ 


»i— i]   X  N  -j-  iB+T\  X  a^ 


and  a  — +  \/ 


m 

=rr  H ,  or  4  — 

^  «  X  -—    X  A 

% 

_f-  +  v/f-^  +      ^'ilZ''^      ,    when  a,   or  the 

firft  near  value  of  \/^  N,  which  is  fuppofed  to  be  already- 
known,  is  lefs  than  its  true  value;  which  is  the  cafe  fup- 
pofed in  the  foregoing  Problem.  I  (hall  therefore  now 
proceed  to  confider  the  other  cafe,  in  which  tf,  or  the  firft 
near  value  of  the  f9th  root  of  the  propofed  number  N,  is 
greater  than  its  true  value,  and  to  inveftigate  fimilar  ex- 
preffions for  a  fecond  near  value  of  the  faid  root  that  (hall 
approach  nearer  than  a  to  its  true  value.  This  may  be  done 
by  a  folution  of  the  following  Problem, 


PROBLEM 
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PROBLEM       11. 


Art.  24.  Let  N  be  any  propofcd  number  whatfoever, 
and  m  any  propofed  whole  number  whatfoever ;  and  let  a 
be  a  known  number  that  is  nearly  equal  to,  but  fomewhat 
greater  than,  the  mih  root  of  the  given  number  N.  It  is 
required  to  find  a  fecond  near  value  of  the  faid  mth  root  of 
the  given  number  N,  that  (hall  approach  much  nearer  to 
It  than  J,  or  the  former  near  value  of  it  that  is  already 
)s:nown. 


SOLUTION. 


Let  z  be  put  for  the  unknown  difference  between  a^  the 
•firft  near  value  of  the  wth  root  of  the  given  number  N,  and 
the   true  •  value  of  the  faid  root.     Then,    fince  a  is  fup- 

pofed  to  be  greater  than  v/'"  N,  and  to  exceed  it  by  the 
difference  z,'  it  follows  that  a  —  z  will  be  =  \/*  N,  and 


confequently  that  a — u.\     will  be  =  N. 

But,  by  Sir  Ifaac  Newton* %  refidual  theorem  in  the  firft 
and  fimpleft  cafe  of  it,  to  wit,  the  cafe  of  integral  powers, 

vT^^T^^  will  be  =  the  feries  a^  •—  ma^'^^z  +  tnX~- 

X  a         z"  —  m  X  X  X^      ""z^+wx-r- 

2  3  I 

X    — r-     X   ~    X    a       ^  a*    —  f»  X    -^   X  X  -^ 

X     ' — ^  X  <»      *  z*  +   &c,  continued  to  01  +  j  terms; 

or, 
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or,  if,  for  the  fake  of  brevity,  we  fubftitate  the  capital  letters 
,A,  B,  C,  D,  E,  F,  &c,  inftead  of  the  feveral  nutrieral  c6- 

efficients  1,  m,  m  x  ,  m  X X ,  m  X  X 

— -  X  — ',m  X  -J-  X  —  X  —^  X  — ^,&c,relpec. 
tively,  a  —  z]'^  will  be  r=   the  feries  A  a^  —  B^*""   z 

+  &c,  continued  to  w  +  i  terms.    Therefore  the  faid  ferlcs 

A  a'"  -Ba'^^'z  +  C  oT^' z' ^  Da^'h'  +  E^'^^V 

—  ¥a"^^z^  4-  &"c,  continued  to  w  +  i  terms,    will  be 
=  N.     This  is  the  original  equation,    by  the  refolution  of 
which  we  are  to  find  a  near  value  of  z,  and  confequently 
of  a  —  z,  or  a  fecond  near  value  of  \/^  N,  which  will  ap-    . 
preach  nearer  to  it  than  a,  or  its  former  near  value. 

Art.  25,  Now,  fince  z  is  lefs,  and  ufually  much  lefs, 
than  a,  being  about  a  loth,  or  a  looth,  part  of  it,  or  fome  ftill 
JclFcr  part  of  it,  it  is  evident  tliat  all  the  terms  in  the  afore- 
faid  feries  that  involve  zz,  and  z',  and  2*,  and  the  follow- 
ing pojvers  of  z,  will  be  lefs,  and  ufually  much  lefs,  than 

the  term  B  a^"  z,  which  involves  only  the  fiiiiple  power 
of  z.  And  therefore,  if  all  the  faid  terms  of  the  feries  be 
negleded  or  omitted,  and  the  two  firll  terms  alone,  to  wit, 

the  terms  A  a'"  — Ba'""   z,    be  retained,    the    faid   two 

terms  alone  will  be  nearly  equal  Nto  the  whole  feries,  and 
confequently  to  the  given  number  N  ;  and  therefore,  if  we 


»— I 


add  Ba  "    z  to  both  fides,  we  (hall  have  A  a    ,  nearly,  = 


N    +   Btf         z,  and  (fubtrading  N  from  both  fides,)  A^ 

—  N,  nearly,  r=  Ba^^   z,  or  Ba^^'z,  nearly,  r:  Aa^ 

. —  N,  and  (dividing  both  fides  by  Ba^''\)  we  (hall  have 

3  Z  z. 
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«,  nearly,    =    ±1-Il21,   or  (becaufe  A  is  =  i,  and  B  is 

=  »,)  we  (hall  have  2,  nearly,  =  -^^ ^ ;  which  fraftioo 


m  a 


may  be  derived  from  the  known  quantities  N  and  «,  by  the 
common  arithmetical  operations  of  Multiplication,  Subtrac- 
tion, and  Divifion.     This  therefore  is  an  approximation  to 


the  true  value  of  2,  and  confequently  a  — 


m— I 
>  ma 


be  an  approximation  to  the  true  value  of  ^i  — ►  2,  or  of  V*N, 
or  will  be  a  fecond  near  value  of  it  that  will  approach  nearer 
to  it  than  a^  or  the  firft  near  value  of  it  which  was  already 
known.    And  it  will  be  ftill  fomewhat  greater  (as  the  former 

value  a  was,)  than  the  true  value  of  \/'"  N ;  as  may  be 
demonftrated  in  the  manner  following. 

The  whole  feriesA^^  j-.Btf'""''^  +  Ctf*'""^'^ 
Dtf'""^^^  +  E^^~^2^— F.j^"'^^^  +  &c,  isnN. 
Therefore  (adding  B^'"^'  2  to  both  fides,)  we  fhall  have 
thefericsA^"*  +  C  ^'"""^  2^  ~  D^ '"^^^^  +  Ei^"^"*^* 
^Va'^^^z'  +  kc,  =^^Ba''"^'z,  and  (fubtrafting 
N  from  both  fides,)  we  (hall  have  the  feries  A  ^  ^  —  N  + 

&c,   =  Ba'^^'^z.     But,  becaufe  C  4 '""'^2;*  is  greater  than 

Dtf'""'^2%^and  Eia'^'^^^^is  greater  than  Fa'^^z'.^ni, 
in  like  manner,  every  following  term  in  the  faid  feries  that 
is  marked  with  the  fign  +,  is  greater  than  the  term  iranie- 
diarely  following  it,  which  is   marked  with  the  fign  — >  ^^ 

•follows  that  the  feries  Aa'^~N  +  C^^^V  — D/^^2' 
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E^^"^^z^~  F^'""^^*  -f  &c,    n  N  into  a  quadratick 

equation,  to  wit,  the  equation  A  tf**  —  B  a^^^z  +  Cfl  'i' 
ix  N,  inftead  of  converting  it  (as  Mr.  Raphfon  does,)  into 

the  fimple  equation  A.tf'*  —  B^'"^  z  =  N.  And  this 
quadratick  equation  he  refolves  in  two  different  ways,  tow:S 
firft,  iniperfciflly,  or  inaccurately,  and  then  accurately.  By 
the  former,  or  inaccurate,  refolution  of  it,  he  obtains  a  ra- 
tional expreflion  for  the  value  of  z,  and  confequently  an- 
other rational  expreflion  for  the  value  oi  a  —  z,  or  for  a 
fecond  near  value  of  %/*  N,  which  is  nearer  to  its  true 
value  than  tf,  or  the  former  near  value  of  it,  was  ;  and  by 
the  accurate  refolution  of  the  fame  quadratick  equation  he 
obtains  a  furd,  or  irrational,  expreflion  for  the  value  ofz, 
and  confeqviently  another  furd,  or  irrational,  expreflion  for 
the  value  of  a  — ■'  z,  or  for  the  fecond  near  value  of  \^'  Nj 
that  approaches  much  nearer  to  its  true  value  than  its  former 
near  value,  ^,  did.     Thefe  refolutions  of  the  faid  quadratick 

equation  Aa"^  —'Ra''^'  z  +  Ca'^^'^zz  =  N,  maybe 
performed  in  the  following  manner. 

Art.  27.  Since  A/j'"  —  B^''"'z'+  C/j*^VIs=:N, 
we  (hall  have  A ^'"  +  Ca'"''^z'  =  N  +  Ba'"'"'z,  and 
Atf"'  =  N  +B^^'"'z  -.C^!'"'z%  and  A^"*  ^^ 
-  B^'-^z  -  C^"-^z%  or  B^"-'z- C^""'z*  = 
Aa'^  —  N  ;  that  is,    z  x   B  z^*"""'  —  z  X  Ctf*""  z^'" 


be  z:  A^""  -.  N,  orz  xJB^'"""'—  C  ^ '''""' z  will  be 
zz  Aa""  —  N.'  Therefore  (dividing  both  fides  of  the  equa- 
tion by  the  compound  quantity  B a '^""^  —  C  « *'"'  z,)  we 


m 

fliail  have  z  = 


Noff 
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Now  let  ^ — '~'i  or  "~ — IT  >  (which  -has  already  been 

B  «  ma 

fhewn  to  be  nearly  ecjiial  to  z,)  bq^fubftituted  inftcad  of  z 
in  the  fecond  term,  Ca^^^  z^  of  the  denominator  of  the 

fradion  laft  obtained,  to  wit,  the  fradion  ^    "  ^ 


Btf  —  ca         % 


And  we  (hall  have  2;  = 


Ail        —  W 


•>  or 


B0  •        —  04  xr 


j«0 


I— X 


(becaufe  A  is  =:  i,  and  B  is  =  m,) 


z  = 


(= 


««"'-' -C*"-^    X 


;  which  is  . 


m 

a       — 

N 

. 

m« 

4^« 

—  a 

-€*'«■ 

-2 

X  tf 

m 

-  N 

« 

ma 

a 

•J 

—  N 

; 

««£! 

^iW. 

—  2 

—  c 

2JW  — 2 

+ 

C  Ntf 

m 

—  2 

=  tf     —  N  X 


=  ^'"—  N*x 


Iff— I 


*      2fflr— 2  2«— 2    ,    ^  .     iw— 2 

««*tf  —    Ctf  +CII4 


2^4   X    M  tf 


»— I 


zr:^"^ 


2»|*a  —  2Ca         +    2C  Ntf 


2tf  X    /Vtf 


aw^^^""-  2C4^*+  acNtf** 


=  ^"-N  X 


2MW 


zni^a^   -  ac«"*   +  2CN 
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=  *«  -n1 


zz  a     —  N|  X 


2ma 


=  «"  —  N  X 


=:«*  -N  X 


-a"  -N^  X 


X  m  X X  a    + 

2  xmX 

2 

X 

K 

zma 

i 

2ffl»tf'"  -  m 

X  m 

2tf 

X    «—  I   X 

M 

zma 

-GT 

-  I    X   tf  **  +    «-I    X  M 

• 

2tf 

tn 

zma      ' 

—  ma 

+  tf        +  « 

za 

^   X   M 

\      m    .      m  _9  ""N  . 

ma       +<J     +m—  i|XM 


=  a''^N  X 


m  +  l\xa^  +  m-ilx  N 


jw—  ri  X  N  +  jw  +  ii  X  tf ' 

tf  ^TnI   X   2tf 


.     Therefore  z  will  be  zz: 


Za  X  a      —  N 


— ,   or 


«r— II  X  N  +  w4-  ilXtf  w—  l|XN+jw+l|x« 

confequently  a  —  z  will   be  = 


;    and 


:tf  X  If  **  —  N 


r^Tl  X  N  +  i»+  il  X 


,  or  ij  — 


2tf  x-*'*- 


will  bq  a  fecond  near  value  of  v/*^  N,  or  of  the  wth  rooC 
of  the  propofed  number  N,  q^  e.  i. 

Art.  2!6.  The  accurate  refolution  of  the  quadratick  equa- 
tion ha^  — Btf"'"''^  +  C  tf*"'*;?*  w:  N,  may  be  per- 
formed as  follows. 

Since  A  ^"^  -Btf*-'z+  Cij"""^2*  is  =  N,  we 
(hall  have  ha"^  +  C^^"^  2*  =:  N  +  Btf'""''^,  and 
A^"*  =N   +  B.j'""'^  — C    ''""'2%  and  A  ^'•—N 
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be  fubtradcd  from 


Let  them  be  fo  fubtraded.  And 


«  —  1 


2  ate 


then  we  (hall  have  =rr  •—  z~r  +    ^^  —    • — ;^  "" 
— .    Therefore  the  fquare-root  of  the  trino- 


2  xm'"  -N 


i»  X   w—  I  X  a 


mial  quantity  ^J^ -^ -^^    +    zz  will    be  equal  to  the 

fcjuare    root    of    the     compound    quanticy    ^    ^  -^  — 
- — - — ^ 
^  ^  '''"  "  ^    S  or,  if,  for  the  fake  of  brevity,  we  df- 


173  X  wr  —  I !   X  tf 


rfi  —  2 


note  the  faid  compound  quantity  by  the  capital  letter  P,  tk 
fquare-root  of  the  trinomial  quantity  -— ^^  *—  ^^^^    +  ** 

will  be  =  \/P.  But,  whenever  %  is  lefs  than  ^,  (as  ^^ 
commonly  the  cafe  in  thefe  extraftions  of  the  roots  of  nm^ 
bers,)  -^     —  2  win  be  the  fquare-root  of  the  trinomial 

quantity  .^  -  -^    +  sz.     Therefore  -^  -  2  ^'" 

=  v/T,  and  confequently  ~  will  be  =  v/P  +  s,  ards 

^ill  be  =  -^ VP-    Therefore  a  ~  z  will  be  (=  -» - 

(_2 t/P)  =  a ^  +  */P ;  and  confequently  «  -  ;;r; 


I     an 


2X0 


+  V^P,  or  tf ^  +  \/    ^ 

will  be  a  fecond  near  value  of  v^"  N,  or -of  the  wth  roat 
of  the  given  number  N.  f^.  e.  i. 

Art.  29,  When  «  is  =  3,  the  former  of  tliefetwo  «• 


the  Roots  of  Numhtrs  by  Approximation.  $4$ 

preffions,    to  wit,    the  rational   expreffion  a  •— 


.^ 


2a  X -_-H_        jjj  be  (=   «  -  il^^r?^")  =  — 


X    M 


<f  X    g*  —  w 


;  and  the  latter,  or  irrational,  expreffion,  a  — 


^^r  +  v' 


.  -        IB 
2  X    41        —  N 


««•  ^  ^    t»         —  Pi  *ifi         / 

=8=;: zzrrr Will  be  (ss  4  — • 


Hi  X   m—  I  X  tf 


JL  +  ^t" 

«  14 


1  X  «»— w 


3    X   2    X   <>  2 


/7if  jtf*  —  K 

4  3^ 


4> 
2 


y'*'  ^  li2a  iza      "^    z     ^  ^  \  iza  '  a       ■"• 

y/  jlLnf..     Therefore  the  two  expreffioqs  for  thefecond 

near  value  of  the  cube-root  of  a  given,  number  N,  when  u^ 
or  the  former  near  value  of  it,  is  greater  than  its  true  value^ 

are  ^ — r   and* h  v  -^ . 

M  -H  2fl«  2^1      12il 

*  Art.  30.   And,  when  »  is  =  5,  the  formdfNJ^he  two 
foregoing  general  expreiiions,  to  wit,  the  1  imiii  iirlhttfliiin 


2^    X   -I  '^  -  N 


»—  il  X  M  +  «r+  i]  X  tf^ 


.  will  be  (=  4  -.  2i^^ 


<f  X    tf^  — N 
2N  +  3^5 


;  and  the  latter^  or  irrational^  expreffion^ 


2X-I*'-H 


_  -J!L  +  v/ K-n  -    .    _       "'^    will   be    (= 

fL   4.   ^[tftf         ^  X  ^^^     —2^4.  /i!f flllL^ 

4     ■*"    ^  '  16         5  X  4  X  -i»    ""  4  1^^       1"]^^ 


_^    34    ,   ^y'lOtf*         |T6ii^  — i6w  3^     ,   ^^Qtf^  — (TiStfi—  i6w 


xbotfi 


16041' 


4  A 


^4^ 
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^    4  I  i6otf3  ""   4    "^  ^ 

+    V^l--^-^-     Therefore  the  two  expreflions  for  the  fc- 

cond  near  value  of  the  fifth  root  of  a  given  number  N, 
when  a  J  or  the  former  near  value  of  the  faid  roor,  is  greater 

than  its  true  value,   are  ii  -r-  -^ 


ax   rt*  —  N 


2»  +  3^? 


and  -^  + 
4 


Art.  31.    And,  when  w  is  ==  7,  the  former  of  the  w 
foregoing  general  expreffipns,  to  wit,  the  rational  cxpreffiqn 

a  —  — — — -^y  will  be  (=  ^1,^ ^..  .  o.r) 


«l— ll  X  N  +  w+j]  X  a^ 
a  X  fl*— M 


6n  +  8ii' 


•^  ^ ; — : — r  >  and  the  latter,  qr  irrational,  cxpreflion, 

*'  3N  +  4^7  '  '       ^ 


2    X^*"  -.  N 


«r  X   «  —1   X  a 


jw  — 2 


will  be 


(=  «  —  T  +  ^fe"  7x6x^»  -  6  +'^|i6'"lllg 

'"'6  36x21a*        I56  X  aia*  6   "^  V^  I       36  X  2i«' 

-    5"   .      /f^i^'- 36^^  +  3'^'?  -  Sf   .    ,  yfpN  -i;ar_  5- 
*-    T"*"*^!        36  X  zi«s-    -    -   6  +  ^  I36  X  ai-»   "  6 

V^i^)=  ?  +  V^(^-  Therefore  .be  two  «• 
preflions  for  the  fecond  near  value  of  the  7rh  root  of  a  given 
iiumbcr  N,  when  ^^  or  the  former  near  value  of  the  laid 

jroot,  is  greater  than  its  true  value,  arc  a  ~  ^  '^  ^  "1  and 


ri2!f— 5^^ 


E){(mfk 


•■nv 
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>*»!^'». 


confequently  a  — 


a  X  a*—  N 


(=  1.150,000,000    —  0.00 1, 


211  +  3tf». 

301,641)  rr  1.148,698,359.  Therefore  1.148,698,359  will 
be  a  fecond  near  value  of  the  fifth  root  of  the  givea  num- 
ber 2.  Q^  E.   I. 

And,  fmcca  is  =  1.15,  and  a^is=:  i«52o,875,  and  a* 
is  =  2-pii,357,i87,5,  and  3^*  is  =  6.034,071,562,5,  wc 
Ihall  have  Soa^  (=:  80  x  1.520,875)  =  121.670,000,  and 
8N  —  3tf*  (iz  8X2  —  6,034,071,562,5  =  i6-ooo,ooc, 
000,0   —   6.034,071,562,5,)    =    9-965*9^8,437,5,     and 


T^  (=  "^^^-'i    =   o.o8.,o,.49«486. 


and 


V^ 


I  8o0< 


(=  %/ 0.081909,496486,)  r:  0-286,1.98,351, 


and  3^  (==  3  x  1.15)  =  3-45*  ^nd^  {=  2±^)  =  0.8625, 

and^  +  v^j^^   (=  0.8625   +    0.286,198,351)    = 

i«i48,698,35i.  Therefore  1.148,698,351  will  be  a  (econd 
near  value  of  the  fifth  root  of  the  given  number  z* 

Os  K.    I. 

As  thefe  two  approximations  to  the  fifth  root  of  2,  to 
tvit,  1,148,698,359  and  1.148,698,351,  agree  with  each 
other  in  the  firft  nine  figures  1.148,698,35,  we  may  rcia- 
fbnably  conclude  that  thofe  nine  figures  ar^  exaft,  or  are 
the  firft  nine  figures  of  a  more  accurate  value  of  the  faid 
fifth  root. 

Art.  33.   If  we  make  ufe  of  Mr.  Raphfon's  exprefiion, 

to.Trit,  a —~r^  ortf -^r  '  J ^   for  the  purpofe  of 

ma  '     ^ 

obtaining  a  fecond  near  value  of  the  fifth  root  of  2,  after 
1. 1 5  has  been  taken  for  a^  or,  its  firft  near  value,  the  com- 
putation of  it  will  be  as  follows. 

Since  a  is  =  1.15,  we  fliall  have,^*  =   i*749iOo6,25, 

and  a'  —  2.011,357,187,5,  and  s^^  (=  5  X  i-749>oo6^25) 

6  = 
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=  8.745,031,25,, and  tfS  — N  (-  2.011,357,187,5  —  2) 

=  0.011,357,187,5.  ^n^±Z±    (=      0;Oti>3S?,»87^v 

0.001,198,7,   and  a   —  |-~t"  C=  1.150,000,0  —  o.ooi, 

298,7)  =  1.148,701,3.    Therefore  1.148,701,3  will  be  the 
fecond   near  value  of  the  fifth  root  of  2,   refulting  from 

Mr.  Raphfon's  expreffion  a  —  V"^  .  q^  e.  i. 

This  number  1.148,701,3,  is  greater  than  the  true  value 
of  the  5th  root  of  2,  to  wit,  the  number  1.148,698,3,  buc 
exceeds  it  by  only  the  very  fmall  quantity  0.000,003,3. 


EXAMPLE     IL 


Art.  34.  Let  it  be  required  to  fintl  the  5th  root  of  the 
number  2,327,834,559,873. 

Now  this  number,  which  confifts  of  thirteen  figures,  is 
greater  than  100,000,  or  the  fifth  power  of*  10;  and  it  is 
likcwife  greater  than  10,000,000,000,  or  the  fifth  power  of 
100  :  but  it  is  Icfs  than  1,000,000,000,000,000,  or  the  fifth 
power  of  1000.  Therefore  its  fifth  root  muft  be  greater 
than  100,  but  lefs  than  1000. 

Further,  this  number,  2,327,834,559,873,  is  greater  than 
2,320,000,000,000,  or  than  232  x  10,000,000,000,  or 
than  232  X  the  fifth  power  of  100.  Therefore  the  fifth 
root  of  2,327,834,559,873  will  be  greater  than  100  x  the 
fifth  root  of  ^32.  But  the  difference  will  not  be  great ;  and 
confequently,  if  we  can  find  a  number  that  (hall  be  nearly 
equal  to  the  fifth  root  of  232,  we  need  only  multiply  the 
faid  number  into  100,  and  the  product  will  be  nearly  equal 
to  the  fifth  root  of  2,320,060,000,000,  and  therefore  will 

likewife 
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likewife  be  pretty  nearly  equal  to  the  fifth  root  of  the  propcffcd 
number  2,327,834,559,873,  fo  as  to  be  a  convenient  firft 
near  value  of  the  faid  fifth  root,  and  a  proper  bafis  to  found 
a  further  approximation  upon  to  a  fecond  near  value  of  the 
f^id  fifth  root,  by  either  of  the  two  foregoing  exprcffions  of 
Mr.  dc  Lagny,  which  have  been  inveftigated  above  in  the 
Solution  of  Problem  II,  or  by  Mr.  Raphfon's  expreffion. 
We  will  therefore  endeavour  to  find  the  fifth  root  of  rhc 
number  232. 

Art.  35.    Now  the  fifth  power  of  the  number  2  is  32, 

'    which  is  much  lefs  than  232 ;  and  the  fifth  power  of  3  is 

243,   which  is  a   little  greater  than    232.     Therefore  the 

fifth  root  of  232  mufl;  be  much  greater  than  2,  and  a  Jittic 

lefs  than  3.     We  may  therefore  reafonably  conjefture  that 

it  will  be  nearly  equal  to  2  +  — ,  or  2.9.  We  will  thc^^ 

fore  fuppofe  it  to  be  =  2.9,  and  try  what  die  refult  of  that 
ii^ppofition  will  be. 

Now  the  fifth  power  of  2.9  is  205. 11 149,  which  is  Icfs 
than  232.  Therefore  the  fifth  root  of  232  will  be  grwcr 
than  2.9.  And,  as  232  difFers  much  lefs  from  243,  or  the 
the  fifth  power  of  3,  than  from  205.11149,  or  the  fifth 
power  of  2.9,  we  may  reafanably  fuppofe  that  the  fifth 
root  of  232  will  differ  much  lefs  from  3  than  from  2.9; 
and  therefore  we  will  fuppdfe  that  it  is  nearly  rti  2.98, 
und  will  raife  the  faid  number  2.98  io  its  fifth  power,  in 
order  to  examine  the  .truth  of  the  faid  fiippofition. 

Now  2.98V  is  r:  235.007,282,396,8  ;  which  is  nearly 
equal  to,  but  a  little  greater  than,  232.  Therefore  2.98 
xnuft  be  nearly  equal  to,  but  a  little  greater  than,  the  fifth 
toocof  232;  and  confequently  100  x  2.98  muft  be  ncarljr 
equal  to,  but  a!  little  greater  than,  the  fifth  root  of  232  X 
10,000,000,000;  or  298  mull  be  nearly  equst!  to,  but  a 
little  greater"^  than,  the  fifth  root  of  2,320,000,000,000. 
And>  further,  fince  2.98  is  the  fifth  root  of  the  number 
235.007,282,396,8,  the  number  100  x  2.98^  will  be  the 
fifth  xoot  of  the  number  235.007, 282,396>8  x  10,000,000, 

000; 


the  Roots  of  Numiers  ly  Approximation.  551 

©00 ;  that  is,  the  number  298  will  be  the  fifth  root  of  the  num^ 
bcr  2,350,072,823,968,  which  is  greater  than  the  propofcd 
number  2,327,834,559,873.  Therefore  298  will  be  greater 
than  the  fifth  root  of  the  faid  number  2,327,834,559,873.  But 
it  will  be  near  enough  to  it  to  make  it  a  very  convenient  bafis 
of  a  further  approximation  to  the  true  value  of  the  fifth  root' 
of  the  faid  number,  2,327,834,559,873,  by  means  of  the  two 

expreffions  a r — —>  ^^^  —  +  v     0  i"« 

At*.  36.  Herethen we fhall  have N  =  2,327,834,559,875, 
and  a  =  298.  Therefore  a^  will  be  =  26,463,592,  and 
a^  will  be  =  7,886,150,416,  and  a^  will  be  =  2,350,073, 
823,968  ;  and  confequently  a^  —  N  will  be  (=  2,350,072, 
823^8  —  ^,3^7>834>559**73)  =  22,238,264,095,  and 
41*  —  N  X  tf  will  be  (=  22,238^264,095  x  298)  3 
6,627,002,700,310,  and  2N  will  be  (r::  a  X  2,327,834, 
.559»873)  =  4*655,669,119,746,  and  3^*  will  be  (=  3  x 
^13505072,823,968)  =s  7,050,218,471,904,  and  2N  +  3^* 
will  be  (=4,655,669,119,746  +  7,050,218,471,904)  = 

11,705,887,591,650,  and  ^^^|-^   will   be  (  = 

>  27,002,700,310  ^    _    0.566,125,605,    and   confequently 
11,705,887,591,650  ^  D     y     py     j^  n        / 

a. —  ^  ^l^r   ^^^'  ^^  (=  298.000,000,000  —  0.566,125^ 

605)  =  297.433,874,395-  Therefore  297.433,874,395 
will  be  a  fecond  near  value  of  the  fifth  root  of  the  propofed 
ijuipber  2,327,834,559,873.  0*  e.  l 

And  3a  will  be  (=  3  x  298)  =:  894,  and  2f  will  be  (— 

4 

-2i)   zz  223.5,  and  a^  will  be  (r=  298I')  =  26,463,592, 
4 

and  8N  will  be  (=  8  X  2.327^834,559,873)  =   18,622, 

676,478,984,  and  a^  will  be  (=  298!^  =  ^»35o,072, 
823,968,  and  34*  will  be  (=  3  x  2,350,072,823,968)  =: 
7^050,218,471,904,  and  8N  --?-  3a*  will  be  (=:   18,622, 

676, 
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676,478,984  —  7,050,218,471,904)  =  ii,57a,458,oo7^8o, 
«Dd  8otf'  will  be  (=  80  X  26,463,592)  =  2,117,087,360, 


569,863,2,  and  \/ 


2»  II  7*087,360 

^^r    will  be  ('=    \/ 5466.2 16569, 


8632)  =.  72.933,866,190,    and  confequently  -^ 


A 


will   be    (=    223.5    +    72.933,866,190)    = 

$97,433,866,190.  Therefore  297..433,866,i9to  will  be  a 
fecond  near  value  of  the  fifth  root  of  the  propofed  number 
a,3^7>S34^559t873*  <u  e.  i. 

Thefe  two  numbers  297.433,874,395,  and  297.433,866, 
190,  agree  with  each  other  m  the  nrft  feven  figures  297. 
433,8.  Therefore  we  may  conclude  that  thefe  feven  figures 
are  exaft,  or  are  the  firft  feven  figtircs  of  a  more  accurate 
value  of  the  fifth  root  of  the  propofed  number  2,327,834, 

559*373- 


Art.  37.    If  we  make  ufe  of  Mr.  Raphfon's  expreffion, 

.—^,01^-1-^^, 


to  wit,  a  — 


for  the   purpofc  of 


ma 


obtaining  a  fecond  near  value  of  the  fifth  root  of  the  pro^* 
pofed  number  2,327,834,559,873,  after  298  has  been  taken 
for  a,  or  its  firfi:  near  value,  which  is  fomewhat  greater  than 
the  truth,  the  computation  of  it  will  be  as  follows. 

Since  ^  is  z=  298,  we  (hall  have  i^  =  7,886,150,416, 
and  tf*  zz  2,350,072,823,968,  and  a^  —  N  (=  2,350,072, 
823,968  —  2,327,834,559,873)  =  22,238,264,095,  and 
5«*  (=   S    X   7>886,i5o,4i6)    zz    39,43Q>75^>Q8o,    and 

• — T-  (=  I  )   —  0.563,982,  and  a  —  1 — -— 

(=  a98.ooo,oop  — 0.563,982)  =  297.436,018.  Therc^ 
fore  297.436,018  will  be  a  fecond  near  value  of  the  fifth 
root  of  the  f)ropofed  number  2,^27,834,559,873,    a-  s.  i* 


L 
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The  firft  five  figures,  297.43,  of  this  number,  297.436,018, 
obtained  by  Mr.  Raphlon's  expreffion,  are  cxaft. 

And,  if  we  make  a  =s  297.436,  and  repeat  the  appllca* 
tion  of  Mr.  Raphfon^s  expreffion^  we  (hall  obtain  the  value 
of  the  fifth  root  of  the  faid  propofcd  number  2,327,834, 
559j873»  ^  ^  much  greater  degree  of  exadnefs.  This 
may  be  done  in  the  manner  following. 

If  a  is  taken  =   297*436,  we  (hall  have 
a^  =  7,826,617,827.880,165,417,216,  and 
fl*  =  2,327,917,900,253.364,881,035,058,176,  and 
4»  —  N  (=  2,327,917,900,253.364,881,035,058,176 
—  2,327,834,559,873.000,000,000,000,000) 
.=  83,340,380.364,881,035,058,176, 

and  5a*  (=  5    X   7,826,617,827.880,165,417,216)    =. 

39,133,089,139.400,827,086,080,  and  confequendy  ^   "^  ^ 

83..,40.3;o-^64.88.>o^5>°58.i76)     ^     0.002,129,662.     and 

39,133,089,139.400,827,086,080^  »  ^»  # 

a  —  — :^—   (=:   297.436,000,000  —  0.002,129,662)  = 

297.433,870,338.  Therefore  297.433,870,338  will  be  the 
more  accurate  value  of  the  fifth  root  of  the  propofed  num- 
ber 2,327,834,559,873.  0,  E.  I. 

Of  this  number,  297.433,870,338,  which  we  have  now 
found  for  the  laft  near  yalue  of  the  fifth  root  of  2,327,834, 
559,873,  I  believe  the  firft  ten  figures  297.453,870,3  to 
be  exad,  if  no  miftakes  have  been  made  in  the  calculation- 
Yet  Mr  Raphjon  (from  whofe  Analyfts  Mquationum  Univer^ 
faliSy  Problem  IV,  page  12,  this  example  is  taken,)  makes 
this  fifdi  root  equal  to  297.433,874,895.  But  I  believe  the 
four  laft  figures,  4895,  of  this  number  to  be  erroneous ; 
bccaufe  in  Mr.  RapbJorC%  laft  procefs,  (of  which  this  num- 
ber, 297.433,874,895,  is  the  refult,)  the  value  of  g  (which 
anfwers  to  a  in  our  notation,)  was  taken  equal  only  to 
297.46,  which  isexadt  only  in  the  firft  four  figures  297.4, 
whereas  in  the  laft  procefs  of  the  foregoing  computation  we 

4  B  took 
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took  a  equal  to  297.436,  which  is  cxaft  in  the  firft  five 
figures,  297.43;  and  confequently^the  number  rcfuliing 
from  this  iuppofition  ought  to^  be  more  exaS  than  that 
>a'hich  refults  from  the  other  tefs  accurate  fuppolition  imdc 
by  Mr.  Raphfcn.  But  wc  may,  at  lead,  conclude  that  the 
firft  eight  figures,  297.433,87,  of  thofe  two  numbers,  which 
are  the  fame  in  both,  are  exaft,  or  are  the  firft  eight  figurts 
of  a  number  approaching  more  nearly  than  either  of  tbcm 
to  the  true  value  of  the  fifth  root  of  the  propofed  number 

2,327>834,359>873- 

Art.  38.  Thcfe  two  examples  will,  I  prefumc,  be  fiiffi- 
cient  to  illuftrare  Monfieur  de  Lagny\  method  of  extracting 
the  iwth  root  of  any  propofed   number  N,   by  means  of 

cither  of  the  two  exprelfions,  a  — 


^a  y.a      —  n 


« —  il  X  N  +  wH-il 


x« 


■and  a  — 


2   X  «*  —  M 


nr  X  M  —  i|  X  tf 


01—2 


,  whcDtf, 


or  the  firft  near  value  of  \/^  N,  which  is  fuppofed  to  be 
already  known,  is  greater  than  its  true  value;  which  is  the 
cafe  fuppofed  above  in  Problem  II,  by  the  folution  of 
which  thofe  expreflions  were  obtained.  I  have  therefore 
nothing  more  to  add  concerning  the  explanation  oiJAonjim 
de  Lagnfs  method  aforefaid.  But  I  will  juft  make  another 
obfervation,  or  two,  concerning  the  faid  method  of  extrafl- 
ing  the  roots  cf  numbers,  as  compared  with  other  methods 
•  of  performing  the  lame  thing. 


Oififvalh^ 
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Obfervafions  on  thefeveral  different  Methods  that  may  ie  taketf 
for  ExIraSlihg  the  Roots  of  Numbers. 


Art.  39,  In  the  ift  place,  then,  it  is  manifeft  that  either 
of  Mr.  de  Lagnf%  two  expreflions,  the  rational  one  and  the 
irrational  one,  tor  obtaining  a  fecond  near  value  of  the  root 
of  a  given  number,  when  a  former  near  value  of  it  is  al- 
ready known,  is  greatly  to  be  preferred  to  the  common^  or,^ 
rather,  the  oidy  method  of  extrafting  fuch  root,  by  whicb>* 
with  a  great  deal  of  trouble,  we  obtain  only  one  new  figure^ 
of  the  root  fought  by  every  new  procefs  j  except,  perhaps^^ 
in  extrafting  the  fquare-root  of  a  number,  which  is  eaf£ 
enough  in  the  common  way,  (at  leaft  for  the  firft  three  or 
four  figures  of  the  root  fought,)  to  make  it  unneceflary  to] 
have  reqourfe  to  other  methods;  But  in  exrradting  the' 
cube-root,  or  the  fifth  root,  or  the  feventh  root,  or  any; 
higher  root,  of  a  propofed  number,  the  cafe  is  very  dif- 
ferent, and  it  will  be  found  highly  expedient  to  have  rc- 
courfe  either  to  Mr.  de  Lagny^  method  of  cxtrafting  them, 
or  to  Mr.  Rapbfon'Si  or  to  fooie  other  method  of  performing^ 
the  faid  extraj^ioq. 

Secondly,  if  the  mh  root  of  any  number  is  to  be  fbund| 
only  to  four,  or  five,  figures,  it  will  be  moft  advifeable  to 
have  recourfe  to  a  Table  of  Logarithms  for  this  purpofe.* 
For,  by  the  ufe  of  fuch  a  Table,  we  may  always  obtain'  any' 
propofed  root  of  a  given  nnmber  exaft  to  four,  or  five,' 
places  of  figures,  with  very  great  eafe,  and  without  making* 
tlfe  of  th^  proportional  parts  fet  down  in  thofe  tables,  and' 
which  ^rt  neceflary  to  the  obtaining  the  faid  roots  exaftly  tgr- 
fix,  or  (even,  or  more,  places  of  figures.  Whenever  there-* 
fore  wc  want  to  find  the  wth  root  of  a  propofed  numbci*' 
only  to  four,  or  five,  places  of  figures,  it  fccn^g  bcft  to* 
have  recourfe  at  once  to  a  Table  of  Logarithms  for  that 
purpofe.  -  -  ^      •  . 

But,  3dly,  if  we  wifh  to  obtain  themh  root  of  any  nurii- 
beo  cxadly  to  nine,  tx  ten,  or  more,  places  of  figures,  it 
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will  be  convenient  to  have  recourfe  to  either  Mr.  de  Lagnyh 
i^ 'Mr.;  Rapbfsnh  methods  of  approximation  for  that  pur- 
pofe.  And,  if  we  wifli  to  obtain  the  faid  root  cxad  only 
to  nine  places  of  figures,  I  (hould  think  it  would  be  ex- 
pedient to  make  ufe  of  Mr.  Rapbfim's  expreffion  for  that 
purpofe,  in  preference  to  either  of  Mr.  de  Lagny^s  expref- 
fionsy  as  being  (impler  and  eafier  to  compute  than  the  lat« 
tcr;  but,  if  we  wi(h  to  obtain  the  faid  root  exaft  to  four- 
teen, or  fifteen,  places  of  figures,  I  (hould  think  it  would 
be  mod  adyifeable  to  have  recourfe  to  one  of  Mr.  de  Lagnjh 
fepreffions  for  that  purpofe,  rather  than  to  make  ufc  of 
Mr.  Rapbfoif%  expreffion,  and  repeat  the  proccfs  a  fecond 
time,  as  was  done  above  in  art.  37.  And  of  Mr.  de  Lfifftf^ 
i^o  cxpreflions,  the  latter,  or  irrational,  expreffion  will  be 
nbund  lefs  troublefome  to  compute,  and,  ufually,  in  a  fmall 
degree  more  exaA,  than  the  rational  expreffion.  But  it 
may  often  be  prudent  to  compute  them  both,  to  be  checks 
lipon  each  other ;  and  the  number  of  figures  in  which  the 
xefults  of  both  expreffions  are  found  to  agree,  may  be  juftly 
Concluded. to  be  exad. 

.  And,  4thly,  when  we  make  ufe  of  either  Mr.  Rspbfrn*% 
4r  Mr,  de  Lagnjft  methods  of  extraAing  the  mh  root  of  a 
given  number,  I  conceive  it  will  be  always  advifeabic  to 
make  ufe  of  a  Table  of  Logarithms  firft,  in  order  to  obtain 
t^  firil  near  value  of  the  root  fought,  from  which  we  are 
|[fterwards  to  dfcrive  a  fecond  and  more  accurate  near  value 
of  it,  by  means  pf  the  expreffions  invented  by  thofc  ingeni- 
ous Gentlemen.  This,  indeed,  is  not  abfolutely  neceflary, 
as  it  is  always  eafy  to  find  the  propofed  root  exaft  to  odc> 
<jr  two,  figures^  by  fome  very  fimple  reafonings  and  trials, 
^  \%  (hewn  above  in  all  the  foregoing  examples.  But  it  will 
alraiys  be  (liU  eafier  to  find  thefe  firu  figures  by  the  help  oi 
a.  Table  of  Logarithms,  and  we  may  find  them  by  that 
x^CAoa  00^  only  to  two  places  of  figures,  but  to  five. 

iMdoftherraa,  intitled,  Mr.  de  LagnyV  General  Mitboi^ 
Eftr^^ing  the  Roots  of  Nimicn  hj  Jfproximation. 
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i.'TN  the  foregoing  Trad  I  have  given  a  pretty 
j^  full  explanation  oi  Monfieur^de  Lagfiy*%  Method 
of  Extrading  the  Roots  of  Numbers  by  Approximation, 
and  I  have  likewife  mentioned  Mr.  Rapbfon'%  more  fimple 
and  eafy,  though  lefs  exaft,  method  of  performing  the  fame 
thing.  But  both  thefe  methods  may  be  applied  to  the  re» 
iblution  of  all  forts  of  equations,  thofe  which  are  called 
afftSttd  equations*,  or  in  which  the  unknown  quantity  occurs 

in 

*  This  expreflion  of  affeSed  equaH§nh{ttmz  to  require  fome  further  ezpla« 
nation.  It  was  introduced  by  the  celebrated  Vieta,  the  great  father  and 
rcflorer  of  Algebra.  He  has  many  expreffions  peculiar  to  himfelf,  and  which 
have  not  been  adopted  by  fubfequent  Algebraifts.  Amongft  thefe  are  the 
following  ones,  lie  calls  a  fet  of  quantities  in  continual  geometrical  pro« 
portion,  (fuch  as  the  quantities  x,  x^  *»,  *^  **,  ;r*,  jr^  x^y  &c,)  a  fet  of 
Jcalar  quantities,  or  magnitudines  fcalarts ;  and,  when  there  are  leveral  of 
thefe  fcalar  quantities  conncAed  with  each  other  by  the  figns  +  and  — , 
or  by  Addition  and  Subtra£tion,  (as  in  the  compound  quantity  x^  -f" 
ax^  —  ^*x',)  he  calls  the  higheft  quantity,  or  that  which  is  fartheft  in 
the  fcale  of  quantities  i,  x^  «*,  x^y  x\  x*,  x^^  x'',  &c,  (to  wit,  the 
quantity  x^  in  the  faid  compound  quantity  x^  +  ax*  —  ^*',)  ti^e  povoer  of 
the  fundamental  quantity  x^  or  of  the  fecQnd  term  in  the  faid  fcale ;  and 
he  calls  the  lower  fcalar  quantities,  which  are  involved  in  the  fecond  and  third 
teems  of  the  faid  compound  quantity  x^  +  ax*  —  b^x^%  to  wit,  the  quanti- 
ties 
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in  more  than  one  term,  as  well  as  thofe  which  are  called 
pure  equations,  or  in  which  the  unknown  quantity  occurs  in 
only  one.  term,  and  which  are  refolved  by  the  more  extrac- 
tion of  the  roots  of  given  numbers.  And  in  all  afieded 
equations  beyond  biquadr^icksy  or  thofe  of  the  fourth 
power^  thefe  methods  of  approximation  are  the  only  me- 
thods that  oftn  be  taken  for  diCcoiredng  th^eir  roots,  or  the 
values  of  the  unknown  quantities  contained  in  them.  Aod 
even  in  cubick  and  biquadmtick  equations,  though  parti- 
cular  methods  have  been  invented  by  Mathipmaticians,  for 
ilie  armnite  refolution  of  moft  of  the  4:a(es  of  thefe  ^of^ 
tions,  (to  wit,  the  rules  called  Cardatfs  rules  for  the  refo- 
lution  of  moft  cafes  of  cubidk  equations,  and  the  rules  in- 
vented hjjjmis  Ferrari  of  Boh^a  in  Jtaly,  iibput  the  year 
1545,  and  explained  at  lavge  m  B(m$bellik  Algebra,  in  the 
year  1579,  and  thofe  afterwards  invented  by  Monfiewr  Da 
Cartes,  and  publMfaed  in  his  Geometry  in  the  year  1637, 

for 

%tes  «*  and  x\  (or,  in  mir  prdciit  hnguage,  the  inferiour  powers  of  x,) 
tadar  qnantttieB  of  a  fmr^Sc  degree  Xo  ^^  9t  the  f0wer  of  the  fiiiidiAcm^ 
.quantity  x^  This  ymvtAparpdic  I  take  to  be  derived  (though  Vieu  doei 
not  tell  US  foy)  from  the  Greek  words  frofi  ami  #!&(,  which  fignify  near  and 
9  nvay^  or  rwd^  becaufc  thefe  inferi6ur  fcalar  quantities,  x^  and  s^%  lie  <"  ^^ 
"v^y  as  yoii  pafs  along  in  the  icale  of  the  aforeiaid  quantities  l|  x^  «^)*^» 
a^,  le^j  ifi^  ^%  ftc,  troai  I  to  x>»  which  he  calls  tbif§wir  of  jr  in  thefaki 
jcompound  quantity  x^  +  ^^  -~  ^«('*  Thefe  inferiour  fcalar  quantido  x' 
and  x^  are  therefore  parodtc,  or  Jituated  in  the  way  tOf  or  are  leadmg  tOt  the 
"faid  fewer,  or  higher  fcalar  quantity,  x^»  He  then  proceeds  to  define  « 
purefower  and  an  affeSted povinr,  and  tells  us,  that  a  pure  power  k  a  rcalar 
quantity  that  is  not  affefted  with,  or  mixed  with,  any  pargdic,  or  Ufe^^ 
fcalaf  quantity,  and  that  an  affehed power  is  a  fcalar  quantity  that  is  mixe^i 
or  connefked  by  Addition,  or  Subtradion,  with  one,  or  more,  infcriourt 
KftparoSc,  fcalar  quantities,  combined  with  co-cfScicnts  that  raifc  them  to 
the  fame  dimenfion  as  the  pow$r  itfdf,  or  make  them  homogeneous  to  It,  and 
confcquently  capable  of  being  added  to  It,  or  fubtrafted  from  it.  Thus  r 
alone  is  a  pure  power  of  x,  namely^  its  fifth  power;  and  x^  +  <m*  —  ^•* 
is  an  affeQed  power  of  x,  namely,  its  fifth  power  afcBed  hyj  or  conncm 
4vithf  the  two  parodlc,  or  InferUur  fcalar  quantities,  x^  and  a**,  which  arc 
multiplied  into  bi  and  a^  in  order  to  make  them  homogeneous  tOy  o\  ^f  'f' 
fame  dimenfion  wUh^  **  itfelf,  and  confequently  capable  of  being  added  to  it. 
or  fubtraacd  from  it.  See  Schooten^s  edition  of  Vieta's  Worfcs,  publiin« 
^  at  Leyden  in  Holland,  in  the  year  1646,  pages  3  and  4. 

This,  then,  being  the  meaning  of  the  exprellions  a  pure  power  zndattf' 
fcSed  powerp  the  meaning  of  the  correfponding  cxprciiions  of  a  pure  ff^' 
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lor  the  refolutton  of  biquadratick.  equations,  by  the  media- 
tion of  cubick  equations,)  it  willlDe  found  that  thefe  methods 
of  approximation  will,  for  the  moft  part,  enable  us  to  find 
the  values  of  their  roots  to  any  propofcd  degree  of  exa£i:« 
nefs,  with  lefs  trouble  than  the  particular  and  accurate  me« 
thods  above-mentioned,  which  have  been  invented  for  that 
purpofe.  So  that  thefe  methods  of  refolving  equations  by 
approximation  ought  to  be  confidered  as^of  the  higheft  utility, 
and  as  being  abfolutely  neceffary  to  the  completion  of  the 
Dbdrine  of  the  Refolution  of  Algebraick  Equations,  which 
is  the  mod  importaht  branch  of  the  Science  of  Algebra, 

Art.  2.  But  it  is  not  fo  eafy  to  determine,  which  of  thefe 
two  methods  of  approximation,  Mr.  Rapbfoif^j  or  Mr.  di 
Lagny*Sy  deferves  to  be  preferred  to  the  other  on  thefe  oc- 
cafions.  Mr.  Raphforfs  is  certainly  much  Ampler  than  the 
other,  becaufe  it  proceeds  by  confidering  the  new,  or  tranl^ 
formed,  equation,  (refulting  from  the  fubftitution  of «  +  2, 

isoH  and  an  affeSed  equation  follows  from  it  of  courfe :  a  pure  equation  fignU 
fying  an  equation  in  which  a  pure  power  of  an  unknown  quantity  is  declared 
to.  be  equal  to  fome  known  quantity ;  fuch  as  the  equation  4r'  =  79 ;  and  am 
grffwQed  equation  fignifying  an  equation  in  which  a  power  of  an  unknown 

Quantity  a£fe6ted  by,  or  conned^edt  either  by  Addition  or  Subtra£Uon,  with^ 
>me  inferiour  powers  of  the  fame  unknown  quantity,  (multiplied  into  pr«« 
per  co-efficients  in  order  to  make  them  homogeneous  to  the  (aid  higheft  power 
of  the  faid  unknown  quantity,)  is  declared  to  be  equal  to  fome  known  quan- 
tity }  fuch  as  the  equation  x^  +  ax^  —  h^x^  =  79.  This  I  take  to  be  th^ 
ori^nal  meaning  of  the  cxpreifion  an  txffeQed  equation.  But,  as  the  languagre 
of  y'tMta  has  not  been  adopted  by  fubfeauent  writers  of  Algebra,  I  mould 
think  it  would  be  more  convenient  to  call  them  by  fome  other  name.  And* 
perhapty  thofe  of  binomial^  trinomlaU  quadrinomialy  quinquinomiaf,  and»  in 

¥:nenil»  that  of  multinomial  equations,  would  be  as  convenient  as  any. 
hue,  »r  +  <wf  =s  rr^  and  *'  +  ax*  =s  r*,  and  x^  +  a*x  =  H,  and  *♦  + 
a^x  =  r*,  and  x*  +  ax^  =  r\  might  all  be  called  binomial  equations,  be-* 
Caufe  they  would  be  equations  in  which  a  ^Wm/W  quantity,  or  quantity  con- 
fiftioe  of  two  terms  that  involved  the  unkaown  quantity  ;r,  is  declared  to  b^ 
ctiual  to  a  known  quantity ;  and,  for  a  like  reafon,  the  equations  x^  +  tix*^ 
4-  i^je  =  r',  and  x^  —  ax^  +  6»;r*  =  r*,  and  **—«*'+  h^x  =  r*,  and 
jr«  +  -f*^  +  3»;r>  =  r5,  and  *»  +  ax^  —  ^x'  =  r*,  and  x^  +  H^x^  +  cU 
ss:  r*9  might  be  called /r/W;»/4/ equations.  And  the  like  names  might  b^ 
«Ten  to  equations  of  a  greater  number  of  terms.  Dr.  Hutton,  I  obferve, 
in  hts  excellent  aeir  Mathematical  and  Philofophical  Dictionary,  jud  now 
publiihed)  (Feb.  2,  I795>)  calls  them  compound  equations;  which  is  like* 
wife  a  very  proper  name  for  them,  and  lefs  obfcure  than  that  of  afeded 
equations. 

4  C  or 
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or  4  •««  Zy  inftead  of  x^  in  the  original  equation,)  as  beui^ 
only  a  fimple  equation,  and  refolving  it  accordingly,  or  by 
the  mere  operation  of  Divifion  ;  whereas,  in  Mr.  de  Laptf^ 
method,  the  faid  new,  or  transformed,  equation  is  confider- 
cd  as  a  quadratick  equation,  and  refolved  accordingly} 
which,  when  a  (or  the  firft  near  value  of  die  root,  that  is 
fuppofed  to  be  already  known,)  is  a  number  confifting  of 
five,  or  fix,  figures,  produces  a  great  deal  of  labour,  and 
often  a  great  deal  of  perplexity.  I  am  iherefore  inclined  to 
give  the  preference  to  Mr.  Raph/on's  niechod  in  refolving  all 
gffeded  equations,  more  cfpecially  when  the  number  a  con- 
fills  of  more  than  two  figures :  but  it  niuft  be  confcffcd 
that  the  celebrated  Dr.  tialley  (who  had  much  experience, 
and  was  an  excellent  judge  of  thefe  matters,)  was  of  a  dif- 
ferent opinion,  and  gave  the  preference  to  Mr.  de  Lagrrfi 
method,  which  he  has  therefore  taken  the  pains  to  explain 
in  a  better  manner  than  had  been  done  by  Menfuur  de 
Lagny  himfelf,  and  likewife  to  illudrate  by  examples,  in  his 
Traft  in  the  Philofophical  Tranfaftions,  Number  210,  in- 
titled,  *^  A  New,  ExaSlt  and  Eafy  Method^  of  finding  tU 
**  Roots  of  atrf  Equations  Generally  ^  and  that  without  attf  pre* 
**  vious  ReduSliony^.  which  was  publiftied  in  the  year  1694* 
On  the  other  hand  we  may  obferve,  that  Mr.  R(^bJon  al- 
ways continued  to  give  his  own  method  the  preference,  after 
the  publication  of  the  trafts  oi  Monfieur  de  Lagrtf  and  Dr. 
Udley  upon  the  fubjeft,  as  well  as  before  their  publicatiofl, 
when  he  tells  us  he  had  himfelf  had  the  thought  of  adopt- 
ing the  principle  which  was  afterwards  followed  by  Mr.  A 
Lapg  and  Dr.  Halley,  of  treating  the  transformed  equation 
•  as  a  quadratick  equation,  but  had  deliberately  rejcded  it 
on  account  of  the  greater  eafe  and  fimplicity  of  the  other 
method,  in  which  the  jTaid  transformed  equation  is  confidcrcd 
and  treated  as  a  fimple  equation.  And  Sir  Ifaac  Newton  in 
his  method  of  refolving  equations  by  approximation  (whidi 
differs  very  little  from  Mr.  Rapbfon\)  feems  alfo  to  prefer 
Mr.  Rapbjon'%  pradtice,  of  treating  the  transformed  equa- 
tion as  a  mere  fimple  equation,  to  that  of  Mr.  de  Lfifffj 
and  Dr.  Halley,  of  treating  the  faid  equation  as  a  quadra- 
tick equation.  I  therefore  cannot  but  recommend  it  to  all 
young  Algebraifls  to  ftudy  Mr.  Rapbfon's  cxcelifnt  Trca- 

tile 
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tife  on  this  fubjed,  intitled,  Andtjfis  JEquatiamm  Univirjalis^ 
with  great  attention,  and  to  endeavour  to  make  themfelves 
Biafters  of  it,  by  going  carefully  through  all  the  examples 
given  in  it,  and  performing  all  the  arithmetical  operations 
contained  in  tbem«  And  I  will  venture  to  fay  that  they 
will  thereby  acquire  more  ufeful  knowledge  in  Algebra,  to« 
wards  the  bufinefs  of  refolving  affeded,  or  compound,  or 
multinomial,  equations,  than  by  reading  all  that  has  been 
written  by  Harriot  and  Des  Cartes^  and  his  learned  Commen- 
tator f^an  Scbootifty  and  all  his  other  Commentators,  and  their 
numerous  followers,  on  the  boafted  dodrine  of  the  Genera-- 
tion  of  £quacions  one  from  another,  by  fuppofing  x  —  ii  to 
be  =  o,  and  «  «-  ^  to  be  =  o,  and  at  — » r  to  be  =:  o,  and 
jr  4*  i/  to  be  =:  o,  and  ^  +  ^  to  be  =  o,  and  fo  on  j  and 
then  muliiplying the  binomial  quantities  x^^a,  x-^t,  x—  c^ 
^  -^  d^  X  +  e^  &c,  into  each  other,  and  likewife  all  the 
abftnife  and  intricate  matter  that  has  been  delivered  by  Sir 
^(uu  NiWtWy  and  Mr.  Gravefende  and  Mr.  Mac  Laurin,  and 
ocher  learned  Algebraifts  of  modern  times,  on  the  invention 
of  Divifors,  which  is  grounded  on  that  dodrine  of  the  Ge- 
neration of  Equations  from  each  other. 

Art.  3.  Yet  in  reading  this  excellent  Trcatife  of  Mr,^ 
Rapbfon^  which  I  fo  much  recommend,  there  will  now  and 
then  occur  fome  difficulties  which  are  not  inherent  in  the 
fubjc6t  itfelf,  but  which  might  have  been  avoided,  if  Mr. 
Rapb/on  had  not  unfortunately  adopted  the  perplexing  doc^ 
trines  of  modern  writers  of  Algebra,  about  negative  quanti- 
ties and  negative  roots  of  Elquations.  The  quantities  called 
negaiive  are  fuch  as  it  is  impoffible  to  form  any  clear  idea  of, 
being  defined,  by  Sir  ^aac  Newton  and  other  Algebraifts  *, 

*  QuantiUtet  vd  jffirmaiiva  fuBt,  feu  majoret  Nihilo,  vel  Negativa^  fctt 
Ntbilo  minorcs.-— Newton's  j^rUbnutica  Uni'verfalii^  page  3. 

When  a  greater  quantity  is  ttifM  from  a  lefler  of  the  fame  kind,  tke  re- 
maunder  becomes  of  the  oppoftte  kind.— <-Jli0c  Laurtn^s  Aigebra^  page  5. 

An  affirmative  quantity  is  a  quantit^r  greater  than  nothing,  and  is  known 
by  this  £gn,  -f  ;  a  negative  quantity  \b  a  quantity  lefs  than  nothing,  and  is 
j^oown  by  ^is  fign,  ^^"^-^awiderJatC^  Algehra^  Vol.  I.  page  50,  article  2. 

^  4C2  to 
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to  be  foch  quaaticies  a$  are  lefs  than  nothings  or  as  drift  frm 
thiJubtraSHon  of  a  greater  quantity  from  a  UJiar^  which  is  an 
operation  evidently  impoffible  to  be  performed:  and,- as  to 
the  negative  roots  of  an  equation,  they  are  in  truth  the  real 
and  pofitive  rooi$  of  another  equation  confi{Ung  of  the  fame 
terms  as  the  firft  equation,  but  with  different  figns  +  and 
— ^  prefixed  to  fome  of  tbem ;  fo  that,  when  writers  of  Al- 

S^ebra  talk  of  dj^e  negative  roots  of  an  equation,  they,  ia 
ad,  jumbte  two  different  equations  together,  and  fupj>ofc 
the  propofed,  or  firft,  equation  to  have  not  only  its  own 
proper  roots  (which  they  call  its  affirmative,  oxpoftiive,  roots,) 
but  to  have  likewife  the  roots  of  a  different  equation,  whidi 
they  oill  its  negative  roots.  Thus,  for  example,  they  would 
lay,  that  the  quadratick  equation  *a:  +  4*  =  320,  has  two 
roots,  to  wicji  the  pofitive,  or  affirmative,  root,  +  16,  and 
the  ixicgative  root^  ^  20.  But  this  latter  number,  20^  is, 
in  truth,  the  root  of  a  different  equation,  to  wit,  of  the 
equation  xa?  -f.  4^:  =  320.  So  that  this  kind  of  abfurd  and 
fantaftick  language  only  tends  to  the  confounding  together 
the  two  different  equations  xx  -^  ^  :=.  320,  and  xx^^t^ 
=  320,  and  coniidering  them  as  if  they  were  one  and  the 
fame  equation.  Now  this  perplexing  language  is  unfortu- 
nately^ ufed  by  Mr.  Rafbfon  ia  this  valuable  Treatife,  and 
tends  to  throw  an  air  of  myftery  and  obfcurity  upon  fomc 
of  the  Problems  folved  in  it,  from  which  they  would  others 
wife  have  been  intirely  free*  As  a  proof  of  the  truth  of  this 
obfervation,  I  (hall  here  infen  one  of  the  faid  Problems,  the 
folutioo  of  which  is  by  this  means  rendered  fo  obfcure,  that  I 
had  a  good  deal  of  trouble  to  find  out  the  meaning  of  it ; 
thoi^h,  if  this  langu^e  had  been  avoided,  and  the  proper 
and  natural  language,  belonging  to  the  conditions  oftbe 
Problem,  had  been  ufed  in  its  ftead,  there  could  not  have 
been  the  leaft  difficulty  in  undcrftanding  it.  This  Problem 
is  the  24th,  in  page  32  of  the  2d  editipn  of  the  book,  an4 
is,  verkatm  r/  Utteratlm^  as  follows. 


PROBLEMA 


PROBLEMA       XXIV. 

^^uatimm  S^inU  Pot^atis  AdfeSarum  SriutU^ 

Proponatur  ^i^MaM  -f  laaM-^xoaaa  +  155^1  :=  xQ|QOO« 
Hoc  eftj    —  aaaas  +  baaaa  —  caaa  4-  daa  =  f^ 

Thcor.  M  9s^  f  +  ggggg  4-  f^Eg  —  %gy  ->  ^ 
Sit    ^  =  -  5 

/  +tfisff  +  'or  •  Aq5C?  -^  ^Bf  =s  -*  387J 

4^ij^  +  2i/^ - smg - 3^^ -  - 9675)  (-387510 (-f  ,4^5 # 

-  s* 

4-f4 

1  =  —  4»^ 

VSey  +  «*  -'5«E»  •  3*»r  =  -  7659*736)  -  4^o>3g89*  (+  p^SS  ==« 

-  4>6 
+    »«>J5 


^  =  -  4.54S 


+  ,000,804,18 

fl  =3  T  4»S44.i9S»7« 

To  this  folution  I  have,  in  my  copy  of  Mr.  Raphfon's 
Tradt,  fubjoined  the  following«Note, 

Numerus  4.544,1 95,7%  eft  radix  squationis  a^  +  jd^  + 
2(0^^4-  155^^  %  io>ooo;  quod  hie  obfcure  innuitur  fub 
fpccie  radicis  negative  sequationis  —  a^  +  ja^  —  20^'  + 
155^*  iz:  io,ooo«  Omnes  fere  difHcultates  quibus  permuiti 
cukioris  ingenii  viri  ab  Algebra  difcenda  et  excolenda  deter- 
rent^r,  ex  h^fce  radicibus  flcgacivis  ct  lUIie  quaatitatibus  ne- 

gativis. 
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gativis,  feu  (ut  hodiernt  Algebras  fcriptores  abfurdd  loquuQ<r 
tur^)  nihilo  minoribusj  ortum  habent. 

In  this  Problem  the  letter  a  is  ufed  for  the  unknown  quan- 
tity, or  root  of  the  equation,  which  is  ufually  denoted  by 
the  lewer  x ;  and  the  letter  g  is  ufed  for  the  firft  near  value 
of  the  root  of  the  ecjaation,  which  in  the  two  foregoing 
Trafts  has  been  denoted  by  the  letter  a ;  and  the  letter  x  is 
vied  for  the  dilfereoce  between  j^,  the  firft  near  value  of  the 
root  of  the  equ^ion,  and  ii,  tt$  true  yalue,  which  differeoce 
has  been  denoted  in  the  two  foregoing  Trafts  by  the  letter  z. 
So  that|  if  we  exprefs  the  enunciation  of  the  forgoing  Pro- 
blem in  t^e  t^otaciQn  that  has  b^en  ufed  in  the  two  foregoing 
Tra&s,  it  will  be  as  follows. 

Proponatur  -^  xxxxx  +  jxxxx-^ioxxx  +  i55«af  =  io,ooo» 
Sivc    —  y*  +  7x*  —  ao;(f*  +  i55«x  =  10,000, 

Hoc  eft,  —  xxxxx  +  hxxxx  —  cxxx  +-  ixx  r:  /, 
Sive    -.;r»  +  ^jc*  —  €^  +  de  =/. 

Theor.  z  =  -' r — ; — r > 

^€taa  +  ^da  —  5mum  —  yam 

Art.  4.  Here,  then,  the  equation  propoied  by  Mr.  Raft'* 
fen  to  be  refolved,  is  faid  to  be  —  -»*  +  7**  — •  ^ox^'  + 
155^;^  =  10,000,  or  155^?;?  —  2oxi  +  7;^*  — **  =  10,000. 
But  this  is  not  the  equation  he  refolves ;  and,  indeed,  it  ii 
not  a  poflible  equation,  becaufe  the  greateft  pofllible  mag- 
nitude of  the  compound  quantity  155**  —  2oaf'  +  7***^ 
x^  is  that  which  it  has  when  the  infinitely  fmall  increment 
of  the  binomial  quantity  aojf^  +  x^  becomes  equal  to  the 
cpotemporary  increment  of  the  binomial  quantity  155**  + 
7^*,  that  is,  (if  we  put  x^  or  x  with  a  point  placed  over  it, 
for  the  infinitely  fmall  increment  of  Xj)  when  20  X  3«*** 
+  5*\V  becomes  equal  to  155  x  2xx  +  7  X  4X^X,  or 
when  6ojv'  +  5^  is  zi  310/1?  +  28^%  or  when  60^  +  5** 
is  =  310  +  z\ixxj  or  when  ^x^  —  2ixx  +  6qk  is  =  3^^ 
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or  when  a:*  —  ^^  +  i^  is  =  6z,  or  wtcn  *'  —  s.6x9C 

+  I2;c  is  =  62 ;  and  that  h  when  x  is  nearly  =  ^.^ ;  sit 
which  time  the  compound  quantity  JSgxx  —  20^'  +  jx^,  — 
J?*  will  be  nearly  equal  to  2733,  as  will  appear  by  lubfti* 
tuting  5.5  inftead  of  x  in  the  terms  of  the  faid  quantity 
'55*^  —  20X*  +  7^  — .  ^* :  and  this  quantity  2733  (which 
is  the  greateft  pofRble  magnitude  of  the  compound  quantity 
iS^xx  —  20a.-'  +  7^*  —  x%)  is  very  much  lefs  than  10,000, 
or  the  abfolute  term  of  the  equation  155^?^?  —  26**  +  yx^ 
—  ^  =  10,000,  and  confequently  the  faid  equation  is  im- 
poffible.     But  Mr.  Rapb/on,  though  he  fets  down  this  equa* 
tion  tSS^^  —  2^^'  "^  7**  —  x^  zn  xo,ooo,  as  the  equation 
that  is  to  be  refolved,  yet  really  means  to  refolve  a  quite 
different  equation,  to  wit,   the  equation  that  refults  from 
fuppofing  A?  to  be  a  negative  quantity,  or  from  fubftituting 
the  powers  of  —  ^,  to  wit,  +  xxy  —  x%  +  :c%  and  —  x*, 
in  the  terms  of  the  faid  equation  1555^*  —  20;^  4-  7A:*—  ** 
;=    1 0,000,   inftead  of  the  like  powers  of   +  x,  to  wit, 
+  xx^  +  x^f  +  x\  and  +  x* ;  by  which  fubftitution  the 
(aid  equation  will  be  converted  into  the  equation  155  X 
+  XX  —  20  X  —  9^  +  7  X  +  x^  —  I  X  —  ^*==  io,ooo, 
or  155^^  +  20Af'  +  7jr*  +  ;?*  =   10,000,  which  is  evi- 
dently a  pofiible  equation,  and  of  which  the  root  is  4.544^ 
195,72,  or  the  fame  number  which  he  obtains  by  his  k)lu« 
tion  of  the  Problem,  and  which,  with  the  fign  —  prefixed 
to   it,  he  calls  the  negative  root  of  the  propofed  equation 
155^^  —  2av*  +  7^  — itf*  =:  10,000.     Now  all  this  per- 
plexity would  have  been  avoided,  if  Mr.  Rapbfim  had  pro- 
poied  at  firft:  to  find  the  root,  or,  in  the  language  of  modern 
writers  of  Algebra,  the  affirmative,  ov  pofiiive,  root,  of  the 
equation  155^^  +  ^o^  +  7^  +  x*  =    10,000,  or  x^  + 
yx^   -t-  2o;if*  +   155^^  =    10,000,  which  equation  is  evi- 
dently poffible,   and  can  have  only  one  root.     And  then 
all  the  fteps  of  his  folution  would  have  been  clear  and  eafy^ 
as  will  appear  by  refolving  this  equation  *'  +  7^  +  20** 
-h   ^S5^^^^^  10,000  according  to  the  principles  of  his  me- 
thod ;  which  may  be  done  in  the  manner  following. 


.1 


•J 


S»: 
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I 


^%e  Rejolution  of  th$  AftSid  Equsthn  ;^  +  7^  4-  20^  -f 
i55Af  s:  10,000,  iy  Mr.  Raphfon*/  Method  of  A^mm- 
Hon. 


Art.  5.  In  confiderii^  this  equation  *'  +  "jx^  +  20**  + 
i^j^xx  =  lo^ooo,  it  is,  in  the  ift  place,  eafy  to  fee  chat  ;r 
mirfl  be  greater  than  i.  For,  if  we  fuppofe  sc  to  be  =:  i, 
we  (hall  have  xx  =  i,  and  x^  =  i,  and  x^  =  i,  and  x' 
=r  I  J  and  confcquently  x^  +  7**  +  ioxi^  +  is^xxwXWx 
2=  I  +  7  +  20  +  155  =183;  which  is  very  much  lefs 
than  the  abfolute  term  io,ooo.  Therefore  i  muft  be  mudi 
lefs  than  x. 

In  the  fecond  place,  if  we  fuppofe  x  to  be  rz  10,  wc  (hall 
have  XX  =  100,  and  a?*  rr  1000,  and  9^  =  10,000,  and 
jp*  r:  100,000  J  fo  that  jf*  alone  will  be  equal  to  the  abfo- 
lute term  10,000,  and  confcquently  x^  +  7**  +  20**  + 
155*  niwft  be  very  much  greater  than  the  faid  abfolute 
term  I  and  confcquently  10  muft  be  much  greater  than  jc. 

Thirdly,  fince  x  is  lefs  than  lo  and  greater  than  i,  kt 
us  fuppofe  it  to  be  equal  to  5.  Then  we  fhall  have  »f  = 
*5,  and  x^  ==  125,  and  a*  =  625,,  and  x^  =  3125,  and 
confcquently  x^  +  7**  +  2ox'  +  155*^^^  (=  3123  +  7  X 
625  +  20  X  125  +  155  X  25  =  31^5  +  4375  +  2500 
4*  3875)  =  13*875;  which  is  greater  than  the  abfolute 
term  io,ooo«  Therefore  5  is  greater  than  the  true  value  of 
;i^  in  the  equation  x^  +  7**  +  20;^^  +  ^SS^  =   10,000. 

We  will  therefore,  in  the  4th  place,  fuppofe  a?  to  be  =  4* 
And  then  we  fliall  have  ;v;c  =  16,  and  at*  =  64,  and  tf 
zz  256,  and  X*  ir  1024,  and  confcquently  ic*  •+  74^  + 
ao;r»  +  155^;^  (=  1024  +  7  x  256  +  20  x  64  +  i55 
X  t6  =  1024  +  1792  +  1280  +  2480)  =  6576;  which 
is  lefs  than  the  abfolute  term  io,ooo.  Therefore  4  is  lc6 
than  the  tme  value  of  x  in  the  equation  ;if*  -f-  ^x^  +  20:^ 
+  155^^  =  10,000. 
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It  appears  therefore  that  the  root  of  the  equation  x^  -f 
7^:*  +  20X*  +  iSS^^  =  10,000,  is  greater  than  4,  but  lefs 
than  5.  And  either  of  thefe  values  might  very  well  ferve 
for  a  firft  near  value  of  the  faid  root,  or  for  the  bafis  of  a 
further  approximation  to  ic,  Mr.  Raphfon  makes  choice 
of  5,.  which  is  greater  than  the  truth. 

Art.  6.  Let  us  then  fuppofe  «,  or  the  firft  near  value  of 
i  in  the  equation  a:*  +  7^  +  ao**  +  155^^  =  10,000,  to 
be  =  5 ;  and  let  z  be  the  difference  by  which  it  exceeds 
the  true  value  of  x.    Then  will-  x  ht  zz  a  —  2,  and  confer 

quently  xx  will  be  (=  a  —  2)*)  zz  aa^'^  laz  +  &c,  and 

**  will  be  (=  a  —  z^^)  =4*  —  3^*2  +  &c,  and  x^  will 

be  (=  a  —  2I*)  =  a*  —  4a*z  +  &c,  and  x^  will  be  (=: 

a  —  z\^)  =  ^*  —  sa^z  +  &c.    Therefore  *'  +  yx^  +  lox^^ 


+  iSS^x  will  be  =  < 


aS  —  5^^  +  &c,  I 

+       7  X  g^  — ^  4^^2  +  &c,  I 

+     20  X  tf^  —  3^*2  +  8cc,  f 

^+  155  X  ^  —  2az    +  &c,  J 


+      7^4  —     28tf'2;  +  &c,      I 
+    2oa»  —    6oa^z  +  &c,      f 

But;v*  +  yx*  +  2ox^  +  issxx  is  ==  10,000. 

Therefore  a*  +  ya^  +  loa^  +  iSS^a  —  ^a^z  —  iBa^z 
.»—  66a*z  —  310^12  +  &c,  will  alfo  be  =  10,000,  and 
confequently  (^adding  ^a^z  +  28^*2  +  6oa*z  +  310^2  to 
both  fides,)  we  fhall  have  a^  +  7a*  +  20^'  +  155^  = 
10,000  +  Sa^  +  zia^z  +  6oa*z  +  ^loaz,  or  (becaufe  d 
is  =  5,  and  confequently  a^  +  7a*  +  20^*  +  15 5^^  is  = 
13,875,  as  has  been  (hewn  in  art.  5,)  we  fhall  have  13,875 
=  10,000  +  5^42  +  28^*2  +  6otf*2  +  3iorf2,  and  con- 
fequently (fubtrading  10,000  from  both  fides,)  3875  =  5^*25 

+  2  8a^z  +  6oa*z  +  ^loazzzzx  Csa^  +  zia*  +  60^*  +  310a. 

4  D  Therefore 
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Tkerrforc  z  will  be  =  -_-_~-l?2I_- (  — 

387^ •  ^ 

387?       «. 3«75        J 

5x6zq  +  a8xias  +  ^X25  +  310XS        3»25+3S«>+  i$oo+ijja 

—  3|^)  =  0.4.    Therefore  a  —  z,  or  ;t,  will  be  (=  * 

•M  0.4  =  5.0  -~  0.4)  =:  4*6 ;  and  4.6  will  be  a  fecond 
ficar  value  of  the  root  of  the  equation  x^  +  7X*  +  ^o:^ 
4»  ISSXX  zz  lo^ooo.  Q^  £•  I. 

We  muft  next  try  whether  this  fecond  near  value  of  j?  ii 
greater  or  le(s.  tbao  its  tjrue  value ;  and  for  this  purpoTe  we 
muft  fubftituie  itj  inilead  of  x^  in  the  compound  quantity 

Now,  if  we  fuppofe  .v  to  be  =:  4.6,  we  (hall  have  xx 
(r:  iJ^)  =  21. 16,  and  x^  (=  4I6I*)  =  97.336,  and  x* 

(=;  4^0  =^  447*7456,  4nd  x*  (=:  4^9*)  =  2059.62976, 
and  i55y«(=:  155  x  21.16)  =:  3279.8o,  and  20***  (=  20 
•  X  97-336)  =  1946.720,  and  7X*  (=  7  X  447-7456)  = 
3 1 34.2 1 92,  and  coufequently  x^  +  7^  +  20Ar'  +  ^55^ 
(=  2059.62976  +  3134.2192  +  1946.720  +  3279.80) 
n  10,420.36896$  which  is  gfeater  than  ro,ooo,  ortheab* 
folute  term  of  the  equation  a:*  +  7**  +  2o*s  +  '55**  -• 
10,000.  Therefore  4.6  will  be  greater  than  the  true  value 
of  ;i;  in  that  equation. 

Art.  7.  To  find  a  third  near  value  of  the  root  of  this 
equation,  let  ^  be  fuppofed  to  he  =  4«6,  and  z  be  the 
difference  by  which  ^,  or  4.6,  exceeds  the  true  value  of 
the  faid  root. 

Then  we  (hall  have,  as  before,  ;if  =  ^  —  z,  and  confc- 
quently  xx  (=  a  —  2]*}  ^=:  ^w  —  zaz  +  &c,  and  x*  (=5 
0  —  z)')  =  tf*  —  34*2  .+   &c,  and  x""  (=  a  —  z^)  =:  ^ 

—  4a'z  +  &c,  and  x^  (=  a"^^^')  =  a*  —  5^*2  +.  &c» 

and 
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in 


and  7Af*  (=  7  x  «*  —  ji^^z  +  &c,)  =  7^*  —  28^'z   + 

&c»and  20x'  (=  fto  x  «*  —  s^'a  +  &c,)  :2i  20i»'  — 69^1*01 

+  &c,  and  i^sxx  (=  155  x  ^  —  ^az  +  &c,)  r:  155^ 
•-  310^2;  +  &c,  and  ^*  +  7^  +  ^09^  +  iSfix*  r: 

{^—    '  S^^  +  &c,     y 
+      7a*  —    28a«z  +  &C,      I 

.But  Af*  +  7;v*  +  20A:*  +  155^*  is  ^  io,ooo. 
Therefore  I  T    r^  "    r:.!  T  Z^J  }  will  likewife 


be  =  lo^oooy  and  confequently  (adding  ^a^z  +  28^32  4- 
6oa*2  +  310^2  to  both  fides,)  a*  +  7^*  +  20a'  +  ^SS^^ 
will  be  =  10,060  +  sa^z  +  28^*2  -f-  6oa*2  +  310^2. 

But  it  has  been  (hewn  in  the  lad  article,  that  a*-f  74* 
+  2oa'  +  155^,  or  4l6\*  +  7  X  4^  +  20  x^4^'  + 
155  X  4^\  is  =  10,420.36896. 

Therefore  10,420.36896  will  be  =  xo,ooo  +  54*2  + 
ft8^'2  +  6oa*2  +  310^2;  and  confequently  (fubtrafting 
10,000  from  both  fides  of  the  equation,)  420.36896  will  be 

—  5^?  +  aStf'z  +  6otf*2  +  310^2  (=  5  X  4.6k*  X  2  + 
28  x"^*  X  2  +  60  X  4^*  X  2  +  310  X  4-6  X  2  = 
5  X  447.7456  X  z  +  28  X  97-336  X  2  +  60  X  2I.l6 
X  a:  +  310  X  4.6  X  2  =  2238.7280  X  z.  +  2725.408 
X  as  +  1269.60  X  2  +  1426.0  X  2)  =  7659.7360  X  2> 

and  confequently  2  will  be  (r:  t^'^  ^ )  ^^  0.0548,   or 

nearly  0.055.  Therefore  ^,  or  a  —  2,  or  4.6  •—  2,  will 
be  nearly  (n  4.6  —  0.055,)  =  4545  J  ^^  confeqoendy 
this  number  4.545  will  be  a  third  near  value  of  the  root  (x 
the  propofed  equation  ;v*  +  7;*^  +  2o.v'  +  155^^*  =  10,000. 

Q^   E.    I. 

4  D  a  Now 
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Now  let  this  number  4.545  be  fubftitiitcd  inftcad  of  x.  in 
the  compound  quantity  x^  +  jx^  +  2o;c^  +  iSS^^s  ^^  ^^' 
der  to  difcjver  whether  the  refult  will  be  greater,  or  lefs, 
than  10,000,  or  the  abfolute  term  of  the  propofcd  equation 
«*  +  7^*  +  ^ox*  +  ^SSxx  r:  io,ooo. 

Now,  if  X  be  fuppofed  to  be  iz:  4.545,  we  fhall  have  xx 
(=  4-545V)  =  ao.657,035,  and*'  (=4754^)')  =  93.886, 
178,625,  andjgt(zi  4V545)*)  =2  426.712,681,850,625,  and 
**  (=  4-545'')  =  i939-4093i39»o"»090»625,  and  confc 
quently  jx^-  (=  7  X  426.712,681,850,625)  =  2986.958, 
772,954,375,  and  20X*  (=  20  X  93-886,178,625)  = 
1877.723,572,500,  and  issxx  (=  155  x  20.657,025)  = 
3201.838,875,  and  X*  +  yx^  -f  ao^f'  +  155**  (=  i939» 
409,139,011,090,625  +  2986-988,77i>954»375  +  '877. 
723^572>5oo  +  3^0^-838,875)  =  10,005.960,359,4651 
/j.65,625 ;  which  is  greater  than  io,ooo,  or  the  abfolufc 
term  of  the  equation  x^  -j-  yx^  +  20**  +  ^SS"^^  =  io,opo. 
Therefore  4.545  will  be  greater  than  the  true  value  of  x  k 
that  equation. 

Art.  8.  To  find  a  fourth  near  value  of  the  root  of  this 
equation  x^  +  yx^  +  lox^  +  i^sxx  ==  10,000,  let  it  be 
fuppofed  to  be  =  4-5451  and  2  be  fuppofed  to  be  the  dif- 
ference by  which  a^  or  4*5451  exceeds  the  true  value  of  the 
f&id  root. 

Then  we  (hall,  as  before,  have  a?  =  ^  —  ar,  and  confc- 

quently  xx  (=r  a  —  2I*)  =  aa^r-  laz  +   &c,  and  x^  (= 

a  —  zl')  zz  tf'  —  id'z  +  &c,  and  x^  {=:  a  -^  2/)  =  ^ 

—  4^'2  +   &c,  and  x^  ( =   ar—^^)  =  a^  —  ^a*z  +  &Cj 

*nd  yx^  (zz  y  X  «*  —  4^^z  +  &c,)  =  ya^  .—  28^*2  + 

&c,  and  20*'  (=  20   X  ^*  —  3^*2   +  &c,;  =  20^1'  — 

60^*2  +  &c,  and  155^^*^  (=  155  X  tf«  —  2^2  +  &c,)  == 
JS^aa  —  310^2  +  &c,  ^nd  confequcmly  x^.  +  7***  +  ^^ 

4! 
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{a*  -       5tf*z  +  &c,     ^ 
+       ^a"^  _    28tf'2   +  &c,      I 
+  ^SS^*  —  gictfz    +  &c*     J 
But  X*  +  7^  +  20*'  +  155^^  is  =  10,000. 

Therefore  a^  +  7^*  +  2oa^  +  155^^  —  5^*«  +  &c,  -^ 
j^8^'2  +  &c,  —  toa^z  +  &c,  -^  310^2  +  &c,  will  like- 
wife  be  =  1 0^000,  and  confequently  (adding  ^a^z  +  28^*55 
+  6o«*z  +  310^2  to  both  fides,)  a^  +  7^*  +  20^*  + 
ISS^a  will  be  =  10,000  +  5a*z  +  28^*2  +  toa^z  + 
310^2, 

But  it  has  been  (hewn  in  the  laft  article,  that  tf*  +  7^*  + 

20tf*  +  i55ff»  ^r  4^54?*  +  7  X  T54?*  +  20  X  4-54Sl* 

+   155  X  4^54?%  is  =  10,005.960,359,465,465,625. 

Therefore  10,005.960,359,465,465,625  will  be  =:  10,000 
'+  5^*z  +  28«'z  +  toa^z  +  310^2;  and  confequently  (fub- 
tracing   10,000  firom  both  fides,)  5.960,359,465,465,625 

will  be  =  5^*2  +  28^*2  +  6oa^z  +  310^2  (=  5  X  4*5451* 

X  2  +  28  X  4^5451'  X  2  +  60  X  4'545T  X  ^  +  310 
X  4-545  X  «  =  5  X  426.712,681,850,625  X  2  +  28 
X  93.886,178,625  X  z  +  60  X  20.657,025  X  z  + 
310  X  4.545  X  2;  =  2133.563,409,253,125  X  2  +  2628. 
813,001,500  X    2   +  1239.421,500    X   2  +    1408.950  X  2) 

=  7410.747,910,753,125  X  2.  Therefore  z  will  be  (=; 
^96o,3^9>46^46^62^     _  ^^^304,28,  and  ;c,  OX  a  ^  z,  or 

4.545  —  2,  will  be  (z=  4.545,000,00  -7-  0.000,804,28) 
zr  4.544,195,72.  Therefore  4.544,195,72  will  be  a  fourth 
near  value  of  the  root  of  the  propofcd  equation  x*  +  ']9fi 
H-  20Jf'  +  155^^  =  10,000.  <i.  E.  1. 

This  number  4.544,195,72,  agrees  with  the  number 
found  by  Mr,  Raphfon,  in  all  its  figures. 

Art.  9.  The  foregoing  refolution  of  the  equation  x^  + 
yx*  4-  20^'  +    ^^55^^  =  io,Qoo,  has  been  performed  at 

great 
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great  Idngthi  in  order  to  fet  forch^  in  as  clear  a  manner  as 
poffible,  the  feverai  reafonings  upon  which  the  arithmetical 
operations  ufed  in  it  are  grounded,  as  well  as  the  faid  op^ 
rations  themfelves^  And  by  fo  doing  the  fubjeft  is  rci- 
dered  fo  much  cafier  than  in  Mr.  Raphfon's  very  conofe 
and  compreifed  way  of  treating  it,  (in  which  all  the  reafon- 
ings are  dropped,  and  only  the  arithmetical  operations  art 
exhibited,)  that,  though  the  above  refoiution  of  the  faid 
equation  is  three,  or  four,  times  as  long  ^  Mr.  Raphfon*S| 
yet  1  am  fully  perfuaded  that  it  may  be  read  and  underftood 
in  a  thirds  or  fourth,  part  of  the  time  that  is  necefiary  to  a 
thorough  comprehcnfion  of  Mr.  Raphfon^s  refoiution  of  it; 
even  if  he  had  not  puzzled  the  matter  by  talking  of  the 
negative  root  of  the  equation  —  x^  +  jx^  —  lox^  +  i^yx 
=  lOjOOo.  But  that  this  may  appear  the  more  cleariy,  I 
will  now  repeat  the  foregoing  refoiution  of  this  equatitoh  in 
the  (lyle  and  manner  of  Mr»  Raphfon,  by  omitting  the  fe- 
verai reafonings  fet  forth  in  the  foregoing  articles,  and 
making  ufe  of  a  Canon,  or  Theorem,  for  the  purpofc  of 
computing  the  fecond,  third,  and  fourth  values  of  z^  iu 
the  fame  manner  as  Mr.  Raphfon  has  done* 

Art.  lo.  Since  each  of  the  three  firft  fucceffive  near  values 
of  X,  or  the  root  of  the  propofed  equation  x^  +  j^  +  ^^ 
Hr  155W  z:  10,000,  from  which  the  nelct  near  values  of 
it  are  derived,  to  wit,  the  three  numbers  5,  4.6,  and  4.545> 
and  which  are  fucceffively  denoted  by  the  letter  ^,  is  greater 
than  the  true  value  of  x  in  the  faid  equation,  or  than  ibe 
root  of  the  faid  equation,  it  follows  that  the  fecond,  and 
third,  and  fourth  near  values  of  x  will,  each  of  them,  be 
fucceffively  denoted  by  the  refidual  quantity  «  -•  z;  and 
confequently,  by  applying  the  reafonings  ufed  in  art.  6,  in 
order  to  obtain  the  values  of  2,  and  of  a  —  x,  or  X|  w« 
(ball  find  that  z  will  be,  fucceffively,  nearly  equal  to  the 

value  of  the  f. aaion    "'  "^  rl'^«Tlll!^r  "  '°''^*  »°^' 

therefore,   that  «  —  2,   or  x,  will  be,  fucceffively,  nearly 
equal  to  the  value  of  the  quantity  a  —  the  fraction 
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rem»  or  Canon,  by  the  application  of  which  wc  are  to  com* 
pute  the  fecondy  and  third,  and  fourth,  near  values  of 
41  —  «,  or  X,  aftor  taking  5  for  the  firft  near  value  of  it, 
or  for  the  firft  value  of  ^ 

Now,  if  4  is  =:  5,   we  (hall   have   z  =  the  fradioa 

jtf*  +  28a*  +  60a*  -f  310a  9675  ^ 

« ••—  a  will  be  (=  5  —  0.4)  =  4.6;  which  will  therefore 
be  the  fecond  near  value  of  x,  or  of  the  rooc  of  the  equatioa 
**  +  7^  +  2ox^  +  iSi^x  =  io,ooo. 

Secondly,  if  ^  be  r=  4.6,  we  (hall  have  2;  =: 

^  -jr  ^^  +  20a^  +  ^5S^  •"  io»ooo  _  420.36896    _^  - 

5^*  +  38tf»  +  6oa»  +  31011  ""  7659-7360  ~  <>*054»i  or, 
nearly,  0.055.  Therefore  «  —  z  will  be  (:=  4.6  —  0.055) 
r:  4-545 ;  which  will  therefore  be  the  third  near  value  of  at, 
or  of  the  root  of  the  equation  pg*  +  y^  +  zoAf*  +  ^5S^^ 
=  io,ooo.  I 

Thirdly,  if  «  be  =  4.545,  we  (hall  have  z  = 

4^  +  'ja^  +  toat  +  is^aa  —  10,000   _.      5.960^3 $9,46 9,46^,62$ 

5«*  +  28tf>  +  6ai»  +  3io«  ""      74io*747>9'Oi753»i25      "" 

0.000,804,28.  Therefore  a  -^  z  will  be  (r:  4.545  — 
0.000,804,28)  =  4.544,195,72  ;  which  will  therefore  be 
the  fourth  near  value  of  *,  or  of  the  root  of  the  equation 
**  +  yx^  +  20A:*  +  155*"^  =  io,ooo.  <i.  E.  I. 

Art.  I X.  Mr.  Raphfon's  Canon,  or  Theorem,  for  the  value 
of  z,  is  exprelTed  more  concifcly  than  the  foregoing  Theo- 

rem,  »  =  "' "^  y^'^.Tlt'Vl"" '°'°°°'    Fo'  he  ufes  the 

'  5tf*  +  28tf*  +  6otf*  +  310^1 

letters  *,  r,  J,  and  f,  for  the  co-efficients  7,  20,  and  155, 
of  the  fourth,  third,  and  fec6nd,  power  of  x  in  the  equ^ 
tion;t*  +  7^*  +  20;^'  +  ^S5^^  —  io>ooo,  and  for  10,000, 
the  abfolute  term  of  that  equation,  refpeclively  ;  which  pro- 
duces  the  following  Canon,  or  Theorem,  for  the  value  of  z, 

to 
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'^  ^"'  ^  =  so* -^r  ^a^  ^  y^  +  z^'  »"'  «  appears  to  mfi 
that,  though  we  may  feem  to  gain  fomething  in  point  of 
brevity  by  ufing  this  very  general  notation,  we  lofe  as  much 
in  the  article  of  perfpicuity,  which  is  a  matter  of  much 
greater  importance.  However,  this  latter  refolution  of  the 
equation  **  +  7^;*  +  20**  +  155.^1*  =  10,000,  which  is 
exprefled  in  Mr.  Raphfon's  concife  ftyle  and  manner,  and 
the  foregoing  more  explicit  refolution  of  it  in  art.  5,  6,  7, 
and  8,  (in  which  the  reafonings,  on  which  the  feveral  arith- 
metical operations  are  grounded,  are  diftinfty  fet  forth  and 
repeated,)  are,  both  of  them,  the  fame  in  fubftancc,  and 
arc,  as  I  believe,  the  very  beft  method  that  caji  be  uken 
for  difcovering  the  root  of  the  faid  equation. 

Art.  12.  It  has  been  obferved  above  in  art.  ^,  that  Sir 
Ifaac  Newton's  method  of  refolving  numeral  equations  by 
approximation  differed  but  little  from  Mr.  Raphfon's,  both 
methods  being  founded  on  the  fame  principle  of  confidcring 
the  new,  or  transformed,  equation,  (refulting  from  thefub- 
ftitution  of  tf  4-  2,  or  a  —  2,  inftead  of  x^  in  the  original 
equation,)  as  a  mere  fimple  equation,  or  neglefting,  or 
omitting,  all  the  terms  of  it  which  involved  in  them  any 
higher  power  of  z  than  its  fimple  power  ;  which  reduces  the 
refolution  of  all  equations,  of  whatever  orders,  to  the  refo- 
lution of  a  fimple  equation,  or,  rather,  to  the  refolution  of 
feveral  fucceffive  fimple  equations,  by  which  we  make  con- 
tinual approaches  to  the  true  value  of  the  root  of  the  ori- 
ginal equation.  In  this  grand  principle  Sir  Ifaac  Newton's 
method  and  Mr.  Raphfon's  method  perfedly  agree ;  and, 
in  finding  the  fecond  near  value  of*,  or  in  making  the  firft 
approximation  to  the  true  value  of  a*,  after  having  obtained, 
by  conjefture,  or  trial,  .or  in  fome  other  manner,  the  value 
of  what  has  been  here  called  ^ ,  or  a  firft  near  value  of  x^ 
or  the  root  fought,  there  is  not  the  fmalleft  difference  be- 
tween them.  But  in  the  invcftigation  of  the  third,  and 
fourth,  and  other  following  near  values  of  *,  there  is  a  little 
difference  in  their  manner  of  proceeding,  which  the  readct 

may  be  glad  to  fee  examined.    1  ftiall  therefoifc  now  com- 
pare 
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pare  the  two  methods  together,  in^  the  cafe  of  a  very  eafy 
equation,  by  which  Sir  Ifaac  Newton  himfelf  has  thought 
proper  to  illuftratc  his  method. 


j1  Compari/on  between  Sir  Ifaac  NewtonV  and  Mr.  RaphfonV 
Methods  ofRefolving  Numeral  Equations  ly  Approximation* 


Art.  13.  Sir  Ifaac  Newton's  Method  of  Refolving  Nu- 
meral Equations  by  Approximation,  is  explained  by  him- 
felf in  his  curious  little  Trad,  intitled,  Analyfis  per  JEqua^ 
tiones  Numero  Terminorum  Infinitas^  (which  was  written  in  the 
year  1666,  and  communicated  to  Dr.  Ifaac  Barrow,  and  to 
Mr.  John  Collins,  and  to  other  learned  men  of  that  time, 
in  the  year  1669,)  by  an  example;  which  is  as  follows. 

Art.  14.  Let  it  be  required  to  refolve  the  cubick  equa- 
tion AT*  —  2*  z:  5. 

Here,  in  the  firft  place,  it  is  eafy  to  fee  that  x  is  fomewhat 
greater  than  2,  but  much  lefs  than  3.  For,  \i  x  is  taken  equal 
to  2,  we  fhall  have  ix  zz  4,  and  a;'  =:  8,  and  confequently 
flf'  —  2Af  (=  8  —  4)  =  4 ;  which  is  lefs  than  5,  or  the  true 
value  of**  —  IX  in  the  propofed  equation  :  and,  lix  is  taken 
equal  to  3,  we  (hall  have  2x  =  6,  and  ;e'  r:  27,  and  confe- 
quently x^  ^  2x  (=  27  —  6)  =  21 ;  which  is  very  much 
greater  than  5,  or  the  true  value  of  x^  —  zx  in  the  pro- 
pofed equation.  Therefore  the  true  value  of  x  in  that  equa* 
tion  muft  be  much  lefs  than  3,  and  a  little  greater  than  2. 
Let  it  therrfore  be  fuppofed  to  be  equal  to  the  quantity 
2  -f-  z,  in  which  z  denotes  the  unknown  quantity  by  which 
the  true  value  of  x  exceeds  2.  And  let  2  +  2  be  fubfti- 
tuted,  inftead  of  at,  in  the  propofed  equation  x^  —  zx  zz  5. 
This  may  be  done  as  foUovvs. 

Since  ;v  is  =  2  +  z>  we  fliall  have  x'  (n  ^^  +  3  x^* 

4E  X  « 
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X5;  +  3  xaX2s+  7^'—  8  +  3X4X:J+3  y: ^^ 

+  2')  =:  8  +  I2Z  +  622  +  2',  and  ijy  (=  2  x  2  +  2:) 
=r  4  4-  22,  and  confequently  x^  —  2Jc  (zz  8  +  122  +  6z2 
+  2;'  —  4  —  22)  zz  4  +  102  +  622  +  2^  But  x^  —  zx 
is  IT  5,  Therefore  4  +  102  +  622  +  2'  will  alfo  be  = 
5,  and  confequently  (fubtrafting  4  from  both  fides,)  loz 
+  622  H-  2'  will  be  =  I  ;  and,  (fubtrafting  622  +  2* 
from  both  fides,)  102  will  be  =3  i  —  6zz  —  zK  Therefore 

2  Will  be   1= IT rr  O.I , 

10  lo  10  iO 

that  is,  2  is  lefs  than  — ,  or  o.i,  by  the  quantity  -^^t±!. 
Therefore  Jt,  or  2  +  5S,  is  lefs  than  2  +  — ,  or  2  +  o.i, 
or  2.1,  by  the  faid  quantity  — — — ;  which,  on  account  of 


the  fmallncfs  of  2,  (which  is  lefs  than  — ,)  will  be  a  Tcrjr 

fniall  quantity  in  comparifon  of  2,  or  of  — ,and,  a  fortiori^ 

in  comparifon  of  1,  and  confequently  may  be  negleded. 
And  therefore  2.1  will  be  a  fccond  near  value  of  at,  or  the 
root  of  the  propofcd  equation  i^  *—  2.v  =  5,  that  will  be 
a  little  greater  than  its  true  value,  but  nearer  to  it  than  any 
other  number  that  confifts  of  only  two  places  of  figures. 

Qi   E.    I. 

This  IS  the  fiift  flep  of  Sir  Ifaac  Newton's  approximation 
to  the  root  of  the  equation  a  3  —  2^—5,  after  the  afllimp- 
tion  of  the  number  2,  by  conjefture  and  trial,  for  ifs  firft 
near  value.  And  in  this  firft  ttep  of  the  approximation  Sir 
Ifaac  Newton^s  and  Mr.  Raphfon's  methods  exaftly  co-in* 
cide. 

Art.  i^.  But  in  the  next  flep  of  the  approximation  to 
the  value  of  .v,  in  the  faid  equation  x^  —  ix  zi  j,  the  two 
methods  are  fomewhat  different  from  each  other,  though 
the  number  of  new  figures  of  the  true  value  of  at,  that  arc 
exa^S  in  the  next  near  values  of  it  refulting  from  both  roc- 

tliodi. 
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thods,  IS  the  fame.    The  difFercnce  between  the  methods  in 
this:  fecond  ftage  of  the  approximation  is  as  follows. 

Mr.  Raphfon  corredls  the  value  of  x^  or  the  rpot  of  the 
original  equation  x^  -^  2X  :==  5,  already  found,  to  wit,  2.1, 
(and  which  is  knowit  to  be  fomewhat  greater  than  the  truth,) 
by  fubtrafting  from  it  the  unknown  quantity  by  which  it 
exceeds  x^  and  which  we  rfiay  call  v,  and  fubftituting  2.1 
—  V  inftead  of  x  in  the  faid  original  equation,  x^  —  ix  ::z 
5,  whereby  it  is  transformed  into  another  cubicle  equation, 
in  which  v  will  be  the  only  unknown  quantity ;  and  then  he 
finds  a  near  value  of  v  by  refolving  the  faid  transfol-med 
equation  as  if  it  were  only  a  fimple  equation,  or  by  ne- 
glefting  the  terms  which  involve  -the  fquare  and  cube  of  v, 
on  account  of  their  fmallnefs^  juft  as  we  before  neglefted 
the  terms  6zz  and  2'  in  the  foregoing  transformed  equation 
102  +  6252;  +  z^  =  I  for  the  fame  reafon.  But  Sir  Ifaac 
Newton  takes  no  further  notice  of  4he  original  equation 
of'  —  2;c  ==  5,  till  he  has  compleated  the  whple  procefs  of 
his  approximation ;  but,  inftead  of  the  faid  original  equa,7 
tion,  he  confiders  the  former  transformed  equation,  joz  + 
6sf:?  +  2'  =  I,  which  wa?  derived  from  it,  and  inveftigates 
the  value  ef  its  root,  2,  to  a  greater  degree  of  exaftnef^ 
than  that  to  which  it  was  before  obtained.  And  this  ho 
does  in  the  manner  following. 

Since  it  has  been  fecn  that  2j  is  lefs  than  o.i,  let  the 
quantity  by  which  o-l  exceeds  it  be  called  v,  (6  that  z  (hall 
be  zr  ©•!  —  1; ;  and  let  o.i  —  v  be  fubftituted,  inftead  q( 
2,  in  the  transformed  equation  102  +  622  +  9'  rr  i, 
TThis  may  be  done  as  follows, 

Since  2  is  =2  o.  i  —  1;,  we  (hgll  hav? 
22  (=:  O.I  — v\*)  n  o.oi  —  o.iv  +  vv, 
and  2'  (=  O.I  — pi;]'  =  o.ooi  ---3Xo,oiXv  +  3X0.1  xvv 

—  V^)    ZZ:  0.00 1  -r- 0.03V  +  0.3'VI/— r  1^% 

^nd  102  (z:  10  X  O.I  —  V)  ^  ^  —  lov^ 
^d  622  =  o.q6  —  I.2V  +  6W| 

4  E  %  jkn4 
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and  coniequemly 

{102  1            f      1. 00    —  lov  1 

+     (iZZ  \     ZZ     \  +  0.06     1.2V     +  6vv  \ 

+      2'  J  t  +  o.ooi  —  0.03V  +  o.yav  —  1;'  J 

=  1. 061  —  11,23'y  +  6.yuv  — -  v^. 

But  loz  +  62Z  +  2'  is  =:   !• 

Therefore  1.061  —  11.23V  +  S.^vv —  v^  will  likewifc 
be  =  I.  And  confcquently  (adding  ii.2^v  to  both  fides,) 
we  (hall  have  1.061  +  6.31^;  —  1;'  =  i  +  ii.2^vi  and, 
(fubtfa£ting  i  from  both  fides,)  we  (hall  have  0.061  + 
6.3'yx;  —  ^*  ~  ^^•'^y^^  and  (negledting  6.3Z^v  and  v*  as  in- 
confiderable  in  comparifon  of  0.061  and  11. 23^)  weftall 
have  0.061  =:  ^11.23^,  or  11. 23V  =:  0.06 1  ;  and  confc- 
quently (dividing  both  fides  by  11.23,)  ^^  ^*1^  have-i?  (= 

2-J.)  n  0.0054.     Therefore  2,  or  o.i  —  v.  will  be  (= 
11,23'  ^  9   .  \ 

0.1  -^0.0054)  =  0.0946,  and  confcquently  x,  or  2  +  2| 
will  be(=:  2  +  0.0946)  =:  2.0946,  <i.  e.  i. 

In  this  manner  Sir  Ifaac  Newton  finds  the  root  of  the  pro- 
pofed  equation  5c'  —  2^  r=  5  to  be  equal  to  2.0946,  which 
is  as  near  the  truth  as  five  figures  can  exprefs  it. 

Art.  16.  He  then  carries  the  inveftigation  one  ftep  fur- 
ther, by  which  he  obtains  the  value  of  x  exad  to  nine 
places  of  figures ;  and  for  this  purpofe  he  proceedif  in  the 
manner  following. 

The  laft  transformed  equation  was  11.83^  =  o.c6i  + 
6.^vv  —  *!;' ;   from  which  it  follows  that  v  is  accurately 

«        o.o6x    .    6.^a;v  —  v'  .    6.ZW— V*     i-l 

equal  to  _  +  -^TTTIJ-*  o^  0.0054  +  "k;^.^'"^'' 

IS  greater  than  0.0054  alone,  becaufe  6.^vv  is  greater  than 
v*.  Since,  therefore,  v  is  greater  than  0.0054,  let  us  fup* 
pofe  it  to  be  rz  0.0054  +  w ;  and  let  this  binomial  quan- 
tity be  fubftituted,  inftead  of  v,  in  the  laft  transformed 
equation  11.23V  =  0.061  +  6.3^^— » v',  or,  rather,  inf^c 

equation 
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equation  11. 23V —  6.3*1^  +  1;*  z=  0,061,  confifting  of  the 
lame  terms  as  the  former,  but  in  which  the  tarms  involving 
the  unknown  quantity  v  are  all  brought  to  the  fame  fide  of 
the  equation,  and  ranged'  according  to  the  powers  of  v^ 
beginning  from  its  lowcft  power,  or  the  fimple  power  of  v^ 
This  may  be  done  in  the  manner  following. 

Since  t?  is  =  0.0054  +  w,  we  fliall  have 

w  (=:  0.0054 H-^V  =  0.0054**+  2 X 0.0054 Xtt^  +  «^*) 
=  0.000,029,16  +  0.0108   X  w  +  w*, 

and  v^  (zi  0.0054  +  wV  =:  0.0054)'  +  3  x  0.0054*  x  w 
+  3  X  0.0054  X  w*  +  w' 

=  0.000,000,157,464  +  3  X  0.000,029,16  X  «P 
+  0,0162  X  w'  +  V)^) 

=  o«ooo,ooo,i57,464  +  o.ooo,o87,48  x  w  + 

0.0162  x  w*  +  w% 

/-'■■■  ^ 

and  11.231;  (=  11.23  X  0.0054  +  w)  =  0.060,642  + 
11*23  X  w, 

and  t.yuv  (=  6.3  x  0.000,029,16  +  0.0108  x  w  +  w") 

=  0.000,183,708  4*  0.0(58,04X0^  +  (y.^wwi 

and  confequently  11.231;  —  6.3'yx;  +  v^  will  be  =  ' 

r     0,060,642  +  11.23  X  w  •  1 

<  —  o.ooo,i83»7o8  —  0.068,04  X  w  —  6.3  ww  > 

L-f»   0.000,000^x57,464  4-  0,000/387,48  X  W  +  O.Ol62«;*  +  w5)   J 

_^  C  0.060,642,157,464  +  11.230,087,48  X  w  +  o.oi6aw*  +  €vJ  f ' 
*^    (  —  0.000,183,708         —    0.068,04  X  w       —  6,3  X  w»  J 

=10.060,458,449,464+  1 1. 1 6 2,047,480;—  6.2838w*+w'.» 

But  11.231;  —  6.3in;  +  1;*  is  z:  0.061. 

Therefore  0.060,458,449,464  +  11.162,047,48  x  w 
rr—  6.2838  X  WW  -j-  w'  will  likewifc  be  =  0.061 ;  and 
confequently  ( fubtrafting  0.060,458,449,464  from  both 
fides,)  11.162,047,48  X  w  —  6.2838iem;  +  w*  will  be  (= 
p.o6 1, 000,000,000  —  0.060,458,449,464)  r=  0.000,541, 
r5o,536 ;  and  (negleftingthe  terms  6.2838te;ie;  and  «;%  as 
Inconfiderable  in  comparifon  of  11.162,047,48  X  w,)  w« 
(hall  have  11.162,047,48  x  w  ;;=  0.0(^0,541,550,536,  and 

confc- 
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confeqnently   w    (=        ,,,,6UW^  -  =   0.000,048,52. 

Therefore  v,  or  0.0054  +  w^  will  be  (=  0.0054  + 
0.000,048,52)  13  0.005,448,52,  and  Zy  or  0.1  •—  v^  will  be 
(n;  0.100,000,00  —  0,005,448,58)  =  0.094,551,48,  and 
y,  or  2  +  2,  will  be  (=  2  +  0.094,551,46)  zz  2.094, 
551,48  ;  that  is,  the  root  of  the  propofed  equation  a^  —  w 
s:  5  will  be  =  2.094,55 1,48*  o^  e.  1. 

-This  number  a.094,551,48  is,  exaft  in  all  the  figures, 
3S  Vfill  \fQ  (hewn  in  a  fubfeqvient  article. 

Art.  1 7.  Having  thus  fcft  forth  Sir  Ifaac  Newton's  me- 
thod of  inveftigating  the  root  of  th^  propofed  equation  a;*-- 
2AP*=:  5  to  nine  places  of  figures,  we  muft  now  perform 
the  fame  thing  by  Mr.  Raphfon's  method,  in  order  la 
make  a  comparifon  between  the  necefiary  operations  of  the 
iwo  methods^ 

Now  Mr.  Raphfon's  method  of  approximating  further  to 
the  root  of  the  equation  x^  —  2*  =:  5,  after  having  found 

it  to  be  equal  to  2  +  o.i —^iJL^  or  to  be  fomcwbatlcfs 

than  2.1,  is  to  put  v  for  the  unknown  quantity  by  which 
it  falls  fhort  of  2.1,  and  then  to  fubftitute  the  refidual  quan- 
tity 2.1  —  v  in  the  terms  of  the  original  equation  x*  — 
ft:v  =  5,  whereby  the  faid  equation  will  be  tran5formc4 
into  apother  cubick  equation,  in  which  v  will  be  the  only 
\inknown  quantity  :  and  then  he  determines  the  value  of  v 
by  refolving  the  faid  transformed  equation  as  if  it  was  a 
mere  fimple  equation,  or  by  negleding  the  terms  in  which 
the  fquare  or  the  cube  of  v  occur.  This  rosy  be  done  in 
the  manner  following^ 

Since  ;r  is  rz  2.1  — v,  we  (hall  haye  xk  (nzqi.i  — ^.^ 
^z:  27n*  —  2  X  2.1  X  V  -^  &c)  =  4.41  —  4.2t?  +  *^^» 
and  .v'  (=  2.1  — tl'  =  27?l»  —  3  X  ^*'  y.  v  +  kc  ^ 

9.261  —  3  X  441  X  tr  +  &c)  =1  5.261  —  13,23  ^  ^  + 

"  '  &c, 
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&c,  and  2;?  (rz  2  X  2.1  —  "y)  =  4*2  —  2V,  and  confe- 
quently  x^  —  2x  {—  9.261  —  13.23  X  v  +  &c  —  4.2 
+  2v)  =z  5.061  —  11.23  X  V  &c. 

But  x^  —  2;^  IS  =  5, 

Therefore  5.061  —  11.23  X  ^i;  ^^»  ^^^'^  likcwiTc  be  zr  5, 
and  confequently  (adding  11.23  x  i?  to  boih  fides,)  we 
(hall  have  5.061  =  54-  11.23  X  ^>  ^"^  (fubtrafting  5 
from  both  fides,)  we  fliall  have  11.23  x  v  zn  0.061,  and 

•  confequently  v  (=  --^ — ^)   =  0.0054,    Therefore  x,  or  2.1 

—  V,  will  be  (rz  2.1  —  0.0054)  =  2.0946;  or  2.0946 
will  be  a  third  near  value  of  the  root  of  the  propofed  cqua* 
tion  x'  —  2a:  zi  5.  q^  e.  i. 

This  third  near  value  of  x  is  the  very  fame  with  the 
third  near  value  of  it  obtained  above,  in  art.  15,  by  Sir 
tfaac  Newton^s  method. 

Art.  18.  In  this  ftep  of  the  approximation,  by  which  we 
obtain  the  number  2.0946  for  the  third  near  value  of  the 
root  of  the  propofed  equation  ^v*  —  2Ar  =  5,  the  principal 
-  difference  between  the  two  methods  feems  to  confift  in  this, 
to  wit,  that  by  Mr.  Raphfon's  method  we  are  obliged  to 
raife  the  two  firft  terms  of  the  powers  of  the  compound 
quantity  2.1  —  v,  and  confequently  to  raife  the  powers  of 
the  number  2.1,  which  confilts  of  two  figures;  whereas  in 
Sir  Ifaac  Newton's  method  of  proceeding,  we  had  occafion 
only  to  raife  the  powers  of  the  compound  quantity  o.i  —  v, 
and  confequently  to  raife  the  powers  of  the  number  o.i, 
which  confifts  of  only  one  figure  ;  which  is  fomewhat  eafier 
than  to  raife  the  powers  of  2.1.  But  both  operations  are  fo 
caly,  that  the  difference  of  the  labour  of  performing;  them 
is  hardly  worth  confidering.  And,  with  refpeft  to  the  fim- 
pliciiy  of  conception  in  the  two  methods,  Mr.  Raphfon's 
method  feems  to  be  preferable  to  Sir  Jfaac  Newton's ;  be- 
caufe  the  former  always  refers  to  the  original  equation  x^  — 
2x  =  5,  whereas  the  latter  method  refers  to  the  prcceeding 
transformed  equation   loz   +   6zz  +  z^  :=:   i^  which  has 

more 
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more  terms  and  larger  co-efficients  than  the  original  equs* 
lion  «*  — •  a;c  =  5« 

Art.  19.  But  in  the  next  ftep  of  the  approximation  by 
Mr.  Raphfon*s  method,  we  (hall  find  the  labour  of  raifing 
ihe  powers  of  the  value  cf  x  already  found,  to  wit,  the 
powers  of  2.0946,  to  be  confiderably  greater  than  that  of 
raifing  the  powers  of  the  laft  prcceeding  fupplement  of  it 
according  to  Sir  Ifaac  Newton's  method,  that  fupplement 
being  only  the  decimal  fraftion  0.0054,  in  wbich  there  are 
only  two  fignificant  figures.  This  will  appear  by  perform- 
ing this  (lep  of  the  approximation  by  Mr.  Rapbfon's  me- 
thod ;  which  may  be  done  as  follows. 

Art.  20.  The  laft  near  value  we  found  for  y,  or  the  root 
of  the  equation  x^  —  2Jc  =:  5,  by  Mr.  Raphfon's  method, 
was  2.0946.  Now  this  near  value  of  x  is  greater  than  its 
true  value.     For,  if  we  fuppofe  ^  to  be  r:  2.0946,  we  fhall 

have  x^  (=  2.0946]')  =  9*189,741,550,536,  and  tx  (= 
2  X  2.0946)  -zz  4.1892,  and  confequently  x^  —  2X  (=: 
9.189,741,550,536  —  4.1892)  =  5-000,541,550,536; 
which  is  greater  than  5,  or  the  abfolute  term  of  the  equation 
x^  —  XX  zz  5  :  and  confequently  2.0946  muft  be  greater 
than  the  true  value  of  the  root  ot  the  (aid  equation. 

We  will  therefore  fuppofe  x  to  be  =r  2.0946  —  w,  and 
fubftitute  this  reiidual  quantity  inftead  oi  x  in  the  terms  of 
the  equation  *'  —  24?  =  5. 

Now,  fince  ar  is  =:  2.0946  —  w,  we  (hall  have  xx  (- 
2-0946  —  wY  =  2.0946)*  —  2  X  2.0946  X  to  +  &c)  = 
4.387,349,16  — 4.1892  X  ^  +  &c,  and  x^  (=  2.0946— tpj^ 

r:  2.094eV  —  3  X  2.0946]*  x  w  +  &c  =  9.189,741,550, 
536  — 3X4-387»349^^6xw  +  &c)  =  9.189,741,550,536 
—  13.162,047,48  x  w  +  &c,  and  2x  (=  2  x  2.094O— w) 
=  4.1892  — 2W,  and  confequently  x^ — ^ix  « 

r       9-189,741,550,536  —   13.162,047,48  X  «^  +  &cl 

\ 4.189,2  +       2.000,0C0,00    X    W  J 

=:  5.000,541,550,536  —  X I.I 62,04748  X  w  +  &c. 

But 
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But  Af*  —  2Air  is   sae  5. 

Therefore  5,000,541,550,536  —  1 1.162,047,48  X  w  +•' 
&c,  will  be  =:  5;  and  confeque/itiy  (adding  11.162,047,48 
X  w  to  both  fides,)  we  (hall  have  5.000,541,550,536  =:  5 
+  11.162,047,48  X  w,  and  (fubtrafting:  5  from  both 
fides,) 0.000,541,550,536  =  11.162,047,48  xw, or  ii.i6z^ 
047,48  X  w  rrr  0.000,541,550,536.    Therefore  w  will  be 

(^  ^^^rrlrl^^^  ^  0.000,048,52  ;  and  confequently  x^ 

or  2.0946  —  w,  will  be  (zr  2.094,600,00 —  0.000,048,5a) 
n  2.094,551,48.  Therefore  2.094,551,48  will  be  a  fourth 
near. value  of  x^  or  the  root  of  the  propofcd  equation  ;>?'—» 
2Jr  =  5.  cu  fi.  I. 

This  fourth  near  value  of  x  is  the  very  fame  with  the 
fourth  near  value  of  it  obtained  above,  in  art.  z6,  by  ^k: 
Ifaac  Newton*s  method. 

Art.  21.  In  this  laft  ftage  of  Mr.  Raphfon's  approxima* 
tion  to  the  root  of  the  propofed  equation  ^*  —  2;c  z=  5,  we 
have  been  obliged  to  raife  the  powers  of  the  number  2.0946, 
which  confifts  of  five  places  of  figures ;  whereas  in  Sir  Ifaac 
Newton's  way  of  proceeding  we  only  raifed  the  powers  df 
the  decimal  frai^ion  0.0054,  which  contains  only  two  figni* 
ficant  figures.  But  then  in  that  way  of  proceeding  we  were 
obliged  to  multiply  v/  or  0.0054  +  w,  into  11.23,  and  tm, 
or  0.000,029,16  +  o,oio8  X  w  +  w*,  into  6.3  ;  whereas 
in  Mr.  Rapbfon's  way  of  proceeding  we  have  only  to  mul- 
tiply Xy  or  a.0946  —  w,  into  the  very  fimple  co-^cient  a. 
So  that,  upon  the  whole,  tlie  di£ference  of  the  labour  qf 
computation  in  the  two  methods  is  not  very  confiderable^ 
though  it  is  rather  lefs  in  Sir  Ifaac  Newton's  method  thaii 
in  Mr.  Raphfon's.  But  in  point  of  fimplicity  of  conceptioi^ 
Mr.  Raphfon's  method  feems  much  fuperiour  to  Sir  Ifaac's> 
bccaufe  it  never  lofes  fight  of  the  original  equation  x^  — >  Z9C 
=  5,  which  is  to  be  refolved* 

And,  further,  we  may  obfervc,  in  favour  of  Mr.  Raph- 
fon'3  method,  that  it  never  requires  us  to  raife  any  more 

4  F  than 
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than  the  two  firft  terms  of  the  biAomial  and  refidual  quanti- 
ties 2  +  z,  and  2,1  — XT,  and  2.0946  — •  w,  which  arc 
ftibftituted  inftead  of  i  in  the  original  equation  x^  -^  lii^ 
5  ;  whereas  ih  Sir  Ifaac  Newton's  method  it  is  neceflary  to 
raife  the  other  terms  of  the  binomial  and  refidual  quanti- 
ties 2  +  2,  ahd  0.1  ^  ^,  and  0.0054  +  ^  j  which  inereafe 
the  number  and  intricaty  of  the  operations  of  the  invefti- 
^ation.  Ahd  therefore,  Upon  the  whole,  I  confidcr  Mr. 
R^phfon's -method  of  approximating  to  the  values  cf  the 
roots  of  fuch  equations  as  pr-cferable  to  Sir  Ifaac  New- 
ton*s« 


A  Prcof  (^  the  ExaSlneJs  of  the  Number  2.094,551,48^  thi^ 
has  been  found  by  the  foregoing  Methods  of  Approximatrnjif 
the  Root  of  the  Equation  x\  —  ix  =  5. 


Art*  21.  I J  remains  that  we  prove  the  work  to  have  been 
rightly  performed,  or  that  we  (hew  that  the  laft  number 
2.094,551,48,  obtained  by  both  thefe  methods,  is  a  very 
.near  value  of*  the  root  x  of  the  propofed  equation  x^  •-  2;* 
=  5,  and  that  we  determine  to  how  many  figures  it  is 
exaft. 

Now  the  plained  ,and  beft  method  of  doing  this  is  to 

fubftitute  the  number  2.094,551,48,  inftead  of  x,   in  the 

compound  quantity  x*  —  zx^  in  order  to  difcover  whether 

the  quantity  refuking  from  this  fubftitution  will  be  greater, 

-or  lefs,  than  5,  or  the  abfolute  term  of  the  propofed  cqu3- 

-tiori  x^  — »  2X,  :=t  5  :  and  J  if  it  (hall  appear  that  the  faid  re- 

•  fult  is  greater  than  5,  we  may  conclude  that  the  faid  num- 

''l>er^i.094j55!,48  is  greater  than  the  true  value  of  amh  the 

laid  equation;  and,  if  it  (hall  appear  that  the  faid  rdulfis 

Jcfs  than  5,  we  ipay,  conclude  that  the  faid  number  is  Irfs 

than  the  true  value  of  x.     And^  when  this  Ivis  been  thws 

difco- 
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difcovertd,  we  muft,  in  the  next  place,  endeavour  to  dc-? 
tcrpiine  to  how  many  figures  this  number  2.094,551,48  co-^ 
incides  with  the  more  accurate  value  of  x  :  and,  for  this 
purpofe,  we  muft,  if  this  number  be  lefs  than  at,  increafe  it 
by  the  addition  of  an  unit  in  the  laft  place  of  figures;  and, 
if  it  be  greater  than  x^  we  muft  diminifli  it  by  the  fame 
fmall  quantity,  and  then  fubftitute  the  new  number  thereby 
obtained,  to  witj  a.094,551,49,  or  2,094,55 1,47,  inftead 
of  Xy  in  the  compound  quantity  x^  —  ix.  And,  if  it  ftiall 
appear  that  the  value  of  that  compound  quantity  refulring 
from  that  fubftitution  is  greater,  .or  lefs,  than  5,  we  may 
conclude  that  the  number  2.094,551,49,  or  2.094,551,471 
is  accordingly  greater,  or  lefs,  than  the  true  value  of  .v,  in 
the  equation  x^  — •  2x  r:  5,  and  confeauently  that  the  faid 
true  value  is  of  an  intermediate  magnitude  between  2.094, 
551,49  and  2.09^,51^1,48,  or  between  2.094,551,48  and 
^.094,551,47. 

Now,  if  we  take  x  zs  2.094,551,48,  we  ftiall  have 

^.v  zz  4-387>H5^9o^>37o>i90*4> 
and  x^  =  9.189,102,942,785,417,810,201,792, 
and  2x  zz  4.189,102,96, 
and  confequently 

A??—  zx  -  4-999>999*982,785,4i7,8|o,20i,792;  which 
number  is  fome>Yh^t  lefs  than  j|,  or  tl^e  abfolute  term  of 
the  propofcd  equation  «'  -7-  2^  =  5.  Therefore  2.094, 
551,48  muft  be  fomewbac  lefs  (han  the  true  value  of  x  Iq 
the  faid  equation. 

Secondly,  fince  :!f  is  greater  than  2.094,551,48,  we  muft 
now  compare  it  with  i. 094,55 1,49,  by  fubfticuting  that 
pumber  inftead  of  it  in  the  compound  quantity  ^  —  2x. 

.Now,  if  X  is  tak^n  ~  ?;094,55i,49,  or  2.094,551,48  +. 
0.000,000,01,  we  ftiall  have  x^  (1=  2.094,551^8!'  -h  3  X 
2.094,551,481*  X  0.000,000,01   +   3  X    2-094,551,48  X 

C»QOO;000,OlV  +  0.000,000,0 iV  =:  9.l89,IC2i,9.42.,&C,  -t 

4  F  ^  3  >^ 


5M  On  Mr.  RaphfonV  Meibod  of  Rtfclving 

3  X  4*387,145,902,  &c  X  0.000,000,01  4-  0,000,000,000, 
&c  +  0.000,000,000,  &c  :::  9.i89,io2;942,  &c   + 

13.161,437,706,  &C   X  0.000,000,01   +  0*000.000,000,  &c 

+  0,000,000,000,  &c  =;  9.189,102,942,  &c  +  0.000, 
000,131,  &c  +  0.000,000,000,  &c  +  0.000,000,000,  &c) 
^  9-i8g,xo3,Q73,  &c;  and  2;^  (=3  2  X  2.094,551,49)  = 
4.189, 162,98;  and  confequently  x;^  —  ^x  (^=  9.1  S9. 103,07, 
&C  — ^  4.189,102,98)  ::;:  5.000,000,09,  &C  ;  which  is 
greater  than  5.  Therefore  2.094,551,49  nauft  be  greater 
than  the  true  value  of  x  in  the  equation  x*  —  2X  =  5r 

But  It  has  basn  (hewn  that  2.094,551,48  is  lefs  than  tho 
(aid  true  vahie. 

Therefore  the  true  value  of  x  in  the  equation  x^  —  2* 
r:  5,  will  be  of  an  intermediate  magnitude  between  2.094, 
50,48  and  2.094,551,49  ;  and  confequently  all  the  figures 
of  the  number  2.094,551,48,  which  we  found  by  the  fore* 
going  procefles  of  Sir  Ifaac  Newton's  and  Mr.  Raphfon's 
methods  of.  approximation  for  a  fourth  near  value  of  the  rpot 
of  the  equation  x^  —  2;?  :z:  5,  arc  exad^,         Q^.  e.  d; 


Of  ibe  Difficulty  ofjmdifig  a,  ^  the  Firft  near  Valui  oftbe  Root 
of  an  jlffeSled  EjuaUon,  in  certain  Cafes. 


Art.  23.  There  is  another  difficulty  that  occurs  (braetimcs 
in  refolving  high  equations  by  approximation,  whether  by 
Sir  Ifaac  Newton's  method  or  by  Mr.  Raphfon's ;  which  in* 
deed  are  fubftanrialjy  the  fame.  The  difficulty  I  mean,  i« 
that  of  finding  the  firft  near  value  of  the  root  fought  (which 
we  have  called  tf  in  this  difcourfe,)  to  one,  or  two  places  t)f 
figures,  in  cyrder  to  make  it  the  baiis  of  a  fiarther  approxima* 
tion  JO  the  true  value  of  the  root  by  either  of  thefe  methods 
of  approximation.  Now,  when  the  equation  is  kpown  to 
have  but  one  root,  that  isj  but  one  real  and  affirmative  roor, 

(for 
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(for  all  other  roots  arc  not  worth  confidcring,)  this  difEculty 
will  not  be  great ;  becaufe  it  will  always  be  eafy  to  find  a 
tolerably  near  value  of  the  root  by  conjedhires  and  trialsj, 
and  particularly  by  fuppoiing  x^  or  the  root  of  the  propafej 
equation^  firft,  to  be  equal  to  i^  and  2dly,  to  be  zz  10, 
and  3diy,  to  be  equal  to  fome  (hort  intermediate  number  ' 
confifting  of  only  one  figure,  or,  if  the  root  appears  to  bo 
greater  than  10,  by  fuppofing  it  to  be  equal  to  100,  or  1000, 
and  afterwards  fuppoHng  it  to  be  equal  to  focue  fliort  inter *^ 
mediate  number  confifting  of  two  figures;  as  was  done 
above  in  art.  5^  in  finding  the  firil  near  value  of  x  in  thQ 
equation  x^  +  7«*  +  ^ox^  +  ^5S^^  ^  lOjOoo.  But, 
when  the  equation  confifts  of  terms  conneded  together  part- 
ly by  the  fign  + ,  and  partly  by  the  flgn  — ,  and  confo-i 
quently  it  may,  for  aught  we  know  to  the  contrary,  have  two,  . 
or  three,  or  four,  or  more  real  and  affirmative  roots,  which 
may  be  of  very  different  magnitqdes^  the  aforefaid  method 
of  conjectures  and  trials  (though  by  no  means  ufelefs,)  is 
Jefs  expeditious  and  fatisfadory  in  a£^ing  us  to  find  the  firft 
near  value  of  one  of  the  roots  than^  the/ormer  cafe;  an4 
we  are  often  puzzled  to  know  which  of  the  roots  it  would 
be  moft  expedient  to  begin  to  invefHgate.  Nojv,  in  moft 
of  thefc  cafes,  I  believe,  it  will  be  advifcable  to  begin  by 
inveftigating  the  leaft  root,  and  for  that  purpofe  to  expunge 
from  the  equation  all  the  terms  that  have  the  fign  —  pre- 
fixed to  them,  and  to  find,  to  about  twt>  places,  or,  at  tno% 
to  three  places,  of  figures,,  the  root  of  the  remaining  equa^ 
tion.  For  this  root  will  always  b?  lefs  than  the  leaft  root 
of  the  original  equation,  if  it  really  has  (as  it  appears  to^ 
have,)  more  than  one  real  and  affirmative  root ;  or  it  will 
be  lefs  than  the  only  root  of  the  original  equation,  if  (not- 
withftanding  the  appearances  to  the  contrary,)  it  really  has 
but  one  root.  When  the  root  of  this  fecond,  or  cunailedjj 
equation,  has  been  difcovered,  it  may  be  called  a^  and 
made  the  ground-work  of  an  approximation  to  the  leaft  root 
of  the  original  equation,  and  the  binomial  quantity  a  +  :^ 
may  be  fubftituied  in  the  original  equation  inftead  of  x^^ 
and  the  transformed  equation  thence  arifing  may  be  refolved 
as  if  it  was  a  mere  fimple  equation,  agreeably  to  Mr.  Raph- 

fon's 
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fpn's  piethod  of  approximarion  ;  and  the  value  of  z  thereby 
cbtaiiiedy  bieing  added  to  a^  wil!  give  us  a  known  value  of 
4^  +  z,  or  a  fccond  near  value  of  the  leaft,  or  the  only,  root 
of  the  propofed  equation  :  after  which  we  may  proceed  to 
find  the  faid  leaft,  or  only,  root  of  die  propofed  cquaiioa 
by  a  further  profecution  of  Mr.  Raphfon's  method  of  ap- 
proximation above-defcribed.  This  method  of  finding  a  firft 
near  value,  «,  of  the  leaft  root  of  a  propofed  equation  that 
feems  to  have  more  than  v  one  real  and  affirmative  root,  is 
explained  more  at  length  in  the  third  volume  of  the  Collec- 
tion of  Mathematical  Tracls,  called  Scriptores  Lcgarithmicij 
in  my  Difcourfe  on  the  Reverfion  of  Infinite  Seriefcs  pub- 
lilhed  in  that  Volume ;  to  which  I  refer  the  reader.  Sec 
the  faid  3d  Volume,  pages  724,  725,  726,  727,  &c,  --• 
to  page  761.  And,  with  this  improvement  of  it  in  the  cafe 
of  equations  that  have,  or  fcem  to  have,  more  than  one  real 
and  pofitive  root,  I  believe  it  may  fafely  be  affirmed  that 
Mr.  Raphfon's  Method  of  Refolving  Affeded  Equations  is 
the  beft  General  MeApd  of  efFcfting  that  purpofe  in  all 
equations  alDOve  quacflipcks  that  has  hitherto  been  difco* 
ycred. 


End  ef  the  Ohfervati^ns  on  Mr.  Raphfon*/  Method  0^ 
Refolving  AffeSled  Equations  Iff  Afprq/cimation^ 
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OF     THE 

SQUARE  AND  CUBE  ROOTS  OF  THE  NATURAL 
NUMBERS  I,  2,  3,  4,  5,  &c,  to  180; 

Being  Tahle  XIX.  of  Mr.  James  Dodfon'j  valudble  Tables  of 

Computation^  intitled  The  Calculator,  that  were 

publijked  in  the  Tear  1747. 


iNo. 


1 

2 

3 

4 
5 
6 

7 
8 

9 

10 


XI 
IX 

M 

»5 
16 

»9 
20 


21 

2 

^3 
^4 
^^ 
26 

27 

28 
29 

Mo 


Sq>  Root. 


Cube  Rt. 


1.00O9OOO 

I*4U*2I4 
i.732,ojx 
2.00O9O00 
2.236,068 
2.449,490 
2.645,751 
2.828,427 
3.000,000 
3.162,278 


3.316,625 

3.464,102 

3-605,55 

5*74»»657 

3.872,983 

4.000,000 

4.123,106 

4.242,641 

4.358,899 

4'47^*'36 


4.582,576 

.690,416 

4.795i«32 

4-^981979 
5.000,000 
5.099,020 
5.196,152 

S'29»»503 
5.385,165 
5.477,226 


Sq.  Rooi. 


1^000,000 
1.259,921 
1.442,250 
1.587,401 
1.709,976 
1.817,121 
1.912,933 

2«OOOfOOO 
2.080,084 

2*'?4t43$ 


2.223,980 
2.289,428 

^•3S«.33S 
2.410,142 

2.466,212 

2.5 19,842 

2.571,282 

2.620,741 

2.668,402 

2.714,418 


2.758,923 
2.802,039 
2.843,867 
2.884,499 
i.924,018. 
2.962,496 
5.000,000' 
3.036,589 
3.072,317 
3'iQ7i^32 
Cube  Rt. 


No. 

3» 
32 
33 
34 
3> 
36 

^2 
38 

39 
40 


4' 
42 
43 
44 

4S 
46 

48 

49 
50 


52< 
S3 
S-^ 
55 
5^ 
57 

59 
60 


No. 


Sq.  Root. 


5.567,764 
5.656,854 

5-744»563 
5.830.952 

5.916,080 
6.000,00c 
6.082,763 
6.164,414 
6.244,998 
6-3»4»555 


6.403,124 
6.480,741 

^•557,439 
6.633,250 
6.708,204 
6.782,330 
6.855,655 
6.928,203 
7.000,00c 
7.071,068 


7.141,428 
7.211,103 
7.280,1  ]o 

7.348,469 
7.416,198 

7-483»3i5 
7.549.834 
7.6i5i773 
7.681,146 
7-74ii9iv 


Sq  Root. 


CubcRt. 


3.141,581 
3.174,802 

3-207»534 
3.239,612 
3.271,066 
3.30^927 

3-332>222 

3-36r,975 
3.391,211 

3.41919^2 


3.448,217 
3.476,027 
3-503.398 
3530.348 
3.556,893 
3.583,048 
3.608,826 

3-634.H« 
3  659.306 
3.684,031 


3.708,430 

3-732.S»« 
3.756,286 

3-779.763 
3.802,953 
3.825^862 
3  848,  CO  I 
3.870,877 
3.892,996 
3.914,867 

Cube  Rt. 


No* 

61 
62 
63 

66 

67 
68 
69 

.70 


71 

72 
73 
74 

76 

78 

79 
80 


81 

82 

83 

84 

86 

87 
88 

89 
90 

No 


Sq.  Root. 


7.810,250 
7.874,008 

7.937.254 
8.000,000 
8.062,258 
8.124,038 
8.185,353 
8.246,211 
8.300,624 
8.366,600 


8.426,11:0 
8.485,281 
8.544,004 
8.602,325 
8.660,25 
8.717,79 
8.774,  . 
8.831,761 
888,194 
-944*272 


9644 


9.000^000 

9.055.385 
9.110,434 
9.165,151 
9.219,544 
9.273,618 

9.327.379 
9.380,832 

9*435»98 
9.486,833 


Sq.  Root. 


Cube  Rt. 


3.936*497 
3.957.892 
3-979.057 
4.000,000 
4.020,726 
4.041^240 
4.c^6i,548 
4.081,656 
4.101,566 
4.121,285 


4.140,818 
4.160,168 

4-179.339 
4.198,336 
4.ii;,i63 
4.235,824 

•^54>32i 
4.272,659 

4.290,841 
4.308,870 


4326,749 
4.344,481 
4-362,071 

4.379^519 
4.396,830 

4.414,005 
4  43*. 047 
4.447.960 
4.464,745 
4.481,405 


Ctibc  Rt^ 


S9^ 


TABLE  tf  S^ari  and  Cube-RootSt  &r. 


No 


9' 
92 

93 

94 

95 
96 

99 

100 


9-539>392 

9.(91,663 

9.643,651 

9.69:5,360 

9.746,794 

9 

9" 

9.899,49  s 

9-949»874 

10.000,0c 


101 

102 
103 
104 
105 
I06 
107 
io9 
109 
I  no 


III 

112 

114 

115 
116 
117 
118 
119 

120 


Sq.  Root.    Cube  Rt 


^797*959 


10.049,88 
10.090,50 
10.148,89 
10.198,04 
10.246,95 
10.295,63 
10.344,08 
10.392,30 
10.440,3] 
10.488,09 


10,535,65 

10.583,01 

10.630,15 

10.677,08 

*o.723,8 

JO.770,33 

io.Di6,6s 

10.862,78 

10.908,71 

'0-9H>4$ 


].  Root 


4.497^942 
4-514.3^ 
4  530.65s 
546,836 
4.562,903 

578.B57 
4-594770' 
4.610,436 
4.626,065 

^641,589 


4.657,010 

4-67i.3SO 
4.687,548 

4.702,669 
4.717,694 

4-732,624 

4*747f4S9 
4.762,203 

4,776,856 

791,420 


4.805,8. 

1.820,284 

4.834,588 

4.848,808 

►  .-862,944 

^.876,999 

1.890,973 

4.904,868 

1.918,685 

4.932,424 


:ube  Rt. 


No.(Sq.  Root. 


21 
22 

^3 

24 

25 

26 

27 
28 

29 

30 


4' 

42 
43 
44 

45 
46 

4 

48 

49 

JO 

iNo. 


11.000,00 
11.045,36 
11.090,54 

''•i35»S3 
If. 180,34 
11.224,97 
11.269,43 
iK3i3,7i 
11.357,82 
n.4oi>75 


11.445,52 
11.489,12 
^»*S3M6 
11.575,84 
f  1.618,95 
It. 661, 90 
11.704,70 

«^-747»34 
11.789,83 

11.832,16 


41-874,34 
11.916,38 
11.958,26 
1 2.000,00 
12.041,59 
(2.083,06 
13.124,36 
12,165,53 
12.206,56 
12.247,45 


ISq.  Root. 


Cube  Rt. 


4.946,088 

4-9S9f«7S 

4-973.190 
4.986,631 
5.000,000 
5.013,298 
5.026,526 
5.039,684 
5.052,774 
S'<^Si797 


5-078.753 
5.091,643 

5.104,469 

5.117,230 

5.129,928 

$•'42,563 

5-«55.iJ7 
5.167,649 

5.180,101 
5' '93.494 


5.204,828 

5*217,103 

5-*29,32 

5.241,482 

5.253,588 

5.265,637 

5-771632 

5-289,572 

5.301,459 

5'3^3>293 


Cube  Kt. 


No. 


5« 
5* 

53 

54| 
5 


7» 
72 

73 
74 
7S 
76 
77 
78 
79 
80 


No, 


Sq.Koot. 


iz.z88|^2i 

12.328,83 

12.369,32 

12^09,67 

12.449,^ 

12.490^00 

12.529,1  ^ 

12.509, 

12.609,52 

12.649^11 


905 


12.688,58 

12.727,92 

12.767,15 

12.806.25 

12.845,23 

12.884,10 

12.922,85 

12.961,481 

13.000,00 

13.038, 


40^5. 


705 


13.076, 
13*114,88 

»3-»52.95 
13.190,91 
13.228,  ' 
13.266, 
« 3.304.13 
«3-34»  " 
'3-379> 
13.416,41 


765 

505 


665, 
,095 


Sq,Root> 


CubcRii 

S-325W 
S.336,8P3 
5.348,48]. 
5.360,108^ 

.371/' 
5.383,213 

5-394.69fl 
5.406^1:: 
5.417,501 

5»42^hi 


5.440,12! 
5.451,361 
5.462,),'fi 

5.473.703 
5.4»4,W 

549S.f> 
5»SW?^ 
5-5'7A^ 
5.5i8,n 
5-539.65« 


i.56i,:98 

5-5W4 
5.582.;?^ 

593»445 
^.604,079 
5.614,6:3 

.625,2J^J 

.635»74' 
5.646,116 


CttbeRt. 


A  TABLE 


TABLE 

O  F      T  H  E 

SQUARE -ROOTS    AND    RECIPROCALS 
OF  ALL  NUMBERS, 

From  1  to  looo. 

Computed  by  Dr.  Charles  Huttom,  Profefor  of  Matbematuks 
at  the  Rcjal  Military  Academy  at  PTooIwicb  in  Kent. 


4G 


(    595    ) 


mi 


I 
a 
3 

4 

i 

7 
8 

9 
lo 
II 

12 

13 

M 

15 

.i6 

;i 

19 


Reciprocal 


i.o 
o.333i333»3 

0.2 

O.I  66)666, 6 
ai42,857,i 
o*ixy 

0. 111,111,1 

0.000,909,0 

o»o»3.333»3 

0.076,923,0 

0.071,428,5 

0.066,666,6 

0.062,  y 

0.058,823,9! 

o-oS5»55S»5 
0.052,631,6 

0.047,619,0 
0.045,454,5 
0.043.478,3 
0.041,666,6 
0.04 

038,461,5 
o-037»037.o 

o-o3S»7Mi3 
o/>34,482,8 

oo33t33 

0.032,25 

0.031,25 

0.030,303,0 

0.029,41 1,8 

0.028,571,4 

<>.oi7f777.7 
0.027,027,0 
0.026,319,8 
0.025,641,0 

.025, 
0.024,390,2 

.8o9»S 

0,023,255,8 

2»7«7»* 

0.022,322,2 

0.021,739, 

0.021,276,6 

0.020,833,3 

.020,408,2 

.02 


200, 
21 

22 

^3 
^4 
*5 

260, 

^7 
28 

29 
30 
3» 
32 
33 
34 

36 

37 

38 

39 
400. 

41 
4* 

43 
44ao2 

45 
46 

li 

49|o 


W, 


Square  "Koot. 


1.000,000,000,0 
2.414,213,562,4 
i-733>050>807,6 

2.000,000,OCO,0 

2.236,067,977,5 

2.449,489,742,8 

2.645,751,311 

2-828,427,124,7 

3.000,000,000,0 

3.162,277,660,2 

3.316,624,790,4 
3.464,101,615,1 

3.605,551,275,5 

3-74i»^57»386,8 

3.872,983, 346*  2 
4.000,000,000^0 
4.123,105,625,6 
4.242,640,687*1 
4.358,898,943,5 
4-47*''3>,955iO 
4-582,575,695,0 
4.690,4^  5,759-8 

4-795»83i,523»3 
4*898,979i485>6 
5.000,000,000,0 
5.099,019,513,6 
5.196,152,422,7 
5.291,502,622,1 
5.385,164,807,1 

5*477»225»575»> 
S-567.764,362»8 
5.656,854,249,5 
5.744,562,646,5 
5.830,951,894,8 
5.916,079,783,1 
6.000,000,000,0 
6.082,762,530,3 
6.164,414,003,0 
6.244,997,998,4 
^•324»555»3^o,3 
6.403,124,237,4 
6.480,740,698,4 

6.557>438,524»3 
^•633»M9»58o,7 
6.708,203,932,5 
6.782,329,983^1 
^•8  5  5*65  4,600,4 
6.928,203,230,3 
7 .000.000,000,0 
7.071,067,811,9 


No 


Reciprocal 


51  0.019,607,8 
520.019,230,8 

530.018,867,9 
540.018,518,5 
55  0.018,181,8 
560.017,857,1 

570.017,543* 
58  0.017,241,4 
590.016,949, 
600.016,666,6 

61  0.016,393,4 

62  0.016,129,0 
630.015,873,0 
640.015,625: 
650.015,384,6 
660.015,151,5 
670.014,925, 
680.014*705,9 
690.014,492,8 
700.014,285,7 
71  0.014,084,5 
720.013,888,8 
730.013,698,6 
740.013,513,5 

75  0.oi3,333>3 

76  0.013, 15 '',9 
770.012,987,1 
780.012,820,5 
790.012,658,2 
800.012,5 
810.012,345,7 
820.012,195,0 
830.012,048,2 
840.011,904,6 
850.011,764,7 
860.011/^27,9 
870.011,494,3 
880.011,363,6 
890.012,236,0 
900*011,111,1 

91  0.010,989,0 

92  0.010,869,6 
930.010,752,7 
940.010,638,3 
9^  10.010,526,3 


0.010,416,6 
0.010,309,3 


99 
100 


986.010,204,1 


0.010,101,0 
o.oi 


Sqnare  Rout. 


7.14I,42&,428,5 

7.211,102,550,9 

7.280,109,889,3 

7.348,469,22853 

7.416,198,487,1 

7-483>3»4>773t5 

7-549»i^34»435'>3^ 

7.6«5.773»io5,9 

7.68i,HS>747»9 

7.745,9-^692,4 

7.810,249,675,9 

7.874,007,874,0 

7-937»*53i933»2 

8.000,000,000,0 

8.062,257,748,3 

8.124,038,404,6 

8.185,352,771,9 
8.246,211,251,2 

8.306,623,862,9 
8.366,600,265,3 
8.426,149,773.2 
8.485,281,374,2 
8.544,003,745,3 
d.6o2, 325, 267,0 
8.660,254,037,8 

8.7n»797>8»7>i 
8.774,964,387,4 
8.831,760,866,3 
8.888,194,417,3 
8.944,271,910,0 
9.000,000,000,0 
9.055,385,138,1 
9.110,433,579,1 
9.165,251,389,9 
9,219,544,457,3 
9.273,618,495,5 

9.327.379»o>3»! 
9.380,831,519,6 

9,433»98i,i32»^ 
9.486^832,980,5 

9-539»392»o'4»f 
9.591,663,046,6 

9.643,650,761,0 

9-^»95,359*7U*8 

9-746,794»344>8 

9-797>958,97'>; 
9.848,857,801,8 

9.899,494,936,6 

9.949,874,371,1 

10.000,000,000,0 


Gz 
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Square  Root. 


01 

OS 

03 
04 

05 
06 

07 
08 

09 

10 

II 

12 


Reciprocal 


0^)09,900,9 
0.009,803,9 
0.009,708,7 

0.009,615,4 
0.009,523,8 
0.009,434,0 
0.009,345,8 
0.009^259,2 
0,009,174,3 
0.009,090,9 
0.009,009,0 
0.008,928,6 
0.008,849,6 

0.008,'/ 7 1,9 
0.008,695,7 
0.008,620,7 
0.008,547,0 
0,008,474,5 
190.008,403,4 
2oo.oo8,333r3 

0.008r364,5 

0.008,196,7 
0.008,130,0 
240.008,064,5 
o.oo8» 
0.007,936,5 


10.049,875,621,1 
10.090,504,938^. 
10.148,891,565,1 
10.198,039,027,2 
ro.246,9;o,766,o 
10.295,630^141,0 
io.344,o8o»432,8 
10.392,304,845,4 
10.440,306,508,9 
10^88,098,481,7 
io*53^%653,752,9 
10.583^003^,244,3 
10.630^145,812,7 
fo.677,078,252,0 
io.V^^05»5t^4»8 
"©•770»3'9>6i4»3 
10.816,653,826,4 

10.862,780,491,2 
io.9o8,.7j  2,1 14,6 
10,954,451,150,1 
1 1 .000,000,000,0 
11.045,361,017,2 
11.090,536,506,4 
11.135,528,725,-; 
11.180,339,887,5 

, I  X.2  24,972,  160,3 

0.007,874,01  1 1.269,42-;  ,669,6 
0,007,812,5  I X.3  13,708,499,0 

0.007,75119  ii.357»8i6,69i,6 
300.007,692,3  11.401,754,251,0 


0.007,633,6 

0'0<^7»57S»7 
o.oo7»5i8,8 

0.007,462,7 


ojao7,407,4*^«^»  8,9  50,038,6 


o-<^7>352»9 
0.007,299,3 
o.oo7,246>4 
0.007,19492 
0.007^142,9 
0.007,09292 
0.007,042,3 
o. 006,993  >o 
0.006,944,4 
0,006,896,6 

o.oo6,849»3 
0.006,802,7 

0.006,756,7 
0.006,711,4 
o  006,^66,61x2.247,448, 


ii.449.5*3.'42>3 
ii.489,i25,«93,i 

11.532,562,594,7 

ii.575»^3^902»B 


11.661,903,789,7 
11.704,699,911,1 
**-747>144>'38o,S 
11.789,826,122,6 
11.832,159,566,2 
11.874,342,087,0 
11.916,375,287,8 
11.958,260,743,1 
1 2  •000,000,000,0 
12.041,594,578,8 
12.0«3,045,973,6 
12,124,355,653,0 
12.165,525,060,6 
ia.2o6,.55  5,6ic,3 


»7i3.< 


No. 


151  0.006,622,5 
i52(o.oo6,578>9 
53 

156 

58 


^    0.006,329,1 

1590.006,289,3 

1600,006,25 

161  0.006,211,2 

16^0.006,172,8 


163 
•164 
165 

166 

16 
169 
170 
«7 
^7^ 
73 


Reciprocal 


Square  Root. 


181 
182 
183 
184 
185 
186 
187 
188 
189 


9^ 
192 

>93 
194 

'95 
19- 

19: 

198 


12.288,205,727,4 

..,  -,  12.328,828,005,9 

0.006,53  5v9!  1 2.  ^69,3 16,876,9 

o.oo4493>5''  *-4«>9>^73»M»o' 

c.oc6,45  ^A  ^  2.449»B99»598.'' 

0.006,410,31 1 2.4«9,99S«9^8 

0.006,369,4!  1 2.5  29,964,086,1 

^^.rsf.  -.^  ''12.569,805,090,0 

12.609,520,212,9 

12.640,110,640,7 

12.688,577,540,4 

12.727,922,061,4 

12.267,145,33418 

12^06,248,474,9 

12.845,232,578,7 

12.884,098,726,^ 

12.922,847,983,3 

2.961,481,356,$ 

3.000,000,000,0 

13.038,404,810,4 

1 3.076,69^830,6 

13,114,877,048,6 

13.152,946,438,0 

13.190,905,958,3 

13.228,756,555,3 

13.266,499,161,4 

i3-3<>4»^34«^5»7 
13.34^,664,064,1 
13.379^88,160,1 
13.416,407,865,0 
i3453»'^^4»047i' 
»3^490»737»563.- 
i3-S27»749»^Po' 
i3-564»659>9^»3 
13.601,470,508,7 
13,638,181,697,0 
I5.674»794»33''J 

'3^747t727»<>»4i9 

i3.784»o4^»'/5m' 

l3.820,274,9^^» 

13.856,406,4^0.6 

.3.892,443,989,4; 

13.928,388,277.21 

1 3.964,240,043,6 

i4.ooo,ooo,ooo,c 

i4.o35,668,844,« 

f4.07i,247,^79»5 

i4.io6,735,979»7 

r4-i42»13i:^' 


,0.006,135,0 
0.006,097,5 
0.006,060,6 
0.006,024,  \ 
0.005,988,0 
0.005,952,4 
0.005,^17,2 
0.005,882,4 
0.005,848,0 
0.005,814/3 
0.005,780,3 
1740.005,747,1 
1750.005,714,5 
1760.005,681,8 
1770.005,649,7 
1780.005,618,0 
1790.005,586,6 
18010.005,555,5 
0-005,524,9 
,0.005,494,5 
9.005,464,5 
Q-o<5S»434f8 
0.005,405,4 
0.005,376,3 
0-005,347,6 
0.005,319, 
0.005,291,0 


1900.005,263,2 
0.005,235,6 
0.005,208,3 
0.005,181,3 
0.005,154,6 
0.005,128,2 
0*005,102,0 
0.065,076,1 
0.005,050,5 

19910.005,025,1 


2oo'o.oo5, 
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No.,  Reciprocal ,     Square  Root. 


201.0.004,975,11 

202  0,004,9 ^0,4' 

0310.004,926,1 

204:0.004,902,0 

20510.004,87  S«o 
206J0. 004,8  54,4 
207  0.004,830,9 
0.004,807,7 
0.004,784,7 
0.004,761,9 
0.004,739,3 
0004,717,0 
0.004,694,8 
2140.004,672,9 
21510.004,651,2 
2 1610.004,620,6 
2i7,o,oo4,6o8,3 
2180.004,587,2 
21910.004,566,2 
22ojo.oo4,545,4 
221  0.004,524,9 
222.0.004,504,5 
22310,004,484,3 
2240.004,46493 


208 
209 
21c 
211 
212 

2«3 


2*5 

226 


0.004,444,4 
0.004,424,8 
227,0.004,405,3 
228.0.004,386,0 
22910.004,366,8 
230:0.004,347,8 
23110.004,329,0 

232|o.oo4>3io>3 
2330.004,291,8 


234 
^3i 


0.004,273,5 
0.004,255,3 


2360.904,237,3 
0.004,219,4 
0.004,201,7 
0.004,184,1 
0.004,166,6 
0.004,149,4 
0.004,132,2 
0.004,115,2 
0.004,098,4 
0.004,081,6 
0*004,06  r 
0.004,048,6 
0.004,032,3 
0.004,016,1 
0.004, 


237 
238 

239 

240 

241 
242 
243 
^44 
24s 
246 

HI 
248 

149 

I'KO 


4.177,446,878,8 
4.212,670,403,6 
4.247,806,848,8 
4.282,8(56,857,1 
4-317.821,063,3 
4-352,700,0944 

4*387>494,569'9 
4.422,205,101,9 
4.456,832,294,8 
4.49^376,746*2 
4.525,839,046,3 
4.560,219,778,6 

4.594*5  "9,5 '9»  3 
4.628,738,838,3 
4.662,878,298,6 
4.696,938,456,7 
4.730,9i9>»62,7 
4.764,823,060,2 
4.798,648,586,9 
4-832,396,974>2 
4.866,068,747,3 
4-899,664,425,8 
4-933.i84,523,i 
4.966,629,547,1 
5.000,000,000,0 
5-033.296,378,4 
5.066,519,173,3 
5.099,668,870,5 

5.«32,745»950.4 
5-165,750,888,1 
S.198,684,153,6 
5.231,546,211,7 
5-264,337,522,5 
5,297,058,540,8 
5.329.709,716,8 
5.362,291,495,7 
5.394,804,318,3 
5  •427,248,620,9 
5.459.624,833,^ 
5.49«.933.384.8 
5.524,174,696,3 
5-556,349.186,1 
5.588.457,268,1 
5.620,499,351,8 
5.652,475,842,5 
5.684,387,141,4 
5.716,233,645,5 
5,748,015,748,0 

5.779.733.838.1 
5.81 1,^88,100,8 


NoJ  Reciprocal 

251  0.003,984,1 
252 

^S3 

2  54j0.oo3,937,o 

256 


0.003,968,3 
0.003,952,6 


^S7 
258 

259 

260 
261 
261 
263 
264 

"^ 
266 

267 

268 

269 


0.003,921,6 

0.003,906,5 

0.003,891,1 

0.003,876,0 

0.003,861,0 

0.003,846,2 

0.003,831,4 

0.003,816,8 

o  003,802, 

0.003,787; 

0.003,773,6 

0.003,759,4 

0.003,745,3 

0.063,731,3 

0.003.717,5 


271 
272 

273 
^74 
275 
276 

277 
278 

^l^ 
200 

28 

282 

283 

284 

285 


287 
288 
289 


2700.003,703,7 


0.003,690,0 
0.003,676,5 
0.003,663,0 
0.003,649,6 
0.003,636,3 
0.005,623,2 
0.003,610,1 
0.003,597,1 
0.003,584,2 
0.003,571,4 
0.003,558,7 
0.003,546,1 

0.003,533,6 

0.003,52 

0.003,508,8 


2860.003,496,5 


0.003,484,3 
0.003,472,2 
0.003,460,2 
29o.o.oo3»448,3 
291  0.003,436,4 
2920.003,424,6 


293 
294 


bquare  Hoot. 


0.003,413,0 
0.003,401,4' 


2950.003,389,8! 
2960.003,378,3 
297  0.003,367,0 
2980.003,355,7 
2990.003,344,5 
:^oo'o.oo^,3j^3,3 


5.842,979,517,8 
5.874,507,866,4 
5-905.973.720,6 

5-93'.377,45^.5 
5.968,719,422,7 

6.000,000,000,0 

6.031,219,541,9' 

6.062,378,404,2 

6.093,476,939,4 

6.124,515,496,6 

6.155.494.421,4 
6.186,414,056,2 
6.217,274,740,2 
6.248,076,809,2 
6.278,820,596,1 
6.309.^06,430,3 
6.340.134.638,4 
6.370,705,543,7 
6.401,219,466,; 
6.411,676,725,2 
6.462,077,633,2 
6.492,422,502,5 
5.522,711,641,9 
6552.915.3^-6,9 
6.583,123,951,8 
6.613,247,725,8 
6.643,316,977,1 
6673.332,000,5 
6703,293,088,5 
6733.200,530,7 
6.763,054,614,2 
6.792,855,623,7 
6.822,603,841,3 
6.852,299,546,4 
6.881,943,016,1 
6.911,534,525,3 
6.941,074,346,1 
6-970,562,748,5 
7.000,^000,000,0 
7.029,386,365,9 
7  0^8,722,109,2 
7.08^^,007,490,6 
7.117,242,768,6 
7.140,428,199,5 
7-175.564.037,3 
7'204.65c,53:,,i 

7-233^^87,939,6 
7.262,676,  >oi, 6 
7.291,61^,465,8 
7.320>co8,07^-, 
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[No. 


30 » 
302 

303 
304 

306 
307 
308 
309 
310 
11 
312 

3^ 
3H 

316 

318 
319 
320 

321 
322 

323 

3H 
3«s 
i«6 
327 
328 
329 
330 
331 
332 
333 
334 
335 
336 

337 
338 

339 
340 
34» 
342 
343 
344 
345 
346 

347 
348 

}349 


Reciprocal 


0.003,322,3 

0.003,311,3 

0.003,300,3 

0.003,289*5 

0.003,278,7 

0*003,268,0 

0.003,257,3 

0.003,24698 

0.003,236,2 

0,003,22518 

0.003,215,4 

o.oo3,205>i 

0.003,19419 

0.003,1840 

0.003, 1 74>6 

o*oo3»i64»6 

0.003,  r54>6 

0.003,14457 

0.00  3, 1 3  4>  8 

0.003,1 25* 

0.003,115*3 

0.003,10516 

0.003  »oo6k> 

o.o03,o86>4 

0.003  >o76>9 

o.oo3,o67>5 

o.oo3>058»i 

o.oo3)048>8 

0.003,039*5 

o.oo3,03o»3 

0.003,02  It  I 

0.003,01 2»0 

0.003  »oo3»o 
0.002, 9  94»o 
0002,985?] 
0.002,97  6>2 
o.oo2,967t4 
o.oo2,958>6 
o.oo2,949>9 
o.ooa,94i«2 
0.002,932*6 
0.002,924*0 
0.002,9 15*5 
0.002,907*0 
0.002,898*6 
0.002,890*2 
0.002,88 1 18 
0.002,873*6 
0.002,865*3 
0.002, 857*' 


Square  Root. 


7'349»3S»»n»»9 
7'378*»47**9^»9 
7.406,895,185*5 
7-435.S9S»774,2 
7*464,249,196,6 
7.492,855,684,5 
7.521,415,467,9 
7.549,928,774,8 

7-5  78*395.83 1 

7.606,816,861,7 

7.635,192,088,5 

7.663,C2i,7j2,7 

7.691,806,013,0 

7.720,045,146^7 

7»748*a39*34g»3 

7.776,388,834,6 

7.804,493,814,8 

7-83*»SS4i5oo, 

7.860,571,099,5 

7.888,543,820,0 

7.916,472,867,2 

7'944>358,444»9 
7.972,200,755,6 

8.000,000,000,0 

8.027,75^377»3 
8.OC5, 470,085,3 

8.083,141,320,0 
8.110,770,276,3 

8-«38,357*H7>2 
$.165,902,124,6 
8.193,405,3987 
8.220,8^7,158,3 
8.248,287,590,9 
8.275,666,882,5 
8.303,005,317,7 
8.330,302,779,8 
8.357*S59»750»7 
8-384*776,3 '0'9 
8.41 1,9-52,639,5 
8w439,o88,9i4,6 
8.466,185,312,6 
S.493,242,008,9 
8.520,259,177,5 
8.547,236,991,0 
8.574»i75»62i,o 
8.601,075,237,7 
8.627,936,010,2 
8.654,758,106,2 
8.681,541,692,3 
x.7o8,286,93^9 


No. 


10. 


35 
352 
3S3 
354 

356 
357 
358 

359 

360 

362 
363J0. 
364  a 

365 

366 

3670, 

368 

369 

370 

371 

372 
373 
374 

376 

377 
378 

380 
381 

383 
384 

386 

38 
38 

389 
390 

39 

392 

393 

394 

395 

396I0. 

39^ 

398 

3990 
400 


Reciprocal 


1.002,849,0 
0.002,840,9 
0.002,832,1 
e.002,824,: 
0.002,816,9 
0.002,809,0 
0.002,801,1 
0.002,793,3 
0.002,785,5 
0.002,777,7 
0.002,770,1 
0.002,762,4 

002,5154,8 

002,747,3 
0.002,739,7 
0.002,732,2 

.002,724,8 
0.002,717,4 
0.002,7  rOK> 
0.002,702,7 
0.002,69514 
0.002,688,2 
0.002,681,0 
0.002,673,8 
0.002,666,6 
0.002,659,6 
01002,652,5 
0.002,645,5 
0.002,638,5 
0.002,631,6 
0.002,624,7 
0.002,617,8 
0.002,611,0 
n.oo2, 604,2 
0.002,597,4 
0:002,590,7 
0.002,584,0 
0*002,577,3 
0.002,570,7 
0.002,564,1 
0.002,557,5 
0.002,551,0 
0.002,544,5 
0.002,538,1 
0.002,531,6 

002,525,2 
0.002,518,9 
0,002*512,6 

.002,506,;^ 
0.002,5 


18.734,993.995,2 
18-761,663,039,1 
18.788,294,228,1 
18.814,887,722,1 
i8.84i*443»^8i,4 
18.867,962,164,1 
18.894,443*627,7 
18.920,887,929,4 
18.947,295,321,5 
18.973,665,961,0 
19.000,000,000,0 
19.026,297,50 


Square  Rott. 


i9.o52,5c8,883,3 
19.078,784,028,3 

19.104,973,174,5 
19.131,126,469,7 

«9-»57»a44*o60i7 
19.183,326,093,3 

19.209,372,712,3 
19.235,384,061,7 
19.261,360,284,1 
19.287,301,521* 
19.313,207,915, 

i9-339>053»75^j 
19.364,916,731,0 

«9*390*7i9>429»7 
19.416,487,838,9 
19.442,222,095,2 

'9-467»9*2,333,9 

*9-49J»58^689,6 

I9.5i9,22i,iw 
i9.544,820,285,'; 

^9-570*385*79018 
«9- 595*9"  7»942»3 
19.621,416,870,3 

{9.646,882,704.4 
19-67  2*3  ^5»57^»9 
19.697,715,603,6 

i9»723,o82,9a5'» 
19.748,417,658,1 
J9-773»7i9»933'3 
If.  798.989.873*] 
J9,824,227i6oi,o 

I9.849,433,24»»3 

i.874,6o6,9i4»4 

|.«99»748»74^»' 
^.924,858,845, 

I9*949i937*343»3 

*9-974»984*35)'»4 

2O.OOO,OCOjO00^ 


7 ABLE  of  Squan^Roots  and  Reciproiak^         fg(^^ 


Reciprocal  [    Square  Root* 


Square  RooU    | 
i,236,76o,58i96| 

«    «A^  «<>.    A«»    , 


( 


No. 


401 
40« 

403 

404 

405 

406 
407 
408 
409 


0.002,493,820.024,984,394,5 
0.002,487,620.049,937,655,8 
0.002,481,420.074,859,899,9 


0.002,475,2 
0.003,469,1 
0.002,463,1 
0.002,457,0 
0.003,451,0 
0.002,445,0 


410  0.002,439,0 


411 
412 

J  413 
414 

41S 
^416 

X'l 

4*9 

420 

4^1 
432 

4*3 

4E4 

425 
426 

428 


0.002,433,1 

0.002,427,2 

0.002,421,3 

0.002,415,3 

0.002,409,6 

0.002,40318 

0.003,398,1 

0.002,392,3 

0.002,386,6 

0.002,38 1,0 

0.003,375,3 

0.002,369, 

0.002,364,1 

0.002,358,5 

0.002,352,9 

0.002,347,4 

0*002,341,9 

0.002,336,4 


20.099,751,242,2 

20.124,611,797,5 

20.149,441,679,6 

20.174,241,001,8 

20.199,009,876,7 

20.223,748,416,21 

20.248,456,731,3 

20'273ii34>932f7 
20.397,783,130,2 
30.322,401,432,9 
30.346,989,949,4 

20.371,548,787,5 
20.396,078,054,4 
20.430,577,856,7 
20445,048,300,3 
2o*469,489'490»S 


4290.003,331,0 


430 
431 
43^ 
433 
434 
435 
436 

^H 
438 

439 
440 

44 

44^ 

443 

444 

445 

446 

448 

449 

4>o 


0.002,335,6 
0.002,520,2 
0.002.314,8 
0.003,309,5 

0*002, 304,2 
0.002,298,9 
0.002,293,6 
0.002,288,3 
0.002,383,1 
0.002,277,9 
9.002,373,7 
0.00^,267,6 
0.002,261^. 
0,002,2^7,3 
0.002,2^3,2 
0.002,247,2 
0.003,242,3 
0.002,237,1 
0.002,232^1 
0.003,237,2 


20.493,901,531,9 
20.518,284,538,7 

20.542,638,c84,2 
20.566,963,801,2 
20.591,360,283,0 
20.615,528,128,1 
20.639,767,440,6 
20.663,978,319,8 
30.688,160,865,6 
20.712,315,177,2 
20.736,441,353,3 
20.760,539,492,0 
20.78^,609,690,8 
20.800,652,046,7 
20.832,666,656,0 
20.856,653,614,6 
20.880,613,017,8 
20.904,544,960,4 
30-928,449,536,5 
20.952,326,839,8 
20.976,176,963,4 
21.000,000,000,0 
2i;o33,7o6,04i,6 

2«%o^^7»5S5»i79,^ 
21.071,307,505,7 
21.095,023,109,7 
31.118,713,031,9 

4I.I4M74.^5'^9 
21.166,010,488,5 

21.189,620,100,4 
435»^ 


0.002,222,2  21.213,203). 

'-■  ■'  ■     /      ■     t\    .      ■  IQ 


No.  Reciprocal 

45T 0.002,217,3 ^  „__,^„,_ 

4520.002,212,4  21.260,291,625,5 


453  0.002,207,5 


454 
456 

458 

460 
461 
462 

463 

464 

4^i 


o.poa  ,202,6 
0.00^,19^,8 
0.002,19 
0.002,188,2 
0.002,183,4 
0.002,178,6 
0.002,173,9 
0.002,169,3 
0.002,164,5 
0.002,159,8 
0.002,155,2 
^  ^0.002,150,5 
4660.002,145,9 
4670.002,141,3 
4680.002,136,8 
4690.002,132,2 
4700.002,137,7 
471  0.003,123,1 
4720.001,118,7 
4730.002,114,2 

474  o.®92, 109,7 

475  0.002,105,3 
476 


0.002,100,8  21.817,424,229,3 


21.283,796,653,8 

21.307,275,752,7 

2^33o»729»oo7»7 
21.354,156,501,1 

^".377.558,326,4 
21.400,934,559,0 
2i.434,28s,2S5,6 
21.447,610,589,5 
21.470,910,553,6 
21.494,185,257,9 

2>.S»7»434»79J»4 
21.540,659,228,5 
21  •563,858,652^8 
21.587,033,144,9 
21.610,182,785,0 
21.633,307,652,8 
21.656,407,837,7 
21.679,483,388,7 
21.702,534^14,2 
21.735,560,983,4 
31.748,563,170,9 
21.771,541,057,1 
2l.794»494,7»7'7 


477  0.002,096,4 

478  0.002,092,1 

479  0.002,087,7 

480  0.002,083,3 

481  0.002^079,0 

482  0.002,074,7 

483  0.002,070,4 
4840.002,066,1 
485  0.002,061,9 
4860.002,057,6 

487  0.003,©53,4 

488  0.002,049,2 
4890.002,04^,0 

490  0.002,040,8 

491  0.003,036,7 

492  0.002,032,5 

493  0.002,028,4 
4940.002,024,3 
4950.002,020,2 
4960.002,016,2 
4970.002,012,1 
498  0.002,008,0 


500  0.OO2. 
^ — 


3!.840,32Q|667,8 
2 1.863,2  i«|o9,i 
21.886,068^2812 
21.908,902,300,2 
21-931,712,199,5 

2J-954»498,402»4 
21.977,260,975,8 

2  2 .000,000,000,0 

22.032,715,545,5 

22U5J.5»4O7>68S»0 

32.008,076,49017 
22.090,722,034*4 
23.113.344,-587,5 

22.i3S>943»S2Ui 
22. 1  c8, 5 19,806*2 
22.181,073,01218 
32.203,603,311,2 
22.226,11^,770,9 
22.248,595,461,3 
22.271,057,451,3 

22.293»49^'»8o9»^ 


22.315,913,604,4 

4990.002,004,0  a2.338,307,903,9 


22.360,679,775,0 

■If  ir    I  >■  '  ■  >  >i 


66o  TJBLE  of  Sjuare-Roofs  and  Reciprocals. 


No.i  Reciprocal 


$01 

503 

[5^4 


0.001,996,0  22.383,029,285,6 


0.001,997,0 
0.001,988,1 
0.001,984,1 
50^10.001,980,1 
^•o6'o,ooi,976,3 
^07!o,oo  1,97  2,4 
90810.001,968,5 
5090.001,964,6 


510 


0.00 1 ,960,8 
0.001,956,9 
0,001,953,1 
51310.001,949,3 
51410.001,945,5 
515:0.004,941,7 

5i6jc.oOf,938>o 
5i7[p.ooi,934,2 
5i8:o.ooi,93o>5 


8quarc  Root. 


n9 


0.001,926,8 


52c 
523 


0.001,923,1 
0.001,919,4 

0.001,915,7 

0.001,912,0 
b.001,908,4 
0.001,904,6 
52610.601,901,1 
527!o.ooi,897,5 
5280*001,893,9 
52910.001,890,4 
93o'o.ooi,886,8 
^,- 3  J  0.001,883,2 
532[o.oof,879,'; 


i33 

S34 

535 
536 

537 
53« 
539 
540 

H» 
J42 
>43 


0.001,876,2 
0.001,872,7 
0.001,869,2 
0.001,865,7 
0.001,862,2 
6.001,858,7 
04001,855,3 
0.001,851,8 
0.001,848,4 
0.001,845,0 
0.001,841,6 


5-44'o.©oi,838,2 


54510.001,854,9 


546 

548 
549 

jcro 


0.001,831,5 
0.001,828,2 
0.001,824,8 
0,001,821,5 
->.oot,8i8,i 


22.405,356,502,4 

22.427,661,492,0 

22.449>944i320,6 

22.472,205,054,2 

22.494,443,758,4 

22,516,660,498,4 

22.538,85?,339: 

22.561,028,345,4 

22.583,179,581,3 

22.6Q),309,  110,9 

22.627,416,998,0 

22.649,503,305,8 

22.671,568,097,5 

22.693,611,435,8 

".7i5>633»583.2 
*^-737i634t<^ci,8 
22.7C9,6i3,353,5 
22.781,571,499,8 
22.803,508,502,0 
22.825,424,421,0 
22.847,319,317,6 
22.869,193,252,1 
22.891,046,284,5 
22.912,878,474,8 
22.934,689,882,4 
22.956,480,566,5 
22.978,250,586,2 
23,000,000,000,0 
23*<32 1,728,866,4 

*3--43t437'243»6 
23.065,125,189,3 
23,c86,792,76i,2 
23.108,440,016,6 
23.130,067,012,4 
i3-^r'»673>8os,6 
3.173,260,452,5 
23.194,827,009,5 
23.216,37^,532,5 
23.237,900,077,2 
23.259,406,699,2 
23.280,893,453,6 

23.3^^»3'6o,395>5 
3»323»8o7,579,4 

'3-345»23>»PS9>9 
23.366,642,891,1 
23.3S8»o3W»27,i 
23-409»399»82i,4 
-'3-430.749>o27,7 
?  1.4  s  2,078,799*1 


No, 


Reciprocal 


551  0.001,814,9 
5520.001,811,6 
5530.001,808,3 
5540.001,805,1 
5550.001,801,8 
0.001,798,6 
0,001,795,3 
0.001,792,1 


56 

557 
55 
559 
560 

S62 

563 
564 

565 
566 
567 
568 

569 
570 


^71 
574 
575 
576 
$77 
S7^ 

n9 
580 

^l 

584 

5861 

^^ 
588 

589 

590 

591 

S92 

593 

594 

596 
597 


599 
600 


0.001,785,7 
0.001,782,5 
0.001,779,4 
0.001,776,2 
®ooi,773>o 
0.001,769,9 
0.001,766,8 
0.001,763,7 
o.  oof  ,760,6 

<>.ooi,7S7»5 
0.001,754,4 

0.001,75  f',3 


Square  Root. 


•^3-473»389.i^8,6 
23.494,680,248,9 
23-5i5>952,032,6 
25.537»204,59i,9 
23-558>437»97«>S 

23-579>65J»245»i 
23.6oo,847,44^»4 
23.622,023,622,0 


0.001,788,523.643,186,835,1 


23.66-^319,132,4 
23.685,438,564,7 
*3*7o6,539,i82i3 
23.727,621,035,4 
23.748,684,174,1 
23-769,728,648,0 
23-79O»754>50^7 

*3.83a,750»575»6 

23«853»72o»S85,8 

23-^74»672>772.6 
23.895,606,290,7 


0.001,748,3  23.916,521, 


0.001,745,2 
0.001,742,2 
0.001,739,1 
0.001,736,1 
0.001,733,1 
0.001,730,1 
0.001,727,1 
0.001,724,1 
0.001,721,2 
0.001,718,2 
0.001,715,3 
0.001,711,3 
0.001,709,4 
0.001,706,5 
0.001,703,6 
0.001,700,7 
0.001,697,8 
0.001,694,9 
0.001,692,0 
0.001,689,1 
0.001,686,3 
0.001,683,5 
0.001,680,7 
0.001,677,9 
0.001,675,0 
598  0.001,672,2 
0.001,669,4 
0.001,666,6 


23.937,418,407,2 
23-958,297,101,4 
23.979,157,616,6 
24.000,000*000,0 
24.o2o,824>298,9 
24.041,630,560,3. 
24.062,41 8,83 1,0 
24083,1681396,2 
2  4. 1 03,941  »$  86.4 
24.124,6761163,6 
24.145,392,935,3 
24,166,091,947,: 
24.186,773,244,9 
24.207,436,873,6 
24.228,082,879,2 
24.248,711,306,0 

24.269,322,199,0 
24.289,915,603.0 

24*3 '0,491,561,3 

24.33  U050,12I,2 

24-35i,59»'323»S 
24,372iiij,2i3,9 
24.392,621,8^5,5 
24.413,111,251,5 

24-433»58j'445>7 

24.454,038,521,3 

24-474»476»SO»'9 
H'4Q4i897,4^7»^ 


TABLE  of  Sjuare-^oots  and  Reciprocals.         6oi 


Square  Root, 


No. 


6oi 

602 

603 

604 

605 

606 

607 

608 

609 

610 

61 

612 

613 

614 

6r5 

616 

617 

618 

619 

62o|o. 

621 

622 

623 

624 

626 
627 
628 
629 
630 
63 

633 
634 

63S 
636 

637 
638 

639 


Reciprocal 


0*001,663,9 
o.ooit66i,i 
0.001,6(8,4 
0.001,65^,6 
0.001,652,9 
0.001,650,1 
0.001,647,4 
0.001,644,7 
0.001,642,0 
0*001,639,3 
0.001,636, 
0.001,634,0 
0.001,631,3 
0.001,628,7 
0.001,626,0 
0.001,623,4 
0.001,620,7 
o.ooi,6i8,j 
0.001,615,5 
»t>oi,6i2,9 
0.001,610,3 
0.001,607,7 
0.001,605,1 
0001,602,6 
0.00  ij^ 


0.001,597,4 
0,001,594,9 
0.001,^92,4 
0*001,589,8 
0.001,587,3 
o«ooi«||l4,8 
0.001,582,3 
0.001,579,8 
0.001,577,3 
0.001,574,8 
0.001,571,3 
0.001,569,9 
0.001,567,4 
0.001,564,9 
*»562,5 
0.001,560,1 
0.001,557,6 
0.001,555,2 
0.001,552,8 
0.001,550,4 
0.001,548,0 
0.001,545,6 
0.001,543,2 
001,540,8 
0.001,538,5 


6400.00 

641 

642 

643 
644 

645 

647 
648 
•49  o. 
650 


bquare  Root. 


^4-5»5»30*»344»3 
24-S  3  5*688,292,8 
24.556,058,315,6 
24.576,411,454,9 
24.596,747,752,5 
24.617,067,2^0,2 

24.657,656,011,9 
24.6-7,925.358,5 
24.698,178,070,5 
24.718,414,188,6 

24-738,63|ft753;7 
24.758,836,806,3 
24.779,023,386,7 
24.799,193,535,3 
24.819,347,292,0 
24-839>484»696,7 
24.859,605,789,3 
24.879,710,609,2 
24.899,799,196,0 
24.919,871,588,8 
24-939i927>S26,7 
24.959,967,948,7 
24'979»99^993»6 
2  5.000,000,000,0 
25.019,992,006,4 
25.039,968,051,1 
25.059,928,172,3 
25.079,872,408,0 
25.099,800,796,0 
^5-»^9»7«3»374i2 
25.139,610,180,0 
25.159,491,250,8 
25'i79»356f620,i 
25.199,206,336,7 
25.219,040,425,8 
25.238,858,928,2 
25.258,661,880,6 
25.278,449,319,5 
25.298,221,281,3 
2S-3J7,977»802,3 
a5'337>7'8,9i8,6 
25.357^444*666,2 
25.377»«55»o8o,9 
25.396,850,198,4 
25.416,530,054,3 
25»436,i94.684,o 
25-455*844*122,7 
*$«475*47».40>,7 
25495*097,568,0 


No. 


651 

6>3 

654 

6S5 
656 

657 

658 

659 

660 

661 

662 

663 

664 

66 

666 

667 

668 

669 

670 

671 
672 

673 
674 
675 
676 

677 

678 

679 

680 

681 

682 

683 

684 

68 

686 

687 

688 

689 

690 

691 

^^ 
693 

694 

695 

696 

697 
698 
699 
700 


0.001,536,1  25.514,701,644,3 
o.oo«*533*7  25.534,290,669,6 
0.001,531,4)25.553,864,678,4 
0.001,529,1  25.573,423,705,1 
0.001,526,7  25.592,967,784,1 
0.001,524,4  25.612,496,949,7 
0.001,522,1  25.632,011,236,0 
0.001,519,8  25.651,510,676,8 
0,001,517,5  25.670,995,306,0 
0.001,515,1  25-690,465,157,3 
0.001,512,9  25.709,920,264,4 
0.001,510,6  25.729,360,660,5 
0.001,508,3  25«748»786,379>» 
0.001,506,0  25.768,197,453,5 
0.001,503,8  25.787,593,916,5 
0-001,501,5  25.806,975,861,1 
0.001,499,3  25.826,343,140,3 
0.001,497,0  ^15.845,695,9^6,6 
0.001,494,8  25.865,034,312,8 
0.001,492,5  25.884,358,211,1 
0.001,490,3  25.903,667,694,0 
0.001,488,1  25.922,962,793,6 


0.001,485,9 


Reciprocal 


25.942,243,542,1 


4H 


0.001,483,7  25.961,509,971,5 
0.001,481,4  25.v^8o,  762,1 13,5 
0.001,479,3  26.000,000,000,0 
0,001,477,1  26.019,223,662,5 
0,001,474,9  26.038,433,132,6 
0.001,472,8  26.057,628,441,6 
0.001,470,6  26,076,809,620,8 
0.001,468,4  26,095,976,701,4 
0.001,466,3  26.115,129,714,4 
0.001)464,1  26.134,268,690,7 
0.001,462,0  26.153,393,661,2 
0.001,459,9  26,172,504,656,6 
0.001,457,';  26.191,601,707,4 
0.001,455*6  26.210,684,844,2 
0.001,453*5  ^6.229,754,097,2 
0.001,451,426.248,809,496,8 
0.001,449,3  26.267,851,073,1 
0,001,447,2  26.286,878,856,2 
0.001,445*'  26.305,892,875,9 
o  001,443,0  26.324,893,162,2 
0.001,440,0  26,343,879,744,6 
0.001,438,0  26.362,852,652,9 
0,001,436,826.381,811,916,5 
0.001,434,7  26.400,757,564,9 
0.001,432,7  26.419,689,627,2 
0.001,430,6  26.438,60^,132,8 
0.001,428,6  26.457,513,1  *o,(. 


6o2  TABLE  of  Square^Roois  and  Reciprocals. 


iSo. 
701 

Kcciproca  i 

O.OOty4z6»5 

702 

0.001,424,5 

703 

0.001,4^2,5 

704 

0.001,420,5 

70$ 

0.001,418,4 

706 

0.001,416,4 

707 

0-001,414,4 

708 

0*001,412,4 

709 

0.001,410,4 

710 

0,001,408,5 

7«' 

0.001,406,5 

712 

0.001,404,5 

7»3 

0  001,402,5 

7M 

0.001,400,6 

7^5 

0.001,398,6 

716 

0.001,396,6 

718 

0,001,394,7 

0.001,392,8 

7'9 

0.001,390,8 

720 

0.001,388,8 

121 

0,001,387,0 

112 

o.ooi, 385^,0 

7^3 

0.001,383,1 

724 

0.001,381,2 

72*; 

aoo  1,379,3 

)26 

0.001,377,4 

727 

0.001,375,5 

728 

0.001,373,6 

729 

0.001,371,7 

730 

0,001,369,9 
0.001,368,0 

73' 

732 

0.001,366,1 

733 

0.001,364,3 

734 

0.001,362,4 

735 

0.001,360,5 

736 

0.001,358,7 

73V 

D.OO  1,3  56,9 

738 

0.001,355,0 

739 

C.001,353,2 

740 

0.001,551,3 

741 

0.001,349,5 

742 

o.ooi,347i7 

V43 

%ooi,345,9 

;4-i 

1.001,344,1 

74S 

0.00  (,342,3 

746 

0.001,340,5 

747 

0.001,338,7 

748 

0.001,336,9 

749 

0.001,335,1 

7SO 

0.00 1,. -i  3  3,3 

Square  K.)i>c. 


16.470,404,589,7 
26.495,282,599,0 
i6.5 14,147,167, 1 
26.532,998,322,8 
26.551,836,094,7 
26.570,660,511,2 
36.589,471,600,6 
26.608,269,391,3 
26,627,053,911,4 
26.645,825,188,9 
26.664,581,251,9 
26.683,328,128,3 
26.702,059,845,6 
26.720,778,431,8 
26.759,483,914,2 
26.758,176,320,5 
26.776,855,678,0 
26.795,522^013,9 
26.8i4ri75,355>6 
26.832,815,730,0 
26.851,443,164,2 
26,870,057,685,1 
26.888,659,319,5 
26907,248,094,1 
26.925,824,035,7 
26.944,387,170,6 
26.962,937,525,4 
26.981,475,126,5 
2  7.000,000,000,0 
.018,512,172,2 
27.037,011,669,2 
27-0551498,516,9 

»7-073,972,74^4 
27.092,434,368,3 
27.110,883,423,5 
27-»29,3 19,932,5 

27.i47»743>92i,o 
27.166,155,414,4 
^7-184,554,438,1 
27.202,941,017,5 
27.221,315,177,6 
27-239.676,945^ 
27.258,026,340,9 
27.276,363,394,0 
27.294,688,127,9 
27.313,000,567,5 

^7-33i»3oo,737»4 
27-349»588,652,4 
27.367»864,366,8 
27.386,127,875,3 


No.  Kcci 


procal 


751  0.00 

752  0.00 
7530.00 
7540.00 
7550.00 
7560.00 
7570.00 
7580.00 
7590.00 
7600.00 
761  0.00 
7620^ 

763  0.00 

764  0.00 

765  0.00 

766  0.00 

767  0.00 

768  0.00 

769  0.00 
7700.00 
771  0.00 
7720.00 
7730.00 
7740.00 
7750.00 
7760.00 
7770.00 
7780.00 
779  0.00 
7800.00 

781  0.00 

782  0.00 
7830.00 
7840.00 

785  0.00 

786  0.00 
7870.00 
7880.00 
789  0.00 
7900.00 

791  0.00 

792  0.00 

793  0.00 
7940.00 

95  0.00 

796  0.00 

797  0.00 

798  0.00 

799  0.00 
8oo'o.oo 


»33i>^ 
,329*8 
,328,0 

,3«M 
.3^4»S 
,322,8 
,321,0 
»3«9»3 

*3  7.5 
,3»^8 

.3^4»i 
1312,3 
,310,6 

,308,9 
»307»' 
,305*5 
,303,8 
,302,1 
,300,4 
,298,7 
,297»o 

»295»3 

»293» 

,292,0 

,290,3 

,288, 

,287,0 

1285,3 

,283,7 

,282,1 

,280,4 

,278,8 

»277>» 

•275>? 

,273,9 

,«7a>3 
,270,6 
,269,0 
,267,4 
,265,8 
,264,2 
,262,6 
,261,0 

,259,4 

,257,9 

2  $6,3 

.254,7 
.253, « 
251,6 

25 


Square  Root. 


27.404,379»2"»] 
27.43£,6i8,40i,6 

27.440,845,468,0 

27.459,060,43  >,s 
27.477,263,328,1 

27.495,454,»^>: 
27*5U,^3»>984,4 
2  7-53^799»795»9 

«7*549,954,^27»9 
27.568,097,504,2 

27.586,228,448,3 
27.604,347,483,7 
27.622,454,633,9 
27.640,549,922,2 

27.658,633,371,9 
27.676,705,006,2 

27.694,764,848,5 
27.712,812,921,1 
27.730,849,247,7 
27-748,873,85«iO 
27.766,886,753,8 

27.784,887,978,9 
27.802,877,548,9 
27.820,855,486*5 
27.838,821,814,2 

27-856,776,554.4 

2  7-^74,7 '9,7^9»5 
27.892,651,362,0 

27.9 '0,571,473,9 
27.928,480,087, 

27-946,377,225.0 
27.964,262,908,2 

27-982,137,159.5 
28.000,000,000,0 

28.01 7,85  i,45^»J 

28.035,691,537,8 

28.053,520,278,2 

28.071,337,688, 

28.089,141,810,4 

28.106^38,645 
28-124,722,220,9 

28.142,494,558,9 
28.1^0,255,680,7 

28.178,005,607,^ 
28.195,744,55^7 
28.213,471,959)3 
28.231,188,427,5 
28.248,893,783.7 
18.266,588,050,1 
28.284.27  ».H7iiI 


TA&LE  of  Square-koots  and  keciprocak*  603 


JNo.  Reciprocal  I     8q^are  Root 
I  0.001,248,4)28.301,943,39672 


801 


803 
804 
805 
806 
807 
808 
809 
810 
81 1 

8l2 

813 
814 
815 


8020.001,246,9  28.319,604,517,0 
0.001,245,3  28.337,2^4,630,6 

e.001,243,8  28.3S4,§93,757,5 
0.001,242,2  28.372,521,918,2 
0.001,240,7  28.390,139,133,2 
0.001,239,2  28.407,745,422,7 
0*001,237,6  28.425,340,807,1 
0.001,236,1  28.442,925,306,7 
0.001,234,6  28.460,498,941,5 
0.001,233,0  28.478,061,731,8 
0.001,231,5  s8.495,6 13,697,6 


0.001,230,0  28.513,1^4,858,8 
0.001,228,5  28.530,685,235,4 


0.001,227,0  28.545?,204,847,2 
8160.001,225.5  2Ms>7'3wH»^ 
8170.001,224,028.583,211,855,9 
818  0.001,222,5  28.600,699,292,2 
8190,001,221,028.618,176,042,5 
8200.001,219,5  28.635,642,126,6 
821  o.oof, 218,0  28.653,097,563,8 

8220.001.216.5  28.670,542,373,7 
8230.001,215,1  28.687,976,575,6 

8240.001.213.6  28.705,^00,188,8 

8250.001.212.1  28.722,813,232,'; 

8260.001.210.6  28.740,215,726,4 

8270.001.209.2  28.757,607,689,1 

8280.001.207.7  28.774,989,139,9 

8290.001.206.3  28.792,360,097,8 

8300.001.204.8  28.809,720,581,8 
83*  0.001,203,4  28.827,070,610,8 
832  0.001,201,9  28.844,410,203,7 
8330.001,200,5  28.861,739,379,3 
8340.001,199,028.879,058,156,4 
835  0.001,197,6  28.8^,6,366,553,6 

8360.001.196.2  28.913,664,589,6 
«37  0.001,194,7  28.930,952,283,0 

8380.001.193.3  28.948,229,652,3 
«39<i-ooi,i9i,9  28.965,496,71 5,9 
8400.001,190,5  28.982,753,492,4 
841  0.001,189,1  29.000,000,000,0 
8420.001,187,629.017,236,257,1 

843  0.001,186,2  29.034,462,281,9 

844  0.001,184,8  29.051,678,092,7 
8410.001,183,429.0^8,883,707,5 
84£  0.001,182,0  29.086,079,144,5 
«||  0.001,180,6  29.103,264,421,7 
^48  0.001,179,2  «9.i2o,439,557,i 

8490.001.177.9  29.137,604,568,-; 
|Hco|^.oor, 176,529.1^4.7.-0,474,2 


No. 


851 
8^2 

B53 

855 
856 

857 

858 

859 
86g 
861 
862 
863 
864 
865 
866 
867 
868 
869 
870 
871 
872 

873 
874 

877 
878 

879 

880 
881 
882 
883 
88^i 
885 
886 
887 
888 
889 
890 
891 
892 
893 
S94 
895 
S96 
897 
898 
199 

)O0 


4H2 


Reel 


0.00 
o.oo 
o.oo 
0.00 
o.oo 
0.00 

D.OO 

o.oo 
o.oo 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
o.oo 
0.00 
0.00 
0.00 
000 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 


iproca! 


7S 


7 

3 

1,0 

1,6 


68, 


66 


[64, 


V6 
,16 
60 

51. 
,56, 

SO.. 

149,4 

148,1 
46,8 

i4S>S 
'44.2 
[42,9 

41,6 

140,3 
39.0 
37,7 
36,3 
3S,« 
33,8 

32,J 

1,2 

.9 

1.7 
7,4 

'I 
.3 


,12 

'2 


29,( 
28, 


24,C 


22, 


>*2 

,121 
,11C3 

>I17 
16; 

H= 
13 

12, 
I'. 


Square  Root. 


29.171,904,291,6 
29.189,039,038,7 
29.206,163,733,0 
29.223,278,392,4 
29.240,383,034,4 
29-2  57»47  7*676,7 
29.274,562,336,6 
29.291,637,031,8 
29.308,701,779,5 

29-325>7S6,597>2 
29.342,801,502,2 
29-3J9>836,5ii,8 
29.376,861,643,1 

29«393>876,9i3»4 
29.410,882,339,7 
29.427,877,939,1 
29.444,863,728,7 
29.461,839,725,3 
29.478,805,946,0 
29.49^762,407,5 
29.512,709,126,7 
29.529,646,120,5 

29-546,573,40S»4 
29-563>49o»998.2 
29.580,398,915,5 

29-597>297,i73>9 
29.614,185,789,9 
29-631,064,780,1 

29-647*932,4^4,3 
29.664,793,948,4 

29.681,644,159, 

29.698,484,809,; 

29-7'S»3i5>9i6,i 

29-732,i37,494/> 

29-748,949.56 '»3 

29.765*752,132,3 
29-782,545,223,7 

29-799*328,851,5^ 
29.816,103,031,8 
29*832,867,780,4 
29.849,623,113,2 
29.866,369,046,1 
29.883,105,595,0 
29.8^9,832,775,5 
29.916,550,603,3 
29-933*259,094,2 
29-949*958*263,7 
29.966,64^,127,5 
29-983*328,701,1 
3  o.ooo,ooo/)oo,q 


6a4  TJBLE  of  Square-Roots  and  ReciprocaU. 


No.  Kcci 

(>OI 

902 

903 
V04 

905 
906 
907 
90b 
909 
910 

91 
9^^ 
9^^ 
914 

9M 

9)60.00 

917 

918 

919 

920 

921 

922 

923 
924 

92$ 
926 
927 
928 
929 
930 
931 
93^' 
933 
934 

935 
936 

937 
938 

939 
94c 
941 
942 

943 
94^ 

945 

94( 

94: 
.  94^ 


procal 


0.00 
0.00 
0,00 
0.00 

0.00 

O,0O 

0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
o.co 


o.qp 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.09 
0.00 
0.00 
0.00 

O-OO 

0.001 
0.00 1 
0.00 1 

0,001 

0.00 1 
0.00 1 

0.00 1 

0.001 
o.ooi 

O.COI 
0.001 
O.OOI 
O.OOI 

0.001 

O.OOI 
O.OOI 
O.OOI 
O.COI 
>.00I 
O.OOI 

-^.001 

J.  CO  I 


,109,9 
,108,6 

•  107,4 

,106,2 
,ioj;,o 

,103,8 

,102,5 

,101,3 

,100,1 
,098,9 

»097.7 
,096,5 

.09S.3 
,094,1 

,092,9 
,091,7 
,090,5 
,089,3 
,oS8,i 
,087,0 
,085,8 
,084,6 
,083,4 
,082,3 
,081,0 

>o79»9 
078,7 
077,6 
076,4 

07J»3 
074,1 
073,0 
071,8 
070,7 
069,5 
068,4 
067,2 
066,1 
,065,0 
063,8 
062,7 
061,6 
060,4 

059,3 
058,2 

057,' 
056,0 
,054,9 

o53w 
052,6 


Square  Root. 


39.016,662,039,6 
30.033,3 14*83  $M 
30.049,958,402,6 
30.666,592,756,7 
30.083,217,913,0 
30.099,833,886,6 
30.116,440,692,8 
30.133.038,^46,6 
30.149,626,86^,4 
30.166,20^,758,0 
30.182,776,545,6 

30.iQ9>337»74i»« 

3a2 15,889,859,5 

30.232,432,915,7 

30.248,966,924, 

30.265,491,900, 

30.282,007,859,5 

30.198,514,815,1 

30.315,012,782,4 

30.331,501,776,2 

30.347,981,811,0 

30.364,452,901,4 

30.380,915,061,9 

3o.397»3^8>307>> 
30.413,812,651,5 
30.430,248,109,4 
30.446,674,695,3 
30.463,092,42^,5 
30.479>50i,3o8,3 
30.49S>90if364»o 
30.512,292,604,8 
30.528,67^,044,9 
30.545,048,698,6 
30.561,413,579,0 
3o.577»769,702,8 
30-594»^X7»o8i,6 
30.610,455,730,0 
30.626,785,662,2 
30.643,106,892,1 
30.659,419,433,5 
30.675,723,300,4 
30.692,018,506,4 
30.708,305,065,6 
30.724,582,991,5 
30.740,852,297,9 
30.757,112,998,5 
30-773>3<5^>io6,9 
30.789,608,636,7 
30.805,843,601,5 
30.822,070,014,8 


No. 


951 
952 
953 


ReciprocaL 


0.001,051,5 

0.001,050,4 

0.001,049,3 

9540.001,048,2 


955 


958 


0.001,647,1 


9500,001,046,0 


0.001,044,9 

0.061,043,8 
959.0,001,042,8 
96010.001,041,6 
96]|0.ooj^o40,6 
9620.1501,039,5 
9630,001,038,4 
9640.001,037,3 


965 
966 
967 
96S 

9^^9 
970 
971 


0.001,036,3 

C.OO!,035>2 

0,001,034,1 
0.001,033,1 

O.0Ol,0J2,0 
0.001,030,9 
0.001,029,9 
97;., 0.00  1,028,8 
9730.001,027,7 
9  74' 0.00  1,026,7 


97S 
976 

978 
979 

9Bt> 
9^ 


0.001,025,6 
0.001,024,6 
o.eoi,02j,5 
o. 001 ,022,5 
0.001,021,5 
0.001,020,43 
o.oor,oi9^4 
982'o,ooi^oi8,3 
£,830,001,017,3 


[1.288,975,604, 

J I -3^4*95  ^^^S' 
31.320,919,526,7 
3i.336»879,232,c 
31.352,830,813, 
98410.001,016,331.368,774,282, 
93do,ooi,ot5,2  31.384,709,653,0 
986  0.001,0  [4,2  31.400,636,936,2 
9H7  0*001,013,2  31.416,556,14418 
9S8o.ooi,oj2,i  3 1.432 467,291,0 
9S9  0,001,01 1,1  3i.448i370,3^7»° 
9900.001,010,1  3 1.464,265,445,  J 

991  0.001,009,1  3 1.480, 152,477*4 

992  0.001,008,1  31. 496.03 i,49^»o 

993  cooi^co;, 031.511,902,5137^ 

994  0.001,006,0  3 1.5 2 7,7 65, 540>9 

995  0,001,005,0  31.543,620,59'!^ 

996  0.001,004,0 3i.559,467»^/^'' 

997  0.001,003,0  31.575,306,807,7 

998  o.ooi»oo2,o  3i.59i,i37'99"»5 
r;9Q  oxoi,OQi,o]3i.6o6,96i,25^»° 

locc  0.001,  U 1. 622,776,60^7 


Square  Root. 


30.838,287,890,2 
30.854,497^241,7 
30.870,698,080,9 
30.886,890,423,0 
30.903,074,280,7 
30.919,249,667,^ 
30.935,416,596,5 
3<^-95»f575io8i,i 
30.967,725,134,4 
30.983,866,769,7 

31 .000,000,000,0 

31.016,124,838,5 
31.032,241,298,4 
31.048,349,392,5 
31.064,449,134,0 
31.080,540,535,8 
31.096,623,610,9 
31.112,698,^,2 
31.128,764,832,5 

31.144,823*004'^ 
31.160,872,901,8 
31.176,914,536,2 

31.1 92,947*9^  »»<> 
31.208,973,068,7 

31.2/4,989,992,0 
31.240,998,703,6 
31.256.999,216,2 
31.272,991,54212 


(    6o5    ) 


Dr.  Hut  ton's  Account  of  ibe  foregoing  Table  of  the  Reciprocals 
and  the  Square-Roots  of  the  Natural  Numbers  i,  a,  3,  4,  5, 
6,  7,  (^Cy  to  1,000,  given  at  the  end  of  the  Fourth  Volume 
of  bis  Collellion  of  Mathematical  Problems  and  Trails,  in* 
titled  Mifcellanea  Mathematica,  publijbed  in  Four  little 
Volumes,  Duodecimo,  in  the  Tear  1775. 


OF  the  prececding  Table,  the  ufe  is  evidently  to  (hortea 
arithmetical  calculations,  and  will  appear  eminently  great  to 
chofe  mathematicians  and  others  who  are  frequently  con- 
cerned in  fuch  kinds  of  computations*  The  ftrufture  of 
the  table  is  evident ;  the  firft  column  contains  the  natural 
ferics  of  numbers  from  i  to  i  ,000,  the  2d  the  reciprocals^ 
and  the  3d  the  fquare- roots  of  the  fame  numbers,  very  ac- 
curately calculated  and  printed.  Thefe  reciprocals  and  roots 
are  the  refults  preferved  of  many  years  occafional  and  acci- 
dental calculations  in  various  fubjeds  :  in  frequently  making 
fuch  computations,  I  found  that  I  had  often  to  make  divi- 
fions  by,  and  to  extradt  the  roots  of,  the  fame  numbers  j  and 
as  it  feemed  probable  that  this  might  be  the  cafe  with  mc 
for  many  years  longer,  I  formed  the  refoluiion  of  prefcrv- 
ing  aH  fuch  roots  and  reciprocals  as  I  (hould  occalionally 
produce  in  my  calculations,  that  I  might  have  them  always 
ready  on  any  future  occafion  ;  which  1  did,  by  entering  them 
always  in  a  little  book,  ruled  for  the  purpofe,  till  I  have  ac 
laft  collefted  to  the  number  of  1,000,  as  above;  and  I 
now  publifli  them  here' in  this  cheap  and  eafy  manner,  that 
they  may  be  of  like  ufe  to  other  perfons  as  to  myfelf.  In 
the  numerical  calculations  of  fuch  kinds  of  problems  as 
have  appeared  in  this  Mifcellany  and  the  Diary,  the  ufe  of 
rhis  table  will  be  found  to  be  very  great,  becaufe  of  the 
frequent  divifions  and  extraftions  of  root^ which  are  to  be 
nude  :  and  the  maimer  and  cafes  of  applying  thefe  numbers 

are 


6o6      Dr.  Hutton's  Account  of  the  foregoing  Table  ^  ^c. 

arc  generally  evident ;  only  it  may  be  remarked,  that  the 
column  of  reciprocals  (which  are  no  other  than  the  decimal 
values  of  the  quotients  refulting  from  the  divifion  of  unity, 
or  I,  by  each  of  the  feveral  numbers,  from  i  to  i,ooo),  is 
iiot  only  ufeful  in  (hewing  by  infpeftion  the  quotient  when 
the  dividend  is  unity,  but  is  alfo  applied  with  much  adyan* 
tage  in  turning  many  diviiions  into  multiplications,  which 
^re  much  eaiier  performed  than  the  equivalent  diviiions.  For, 
if  we  multiply  any  propofed  dividend  by  the  reciprocal  of 
the  divifor  (as  found  in  the  table,)  the  produft  will  be  the 
quotient  fought ;  which  is  the  cafe  mentioned  in  p.  54  of 
my  Menfuration,  where  this  table  of  reciprocals  was  pro- 
mifed  to  be  inferted  at  the  end  of  that  Woric ;  but  ic  was 
then  fupprefled,  as  the  book  had  been  unavoidably  extended 
to  fo  great  a  fize,  and  becaufe  it  could  properly  enougVi  be 
omitted,  as  being  no  part  of  the  fubjedl  of  the  book.  This 
table  of  reciprocals  may  alio  be  applied  to  good  purpofe  in 
fumming  the  terms  of  many  converging  fcriefes,  as  in  the 
*d  folution  of  Queft.  106  of  this  Mifcellany,  in  which  a 
few  of  the  firft  terms  are  to  be  found  by  divifion,  and  then 
fummed  ;  for  the  quotients  of  fuch  dif  ifions  arc  here  (hewn 
by  ihfpeftion. 

The  reciprocals  are  carried  on  to  7,  and  the  roots  to  10 
places  of  decimals,  each  being  put  down  to  the  neareft 
figure  in  the  laft  pUce,  that  is,  when  the  next  figure  beyond 
the  laft  put  down  in  the  table  came  out  a  5,  or  mtxtj  the 
loft  figure  was  increafed  by  i,  otherwife  not;  exocpdng  in 
the  repetends  which  occurred  among  the  reciprocals,  where 
the  real  laft  figure  is  always  put  down.  The  reciprocals  which 
in  the  table  confift  of  lefs  than  feven  figures,  arc  diofc  which 
terminate  and  are  complete  within  that  number ;  fudi  as  .f 
the  reciprocal'of  2,  .25  the  reciprocal  of  4,  &c.    - 
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Pag.  8,  lin.  7,  lege  inter — ^p.  1 2,  1.  2  a  fine,  leg.  48^ — 
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— ^p.iig,  1.  6,  leg.  tcrnisr^ip,  134,  1.  ult.  leg.   1767 — ^p. 
166,  1.  9,  leg.  aquatianis — ^p.  176,  1.  3,  leg.  cotfficiens  ;  I.  5, 
dele  e%  1.  6,  leg.  e  regione — ^p.  177,  1.  3,  leg.  —  i  +  s/^ 
—p.  190,  1.2  a  fine,  leg.' irreJuciBilc'^Tp.  193,  titul.  leg. 
radids-^jfn  807,  L  4  a  fine,  leg,  15c*. 


P     R     iE    F    A    T     I    O. 

^^OLi^UAl'IONUM  Tbeoria^  utpote  ptrmagni  in  matbefi  mo-- 
menti^  trecentos  ferme  per  annos^  a  tempore  Lues  de  Burgo  ad 
ufque  praefensy  Analyjiarum  tngenia  exercuit.  Veruntamen  faten- 
dum  ejl^  quod  Analyfia  maximi^  inventis  fuis  algebra  fines  exten- 
dere  utpluritnum  fiitagunt^  de  tnventorum  evidentia  demonfirati" 
onibus  validis  atque  legitimis  Jlabilienda  parum  fiiUiciti ;  "  ywo- 
"  niam  ba  fails  faciles  fibi  vifa  funty  Iff  nonnunquam  ahfque  ni^ 
"  fniis  ambagibus  tradi  non  pojfenf^ — quales  mcmorat  caufas 
Newconus,  /;i  Arithmctica  Univerfali,  cur^  aquationum  pro-- 
prietates  docens^  demonfirationes  non  fcmper  adjunxit.  Hant  ita- 
que  curam,  pq/leris  legant.  hide  vero  fit^  quod  regulas  aquatio- 
num  prafiantijftmasy  vel  infperfeSle  tr admit ^  velquafi  demonjira- 
tionibus  idoneis  de/iitutas  omittunt  omnesfere  algebra  uiftitutiones. 
Sic^  ut  pauca  exempla  e  multis  proferam^  Newtoni  celeberri-- 
mum  tbeorema  binomiumy  necnon  germanum  illud  de  inveniendis 
fummis  poteftatum  radicum  aquationis ;  vel  nullis^  vel  minus  ac- 
curatisy  vel  denique  alieno  ex  fonte  petitis  demonjlrationibus^  omni'* 
bus  fere  in  libris  elementariis  extant:  Cartefii  tbeorema  egregium 
de  numero  radicum  qffirmativarum  \^  negativarum  aquationis 
dignofcendoy  plerique  ahfque  demonftratione  tradunty  nonnulU  negli^ 
gunt :  Metbodus  vero  detegendi  radices  aquationum  impofjibilesyfi 
quafinty  earumque  numerumy  exceptd  reguld  quadam  imperfeSa  a 


vi  P  R  JE  F  A  T  I  O. 

Newtonb  tradita^   ex  omnibus  exulat.     Hunc  igitur  defc6lum^ 
aliquatenus  faltem^  fupplere^  nojiri  injiituti  ejl  ratio  ;  ne  fcientia 
prcejlantijftma  quidem^  Iff  qua  ipji geometria  vix  for/an  evidentii 
cederety  ft  modo  lucido  or  dine  ^  methodo  veterum  Geometrarum 
injijlerent  Analyjia^  falfo  incertitudinis  crimine  premi  videatur. 
Newtoni  Arichmeticain  Univerfalem  potiffimumy  ut  interpres 
fecutus  funty  in  conJUium  fubinde  adhibitis^  peritijjimis  in  re  ma^ 
tbematica  ingeniisy  Wallis,  M^'Laurin,  Saunderfon,  De  Moivre, 
Simpfon,  Clairaut,  D'Alembert,  Euler,  La  Grange,  War- 
ing, Bertrand,  Landen,  Hutton,  Sffr.    Sffr.   qui  aut  fcriptis 
Newtoni   illuJlrandiSy    aut  algebra  Itmitibus  latius  proferendis 
fdlcijp.ir.e  opcravi   dederunt.      Curjim  quoque  adjlruitur   brevis 
hiforia  pracipuarum  inventionum  analyticaruniy   ad  levandum 
uifquifnionis  aljlrujioris  tadium ;  Ss»*  notantur  andlores  quorum  ex 
fcriptis  pleniorem  barum  rerum  cognitionem  baurire  licet.     Sfuid 
ipfe  prajiiterim  aliorum  efto  judicium.     Hoc  faltem  pramonitos 
velim  leSloresy  quod  opus  elementarium  metbodo  elegantijffimd  ab^ 
folverCy  analyfi  brevijjimd  Iff  Jtmul perfpicua^  fyntbef  concinnd  ^ff 
minime  opcrosa^  longe  difficillimum  eji.     Un  petit  genie  pourra 
s'imaginer  qu'il  eft  facile  de  faire  un  livre  elementaire  clair 
&  precis — les  vrais  Savans  en  connoiffent  la  difBculte. 

Sauri,  Inftitutions  Mathematiques. 
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4.  I.  -/HiQUATIONES  funt  quantitatmn  aut  fibi  mutuo 
sequalium,     aut  dmul   nihilo    aequipoUeiitium   coi^eries. 
JPriores  appellantur  canonica^  poftcriorcs  originaUs. 

2.  Duobus  modis  confiderandsB  venitint  aequation^s,  \A 
ut  ultimae  conclufiones  ad  quas  in  Problcmatis  folvendis 
-deTcntum  eft,  vel  ut  media  quorum  ope  finales  aequationes 
acquirendse  funt.  ^quatio  finalis  ex  unica  tantum  quan- 
titate  incognita  cognitis  involuta  conflatur,  modo  Problema 
definitum  fit  et  aliquid  certi  quaercndum  innuat.  Mediae 
autem,  quae  problematum  conditiones  defignant,  plures 
involvunt  quantitates  incognitas,  atque  ideo  debent  inter 
fe  comparari  &  ita  connedli  ut  ex  onmibus  una  tandem 
emergat  ^quatio  nova  cui  inefi:  unica  quam  quaerimus  in* 
t:ognita  quautitas  admifta  cognitis:  cujus  r^dtkdione  quan- 
titads  ineognitae  valor  comparandus  eft. 

3.  Propofita  igitur  quaeftionc  aliqua,  artificis  ingenium 
in  eo  praefertim  requiritur  ut  omnes  ejus  conditiones  totidem 
asquationibu^  defignet.  Ad  quod  faciendum,  perpendat 
im.primi8  an  propofitiones  five  fententiae  quibus  enunciatur 
fint  omnes  aptae  quas  termini^  algebraicis  defignari  poifint, 
haud  fecus  quam  conceptus  noftri  charadteribus  grsecis  vet 
latifiis.  £t  fi  ita,  (ut  folet  in  quasftionibus  qux  Circa  nu* 
meros  vel  abftra<^as  quantitates  verfantur)  deinde  nomina 
^uantitatibus  ignods  atque  etiam  notis,  fi  opus  fuerit,  im-- 
ponat*;    &  fenfum   quaeftioms,    fermone,  ut  ita  loquaK^ 

*  AlgehriOflB  antiqiuoret  fblas  qtumcitatefl  mcognitasper  liceras  defignaninc, 
aotas  antem  per  ipfos nomeros,  pota,  A^^iosa"^  UAim  iketaFom  adphabed 
Met  fignomm  antea  adhibitomai  primus  i&troduxiile  icrtor  Btttmf  qui  TraAuntH 
.  A]gebraicum  edidit  anno  1559*  Reccntiorcft  ipero.poft  Fleiam  fere  amnes  deAgnaM 
^qnantitaus  tarn  datas  quam  qusfitas  per  iiteras  ant  ijpeciesy  cum  xnagno  ardc 

A 


analytico  defignet.  Et  conditiones  ejus  ad  algebraicos  tcr— 
minos  fie  tranflatae,  tot  dabunt  aequationes  quot  ei  folr- 
vf ndae  fufliciunt. . 

4.  Quemadinodum  Jt  quarantur  duo  numeri  quorum  fumma 
j^  140,  €t  produElum  3136.     Defignantibua  x  et  j',  numeroft 

quaefitos,  qua^llio  dcducitur  ad  xquationes  x  +  J^  =  140,. 
et  xy  zzz  2^i'}^(i^  Quarum  ope  per  regulaa  mox  tradendas  ^ 
iuveftigandi.  funt;  ^..  et  js .  • 

5.  AmX:^  Ji' quarantur^  tres  numeri    continue  proportionaleSy 
quorum  fumma  Jit  20  =  a^  et  quadratorum  fumma  140  =  ^* 
Sint  numeri  quaefiti  Xy  y  et  2,  et  ex  quaeftionc  prodeunt 
aequationes  ;c25  =  j^*,  x  +  jf  +  2;  =  a^  et  x*  +  jp*  +  z*  =  h.^ 
Quarum^redudUone-eruendi  funt  y,  jr  et  %^ 

6.  Gaeterum  notandum  eft,  folutiones   quaeftionum  ea» 
magis     expeditas   et  artificioias  utplurimum  evadere  qua  - 
pauciores  incoguitas  quaatitates  fub  initio  ponuntur.     Ali-^ 
quando  autem  harum  aliquam  ^x  quaeftionum  conditione 
^iqua    defignare  licebit,  dum  ex    conditionibus  reliquis 
elicientuF    aequationes    quae    in    fohitionem  poltulantur* . 

analytics  emoIuQieato^,  five  laboris  inter*eperaaduin  minuendi,  fire  theorematum  • 
gcnerallum  eliciendonim. gratia.     Hlnc  diftindtionis  ergOt  fonna  Tctuftior  appd- 
liitur    Algebra    nunurofa^  .  rtctnuov  ffeciofa.     At   vcro   Fieia^    eumque  fecuti 
Ougbtredut  aliiqae,  u(i  font  literis  majufculii ;  hodiemt  fere  omnes  partim  brevitatis 
et  compendii-cauosa,  psutim  ad  evitaadam  confufionem  <)u«  aliter  inpraxinon 
raro  extaret,  ex  eo  quod  liters  majusculae  defignandis  figurarum  ^metricarum 
lilieis  tribanntur,  adhibent  minufculas^     Quantitates  datas  diftinxit  Cariejtui  pet. 
literas  alphabeti  ppimas, .  a^  h^  r,-  ^c.  ■  quaefitas  antem  per  ultimas  s,  y^  x,  &c. 
Quantitatum  poteftates  pfimus^uoque  defignavit  iodieibus  tntegris  41*,  a}^  a*9  &c.' 
Quantitatum  radices  dcfignafTe  fertur  jilherHu  Cirardm  indiciUis  fradis,  a^  d^^ 
4|>  ec^  pro  -^a^  ^al^\/^  -  ^N  &c.<  Quantiutet  reciprocal  indicibuf  negatiTis 

nptavic    WalBfiuSf   pro  — , . — ,   — r-»    &c.  .  fcribendo.4i'~',   «""*,    «7"'>*  *c*  ^ 

quiet  nfiim  iDdicnm  indefinitorum  et  furdorum  introdttxit.  Csterum  ex  quo. 
iliTaluit  indicum  numeralium  ufus^  ut  eritetur  confufio*  coefficiemes  numeralea.. 
IkcDs  pirsfizas  funt,  quas  affigebaat  Tetuftiorts  fcrihendo  niininiTn  1^3  pro  j«.  . 


('  3    )  . 
3i'c  in  quaeftione  priorc,  ex  una  condhione  quod  fumma 
quantitatum  incognitarum  fit    140,    unam  dcfignantc  Xj 
^teram  defiguabit  140 — x;  ex  altera  conditione  autem 

elicictur  scquatio  x  x  140  —  x  =z  ^i^6y  cujus  redudlio 
dabit  X.  Atque  in  quaeftione  altera,  ex  prima  conditione 
quod  numeri  qusefiti  fint  continue  proportionates,  exponen- 

tibus  X  ttyj  primum  ct  fecundum,  exponet  ~,  tertium;  ex^ 

reliquis  autem  conditionibus  prodeunt   duac  aequationes, , 

X  +  jr  +  —  =  J  tt^  X*  +  j:*  +  ji  =  ^.      Quarum  rcduc- 

tione  ^,  ct  y  determinandi  funt.  Interdum  etiam  plures 
vel  omnes  quantitates  incognitas  ex  conditionibus  qusf« 
tionum  defignare  fas  erit.     Ut  ex  fequentibus  patebit. 

V 

y.  Etfi  defideratas  quantitates  utplurimuxn  immediate 
quaerere  folemus^  fi  quando  tamen  duae  obvenerint  ambi- 
guae,  hoc  eft,  qua&  conditionibus  omnino  fimilibus  praedita 
funt  (ut  quatuor  numerorum  continue  proportionalium 
duo  ^medii  et  duo '  extremi)  praeftat  alias  quantitates  non 
ambiguas  quaerere,  quas  inter  et  hafce  intercedit  nota  quae-r 
dam  relatio,  quemadmodum  harum  iummam  vel  dii&ren- 
dam, .  vel  redlangulum. 

8.  Nonnumquam  quacftiones  geometrical eadem facilitate 
iiiUcmque  legibus  ad  asquationes  redigi  poflunt  ac  qus  de 
abftraiStis  quantitatibus  proponuntur,  ubi  icilicet  folx  quan* 
titatimi  proportiones  abfque  pofitionibus  linearum  confides 
randae  veniunt.  \5tjidata  quaddni  reSta  in  media  et  extrema 
praportione  fecandajit;  defignantctf  J:e6tamdatam,  etxfcg- 
xnentum  majus,  erit  a  —  x  fegmentum  minus,  eix*=La  x 

iSL— -  X)  aequatio  quae  per  redudtionem  dabit -iX^-  . 

9*  Quod  fi  fermo  quocum  ftatus  quaefliohis  exprimitur 
ineptus  videatur  qui  in  algebraicunr  poifit  verti,  paucis 
mutationibus  adhibitis^  et  ad  f^ifittn  potius  qtiiEim  Verborum : 


(  4  ) 
ibftos  attend^nd^.  »pedieiur  verfiq*  Catenim  m^thodum 
rcdigendi  hujufmodi  prohlemata  ad  aequationes  certis  legi- 
bui*  vix  inflitia>ere  fae  eft,  cum  ex  proprio  cujufque  analyftae 
ingenio  pliirimum  pendeat;  exemplis  fane  et  exercitationc 
^facilius  quam  praecepxis  illuftranda  et  addifcenda  eft* 
Placet  igitur  jam  paucas  inftantias  adjxxngere. 

I  o.  Mtrcator  quidam  nttmmos  ejus  trknie  quolannis  adauget^ 
.  demptis  £^oo  quas  annuatim  impendit  hi  famHiam^  €t  pcjl  tre^ 
r  annas  Jit  duplo  ditior;  quaruntur  nummU 

Plures  latent  in  hac  quaeftione  propofitiones,  quae  omnes 
fie  eruuntur  et  euunciantur, 

.  Mercator  habet  nummo9 

quofdam       -      -     .      -     -     « 
Ex  his  anno  primo 

cxpendit  jf  ICO       .      -      -      * — loo 

Etreliquumadaugct  x— loo    ,       4x— 40a 

.    tri^tp       .       -      -    .  -      -       m  — 100  + five   ^ 2__ 

3  3 

Annoque  fecundo  4^—400  4X — 7<x) 

cxpcnditi:ioo      •      -      •      1 '^°^*^^ -3 

Et  rcliquum  adauget  4jr-^7oo       4X — 700  i6x — 2800 

trientc  '     '     '  3         1"         ^  "^^^  ^ 

Et  lie  anno  tcrtio  cxpcndit      ^     ^^*~^^°^  _  ioq  five  ^^"""^^oo 
£100  '9  9 

Et  reliquum  adauget  tnentc ii IL —  five  — ^-- — 

9  27  27 

Ficqae  doplo  ditior  <|iuim    ^       644KJ-1-14B00  __ 
fub  initio  *  "^  ^ 

Quadho  itaque  ad  jcquationcm — =  w  perdu- 

citur,  cujus  reducdoxie  eruendus  eft  x. 

II.  Ex  epitapbio  quodam  Arithmetico  quaeritur  «as 
Diopbanti  celcbenimi  analyftse  Alexandrim  qui  Anno  ;^6^s 
.circiterfloruic^  et  primias^^es&t  Algebras  fcriptorapudGrasCdsu 

OuTo$  r9i  ifikio^airW  {^  T^i^o^y  f  fu^  Itrnfia. 


(     5     ) 

Ex  <f  i  ydfjioov  iri/jLTrla}  nroLii'^  iTrivevaev  irst* 
Ai  ecY  rn^iO^rov  S'eihov  rixos^  Tn/xicrv  irctTpo^ 

Th  J'e  xflti  It  Tcpvifos  /JLirpov  i\cov  Siory. 
llivSroS  /  au  Triovpecat  Trapnyopioov  tviccvrois 

T;:  Sc  -nr-^tr^  aoipfvi  ripjx  eTipmcre  Cm ; 

Indicat  iitique  epitaphium,  Diopbantum  fextam  aetatia 
partem  egiffe  puerum;  partem  inde  duodccimam,  puberem^ 
completa  aetatis  parte  feptima  poft,  uxorcm  duxiflc.;  inters 
je<flo  autem  quinqueimio,  filium  genuifle;  qui  femifTcm 
paternac  aetatisquumattigifretydiemobiit  fuprcmum ;  patrcm 
vero  quadrienmo  poft,  fatx)  quoque  ceffiffe.  *QuaE:ritur 
igitut  Dlc^banii  setas*:  five  in  gencre,  qu^ritin-  numerus 
cujus  parcel  fexta,  duodecima,  ftptima  adjundo  quinarics 
ct  femiflis  adjundlo  quatemario,  fimultonficiant  totum.  Sit 
Humerus  quaefitus  ^,  ct  habebitiir  aErquatio  ix  +  l-ix  +  \  9c 
+  54-i^  +  4  =  v,     Cuju$  rcdu6lione  eruendus  eft  a?. 

12.  Quod  fi  quaeftioipfisi  emne$  conditiones  quas  in  folu* 

^onem  poftulantur  non  iuppeditet^  eroivendae  funt  quaQti- 

tatum   turn  datarum  turn  quaefiiuinim>reIatione$,  quoquo 

modo  compertas,  fi  quas  aptae  iintequatioiiibus  ritepariendi$« 

Hoc  padlo  etenim  problemata,  quae  primo  confpedlu  info- 

lubilia  videntur^    praefertim  in  ^y/kis  vd  mixta  matheft^ 

haud  raro  folutionem  fubire  coguntur.  Sic  opificis  fraudem, 

qui  furatu8  eft  partem  aliquam  auri  quod  corona:  votivae 

conflandas  gratia  ei  commifeFat  Ktera^  et  argento  fubfti- 

tuto  coronam   jufti   ponderis  fabricavit,    neutiquam  de- 

"tcdfiet  Anbiffudesy  rege  jubcutc,  ex  datis  tantum  coronae 

ipfius  pondereet  mole,  ni  pondera  fpecifica  auri  et  argend 

■  inib^r  in  computum  adfciverat''.     Uti  pofthac  oftendctur 

*in  redu<5tion6  problematum  indeterxmnatorom* 

^  Vide  FUruviHmf  lib.  9>  c.p 

B 


(  S' ) 

pj.  Sr  ex  quseftione  utcunque  elicicndae  funt  tot  sequsr— 
I'ioaes    quot  habet.  incognitas^    quantitates,     detenninata< 
erit,  ct  folutionem  praebebit..    Quod'  fi  conditionibus  dcfi- 
cicncibu^,,  pauciores   dentur   agquauones  quam  incognitas- 
qiiantitates,  quieftio  indcterminata  erit,  Vel  quodam  rcfpedlu- 
v^l  abfolute;  Qt  modo  complures,  modo  innnmeras  foitie- 
tur  fbhitiones-.     Ut  ^  qtuerantur  duo  numeri  x  et  j  quorum 
Jhmfuajt  110.,    Defignaiite  x,.  9;  erit  j^  =  i,   defignante  x^. 
fi;.erit/=:2,  &c.  et  inde  novcm pi;odeunt  fohitiones,  fi 
dc  numeris  integris  et  pofkivis  agatur;  ixinynicrae  ?Liitcm, 
ft  de  fradlis'  vel  negativi^.     Contra^  fi  faiuHciantibixs. con- 
ditionibus,  plures  habentur*  aequation^s  quam  incognita? 
quantitates,..  qua&ftio  quafi  pluiquam   determihata  evadet^^ 
€t  conclufio.  erit  abfurda  fi  inter  fe  diicordcnt  conditiQues, , 
aut  inepta .  fi  non».    Sic  quafitis  duobus  numtrii  quorum  Juftma^^ 
Jit  iy, differentia  2^  tt produRum  12;  Sint  numeri  y,  et;  8  —  x;  ; 
eritquc  A?  —  2=  8  —  x.  Adeoquc;^  =  5,  et  alter  S  •— :  x  =^. 
Sed  per  tertiam  conditioncm  produ^um  5x3  feu  15  =r  12 
quod  abfiirdum*..,  Et  fi'  haec  fuiflet  conditio  ut  produSumft 
15.;  inutilis  evaderet,.  quippe  quss.  ex  caet^is  pendet,  ct 
aequationem  identicam  feu  inq)Cam  15  =  15  parit. .  Atque  : 
hoc  pacflo  fane  detegentur  quiaeitionum  conditioner  attt  ab 
ihvicem  pendentesj.  aut  inter  fc  diicordantes^;  ubi  jfeilicet,.^ 
opere  riteinftituto,  ad  asquationcm  idtnticam  t«1  abfiird^m . 
devenkxiF.. 

Dk  Dim  £:N  si  on  lBU»r  jE^^u  atiokum- 

14.  DhnenfioBes  acquatio&um  ad^q-uai  in  problematls  - 
fdlveadiB  deventum  eft,  «:  maxkoa  dinobenfione  ^uantitatis 
incognitae  as^mantur^  nuUo  ref|>e^  ad  quantitates  cogiu-^ 
tas  habito,  necad^tenDatnosuiteroMMiios.  Sic  aequatio  zx  + 
/*  X  +  J  5?  -H  5  +  4  ^  +  4=  X  eft  fimplex*  feu  primi  gra-j- 
du8,   140  X  —  X*  =5  3136  quadratica  feu  fecundi  gradus, .: 
&fic  deinceps..   Et  fi  aequatio  plures  quar.titates  incognitas  ^ 
£t>ftiatur,,  gradus    hujus  perinde  q^oque  xftimantur .  ex. . 


(    7    ) 

na^ima  diasLc^iiiQne  ejufdcm  aut  plurium  g^iaadtatupfi  ^f>cog- 

idtarura.  Sic  xj  -=  3 13$^  et;w*  +4^^^  +  4?  fl^t A  fiiqt  quadw^ 

ticae,  ATj^s  +.x*  =  ^  cubica,  ^  8cc.-   Problcma  infccjueHS  ad  • 
aBquationesquoixupque diipeniiQ^  > ,,  - 

15..  Vir  quldani  nufhmcs -SL\iif  ikifCtkhrdUi^iiiip^^^ 
vsro  bac  nonfuccederety  ft  expedire  cupit  fubjinc  anni  primi  ;lit 
tail  occafionc  710%  obhtay/ohi mgmt  nj^Jui^^nc^i^it^^ 

annijaSuram  re'deuntibus  aepcrit.h.  .  S^^^arttur ^damnu^  j^tf^ 
projin^ulis  >C  1 00  quotannis  f ! 

Sit  X   damnum'  quaehcum;    et?   iDtlitucndo  aiic^^jyigj^,  m 
(100  :  100  —  X ::  ^i  :)  j  X  '^^*  five  ^  ^  i  —  ^*-J   expo-  • 
net  mercatoris  nummos  pofb  primi   anni   ja<5hiram ;    ct 
continuando  analogiam,  (100::  joo— x  ::  a  ^  ~^~   •  ) 

a  X  '^  ~  y  five  a  x  i , ^        nummos     poll    fecundi  ^ 

anni  ja<fhu:am;.  fimilitcr,  ,tf  ^  x    1 .;— .  -11      nummos     poft 
anni  tcrtii  jadUram;  et  in  gcncre,  ^^^  i  ^—  J^J     nmnmos 

ppfl  anni  iv  jadhiram...  Elponct  item  « 'X  i  — -  —     —  b  ' 

mercatoris  nummos  iub  fine  anni  cujufque  poil  primum.  . 
Pofito  igitmr  ilium  a  mercatura  folvi  iub  fine  anni  fbcundi,  , 

aequatio  quadratica  a  x  i ^|  =  a  Xi b^  . 

per  reduftionem  dabtt  x;    fub  fine^anni-  tertii,  aequatio  ^ 

cubical  X  1— j^j'  =ax  i — -^  — .  ^;   ct  fub  fine  : 

amii  n,    aequatio  n'    gradus  a    x    i  -*    —  •    =:    a  ,  x 

— — ^^—  I00| 

»  —  ,^  —  K  per  rcfoluuonem  4abk  m,  • 


(    8    ) 
i6.  His  prae£3LtIs  de  natura  ct  dimenfiohibus  siquationum 
ad.quas  problemata  deduci  debent^  inftituenda  eft  earum 
analyfis.    Tradcmus  itaque  modos^ 

L  Condnnandi  aequationes  qnotcunque  dimcnfionum; 
et  reducendi  quadradcas,  aliafque  ordini  quadraticaruni 
adfcribendas. 

11.  Ex  mediis  pluribu8  in  fe  coUatis  eliciendi  finales 
aequationcSy  et  reducendi  indetcrminatas  primi  et  fecundi 
gntdus. 

m.  RefolTendi  finales  xquationes  quotcunque  dimen- 
fionam«     .     . 


-    X 


-ANALYSIS    JRQJJATIONUM. 


•P    A    R    S       PRIM    A. 


'De   COKCrNKAKJ)A   i£QUATlOKS   SOLITARIA. 


1 7.  Quoniam  quandtates  incognitse  quas  referunt  aequa- 
tione^  co^^nitis  involvuntur  per  varios  modos  additionis  vel 
lubduiftionis^  multiplicadonis  vel  divifionisy  involudonis 
vd  evohidoms';  necei&  eft,  ut  per  operadones  iis  concrarias 
<niibus  cum  cognitis  implicitse  fuerunt,  cxtriceatxir  et  cxpe- 
diantur.  'De  ordinadone  &  redu(5tione  igitur  aequadonis 
ibiitarise  in  fequendbm  regtiHs  agetur ;  qux  hoc  pendunt 
priDcipiOi  quod  fi  qBantitc^bua  quibuflibet  fibi  mutuo 
aequalibus  addantur  vel  auferaiittu:  sequaleSgi  muldpliccntur 
vel  dividantur  per  aequales,  involvantur  vel  evolvantur 
sequaliter,  manebit  adhuc  quandtatam  per  has  operadones 
re^candnm  aequalitas, 

1 8.  Reo.  L  ^ermni^quationimfccundum  dimenfiantsinci^ita 
quantitatis  in  orSntmJtmper  redigtndlfunt.  Ita  fcilicet  ut  pri- 
mum  occupent  looim  in  quibus  incognita  quandtas  eft 
plurimarum  dimerCfionum,  et  fecundum  locum  in  quibus 
ea  eft  una  dimenfione  minor,  et  fie  deinceps }  ad  normam 
fequenttum :  in  quibos  ic  dcfignat  quantitatem  quacfitam; 
/» ?f  ^9  ^9  ^li^*  quafcunque  quantitates  ex  quibus  determx- 
nads  et  cognitis  edam  x  determinatur,  et  per  regulas 
infequentes  erui  poteft  valor  ejus  fi  fit  unius  aut  dlujrum 
^dtmenfionton,  five  maxima^  poteftatis  cgus  fi^phxrium. 


(       lO      ) 

x^^=p9C    +  qj  X*  —  px  —  y  =  Oi 

x}  =  J) AT*  +  jAT  +  ri  x^ ' — px^  -^  qx  —  r  =  ^, 

x^=^px^  +  qx*  +  rx  +  /,,        x^  —  px^  —  qx*  —  rx  —  s=^0jy 

19..REO.  \\-.  Siqnajiint  quantitatcsqua  fe  mutuo  defirucrcy^ 
vel  per  additionem  aut  fubduElionem  coalcfcerc  pojfunty  termini: 
perinde  minuendi  funU 

Sic  §  1 1,  scquatio -tfc  ==  Jir  +  tV^  +  7^+5-+  Vx  +  4,.  ad- 
dendo  partes    x   et  numeros  integros    rcfpedlive,    pradit 

X  =  -g^  +  9^.  et  fubducendo  -g^^  utrobique,  |^  =  9»  Sic 
fl* + X  =  ^*  +  ^,  dcleta  tf *  per  fubdudlionein,  dat  x = ^;  Sic 
quoque  \<48t=  x  —  V^tJ*  dat ^  ==  V48  +  V^J^ 4 VT+  5 
v^F=  9  v^F- '  Itemque  V  48^^ — x  =  \/4|?S"dat  x  ==  V  48^ 
—  V'j?^^  =  4/1  VpT —  %  a  V'2^  =  y  tf  Vifc .  Ad  hanc 
igitur  reguUm  referri  debet  ordinatio  termihorum  aequa- 
tionis  quae  fieri  folet  per  tranflationem  ad  partes  contrarias  > 
cum  figno  mutato. . 

•  • 
ao.    R^G.    III.'  Siqua  compdreat  quantiths  per  quam  omnes 

aquationis  termini  multipUeantur^  debent  omnes  per  Ulam  dividi^; 
vel  Ji  per  eandem  quantitatem  omnes  divldantur^  debent  cranes 
per  iUam  multiplicari. 

Sic  i5i*=,24a^+3i*vdiYidendo  per  3^  et  tranipoiiea*- 

do,  proditx..=  5^  «— 8a*.    Itemque,.-^  —    ^'T*'"  '^ 

— V«'*  — 4fl'**+4tfP,^  umltiplicando    per,  r, .  et    tranipor  " 
nendo,    dat  x  =\/i*3-  +  4/«3*_44»*»  +  4a4J  =  *  Vii  + 


(  "  ) 

21.  Aliquando  reduSio  inflkuipoteft  dividendo  aquattonem  per 
compojitam  aliquam  quantitatem.  Sic  j^'=  b  —  %cy^  -h  ^bcy — 3  V, 
transferendo  omnes  tcrminos  ad  eandem  partem^  et  divi- 
dendo per  y—^by  dat  yy  +  2cy  —  bc  =  o.  Dc  inventione 
hujufinodi  diyiforum  perutili  poflhac  agemus. 

22.  Hoc  paffo  tottt  pojfunt fraBiones  ex  aquationibus.  Multi- 
pUcando  fcil ;  omncs  terminos  per  uniufcujufquc  dcnoini-« 

«?•     i_  1^-  A    r                      •         ^4* — 14800 
natorem.     Sic  Jaabita  §  10,  aequatione — =  2x, 

muldplicando  per  27,  ct  tranfponendo,  prodit  iox^=  14800. 

13.  Reg.  IV.  Si  maxima  poteftas  quantitatis  incognita  mul-- 
tipUcetur  vel  dividatur  per  cognitam  quamlibet  quantitatem,^  de^  - 
bet  tota  aquatio  per  eandem  cKvidi  vel  mubiplicari. 

Sic  asquatio  novifliina  iojc=  14860^  dividendo  per  lo^  . 
dat  x=  1480,    qui  udque  ezponet  Mercatoris  nummos 

f  10,  ut  et Jucrum.,    Itemque  aequatio^  ^9^  fj  =  9»  ^^^^ 

dendo  per  -^  fit  ^  =  84.     Vixit  igitur  Diopbantus  84  an*-  • 
nos.     Et  fi  ^abeatur  >/ iHaP  x  =  6^l^*    concinnando  pro- 
dit x=   V^Y^T"  =^^2^-     Sic  §  ly^.aequatio  quadratica 


100' 


n^x  f  I -^.  =^x  .1*.—^  JLy^by  qjijadfaado   >. 

et  ordinando,  prodit  x^  —  loox  =  — ^^  loooo    -.  Et  aequa-  - 

"  » '  ■  I  t  j  •      i  3'*  •  i. — *^.  ,         ■  ;  ■      '     • 

.tio  cubical  x*^  i— ►  ^»:»^^/XMi;f-^r^  -^^ii,  »   concia-^ 

.     too  100  -.  " 

nando  prodit  x^  —  300  V.  -h  2oooo;v^p^  looocoo  -^ /^t  fic^ 
deinceps.  •  . 


tort  repinatur  htcognita  quaxtitas^  onmex  ofuatioms  temniii  per 
i/tum  dcnoTmnatartm^  mt  ptr  alitpum  dhiforem  ejus  mtdtiplUamdi 


a  X 


Sic    aequatia  ^-;^  +  b  =^  x^   multiplicando  per  a  —  x 

ct  tranfponendo  prodit  x-  =  hx  —  ab.    Et  ^^  =*=  ^  .^_^ 
multiplicando  prima  per  x^^  deindc  per  a  +  k —  x  cvadit 


25.  Rt^G.  VI.  StcutJurdaqmnHtaHifreducibilihi>oh^ 
quantitas  incognita^  cateri  ofnnes  tennini  ad  pattei  coiti^aricis 
transferendi  Junt^  et  utraque  aquationis  furs  in,fe  fhx^I  muki-^ 
plicandafi  radix  quadratica  ^/,  vel  bis  ft  ftt  cubica,  fefr^ 

Sic  y/a*  —  ax  '^a^^x  . tfanflati^ ' i?  •  ad  jdc^anft  p'arfiftift 
fit  y/ a^  —  ax^=^pt  —  tfy  cc  qtiadraris  partibus,  a*  -!^atOr?=^ 
X*  •—  2  tf  V  +  ij*,  et  concinnando,  x  =  a.  Sic  edam 
V  3  :  a^ft  +  zax^  —  H^  =tf  —  y,  partibus  cubicc  multipli- 
catis  evadit  a* x  +  aa x*— x^  =  a^  —  3 a*,x  +  3 /i x*  —  x% 
feu  X*  =  4  tf  X  —  ^i*. 

26.  Reg.  VIL  ARquando  reduStio  per  t:6traSioftem  radick 
ex  utraque  aquationis  parte  inftituitur. 

Quemadmodum  fi  habeatur  xquatio  pura  y*  ==? 
}  fl*  —  ^%  extradla  utrobique  radice  prodit  x  =  V'  J  ^ *  —  *•• 
Quod  fi  habeatur  x*  +  /i*  =  2  ^  x  +  ^*,  transfer  2  ^j  x,  et 
cxurget  quadratum  exuna  parteperfedhimx* —  %ax + « •=^, 
extradlifque  partium  radicibus,  x —  a  =  bj  feu  x  =  ^  +  ^^ 
Sic  etiam  x'  —  12  x*  +  48  x  =  98,  demcndo  utrinquc  64, 
exhibet  cubum  ex  altera  parte  perfc<Ehim^  fcil  j  x^  —  1 2  x» 
+  48  —  64  =  34,   extradlifque    radicibus    cubicis  par- 

dunii  prodit  x-«  4  =  \/34  five  x^=  4  +V3A* 


t  13  ) 

:a7.  Kjasteniin  dDqaationfis  ad  quas  in  probletaontis  folveiKUs 
^eventum  eSt^  raro  puras  auc  perfedlas  poceftates  exhibent 
ex  ifta  aequarionis  parte  ad  quam  transferendi  funt  termini 
^ui  quantitatem  ancQgnitam  aut  ejus  dimenfiones  continent, 
.quales  jam  pofuixnu^.  Formam  utplurimum  imperfedlam 
induunt,  deficientibus  nimiruxn  uno  pluribufve  terminis 
qui  quadrato,  aut  cubo,  &c.   complendo   inferviunt,    ut 

§  23,   aequatio  quadratica  x*  —  100  ^  =  —  loooo  7,  et 

cubica  x^  —  300  x^  +  20000  x  =  1000000  7*    Metho- 

dum  generalem  quidem  reducendi  sequationes  bujufmodi 
quadraticas,  quas  adfeStas  vocant^  (quia  praeter  quadratum 
inc^nitse  quantitatis,  iimplici  quoque  ejus  poteftate  adfi- 
^Qncur}  jam  docebimus ;  veruu  xaethodus  generalis  refol** 
vendi  ^quationes  altionun  diixtenfionuni  per  evolutionew^ 
adhuc  deiidciracur. 

De  Reductione  jEquatiottum  Quadraticarum. 

28.  Si  Jiabeatur  ^aequado  pura  x^  =  q^  (ubi  q  defignat 
quanticatem  quamcumque  cognitam,  five  iimplexfuerit  five 
compofita)  extrada  utrinque  radice  prodit  +  ^  ==  +  \/^ 
five,  fi  explicetur  hare  forma  compendiaria,   +x  *=  +V^ 
+  X  =«  —  \/"5,  —  X  =  +  V^,  vel  —  X  =  —  \/7-  At  ex 
his  quatuor  valoribus  Xy  tertius  tranfponendo  revocatur  ad 
fecundum,  et  quariais  ad.jn-imum;  fiiffick  igitur  fi  affirma- 
tive tantum  ponatur  ^  «  bini  ftatiiantur  valores  q'us,  fcil ; 
+  y/'q  vel —  V^  Quod  in  fequentibus  quoque  obfervandum. 
Jncognitam  veroquantitatem  x^  extra Aa  radice  quadratica 
jdupUoemibruri  valorem,  ^quutn  .eft .;  quoniam  enim  quan- 
titatis  five  afiirmativac  five  negative  quadratum  eft  fempcr 
.affirmativuin,cconverfo,  quadratiaffirmativi  radixpoteft  eile 

D 
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a£Srmativa  vcl  negativa.  2*"*.  Sit  x*  =  —  j',  utcrque  valor  x^, 
fcilj  +  V^f  vel  —  \/^  prodit  impoflibilis;  cum  quadrat! 
negativi  genelis  fit  impoffibilis. 

Hinc  in  xquatione  quadratica  pura,  binas  exlftunt  ra* 
dices,  feu  bini  valorcs  quantitatis  incognitas,  quae  eradent 
fimul  realcs  fi  j[  fit  affirmativa,  et  fimul  impofiibiles  fi  ^  fit 
negativa. 

29.  Quod  fi  habeatur  a»][uatia  adfedfca  x*  +px  z=a,  (dcr  - 
fignantibus  p  etq  quantitates .  quafcunque  cognitas)  con- 
ftat,  membrum  x*  +pXj  a  parte  finiflra  a^quationis,  impcr- 
fe<£tum  exhibere  quadratmn  binomias  x  +^^;  quae  utique 
quadrando  parit  x*  +px  +  ip^.     Utrinquc  igitur,  a  parte 
finiftra  ad  complendum-quadratum,  et-  a  parte  dextra  ad 
fervandam  membrorum  azqualitatem  addatur^/V  (quarta 
pars  quadrati  coefficientis  fecundi  termini,).  ^  ct  prodibit 
X*  +  px  +  ip*  =.ip*  +,qy^  ct.  extraijla  .  utrinque  radice,  , 
x  +  ip=:±  Vi^*  +  ^,  et  tranfponendp,  x=:-^ */ +  Vj^* + ?•  • 
Et  fie  univcrfaliter;  Si  Jit  ^x*  zzi.px^  9%^^  *=^*  i  /  *  >/  ip**  f  •  . 
Uii  i  p  &  q  iifi/em  Jignts,  ac  ^^  qi/r  ^tquationc  prior c  qfficiend^  - 

funt^  fed  i  ^'fmpcr  affirrnativt^p(mnd»m^    Eftque  hoc  exem- 
plum  Regula.ad  cujus  fipiilitudinepo^  aequatlones  omnes  ; 
q^adratic^  adfe(5l3?  ad  fprmam  ^mplicium  r^uci  pofiimt.  . 

30,  Hincv.variantibui  fignis  p  et 'f,^quatuoF  .prodeuQt : 
quadraticarvimformulac^^/'. .  Scilioet,^ 


*  Hxc  methodus  complendi  qoadratam  mipeciebos.  ad-qoadraticamm  redue- 
tioneniy  extal  in  opere  primi  fcriptoris  ralgebraici  Lnc4  it  Burxo^  cui  tituks 
Summa  de  AriibmOica  et  Geometriat  impreflo^.  Anno  i494f  atqiic  JteruxQ  Anno 
1523.  Hic  tre^  formulas  priores  infequentibus  verfibus  femibarbaris  ezpofuit : 
in  quibos  Pii  tXraJix  defignant  pn;  tcnjut^  «* }  numtnu !tX ir9chm0%  f*  ■ . 


(     IS    ) 


ILi.«— /*  =  +y     .    -     |f  =  +  {/  +  ^/i/>*+y    -    =+S/^\/i/*+f 


UL«»-/*  =  — y     *  =  +  J/  +  ^i/>*-f   -    -  +  i/  — -/ir— f 


IY.x«— /*  =  — y     .    -     *=  — 4/  +  ^j^*_y    .   =— 5^  — ^i/*— f 

In  formulis  I  et  II,  ubi  quantitas  abfoluta  q  eft  affinna- 
ma,  crit  ViP*+9  major  quam  {s/Jp  =-)  »/,  et  proinde  ra- 
dix prior  in  utraq^e  erit  affirmadva,  et  pofterior  negativa. 

In  formulis  in  et  IV,  ubi  q  eft  negativa,  fi  fit  minor  quam 
ip\  crit  V J^**-r  affirmativa,  et  minor  quam  4/;  et  proinde 
in  III,  eradecutraque  radix  affirmativa,  in  IV,  utraque  ne- 
gativa. Si  fit  aquaUJ  i^*,  evanefcet  Vi/*— y,  et  binae  ra- 
dices in  utraque  cyadent  asquales,  feu  coalefcent  in  unam. 
Et  fi  j^  fit  i»^or. quam  J/*,  erit  i/* — q  negativa,  et  y/ip^—q 

impoflibilis  ;  et  proinde  binae  radices  in  utraque  formula 
evadent  impofitbiles,  quoniam  haec  quantitas  impoflibilis 
earum  compofitionem  ingreditur«  . 


X.  Sires  tj'eenfiufiumiro  coeqmantWi  a  rebut   .  px,4"**=^'    * 

DhmJ&o  fumptQ^  cenfum  prcducere  debts 
Addereque  numerPf  eujus  a  radiee  toiisns 
ToUe  femls  rerum^  Cfnfus  iatufqut  rediUt.  -- 

2,  Et  fi  CUM  rebus  dracbnus  quadrato  pares  futfty  '-  q-f-px  =  x*. 
AdJe^  ficui  primoj  numerum  produSo  quadrato 

E  rebus  meSisy  bujufqut  radlce  recepia^^- 
Si  tebus  mediis  addes  cenfus  patefiet. 

3.  At  fi  eum  smmero. ra£ces cenfus  squabit,    j  x'4^q=pr, 
Dracbwuu-a  quadrato  denu  rei  medietatlSf 

Hufus  quod-'JuperH  radktmadde  traheve  • 
A  nhus  mtdSit  fie  cenfiu  cofitt  notefcet^    . 

(3laartam  fontnolam-non  admtierunt  •▼etuftiores»  utpote  qusr  ambos  val/)re%  x 
pofttnegadTOS,  ul  mox  videbitur,  aegativos  aatem  vsdores  prg  falfis  habuerunt.  ^* 


(     r^    ) 

nine  quoque  in  omm  aequadone  quadratica  afieda,  bU 
nae  exifhmt  radicies  feu  valores  quandtads  incognitas,  quas 
evadeat  ^GmxA  realea,  ubi  ^  fit  affirmadva,  aut  nbi  fit  nega- 
tiva  6t  non  major  faltem  quam  ip* ;  nam  fi  major,  evadeat 
fijaml  impoflibiles* 

De    RADICIBUS   JEQUATIONUM    QUABRATICAItirM^ 

31.  Ex  radicibus  ieu  Taloribus  qaandtatis  incognitas 
rcalibus,  affirmativi  defignant  in  gencrc  qnandtates  additi- 
tiasy  negativi  ablatitias.  In  quaeftionibus  profedlo  foivendis 
quae  circa  abftra^tas  quantitates  verfantur,  ubi  nulla  fil:  re« 
rum  contrarietas,  negliguntur  negadvi  ▼alcu'es  quafi  inu- 
tiles,  et  affirmativis  tantum  locus  conceditur.  Atque  Jxinc 
quidem  ablegabant  Algebriftae  vetuftiores  (necnon  able- 
gant  etiamnum  nonnulli  hujufcc  aevi)  radices  ncgadvas  fe- 
cundas  ct  terdas  formulae,  et  quartam  omnino  formulam. 
Verum  in  mixta  Mathefi,  ubi  oppofido  quaedam  inter  quan- 
titates de  quibu«  agitur,  incidere  poteft,  Tclut  in  motu  lo- 
cali  inter  progreffum  et  regreffum,  in  rebus  bumanis  inter 
bona  et  debita,  in  phyficis  inter  attrafdonem  ct  repulfio- 
nem,  jure  admittendae  fimt,  utpote  quae  ad  cafus  quaeftio- 
num  datis  contrarios  refpiciimt.  Negativarum  naturam 
primus  perfpexiffe  videtur  acudfiimus  Cartejius^  qui  primus 
Jiarum  ufiim  in  analyfin  &  geometriam  introduxit. 

32.  Ex.binis  radicibus  affirmativis  tertiae  formulae,  baud 
raro  condngit  quod  una  tantum  quaeftioni  unde  elicitur 
folvendae  refpondet;  nam  quadratum  x* — px  +  ip*  ambi- 
gue  pariet  radix  x  —  \p  vd  ip  —  x^  prout  x  fit  major  vel 
minor  quam  ip.  Unde  ex  binis  Taloribus  per  cxtradlio- 
nem  prodeundbus  major,  fcilicet  \p  +Vi/*— ^  defigna- 
^it  X  in  priore  cafii,  minor  ip  —  ^if^^  in  poftcriorc* 


(  »r  ) 

Qtetxtnm  in  qnaifUone  ad  kujufmodi  sequationem  perdu- 
cente,  faepe  ex  profeflb  yel  tacite,  definitur  quanta  ££  x  re« 
fpedu  ip. 

33.  Radices  impoffibiles  propria  nfec  funt  affirmatirs 
aeque  negativse,  licet  fub  utraque  Forma  delitefcunt.  In- 
dicant profedo,  quasftiones  unde  nafcnntur  folutionem 
prorfus  refpucre.  Et  dari  quidem  radices  faepe  impofli- 
biles  squum  eft,  ne  calus  problematum,  qui  fepe  im- 
pc^biles  funt,.  exhibeant  poffibiles.- 

Hxc  omnia  de  quadraticis  abftraifte  jam  pofita,  ex  pro- 
blematum  infequentium  folutione  luculentius  patebunt. 

r   R    O    B.      L 

^^.Vwquidam  nummotVi  in  mercaturam.mpcndit^  quum  H)tro 
bic  nonfuccederety  fe  expeskre  €Upit  fab  fine  mnnt.primi  ;  at  oc^ 
cafione  non  oblati^  filvi  nequit  nifi  fab  fine  anni  fecundi  :  quo 
tempore^  ex  nummis  pd/i  primi  anni  jaSiuram  redeuntibus  deperit 
b.     ^aritur  damnum  ejus  pro  fingulis  jQi  00  quotannis. 

Defignante  x  damnum  quaefituin,  deventum  crat  §  15, 
ad  aequationeni  ax  i  —  7^}  =^  ^  x  i  —  -j^  — by  quae  con- 

cinnando  prodit  ^*  —  1 00^  =*=  —  loooo  — .  Et  complendo 
quadratum^  fecundum  Regulam  §  29,  erit  x^  .-^-^  locx 
+  2500  =  2500  — •  loooo  —  =  2500  X  I  - — 7  .      et      cx- 


trada  radice  quadratica,  x  —  5o  =  +  5o  Vi  —  v-   adco-- 
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ExEMPL.  i'^\  Sit  bzdam  radone  i  ad  41  feu  6  ad  25; 

erit    -  ==  -  et  \/i— ^  ===  VT^^  =  t.  Adcoquc  ic  =  50  + 

j^o  X  I  =  60  vel  40.  Ex  his  vero  uterque  quaeftionem  folvct. 
Nam  fi  fumatur  x:=z  60  per  cent,  pofito  quod  a  fit  >Ci  00000^ 
fecundum  proportionem  allatam  debet  efle  b  =  £2j\ooo. 
Caeterum  mercatoris  damnum  fub  fine  anni  primi  prodit 
jC6oooo,  refiduum  igitur  fit  ^40000 :  ex  quo  b  feu  dam- 
num fiib  fine  anni  fecundi,  prodit  /'24000,  ut  ssquum  eft* 
Et  fi  ^= ^opercent.  erit  damnum  fiib  fine  anni  primij^*40,ooo 
Qt  refiduum  £60^00 :  adeoque  b  =  ^24,000,  ut  antea. 
2'*''.  Sit  ^  ad  tf  in  ratione  i  ad  4;  evanefcente  jam  +  50 

Vi— —  prodit  unicus  valor  x^   fcil;    50^   qui  quxftioni 

fblvendae  refpondet;  ut  conftat.  3^***.  Sit  ^  ad  ^  in  ra- 
tione I  ad  3 ;   prodibit  x  =  50  +  50  \/^^,  uterque  fcil ; 

valor  X  impofiibilis.  Qu^d  -indido  eft  Jiunc  qusellionis 
cafum  neutiquaniiefie  folveudum* 

P     R    O     B.       IL 

35.  Lapide  in  puteum  decidente^  ex  fono  lapidis  fundum 
percutientisy  altitudinem  putei  cognofurt. 

Sit  altitudo  putei  Xy  et  fi  lapis  (negledlS>aeris  refiftentia) 
motu  uniformiter  accelerato  defcendat  per  fpatium  quodli- 
bet  datum  a  (puta  16,122  pedum,)  in  tempore  dato  b 
(unius  fcil;  minuti  fecundi,)  et/onus,  (cum  percurrit  1 142 
pedes  in  tempore  unius  minuti  fecundi  imotu  uiiiformi) 
tranfeat  per  idem  datum  fjpatium  a  in  tempore  dato  d; 

Japis  defcendet  per  fpatium  x  in  tempore  ~L ,     (nam     ob 

tempora  defcenfus  gravium  ut  radices  (patiorum,  erit  hoc 
itempus  ad  tempus  datum  b  ut  Vlr  ad  Z"^,)  fonus  autpm 
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qui  fit  a  lapide  in  fundum  putei  impingente  afcendet  per 

idem  fpatium  x  in  tempore  —.    (Erit  cnim  hoc  tempus  ad 

tempus  datum  d^  ob  motum  fbni  uniformem,  ut  fpatium  x 
ad  i^atium'j.)  Ex  horum  temporum  fumma,  conflatur 
tempus  a  lapide  dennlTo  ad  foxn  reditum.     Hbc  temput  ex 

bbfervatione  cognoici  poteft:  fit  ipfum  /,  et  crit  -^  +  7 
=  A     Ac    -^    =/ —  ~.     Et  partibus  quadratis,    — 

=  /* —  +  -~.  Et  concmnando  x"  ==  — j^ —  x ^• 

Et  indc  ope  formulae  III,  conferendo  ^"^  j^  cum  /,  ct  ^ 
cnm^;  eradet  4  /—  — ^-  i/  —  7= ^^Ji 

7^  "~  4d^  —  4d^  IF 

X  ^+4*.     Et  vj/»— y  =  ^  v**+4ift.  Adeoque^= — ^^ — 

+  ^  >/F+4dt.     Caterum   altitudo  putei  ^  duplex  effe 
nequit,    banc  igitur   exponet  miuOT  radix  feu  valor  ^, 

,  adt-^-lab*  ah       .         I^k/TT         dtt 

Icilicet    — ^^~ ^,  v*»+4i/.    Nam  tempora  -^  et -7 

^x  hypothefi  fimul  conficiunt  /  tempus  obfervatione  com- 

'  '      '  '         ■      dx 

ipertum^  lerit  igitur  tempus  —  feorfim  minus  quam  /,  fire 

•^•^  minor  quam  ^  j  quod  iiihoc  cdfu  ita  fchabet.    Liquiet 
cnim  y/t*+4dt  cSc  majorcm  quam  3;  finge  ae^qualem  b  ^  c, 
^-eritque  ^x^  =^       a^  ^^ ^  ^+^  =^  !      /' ^ 

adt — ^abc  .      ,  .  ^  ^^      tf ^/ .       tff 

-=  — ji —  et  promde  x  minor  qila'in  "^^  =  j* 


(    ^6    ) 

3€.  ExEMPL.  Sit  tempua  obfervatidAe  com'pertum  a  U^^ 
l^de  demHTo  ad  foni  reditvuhi    quinqtie  minutorunx  fe* 
cundorum,  feu  /=  5".     Adcoquc,  cum  a  =  ped.  169122. 
i=:i^'.  et  ^/ propter  analogiam  =,01411 7".  (nam  ped, 
1 142  :  ped.  i6,i22  :;  i'' :  ,014117'^)  evadft  o^  =16,122 


X  5  X  ,014117=  I,  .13797137-  »^*  ^  8,q6i.  et  — ^ 
=  46158,79.     Erit   quoque  3*4-4//  =  i>^8234.    \/*"hV^ 
=  1,1324.  ^  =  40448,  6s56.jji  Vi^+AJi  ^  45804*057 

Et  promde,      ^^       — ^  V^"+4*  =  354,  733  ped. 

Altitudiiiem  putei  re^e  ftatui  ped.  354,  733.  fie  probare 
licet.  Tempera  3  V?L  ct~  per  hypothe&i  fimiil  aequati 
debent  /  five  quinque  minutis  fecundid.  Sed  x  =  354,73^- 
7  ==  22,0030.   et  Vi.  id  eft,  ,b  Vl  =4,69".     Eft  quo- 

q^e  dx  =^  5^00776.  et  7  ^=^  ,3  !"•  -  Et  prpindc;  b  .V  ^  + ,  -  ^ 
=  4*69".  +i5i^  =r., 

'37.  Alter  valors,  fcilioet  — jv— -  +  -^  V4*+4*     alio 

fatisfacit  problematis  cafiii  j  cujus  ea  eft  conditio  ut  tempus 
obfervatione  compertum  fit  exceilus.tempdris  quc^afcendit 

fonu8  fiipra  tempus  quo  decidit  lapis,  fcu  —  —  3  V 1.  =;  /. 

nam  haec    aequatio,    tranfponendo    et    quadrando    dabit 

—  =  /* ~  +  -;ji-utantea.  Adeoque.perredudionem 

^  =  — 7«~  ±  2d'*  V^**+4*-^ 


C   ^    ) 

38.  In  proW/craatuH^  phyficorum  refolutionc  obfcry^m- 
dum  eft,  quod  ccwttcjufionum  algebraic^  elicitarum  audlo- 
ritas,  pcndct  ex  priacipiorum  phyficorum  quibus  inni- 
tuntur  cmitudinc  «t  accuratione,  turn  ex  ipfonim  cxperi- 
mcntorum  fide.  Sic  in  hac  folutione  minus  accurata  pro- 
dit  condufio,  i"^.  ex  eo  quod  nc^gligitur  aeiis  refiftentia, 
qua  gravia  cadendo  notabiliter  retardaotpr ;  2"**.  guod 
vaiores  a  tt  d  vix  fbrfan  accurate  determinandi  funt ;  et 
3**^  quod  in  ipfiim  /  parvus  error,  unius  femifecundi 
faltem,  irrepere  poteft ;  verum  hoc  errorem  hand  contem- 
nendum  in  cuiohifionem  inducet. 

P    R    O    B.       III. 

39.  Invcnlre  funSlum  aqualis  attraSIionis  inter  duos  planttas 
Jitumy  quorum  tnnotefcit  diftantia  ab  invkemy  et  ratio  majfarum. 

Sit  d  diftantia  lunae  a  rellure,  x  diftantia  pundli  quaefiti 
a-luna,  erit  hujus  diftantia  atcllure  d-^x.  Et  quoniam 
harum  attradtiones  quibufcunque  diftantiis  funt  ut  maflae 
/.ct  /  diredte,  ct  quadrata  diftantianim  inyerfe;    erit  at- 

tra(5lio  telluris  ut  jjzi^^  XvLX^st  autem  ut  ~a.    Adeoquehjc 
pofita  attra.(flionum  a^qualitate,  jerit  (7Zr^*  ===;;«.  ct  concin- 

nando,  x*  +  717/  ^"^^T^l*      ^.t  coUatis    hujus    terminis 

dl  d\'*  </2/ 

cnm   formula  L  erit  i^nr^^Ty.  i^*  +  ^=:7j3^i  +  7II7 

d^It  d^  ,  ^        , d         _      ^   , 

=  (/_/)»  =  JJZlTy'  ^  ''•     Et  Vip^+q  =  ^—i  v^'-  Adeo-  - 
que  X  =  — —-  ^      . 


('  ^^  ) 

Horum  valomm  x^  aflirmativus  — ~—  quaeftibnem 

folvet :    negativus  v«ro  ~ —     i    ^  *^  altcrum  quoddam 

puniSluin  sequalis  attradlioms  ultra  lunam  fitum  refpicit ; 
ut  ex  eo  conftat,  quod  11  quaeratur  alterum  pundum  iftud, 
diftantiis  jam  defignatis  per  ^  et  ^  +  x,  habebitur  asquatio 

/d+xy  =  *^-  '^^  P^r  redudlionem,  x  =  ~—-^Lj.       idem 

fcilicet  geminus  valor  x  ut  antea,  at  contrariis  fignis  af- 
fedlus :  quorum  affirmativus  hunc  cafum  folvet,  negativus 
:ad  priorcm  refertur^ 

40.  Et  quidem  binos  valores  x  in  utroque  cafu  divcrfa 
fortiri  figna  aequum  eft,  quum  duo  haec  pundla  aequalis 
attraclionis  ad  plagas  luna  oppojitas  fiftantur.  Verum 
pofito  quod  X  fit  diftantia  pundli  quaefiti  a  tellure,  erit  d — x 

diftantia  ejufdem  a  luna.  Adeoque  -^  =  75— Tp    unde   per 

redudlionem,  prodit  x  =  _==--X-_f .  uterque  jam  valor  x 

affirmativus,  ut  oportet;  quum  ^Aeandem  plagam,  refpedlu 
telluris^  bina  attradlionis  aequalis  pundla  fiftantur,     Hinc 
liquet,  quod  quantitates  affirmativae  et  negativae,  concep- 
tibus  noftris  tantum  difi:repantes,  in  rerum  natura  aequc ' 
reales   fimt  habendae.      Ex   his   autem   valoribus,   minor 

— ^   y      quacftionem  iblvet.     Sit  enim  d=:6o  femidia- 

metris  telluris,  et  /  ad  /  in  ratione  40  ad  i  circiter ;  evadet 

diftantia  pimdi  quaefiti  a  tellure,  = rr— ' —  =  51,8 

feu  52  femidiam.  telluris  fere,  et  diftantia  akerius  pundfi 

2400+379,464  r       '^'  r 

prodibit — =  72  femidiam.  fere. 


(    23    ) 
7f,i.'Rtd}i&io  sequadonis  ;^  =  nZ3o»  ^^^^^ inftitui  potell. 
INam  extrada  radice  quadratica  erit  -^  =  ^3; .  Etconcin*- 
sando,  ^  =  -T  >    .-^ .  feu  multiplicando  niuncratorcm  et 
.denominatoremper  .\/7—  V^,prodit .^utantea=     J^j  ** 


P    R    O    B.      IV. 


42.  ReShtn  datam  in  extrenui  et  media  proportionefecare. 

Sit  rcdlae  datae  ^j  fegmcnram  majus  Xy  crit  fegmcntuiti 
minus  ^j  —  ;*,  adeoque  per  quaeftioneto,  x^=:a  X  a  — *  £= 
— jx*  +  ^j*.  Et  per  redu(5lionem,  xs=:  —  i  ^  +  Vi^-  Alter 
valor  ^  qui  prodit  negativus,  fcil ;  —  ia  —  Vj^  diverfd 
problematis  cafui  refpondet,  nempe,  ReBlam  datam  in  extrema 
et  media  proportione  productre^  Hoc  eft^  ita  ut  quadratum 
augmenti  x  fit  aequale  redlangulo  fub  ^  et  ^  +  x  contento, 
five  X*  ==  j^  +  ^*.  Quae  per  rcduiSHonem  daibit  eofdem 
valores  x^  at  contrariis  fignis  afieiSlos :  ex  his  autem,  i  a  + 
s/1^  hunc  quaeflionis  cafum  Iblvet. 


P    R    O    B.      V. 

43.  Mercatores  A  etB  pro  mercihus  per  annum  venutfidatis^ 

tandam  fummam  £^^\\1  recipiunt;    verum  A  lucrando  2  per 

cent,  plus  quam  B,  nummos  fuos  adauget  incremento  £100  per 

annum  plus  quam  B.     ^aritur  utriufque  lucrum  per  cent.  ^ 

4otum  utriufque  lucrum  per  annum. 


i    H    ) 
Sit  X  hicmxafer  cent,  mercacoris  ^^  eritque  j)roptcr  ana«- 

logiam^  (ut  ioo+^,  reditus  pra^ioo  impcnfis,  ad  iv;  ita . 

2 1 1 2,  reditus  totus  per  annum  ad)  T^^qp  totum  lucrum  mer-  - 

caJtoris  A pir  ttnnum.  fit  fimiliter,  (9^  +  :v*:  x  —  2  ::.2i  12  :) 

— g^jLif ' "   totxim  lucrum  ^  ./^  annum. ..  Adeoquc  per  quae*  ^ 

21I2X  211 2  X— 4224  . 

ftionem,  t^^ij:;  -^  — ^gq::!^ —   "^  100.  .  li-t  concmnando, , 

X  *=  —  1 98  ;c— 5576.  Et  per  redu(aionem,  x= —  99  +  65^ .. 
Prodeunte  igitur  utroquc  -  valore  negative,  coUigerc  licet  x 
in  hoc  cftiii  defignare  non  lucrum  fed  damnum,  et  quasftio- 
nem  aliter  effe  effcrendam.     Scilicet, , 

44,  Mereatons  AetB  ,pra  nurcibusj  l^c.  tandem  fummam 
iC^  1 1 2  reeipiunt.  Verum  h^amittendo  2  per  cent,  minus  quam  B^ 
amiUiti£  100  per  annum  minus  quam  B. .  ^aritur  utriufque 
damnum  per  cent,  et  totum  utriufque  damnum  per  annum. 

DefigriaBEte  'jam  x  damnvLm  per  cent,  jncrcatoris  -^,  erit : 

(100  —  X  I'X  ::  2113  :;  j;^zzi  totum  damnum  A  per  annum.  . 

y*      .,.  /    #^  V   *ri2*+4224 

Et  fimiliter,  (98  —  ^v  :  x  +  2  ::  2112  ;)  — ^g-33;^ —  totum 

•Tfc    .  ft    J  rt-  2II2Jc'+42M 

damnum  B per  annum.  Sea  per  quaeltionem, : — 3_^       — 

■  J^^-  =  100.  Et  concinnando,  Ar*  =  i98;<r — 557^.  Et  per 

redudtionem,  ^  =  99  +  65.  Horum  valorum  x  affirmative 
jam  prodeuntium,  minor  fcil  j  99  —  65  =  34,  quaeftionem 
foWet.     Erit  enim  damnum  -if,   CiA  P^^  ^^^'-  ^^  totum 

damnum  ejus  per  annum  — -^ —  sz^^icSS.  Eritque  dam- 
num jB,  CJ^S  per  cent,  et  totum  ejus  damnum  per  annum 


(  ^i  ) 

Alter  vi\at  Xy  fcU;  ^  +  6$  =  164,  lifpfotfc  ioAJot  quaih 
100,  damiitim  pro  fingulk  £ib&  imprarfis  defignatre  neqiiit, 
Tcruin  cifiii  infeqitenti  folvendo  rcfpoiidet. 

4^.  Mcrcatwrum  A  ^/  B  luch^m  per  annum  nummos  ah  taf^o^ 
que  in  fnercaturam  mpenfhs  txctAt  fummd  £2 1 1 2.  jit  A  quutu 
lucratus  Jit  2  per  cent,  minus  quam  B,  lucratur  jCioo  per 
annmn  fJus  quam  B.  Slgaritur  utriufque  lucrum  per  cent. 
tttotum  utriufque  lucrum  per  annum.  • 

Defignante  x     lucrum  per   cent,    mercatoris   A^     erit, 

\9t -^  100  :  X  ::  fli  i«  :)  ~i^  totum  lucru]:n  -<f  /^r  annum. 

^      -.       ...  ^  .    2I.ll«  +  4224 

Et  mmuccry  x — 98  :  ^  +  2  m  11 12  r)  — T^%, —  totum  lu- 

2lllM 

cvuxxh  B  per    annum.     Sed    per    qusftionem,    jZLTco    ' — 

— ;;j::z^8 —  =  ^^^*  ^^^  concinnando,  x*=  198  x  —^  557^?  ^^ 

antea.  Adeoque  per  rcduiflionem,  x  =  164.  Erit  igitur  lu- 
crum A  per  cent^  £i6^j  et  totum  lucrum  ejus  per  annum 

— j/~  =  ;C54i2.     Et  lucrum  B  per  cent.  ;Ci66,  et  totum 
lucrum  ejU3  per  annum  -^ — "    55    =A53i^*  ' 


PRO  b;    vl 

46.  Numerum  10  ita  in  duas  partes  divider e^  ut  produSum 
ex^partibus  in  fe  duSis  conficiat  30.   ♦ 

Sit  X  una  pars,    alteram  defignabit  10— -x',    eritque 
jr  X  4o^ir  =  30^  et  per  redudlionem,  x  =  5  ±  >/^.  -  U-^ 

G  > 


(  *6  ) 

'  terque  igituf  prodit  valor  9C  impoilibilis :  ct  jure  qiddom, 
nam  conditio  ut  fadbim  fub  partibus  conficiat  30,  eft  im- 
pofllbilis,  cum  fa<5him  maximum  (ubi  fcilicet  partes  inter 
fe  aequantur)  fit  25. 

Defignante  enim  in  genere  d  dimidiiun  quantitatis  datx, 
fit  una  pars  d  +  yy  alteram  defignabit  d — y.  Sed  hanun 
produiflum  d  +  y  x  d—y  =  d^  - — y*  fit  maximum^  ut  con- 
ftat,  ubi  evanefcente  y*  defignatur  tantum  per  d^.  Quod 
ex  Euclid,  lib.  2,  prop.  5,  quoque  conftat. 

47.  Hoc  problema  (et  fimilia)  verfione  in  fermonem 
Algebraicimx  paulum  immutata,  ad  puraxn  quadraticam 
facile  redigere  licet.  Sit  enim  pars  major  S  +  y^  niinorem 
defignabit  5  — y.     Adeoque  erit  $  +  y  x  5.— ^  =  30.    Sive, 

25  —  j^*  =  30.      Adeoque  y*  =^  —  5.     Seu  y=^  +  ^—s 
■,  uterque  valor  impofiibilis  ut  antea. 

De  reductione  jequationum  quje  okdini 
quadraticarum  adscribendje  sunt. 

48.  iEquationes  parium  dimenfionum  forma  x**=./^.y, 
'(ubi  duos  tantum  terminos  ingreditur  incognita  quantitas^ 
.  et  index  termini  altifiimi  fit  duplus  fecundi)  juxta  legem 

quadraticarum,  ad  puras  dimeniionis  dimidiatae  funt  de- 
primendas ;  quas  poftea,  fi  index  n  fit  integer  per  evolutio- 
nem,    fi  fradlus  per  involutionem  refolvere  licet.     Nam 

x^  =  •  px^ .  q  extrada  radice  quadratica,  prodit  x"  =  .  i^ 

+  Vi/*-?  adeoque,  w=  r  .ip±Vip*.qi     Problemata  fe- 
i^uentia  hujufinodi  squationes  pariunt* 


^C    ^7    ) 


P    ROB. 


•49.  Invenire  duos  numeros  quorum  prod$i8um  fit   1 00^  et 
differentia  radicum  quadraticarum  3. 


Sit  minor  x^  majorem  defignabit  -jp.  Adcoque  crit  ;^ 
—  s/lt  =  3.  five  concinnando,  x  =  *—  3  \/*r+  lo*  ct  per 
redudtionem,  \/7=      ^^  ^  =  2  vcl  —  5,     Et  per  invo- 

lutionemy  x  =  4  vel  25.  Erit  itaque  x  in  hoc  cafu  4,  et 
alter  numerus  25 :  aut  vice  verfa,  fi  ftatuatur  x  major 
numerus. 

P    R    O    B,      n. 

50.  Invenire  duos  numeros  quorum,  produBum  fit  i,  et  fiimma 
'  quadratorum  6. 

Defignante  x  tinimi  numerum,  alteram  defignabit  7 .   A- 

^dcoque  erit  x*  +  ;^  =6.     Sen  concinnando,  x*=:6x* —  i. 

Et  per  redudtionem,  x*  =  3  +  v^»  Et  radice  ixtraAa, 
X  =  +  V3±\/r  •  Quadruplet  nimirum  prodk  valor  x,  fcil. 

+  V's+Tf I  +  Vs^Tr,  —  ^HVr,  vel  —  VJ^Tr  ex 
^  quibus  duo  poftcriores,  cum  fint  iidcm  ac  priores  fed  con- 

trariis  fignis  aflfedli,  utplurimum  ncgliguntur.  Quod  in 
^iequentibus  quoque  obiervandum.     Ex  valoribiis  autem 


C  *Jr  )  _ 

reccpds  utcrquc  folvct  problema.    Nam  Vs+^/r  =  y/sfi2^- 
=  29414.     Adeoquc^  crit  Jr*  =:  5,828.  p  =  o^i'ji.   Et  ho- 

rum  fumma  prodit  5,999,   feu  6  quamprosimc.     Sic  quo- 
q«e  akcr  Talor  ap,  V^— i/T  problema  folvet  quamproxime.  . 

P    R    O    B.      in. 

51.  Invenire  duos  tiumeros,  quorum  quadrata  Jimul  confidant  ^' 
8Vr,  ^/  quadratorum produSum  Jit  8. 

Sit  X*  quadfatum  unius  numeri,  erit  8  vT — ^*  quadra-  - 
ram  alteriusj.adcoque  **  x  s^T—  «•  =  8.     Seu  concin- 
nando,  x*  =  8  \/a  ^* — 8/   Et  per  redudioncm^  x"  =  y/^% 
T  ^^24.     Et  radice  iterum:  extradla,*  x= Vv^+Vm* 

Haud  fecus  in  fpeciebus,  x^±=:{2gb  +  4/*)  x* — ^*i>* 
per  redudlioncm,  prodit  ^*  :^^i&  +  2/*  +  y/^f^gi  +  a/^* 
Et  extrada  radice,  x  :;=  \/gb.+  2/*  ±  xfy^+p. 

Aliquando  radices   quadraticse  hiijufinodi'  q^iantitatuili  . 
ex  radicalibus  aut  ex  integris  et  radicalibus  ad  invicem  in- 
commenfurabilibus  compofitarum^  .accurate  defignaii  pof- 
funt  per  fimpliciores  quantitates  radicaled ;   ope  regulae  in-  - 
fequeati^,  .c^znL^xBombelliQ  txpte^Newtonus. 

gz.  Defighct  A  quantitatis  aliayui  parttm  mojoran^  l&par-- 
tan  mmorcm :-  et  ertt — quadratummajons  partu  ra^ 

dicis  ;   5^ — ^ — -^ quadratum  partis  minoris^  qua  quidem 


mqjori  adncSenda  eft  cumjigno  ipjius  B.     Ade^que  \l  ^^L^L^zH 
±'>l  ^^J^^^^  radix  quafita.  , 


(  a^  ) 
SSi'  enim  j  +  ^  \/y»  "^  »  quantita*  aliqua,  cujus.  radix 
Vf'ty/»  exxrahendA  e^,  Defignet -^/partem  e^va  ma/oretn 
y+  s^etB  panem  nunorm  2  ^^  *,  quo  >/2=^IS"»  fit  poffibilis. 
Quadnando,  eric  y*+  2yz  +  z»  =  ^',  «  /^fxs=£*.  fet  fub- 
dttccndo  pofteriorem,  >/  ^—  ajtx+ar*  a=  ;<#»— -JJ*.  Et  cxcraa* 
radice,  ^ — g=vQ^:^B^  :  Adeoque;  ^+j;:^  feu  2y=-<f + 

vCiF^^^t j> .=  ^ t ^/*— ^.  Itemque  J+li  ^  p:^  feu 
a  g  =  ^ — V A'^y  ct  g  =  A— Va«--B»    .Adeoque  V7  + 

*  ••  »  - 

Ut  fi  quantitads  3  +.  \/g"  radix  extrahenda  eft,  icribe  3 
pro^  et  v^tproU,  «ritque  y/jT-^B*  =e  i.  Et  quadrata 
pardum  radicis  fimul,  fcil.  :£fV^^  +  ^V£^ 

a     •  a    - 

5  -f*  I        5^^—  1  - 

=  -T~  -     r~  =  *  it  I-    Ergo  radix  eft  i  +  V"a.    Hxc 

cnim  quadrandor'dabit  i  +2  +  2  ^^"2=3  +  v^.  Eodcm 
node  fi  de  2f^'-^gb±  2f>/fr-fgi  radix  exitsthi  d^ber,  ftri- 
bttido  2f*  +gb  pro-^,  et  ^f  "^p^b  pro  5,  erit  y/jF'—B^ 

= ^^,  adcoque  4±iJ^E.  V  .+^.  ec  ^— V^"-^^  =y. 

Ergo  radix  ipfa/±  vT^Tp.  Haud  fecu«,  fi  de*  quand- 
taw  impofiibili  i  ±  4  V^  radix  fit  extrahenda,  pofito  ^=  i , 
^  =  4  v^^,  et  ^ = — 48,  erit  ^le^'a^  ==  \/T+P  =  7. 

'  Sit  qnantitatii  ^icuju»  diBwdium  i^r-et  par>  major  <^t-«,  tfrit  pairt  miiuSr  o'— jf. 

Sed-reAangoluiD  fub  partibus'</>j-«  X  </ — x=</*  —  **.    et   bis 'rea;ingulum 

arf?— as»*,  fit  uimur  qiMUttrf-}"''     +</—**  =s  aW* +a«*  <}a^di^apan«uin  - 
lunnl....  QuQjl  ez  EtKM,  Lib,  a,  pnf.  4^/5  quoqpc  coUigort  liccc.     ■ 


(    30    ) 
Et  quadrata  partium  radicis,  =  -7-   ±'  ^-p-  =  4  +  — -3. 

Ergo,  radix  ipla  a  t-V^^*  ^urfuj,  fi  habeatur  ay^^,  pofito 
^  =  o  .  -8  =»  2  v'^,  B»  =T- 4,  erit  VATZr*— V0+4 

«o  +  a.    Adeoqtte  radix  .= V^-*?-"^ .+  Vg=g=!  =;=  1  + 

v/nr.  Porro,  fi  ex  VJt  +  Va^  .ex.radicalibus  folis  con- 
flata,  radix  cxtrahcnda  fit ;  poncndo  V32  pro-<f,  ct  VI4 
pro  B,  crityA"— B«  'saV's*  et  inde  quadratum  majoris 
partis  radicis  v^L+T!  =Vl+yj  =  SV^?  .==  3  y^ 

==\/ 18.  Et  quadratum  minoris,  V3^       vj  -—  y^j^     Radix 

itaquc  eft  V l8  ±  Vlt.  Denique,  fi  habeatur  6  +  v/^— a/JT 
— y24;  poncndo  6+\/l  =  -rf  et — VTi — V24=-B,  fiet 
^*==44.+  la  \/l,  J5*  =  36+  2^^88  =  36  +  12^*8,  et 
v^A*— B*=VT»  wde  quadratmn  majoris  partis  radicis  erit 
0+2V8  _.^  +  .\/¥,  atquc  illud  miuQiis  =  3,  adeoque  ra- 

.  dicis  pars  major  Vs+vl",  hoc  cft^  fupoa  i  +  5/X}  et  pars 
:  xninor  yj".     Et  prpinde  radi;c  ipfa.  i  .+  V aT-^  V3". 

-53- Caeterum  ubi  plures^fuat  hujufmodi  termini  radicales 
.ad  invicem  incommeivrurabiles,  excogita.yit  fagaciffimus 
Newtonus  methodum  citius  inveilieixdi  partes  radicis  ;  divi-' 
d(ndo  fcilicet  f odium  quarumvis  duarum  radicalium  per  tertiam 
.  aliquam  radtcakm  qua  producit  qurtum  rationaUm  et  integrum^ 
.donee  tot  eruantur  bujujmodi  quoti  diverft  quot  funt  partes  radicis 
quafita.     Nam  dimtdii  quoti  ctyufque  radix  erit  pars  radieis. 

Nam  fi  tres  habeantur  hujufmodi  radicales,    fit  radix 
qu^ta,   yflt  +  ^^  +  V*,    quadrando  erit  x  +  ^  +»  +  ^ 


(.31    ) 
V«y  ±  «  Vj«  ±  2  y/fz  =  -^  +  -ff*    At  tmim  redangulorom 
luioquoque  duas  raxlicU  pdittcs  continentey  (i  dmdatur  fac* 
turn  duorum  quorumvisy  tres  udqud  radicis  partes  compre* 
hendentium,per  teitium^duas  itidem  radicis  partes  condnens^ 

quodens  unain  radick  partem  inirolvec:  iciL  — ^T7^~ 

«— IX,  —^^—  =  2/,  ct  — ^-^^^  =  255.  Ergoradix 
'  dimidii  cuju/que  quod  erit  pars  ra^cb  quaefitae.    Sic,  in 

=  6.    Ergo  partes  radicis  font  i,  V  2,  V  3.  ut  fopra. 

"Ad  figna  partium  quod  attinet,  quoniam  fadbun  pardum 
duarum  lignis  fimilibus  utentium  eritaffirmaturum,  (ecus 
▼ero  negad vum :  erunt  partes  radicis  i  et  v^'i  quas  condnet 
prima  radicalis  +  Vs  (=  2  V*;)  ambx  affiimativas,   vel 

:  ambae  negative ;  fecundae  autem  radicalis — \/i2(= — 2y/iii) 
partes,  fcil.  a  et  V'^  contrariis  aflfci  debent  fignis.    Radix 

;-igitur<;ric  vcl  i  +  .y^—,^,  vel—  i  —  VI  +  V7. 

54-  Si  quatuor  fint  hujufmodiradicales,  fit  radix  VT+V* 
' ■*"  yTy  +  V2.  quadrando  erit  v  +x  +  y  +  zit  2 Vw  +  2 
Wvy  ±2  y/^;  ±2  Vxy  ±  2  V7z;  ±  2  Vji  =^  ±  B.  ex  15 
yautcm  diverfis  borum  re<9angulorum  combinadonibus  quas 
anftituere  licet,  tripliciter  erui  poteft  qtraeque  radicis  pars, 
'.unde  duodecim  prodibunt  quoti  rationales  et  integri:  fcil, 

777——'      vcl  ^    y^^      >      vel     -5^— yrr^^-     =     2V; 

^v«^  zyxx  ^Vj» 

'  T^  ~^^^^*  ^=  ^-^J  et  fie  deinceps.  Tres  autem  qui 
iiuperfiint  quoti  evadent  irrationales,  quum  fa<fla  jam  ref- 
ctanti^  fcil.j   a  ^w  X  .2  ^^,  2  ^i^  X  2  v^ici,  et  2  ^ta  x  2  -/ *jj, 


r  3«  )  • 

uqKyeequaronmes.radicts  panea  contmentv  diviforem  m--* 
ter  reUqiia  redangula  niiUum  foitientur  qui  qtiocuin  nsi^ 
onalem  &.  mtegrum  panet . 

SS-  Ex  di^is  colligerer  licct^  qood  radices  hiijiifmodi> 
quantitanmi  yel  ex  int^^ns  ct  radkalibti8,\vel  exrradicali- 
bus  folis  compdficansm  ope  regulae  prasfatas  quidem  extra- 
hcre  &s  erit^ .  ubi  v/A*— B*  exhibeat  quandtatem  rationalem 
et  iutegram^  vel  fi  aon,  xibi  radicales  quas  exhibent  A  ec 
Va*~B*  extrahcndo  quicquid  eft  r^onale,  ex  parte  radi— 

cali  ccixveniant. . 

Huic  parti,  Apptndicem  fubjungam  de  celeberrimo  Hbcor- 
rfmatt  Binornhj  cujus  uflis  tam  in  inTolutibne  et  evoLudonei 
quam  ia  omai  fere  Analyfeoa  parte  eg^regraa^ .. 


(  w  ) 

1)£    Th£OR£MATS    BiNOMIO.  - 

$6.  Pr«clanim  hoc  theorema,  quod  tentando  &  indtttflibYie 
Mtodit  Niwtonusj  non  nifi  anno  1676  cpiftolls  ad  O'ldenburg 
miifis,  cum  Leibnitio  comnaunicandis,  patefecit ;  licet  hac 
una  cum  praecipuis  fuis  inventis  analyticis,  faltem  ante 
peftem  Lonc^enfem  anno  1665  ingrucntem,  ei  innotuiffc  ex 
iflis  couftat.  Sufpicabatur  nimirum  vir  egregius,  haud 
Hiinud  modeftia  quam  mgenio  infignis,  inventa  haecce  fua, 
aut  aliis  perlpeAa  jam  effe,  aut  faltem  fore,  prius  quam 
ipfc  sstatem  fcribendo  parem  attigerit  *.  Natus  eft  New-^ 
tonus  anno  1642. 

57*  Theorema  Binomium  itaprofbrtur,'. 

(P+PQJ^  =P^  X  (.  +iQ+^.:^=:QH.^.^.!=i'Q.  &c.), 
Sive,  Secundum  formulam  Neivtomananif  . 

=  P^  +  J AQ4-^ BQ  + — -  CQ^&fc. 


•  — ^  **  Abotit  that  time  t!ic  plague  breaking  out,  obliged  me  to  get 
••hence  [from  Cambridge']  and  think  of  fotticthing  elfc.  Nbtwithftanding,  I 
••  added  to  my  other  difcoveries  at  that  time,  a  certain  conflrn^ion  of  Loga- 
•*  Tithms  deduced  from  the  Area  of  the  Hyperbola.  —  I  am  alhamed  to 
•*  tell  to  how  many  places  of  figures  1  carried  thefe  computations,  having  no 
•*  other  bufinefs  at  that  time  ;  tor  I  pleafed  myfelf  too  much  with  thefe  difco- 
*•  Tcrtes.  But  as  foon  as  that  ingenious  performance  of  Nuotdus  Murcator  ap- 
•*  peared  [in  the  year  1668 J  I  meam  his  Logs^hmntechnut^  (who,  I  doubt  not, 
••  firft  difcovered.  the  things  he  publifhed,}  I  began  to  cool  a  little  upcn  thofc 
•*  things,  fufpe^ng  that  either  he  nnderftood  the  extra^icn  of  roots  as  wdl  as 
••  diviuofi  of  fractions ;  or  at  leaft,  that  others,  upon  the  difcovcry  of  divifion, 
*•  would  find  out  the  reft,  before  I  could  be  of  a  fufficicnt  age  for  wriiing." 
S«  his  Letters  to  Oldenhurg^  Commerc.  EpIfloJ.  N**  48  and  55;  or  Su%i;Grth  ' 
^jtdratun  of  Curvtif  &c.  p.  357.    . 

I  : 


(     34    ) 

Ubi  P  +  PQ^dcfignat  quantitatem  quamlibet  compofitam, 
five  binomiam  five  polynomiam,  cujus  radix  qusevis, 
dimenfio  quaevis,  vel  radix  dimenfionis  inveftiganda  cftj 
P,  primum  ejus  terminum ;  Q^,  quotientem  reliquorum 
jerminorum  per  primum  diviforum,  ct  proinde  PQ^t 
fummam  reliquorum  five  affirmative  five  negarivd  ponen- 

dam ;   ~ ,    numeralem  indicem    radicis    vel    dimenfionis 

P'+  PQ^,  five  integer  fit,  five  fradtus,  five  affirma- 
tivus  five  negativus :  et  in  formula  pofteriore,  A,  B, 
C,  &c.   terminos  inter  operandum  inventos ;    nempe  A, 

primum  terminum  P  7  j  B,  fecundum  7  AQ^;  C,  tertium 

--^  BQ^,  &c.     Porro,  eodem   redeunt  hae  formulae,  uti 

confereudo  inter  fe  terminos  utriufque  homologos  mani- 

fcftumeft.  Nam  P^  =  ^7  ^  ^  7  AQj=  P-  x  7Q^;et 

fie  dcinceps.  Utr^mque  vero  pofuimus,  ex  eo  quod  prior 
legem  progreflionis  planius  exhibendo,  terminis  fcriei  con- 
tinuandis,  pofterior  hifce  addendis  aptior,  ubi  pro  A,  B, 
C,  &c.  fubftituuntur  -valores  numerales  quos  fortiuntur 
:  refpedive. 

58.  Theorematis  Binomii  complures  dantur  aut  dari  po- 
nuntur  demonftrationes.  Miflls  autem  demonftrationibus 
ex  fluxionali  coinputo  hauftis,  ab  opere  elementario  ni- 
mirum  ablegandis ;  vel  ex  permutationum  feu  combi- 
nationum  dodlrina,  non  nifi  prolixe  elicitis  :  inveftigatio- 
nem  ejus  breviter  inftituere  libet,  ex  principiis  algebras 
propriis,  ad  mentem  Johannis  Landen^  Hreatife  on  the  Rc/i^ 
dual  Analyjis.  Caeterum  necefle  eft  ut  praemittaiTir  Theo- 
rema,  Lemmatis  inftar,  a  Landeno  abfque  demonftratione 
^pofitum. 


<  ti  ) 

JUEMMA* 

Defignandbus  m  et  if,  numeros  quoflibet  inteigros,  erit^ 


,  +  .?.  +  ?. 


»•  —  go        • I 


^.^ 


&C.  . .  m 


f 


■n 


'i$m 


Nam  refblvendo  in  fadoret  fuos,  fiec, 


/" 

/  " 


^  X —   fivcj '  multiiflicando  nu- 


-.jneratorem  et  dencmiinatorem  eadem  qusmtitate  i  —  X I   ,  cu. 


HI 


:Jus  index  m  indicis  utriufque  r-  ^t  i,  debet  efle  multipliis^ 


=  /•-'  — /F..— / 


'-I 


,_I|"    ^^*» 


=^' 


1      I 
X  — 


1  — ^ 


•f  1=. 

/"I- 


(  1«  ) 

At  fi  I  — 1 1*  dividatttf  pw  i  — ^  et  «  —  f  £*  refpc^e  ; 

Fiet, 

I  —  ^r         I  + 1-  +  M*  +  *-r  &c. .  J- j'*"'.  "fque  ad <•  tcnntMi^ 


-J- 


1— i 


Itemque,. 

m 
P 


— ^ 


+  iJT+J-j" +f|r«K.  .^j-^-  •^««i 


RtermuuM,- 


Adeoque, 


1  — H 


^r  1— ii-  lo.^  j-iir  4.1- 


s 

•  •  •  jn 


*—7      '-->l       '•  +  J-|r+ J-|v+>'-|- •  •  •  •  «^ 

Ergo, 


/ T  


X 


»1- 


+.^l 


.  &c. 


Hoc  Theoremate  demonflrato,  ipiius  Theorematis  Bi-- 
noxoU  uxTeftigacionem  expcdire  jam  licec 


59.  Qsoniam  (P  +  PC^)-  =P"  x(i  +(^)- .  inveftiganda 

m 

«ft  fcrics  quantitati  (i  +  Q^)"^  aequalis.  Aflumatur  igitur 
huic  xquipollcre  fericm  i  +  aO  +  bQ^+  cQl+  dQ^,  &c» 
Nee  obftat  quo  minus  per  hujulmodi  Icricm,  terminis  ni- 
mirum  integris  indicibus  perpecuo  crefcendbus,  rite  dcfig- 

nctur  (i  +  Q,)"  ,  cum  termini  fucceflivi  intra  juftum  va- 
lorem coerceri  poflint^  fi  liiodo  cocflScicntes  a^  b^  r,  forti- 
antur  fradlos,  Compendii  gratia,  itaque^  fubftituto  x  pro  Qj 

Ponatur  (i  +  ^)'  =  i  +  ^^  +  ^x*  +  rx'  +  ^x%  &c. 
Et  fimiliter,  afiluttptl,   ad  libitum,  alia  qttatttitatejr, 

m 

Erit  (i  +^)*"        =:  I  +  tfy  +  3/  +  cf  +  ^%  &c. 
Et  fubducendo  poftcriorcm  a  priorf^ 

(i+*>~—  (i+y)-  =  (ax— tf3J)+.(^-»-4/)+(-«e'^fy')&c. 
Et  dividendo  per  (1  +  x)  —  (i  +^)  =  a?  —  jr, 

fi  m 

Sive,  per  Lemma  \  fubftitucndo  i  +iv  pro/;  ct  i  +j^  pjo  y") 

f  Lemma  pnecedens  abfque  demonftratione  prottdit  Landen^  in'Trii^tu  cni 
titulusy  A  Difcourfe  conteming  the  Refidual  Analyfit^  L^nd  1758I  fpeciminis  in- 
ftar»  antegrefTo  opus  ipfum  The  Rejidwai  Anaiyfi^^  anno  17^4  imprefliim ;  ubi 
inyeftigationem  ejus  aiicer  inftituit  atf^oo  psig*  ^  Vd€m  hujus  milu  aatthac 
copia  non  fuic 


(  J«  > 

=:a+  t{x  +y)  +  c  {x*+  xy  +/),  &c. 

Scd  falva  sequatione,    variari  poteft  y  ad  libitum ;   fiat 
igitur  y  =  ^,     et    fingulis    terminis    tam    numeratoria 

m 

I  +  ^-qr^  &c.  quam  denominatoris  i  +  (73:^)"    &c.    per 

unitatem  jam  defignandis,  ezponet  m  fummam  unitacum  in 
numeratore^  Jtt  n  fummam  uuitatum  in:  denominatore,  et 

proinde  7  totius  fcriei  valorem.     Hinc  crit^ 

--' 
--  X  (i  +  x)"       =f  +  'ihx  +  3rx*  +  4^x*  &c.^ 

£c  muldplicando  per  1  +  ^9  erit, 

m 

7  X  (i  +  tfjf  +  ^x*  &c.  fivci 

Collads  igitur  terminia  hinc  inde  homologis^  fdl.  7  s=  tf ; 
-^ax  =  {ib+a)  x;  &e.  eruentur  coeflSidcntes, 

n 


(    39    ) 
Rcftituto  jam  Q^  pro  x;  et  fubftitutis  his  valoribus  a,  i^  r, 
&c.  in  feriem  i  +  ^  (^+  ^Q^&c,  cmerget, 

Et  proinde, 

(p+paF=p^x(i  +  Q^F=p^x(,  +  "Q^+  ^; 


•-^  01  &c.  five,  =  P-  X  (i  +  -Q^+Z—^^ 01  &c, 

Hinc  quoque^  eric. 


m   '    m 


(p_PQj-=p-  X  (i  — i!:Qj.i_i — o; 

-      3        ^^ 

xnuutis  fcilicet  fignis  terminorum  akernorum  a  fecund  o 
incipientium,  quos  ingredixincur  impares  dimenfiones  quan-^ 
tiuds  jam  negative  Q^ 

Cor.  I.  Crefccntc  indice  Q^communi  diiBPerentia  i  intcr- 
minis  fucccffivis,  pariter  dccrefcit  index  P,  ita  ut  fumma 

indicum  utriufque  fingulis  in  terminis  cvadat  ^  ;    cum  O 

rcvera  fit  fradlio  cujus  denominator  eft  P.  Et  quo  melius 
forfaa  conftct  ratio  decrcmenti  ihdicis  P,  formula  infe- 
qixente  thcorema  ntplmimmn  eiflferunt  recentioret, 


m     m 


Ubi  defignat/,  primum  terminum;  yfiumnamrcliquorumr 


(    46    ) 

Nam  {p  -Vq)  -  zsp^'  x  (i  +  ^  j.  - 


&fr. 


-T—i      m 


GcxRr,  11.  Si  index  --  fit  integer  et  affirmativus,   termi- 

nabitur  fcries  dimenfionem  quaeficam-  dcfignansj  fi  non, 
excurrct  in  infinitum. 

Nam  fi  -  fit  integer  et  pofitivus,  fcil.  7  =:m;  (evadentc 

jam  «  =  I.)  progreflio  numeratorum  m^  m —  \^.m — ^2, 
m — 3,  &c.  terminis  coritinuatis  per  m  —  wz=o,  neceflkrio 
tranfibit,  qui  idcirco  iflum  terminum  cujus  compofitii^xiein 
ingrcditur,  deftruet ;  at  hoc  termino  evafiefccnte,-  tmn^ 
cent  quoque  fcquentes  indc  conflati^  adeoquc  rumpetnv 
ieries.  Numcrus  autem  tcrminorum  in  hoc  cafii  erit  /w  +  i, 
cum  progreflio  m^m —  r,  &c.  nbn  nifi  a  fecundo  ftriei  ttr- 
mino  aulpicatuf,  cxiffente  unitare  prhni  termini  coeflScieiwei 

Si  --  fit  integer  et  negativus,  fcil.  ~  =^ — ^5  erit-^izr— f 

magis  ncgativus,  et  adhuc  magis  — m — 2 ;  adcoque  longiu*! 
a  nihilo  recedentibus  terminis  fequentibus,  progreflio  —  nt'^ 
— m — I, — m — 2,  &c.  per  nihilum  tranfire  nequit,  adeKv 
que  in  infinitum  excurret  fcries.     Hoc  quoque  ita  fe  habe- 

bit,  fi  ■;;  fit  fradus;  nam  fi  aflSrmative  ponatur,  ptope  ni- 
hilum fed  non  per  nihilum  tranfibit  progreflio  7,7  — ' !» 

&c.    Ex.  gr.  fit  7  ==  * ;  crit  7  —  1=  —  7;  7  —  2  =  — 

l»  &c.  fi  negative^  longius  ut  antea,  a  nihilo  recedent  ter- 
mini fucceflivi. 


(    41     ) 

6o.  Hvyut  theoreinttis  ope,  quantitatis  cujuflibet  compo- 
fiut  fimpbces  pooeftates  eliciuntur*  Ut  fi  deiiderctur  qua^ 

4rammtf  +  ifivciTPJ*  erit  P==:tf;  Qj=7;  i»=2;  /i=i. 
adeoqiicA(=P^)  ««  tf^j    B    (=  J  AQ^)  =  a  ^  *; 

C(-=— —  BCt)-=i*i  D  (=-— — CXL)=-o,    cum 

£a<5lor  7  —  2  =  2  —  2  =  ©•     Ergo  tcrmino  tertio  termi* 

nabitur  feries,  eritquc  T+7*  =:a*  +  2ab  +  b\     Eft  quoquc 
i+l'  =  tf*  +5^*^+  ioa^i^+  ioa**^  +  5tf^*  +  ^.  NamP 

^=:.tf^-  Qj=:^;  1^1  =  5;   «=  1.     Adcoque,  A(=PV  =  tf'i 

B  (=  J  ACt)  =  5a*^;  C=i0tf'**;  D=:iOii*^»j  E  =  ; 


— s 

m 


6i.  Eodem  modo  extrahtincnr   radices  aut  qtuuxtitids 
ipfius  aut  quarumlibet  ejus  dimen£ionum.    Ut  ii  quaeracur 

radix  qnadratica  a*  +  lak  +  6*  five  «»+a»*+**  ^  «mPi=so%- 
B(=7AQ.)    =*i+'& 

f  H|^«  K  l4»  li«  l/« 

^,.  - — ' '    "^ 

(«»'  +  atf*  +  i*)*  =«  +  *   ♦       ♦       ♦       tsfr. 


(    4i    ) 

Erit  igitur  a  +  6  radix  ,  qusefiita,  reliquit  terminis  fbfe 
deflrueatibusy  ut  asquum  eft,  fi  feries  in  infinitum  conti-* 
nuatur.  Atque  hac  methodo,  radices  omnium  quanti- 
tatum  pcrfedlas  potcftatcs  rcferentium  extrahendse  funt 
accurate,  aliarum  vero  quamproxime.     Sic  radix  quadrato 

cubica  <:^  +  c^x  —  x\  five  {c^  +  c^x  —  x^)i  =  r  +  '^*~*-  -» 

^9 ^ —  +  &c.  Ut  patebit  fubftituendo  c^  pro  P;. 

— 7i —  pro.  Q^j    X  pro  m;  ct  5  pro  n.    fiet  enim  A  =:  r^, 
B  =  ~77r*  &C'  Potuit  quoquc  feries  ordine  invcrfb  inftitui; 

et  tunc  foret  =  —  x  +  ~j;r^  + 'jJlH^ +    ^^*  - 

Prior  modus  eligendus  eft,  fi  c  fit  major  quam  x ;  pofterior  - 
fi  contra,   ut  convergat  feries  :  et  quo  minor  Q^quam  P, 
eo  citius    converget  feries^^   five  paucioribus  terminis  ad-^ 
hibitis-  cxponetur  tota  quamproxime.     Pofito  emn>  quod  Q^ 
Qvanefcat,.  primua   feriei   terminus  A  totam  defignabit^ 

cvanefcentibus  fecundb  7  AQ^,  ct  reliquis  indc  gemtisj  e^ 

proinde  quo  minor  fit  Q^,  co  minor  primo  termijio  evadee 
fecundus  J  et  fecundo  tertius,  &c.  Itemque  radif  cubica  ex 


birquadrato  a  +  b  five  (a  +  b)\  evadit ,  at  +  -y-  +. 
hi  —  87^  +  &c-  Nam  P  =  ^.  Q^=. 7-  w.=  4-  ^=  h 
Adeoque,  A  C^  R* )  ^  a'  &c^ . 


(    45    ) 
fef.  Qjinctiitft  divifio  fire  fimplex  Jfticrit,  fire  per  potef^ 
tates  aut  quantitaces  radicales,  ope  hujus  dieorematis  per<«- 

fLcitar^    Ut  fi  j—  (hoc  eft  i^e  ~ '  'five  d+e      '  ^^    in    fc- 

ricm  fimplicium  terminorum  rcfblvcnda  fit;  crit  P=r=i/^ 

Q^  ^  .  wi=;  -^  I  •  «  =>  !•     Adcoque^  A  (=  P7)  =  d 

feu  -^.  B  (=T  AQ^)  =  —  I  X  ^  X  J  =  —  ^'>      Et  fie 
G=^.D=_j-^&c.    Hocjeft,     ^=lf  — ^  +  5?. 

N  • 

Sic  et  — -J   hoc  eft,  N  divifa  ter  per  d  +  ^,  vel  femcl : 
I>er  cubum  ejus,  vel  N  x  J+7  "^  ^  =  N  x  j,  —  J^  +    ^ 

Sic  5^^  ^oc  «ft»  N  X  ,'^';^  ""  '  =N  X  J  +  p 

^  =  3.   Adcoquc,  A  (=  P>  =j^  ^^""'^  =J'"~  '  feu  7  '  B  > 
Itemqu.,  y/,.-..„ 


(    44    ) 

fire  tx>mpeodii  gtatia,  fwtbftituto  a  pro  t^  ecb  pt»  t^cc  if 
cradit  £fedor  piior, 

:£tpoftm<M', 


rr 


i&^ 


K-a.•^'=^+^.+  ^  ■  ^ 


«^  +  Id?  +  *«• 


Adepque, 


8fl4 

a« 

+       , 

-  Ida*   +  «^ 

• 

^  8fl* 

+   l6a*  -  ^^ 
+   1^  +  «^<=- 

=  .+^»-+3^,^V+«.c 


2fl' 


Adeoque  reftituendo  c^  pro  u  tt  r* — r*  pro  J,  evaditt 
+  &c. 


63.  Per  eandem  regulam,  in  numeris  pcrlndc  ac  in  fpe- 
cicbus  gendis  poteftatom,  diviiio  per  poteftatet  aut  per 
quantitates  radicales,  et  prasfertim  extradlio  radicuin  altio- 
rum  conunode  inilituuntun  Nam  quifque  numems  ex 
pardbus  componi  concipiaturi  adeoque  inLinomxum  ssqui- 
poUentem  refolvi  poteft 


(  «  ) 

64.  Vt  fi  ddaderetur  quinta  potelbs  numeri  6,  retoWa^ 
tur  6  in  parte*  i  ct  5,  eritque  T+S^ ^  7776.  Sit  enioi 
p-c,,  Qj=5.  7Hf)  =  5crit, 


A- 

«?•           » 

•       t 

B» 

=  rA(^    « 

'    25 

C«= 

=  ^B(^« 

»   «5o 

D« 

•,    cx^- 

:  1350 

£» 

LIIdcl- 

Jiaj 

F=« 

-,     EQ^- 

3"5 
7776 

Potolt  ieries  ordine  invcrfo  inftitui,  ponendo  P  =ss±  j  et 

<^=  r- ;  ct  idem,  ut  asquum  eft,  prodiret  valor.    Potuit 

^uoque  6  in  alias  partes  rcfolvi,  4Cti;  3et3;  net 
-— -  5,  &c.  castcrum  facillima  prodit  involutio  ubi  P  fit 
^initas. 

65.  At  fi  quaeratur  radix  quadratica  6,  refolvendus  eft  6 
in  partes  4  et  2 ;  prior  enim  debet  efle  numerus  quadratus 
quo  ratioaalis  cvadet  primus  feriei  terminus,   altera  autem 

M 


(.46    ) 
major  quo  convergat  feries.    Sit  itaque  P  ««  4,  Qjst  i- 

m  X 

m=  I,  «  =  2,  critque,  A  (=  P*)  =   2,.  B  (==  T.AQ^) 
=  r»  ^  (=  "1^  BQ^)  =  —  ig.  &c.  Caeterum  aggrega- 
turn  duorum  terminorum  2+7   racficem  fere  defignabitj 
nam  quadratum  hujus  feu  f  eft  ^  =  6  ^,  trium  vero  2  +  - 
i 76=  re*  propiusj    nam  hujUs  quadratum  =  -^ 

=  6  —  Tjg-.  Et  fiQ  plurium  terminorum. additione  adhuc 
propius  radicem  eruere  liceret.  Prseftat  autem  de  novo  fe- 
riem  citius  convergentem  inftituere,  refolvendo  6  in  partes  ; 

4  ^'  —  T  •^.  Defignante  cnim  P  ^,  CL—^^,    erit  A  ^ 

L.      n= -i       «rr^-a^i-  i.  49       .  ,  2401 

2  >  ^  —  »o»  ^^'  a^  4  —  20  =  ToCujus  quadratum^ 
=  6  +  ~^'     Et  fi  adhuc  propius  radicem  eruere  quae- 

ramus,  inftitui  poteft  feries  citifEme  convergens,  refdvendo  = 

,  .  2401  •  I  , 

6.  m  partes  ™  et  ^  ~  his  enim  pro  P  et  PQ^fubfti- 

tutis,  evadet  A  =  !?,  B  = ^     at  ^^  -,  -^ ^ 

*°*  1960*  *••  30  ^  i960 — i960 

cujus  quadratum  prodit  '1°^^/°'  =  6  +  — ^' 

*^       '■3841600         "+  3841600  •  ■ 

Si  dcfideretur  radix  cubica  3,  refolvendus  eft  3  iii  partes 
duas  quarum  prior  debet  cfl?  numerus  cubicus,  fcil.  8  et 
-5,  defignantecnimP.8;   CL,  —f;   «,  ij  »,  3,erit: 


(    47    ) 

A  (==  P^)  -  a,  B  H  ^  ACL)^ f-,C  (=  ^-  BQ^) 

==  —  -^gg ,  &c.     Caetenim  2  —  ^  —  iw  =  is 8    radicem 

aliquantulum  fupcrabit,  nam  hujus  cubus  fit  3  +  2s%s^s^z  • 

Sarins  igitur  forct  fcriem  ab  initio  qxxx  citius  convergeret 
condere,  quaercndo  radicem  cubicam  numeri  8x3  =  24, 
quae  duplo  major  prodibit  radice  cubica  tcrnarii.  Rcfol- 
vatm-  itaquc  24  in  partes  27,  et  —  3,  ct  ponendo  P  =  27, 

Qj=^,    erit   A  =  3,    B  = — ~,   &c,     C*tcrum  crit 

I         26 
3 ; —  —  =  "T  radix  cubica  numeri  24  fere,  adeoque  hujus 

13  '   —  2IQ7 

iemiifis  --  =  y^^  fere,  nam  hujus  cubus  fit  t^    =    3 

+  •^..  Quamproxime  autem  eruetur  radix  ope  feriei 
ckiffime  convergentis,  iterum  refolvendo  3  in  partes 
7i^  ^  ■—  "^j  "It  enim  A  =  y,  B  =  ^,     &c.      Sed 

1.   .     ^3  'O  6581'  1076300 

radicis  -  —  -^  =  -g-^  cubus  prodxt  3  +  — ^gTT^- 

Si  defideretur  radix  quadrato-cubica  numeri  33,  refol- 
vendus  eft  33  in  partes  quarum  prior  debet  efle  numerus 
quadrato-cubicus  fcilicet  32  et  i,  defignante  enim  P,  32  ; 

Mw»  32J   ^9  I  ;    et  ;/,   5.    evadet  A  =  2,   B  =  g;^.  radicis 

'         '^'        .         ,.         -,  41216801 

aiitem  a  +  g-  *=  -j^  qiunta  dimenfio  eft  33  +  3^-6800000  •- ' 


ANALYSIS    jE<5UATIONUM. 

TARS    SECUNDA. 

Db  JEQllATiONJi  FINALI  tX  DUABUS  PU7RIBV8VB  MBDTI8 

BLICIBNDA. 


>^6.  Cum  in  alicujtxs  problemath  foIutionem7)lures  ha^ 
l>entur  aequationes  ilatum  qus&flionis  comprehendences^ 
quarum  unicuique  plures  etiam  <qtiantitatC8  incognitas  in^ 
volvuntur ;  aequationes  ilbe,  (duse  per  vices  fi  modo  fint 
plures  duabus)  func  ita  conneScnda^  uc  una  ex  quantitati- 
Idus  Incognitis  per  fingulas  operationes  tollatur,  et  tandem 
emergat  sequatie  in  qua  unica  manebit  quanticas  incogs 
nita,  fi  tot  funt  quantitates  incognitas  quot  habentur  as- 
quationes.;  utin  problcmatis  determinatis  folet.  Sin  quan- 
titates incognitae  iint  una  plures  quam  asquationes  haben- 
tur, turn  in  aequatione  ultimo  refultante  duae  manebunt 
quantitates  incognitas ;  fi  duabus  pliu-es,  &c.  manebunt 
tres ;  et  fie  deinceps :  ut  in  problematis  indeterminaris* 
Nam  fciendum  eft,  quod  per  quamlibet  aequationem  una 
quantitas  incognita  toUatur. 

67%  -Quemadraodum  Si  ^arantur  duo  numcri  x  et  y 
yuomm/umma  Jit  a  et  differentia  d.  Erit  ^  +  jr  =  a  et  x  — -j? 
=  d.     Adeoque  addendo  asqualia  asqualibus   2x  :=  a  +  d 

ict  x=^  ha  +  hd.     Sive,   demendo  asqualia  ab  ssqualibus 
2y  '^^a  —  d  ct  y=:  ——-.     Sic  quoque,  habitis  acquatio- 

nibus  ax  =  — ^ —  et  x  =    .  ,  multiplicando  asqualia 

^qualibus,  prodibit  ax*  =  ^  ^~L  *  =  ^*  ^^^  x  sc  A» 


(  s^  r 

Casternm  raro  ita  contexuntur  aeqiiationes  ut  extermihati-- 
onem  tain  facilem  et  expeditam  patiantur  quantitates  in* 
cognitse  quas  invblvunt^  prsefertim  fi^frnt-altiorum  dimen-- 
fionum.     Poflunt  etiam*  diiae  vel^  plures  quantitates  incog*- 
nita^  per  dnas  tantxun  asquationes^^f^  toUv.     Ut  fi  fit 
ax  "^  fy=zai  —^  azj  ct  i^  +  iy=:t*  +  az;  turn  xquali- 
bus  ad  aequalia  additis  prodibit  ax  +  3x:=:  ah  +  ^*,  exter- 
minatis  utrifquc  ^  et  55  :    adeoque  x  =:  bi     Sed  ejiifmodi 
cafus  vel  arguunt-vitinm  aliqnod  in  ftatu  quasftionis  latere,., 
vel  calculum  erronaxm  eile  aut  non    facis^  artificioftim. 
Modus  autem   quo  *  una  quantitas  incognita  .per  fingulas  ^ 
xquationes.  tollatur  ex  feqaentibus  patebit.. 

IDe  UNICA    INCOGNITA   QPANTITATE   B    DVAhVS  MQJJA^ - 
TIONIBUS    TOLZ.BNDA; 

6S.  R&G.  I.  Cumquantkas4olImda  efl  uniiis  tantum  dirhenfi''- 
onis  in  utraque  aquationc;  valor  ejus  uterquc^  per  regulas  jam 
ante  traditas  quarettdus  efi^  fef  alter  valor  Jlatuendus  alteri 
dfqualis. 

Hoc  idem,  quoque  perficitur  (et  plerumque  facilius)  fui" 
ducendo  alterutrum  valorem  quantitatis  incognita j^ab  altero^  et 
ppnendo  rcjidunm  aquale  nibilo. 

69.  Reg,  II.  Cum  quantitas  tollenda  unius  exiflif  dimenjronis 
in  una^uatione^  et  duarum pluriutnve  in  altera;  qmarendus  eft 
vakr  gus  in  p^iore^  ^  pro  fe  in  alteram  fubjlituendus. 

70.  Reg.  III.  Cum  quantitas  toUenda  plurium  in  utraque 
aquatione  dimenjionum  exiftit ;  valdr  maxintdt  poteftatis  gus  in 
utraqut  aquatione  qUwrendus  eftj  deinde^  Ji  poteftates  iftce  non 

Jint  eadem  {et  aquatio  poteftatis  major  is  deprimi  nequeat^  adeo  ut 
evadat  ejufdem  poteftatis  cum  aquatione  minoris)  aquatic  poteftatis 


<  51  ) 
mnorls  multipUcanda  eji  per  tollendam  quantitatem^  aut  per  ejus 
quadratum  aut  cubum^  x^c.  ut  ea  evadat  cjufdem  potejiatis  cum 
aquationt  altera.  Turn  valor  es  illarum  potejlatum  poncndct  funt 
Mfuales^  et  aquatio  nova  prodibit  ubi  maxima  pcteftasjiixe  dimen-' 
Jio  toUenda  quantitatis  dimnuttur.  Ethane  operationem  iterando 
quantitas  ilia  tandem  auferetur. . 

71,  Harum  regularum  generalia  quasdam  exempla  tra-" 
demus,  quae  tanquam  Formulas  ad  minuendum  laborem  * 
quantitatis  multarum  dimenfionum  e  duabus  aequationibus  ^ 
toUendas,  abfque  folutione  commeadat  Newtonus.     Analo- 
g^ae  autem  gratia  a  cafu  flmpliciflimo  ordiri  libet^  quo  me-' 
liu8    conftet  crefcente  quantitatis   incognitas  •  dimenfiosie)  - 
quantum  crefcit  exterrainandi  labor.     Porro,    notandum 
eft,  Uteris  initial! bus  a^b^c^J^  &c.  in  bis  formulis  deflg^ 
xiari  tum  quantitates  cognitas,  turn  quafcunque  poteftatcs^ 
alterius  cujufdam  quantitatis  incognita?.  • 

FoRBTUtA:^  I.  • 

ax  +  &-«i=  o.^ 
A  +  <?  =  o. 

Per  Reg.  I.  Erit,  j(=  —  ^)  =y  adeoque/^— ^^,g-=o.  - 

Formula  If. 
iarjr* +f^*^'+ r  c=  o.  * 

Per  REOi  IL  Subflitutof  -^^  pro  x  iff  asquationem  pri-  ' 
orem, 

Erit,       7^  — *j-   +    ^  -^  - 

Adeoq^  qg^  — bfg-  +  ^*        =  o.  • 
Sivc,       {bf^ag){g)-^cf*h.o,- 


(    5»    ) 

FoitMVLA   in. 

ax*  +  3x  +  f  =  o. 

/m*  +gX  +b=:  O. 


•Per  Reg.  III.  Erie,  ~—  (=  —  x»)  =  ^p 
/Adeoque, 


_    ai—  cf 


Adeoque,  — -  (=  —  x»)  =  -^fiz-^- 


— icf+icg 


^*»  *^  -  '*y  —  «i^  +  a*h—  acf 

A  J  *^  —  if  I         \  —  hcf+aeg 

Adcoque,  ,yz:4  (=  -^)  :^  ^^-^^^^^ .. 

Unde  concinnando,  et  ordinando  crit 
a^b* —  abgb —  2ac/b  :  +  i^j;b  '—6c/g:+  acg^  +  r^*  =  6. 

Et  refolvendo  in  fadtores  Newtomanos^ 
{ab^  bg  —  25r;  {ah) :  +  (iir— r^)  (?/;.:  +  {ag'+c/')  (0=  ^ 

Idem  quoque  perfici  potuit  fubftituendo  per  Reg.  IL 
unum  ex  valoribus  at,  fcilicet  t^ — —  in  alterutram  aequa- 

•tionum  propofitarum,  puta  priorcm^  nam  ex  ^  X  \j^zr^gf 

+  .^  X  ^^~^    +  £:  =  o,     concinnando  et  ordinando   ea- 
V  —  ^g 

dem  prodibit  conclnfio. 

71.  Siniili  ratione,  at  calcnlo  maxifne  laboriofo,  quanti- 
tatem  toUcndam  altiorum  dimenfionum  climinare  poffi- 
mus.  Veriim  longc  troxlcinnius  cxpedietur  exterminatia 
,ope  regular  infequentid. 


(  n  ) 

^3.  Rb6.  IV»  MukipUcetur  viciffim  utraque  aquatio  tundem 
deferens  aut  ad  eundcm  reduBa  gradum^  per  co^cientem  termini 
auiffim  in  alUra^  turn  fubducendo  alter utram  ^quationem  ab  ^-* 
Ur^^  icXUtur  poteftos  maxima  quantitatis  incogkil^  et  emerget 
nova  et  deprejior  aquatio.  Multiplicetur  iterum  vicijjim  utraque 
aquatio  per  alterius  terminum  ahfohtum  feu  ultimum^  turn  fub-^ 
ducendoy  ^c*  toUetur  utriufque  terminus  ultimus^  et  dividendo  in-* 
Jiiper  per  incognitam  quant itatem  alia  emerget  aquatio  ad  eandem 
-dimenjionem  aeprejfa.  Deinde^  collatis  his  novis  aquationibus^ 
eandem  (^erationem  iterando  tandem  toUetur  x. 

Ad  normam  hujus  jam  expediamus  folutionem  Formulazf 
cerdasy  critquc 

^»  +  ^  +  cf=i  o         et  abx^  +  bbx  +  cb  =:  o. 

afx^  +  ^gx  +  ai&=  o    ^        cfx^  +  €gx  +  rA  =  <x 

*  {bf—ag)x'\'cf—ab=-o         {cf'''-ab)x+{cg — bb^zno^ 

(¥'—  <^i)  ((/"—  ^i>)  *  +  (/—  '^bf  =  o. 

{bf-^4g)  {cf—  ah)  X  +  {bf-^itg)  {eg  —  bb)  =  o. 

*  (/—  ^^r  —  i¥—  ^S)  i'i  —  ^^)  =  o- 

-Sive,  f y » —  2ac/b  +  a'b*  -^hcfg-V  h*fb  +  acf — abgb = 0. 

fORMULA    IV. 

ax^  +  bx*  +  ex  +  d=  o* 
Jx*  +gx  +  i&  =3=  o. 

afx^  +  b/x*  +  cfx  +  df        =0. 
a/x*  +agx*  +  abx  =0. 

*  ikf-~og)  X* + {cf-^ab)  X +df=  o.  Sivc  abbreviandi  gratia, 
A*»  +  Bat  +  ^  =0. 

O 


(    54    ) 
hfx'  +  Bfx  +  df      =o.      A&x'  +  Bi&jc  +  ^A         =o.. 
Afx'+Agx-{-Ab        =o.       df*>i"-\-dfgxjpdfb  =o: 

(B/_A^)(^^'— A6)x+(^*— Ai&>  =o. 

(B/- Ay)  (^'-- A&)  x+(B/.-.  Ag)  (^-B^)=o. 

*  (^*— A&)'— (B/— A?)(^— B^)=o.  five, 

d^f*  —  iKdf'b  +  A»)&»  —  B^»^  +  B'/A  +  hdf^  —  ABfii  =  o* 

=  d*p  ~  2A^>&  —  B4,(f  +  B'A  +  A</^  +  A'^'j/^gg*  =  o... 

Rellitutis  jam  ^—  <?^  pro  A,,  et  cf —  ab  pro  B,  prodit, 

d*fi  —  abdf^h-V  ladfgh —  cdj*g  +  *^»  —  adg^  +  fy'i&^ 

—  2j^)&*  +  a'A?  +  ^'/A'  —  abgh*  —  bcfgb  +  tff^'i^   .  .  .  5  =  °' . 


Sive  fecundumformuladi  Nnvtoaianam^ 
(ah  —  bg—  zcf)  ab*  :  +  (bb  —  cg^  2dfJ  bfb  :    \ 


•    « 


Formula  V. 
ax*  j^bji^  +  ex*  +  dxy+  tf  sr  o. 

/^*  +  ^Af  +  i&  =  o. 

afx*  +  A/ir3  +  ^at!  +  dfx  +  ef  =  o. 

tf/k*  +  tfjfAf  5  +  ahx*  =  o. 

*  (*/~  tf^)  x3  +  (^—  ah)  X*  +dfx  +  efz=.  o. 
Sivc,  Ak^  ^  Bx^  +  dfx  +  ff  =  o. 


(    55    ) 
Afxi  +  Bfx*  +  <i/*x  +  ef*  .         =  o. 
A/*'  +  Agx*  +  AJfx  =  o. 

Sbrcy  A'«»  +  B'*  +  (f  2  =  o. 

A/«»  +  Wfx  +  efi        —o.      A'/jx*  +  B'ix  +  e/^b        =  o. 
A'/x'  +  A'gx  +  A'b       =  o.       ef^x^  +  ef^gx  +  ef^b        =  o. 

•(B/— A'^J*+ efi—A'h  =  Oi      («/•»  — A'A)  at  +  rf^g^Wb  •  :^  • 
(By—  A^)  (ef  J  —  A'A)  «  +  (e/"» — A'i6)«  =  o. 

rsy-  A^^)  (gr  ^  ~  A'b)  X  +  (By—  a^^)  (ery—  b'A)  =  o. 

•  iefi  -  KhY  —  (B'f-^ ■A'gHrf^-^'br         =o. 

**/* — 2A'epb+A'*bi-.B'gf^3g+A'e/*gi  +B'V'A— A'B'^A=o.  - 
fivc^V"5_2A'er*^  — BV^^+A'e^2+B'*i&  +  ^^=r^^^    =0.    • 

Reftitutis  valoribus  A'  ctB'  fcilicet  B/" — A^  (xdf*—hb  > 
crit, .. 

+  </a/Vj—  zAdf^b^  +  A^bi  +  B^fb^  --  AB^A^^sso. 
—  B^2^  +  A<^2^        ...        .        .        .      3  • 

Reftitutis  iterum  valoribus  A  et  B,  ordinando  et  divi-  - 
d^do  per^  erit,  > 

a^b*  —  abgb^  —  2acfP  }+  b^fb^  —  bcfgb^  ^  ibdf-b^  rT 
+  acg^b^  —  adg^b  +  aeg^ —  Aoefg^b  +  c'^pb^  >—  cdpgb  I 
■k-.cffH'-    —   ^"pb  +    ladfgb*    +   bdfgH   +   d^pb\^^' 
+  %aef^b*  +  3*£^»^*  —  def^g  +  #y*  —  ^^^  J  . 


(    I6    ) 

Unde  facile  elicitur  formula  Itcwtomana^ 
iah  —  bg  —  icfj-a^ :  +  (bh^i^'-ie^J ifb^  :  +{*^« ' 

+  <^»)  <^i&  :  +  {,zab^  +  3*^A  —  dfgAr  ep)ef^  :  —  (*^ 
—  tab)  ef^ 


>.=  o. 


Caeteruoi  obfervtuidmn  eft  terminum  —  ^fg*b  fupra 
memoratum  zNewtono  in  binos  rcfolvi,  fcilicet  ag^  x  —  2efb 

Formula  VX. 

«*'  +  ^**  +  r#  +  J  ==  o. 
/*'  +  gx^  +  i&*  +  i6  r=  O. 

qfx^^  bfx*  ^tfx+ df  =zO.       akx^  +  bkx^  +  ckx  +  dk     =0. 
fl/?if»  +  agx*  +  abx  -^-ak  =10.      <^«'  +  </^x*  +  rfAr  -\-dk:.  -=  o. 

•(J,f-^g)n'-\-(tf—ah)x^df—ak=o.         (J/—iti)x*  -{-(Jg—U)x+Ji—ci  *  =0. 

Sivc,      Ax»+B«  +  C   =0.  C*»+D;tf4-F  =±0. 

AC*a  +  BC*  +  C*      =0.      AF*«  +  VFx  +  CF  r=  o» 

AC*a+AD«  +  AF     =0.      C**a+CD«  +  CF  =0. 


•(BC— AD)*  +  Ca— AF=o.      (C*— AF)«+CD  — BF*=o. 

(BC  —  AD)  (C*  —  AF)  «f  +  (C*  —  AF)»  =  o. 

(BC  —  AD)  (C*  —  AF)  *  +  (BC  —  AD)  (CD  —  BF)  =  o. 

•  (C*  —  AF;»  —  (BC  —  AD)  (CD  —  BF)         =  o. 

Sive,  C»  —  aACF  —  BCD  +  B'F  +  AD*  +  n         '  =  o- 


^=o. 


:o. 


(    ^7    ) 
Sive  reftitutis  valoribus  A,  B,  C,  t),  F,  erlc» 

■\-abdfhk  ~  3aV^M  +  3*<:^'i6  —■  acdfgk  —  3a*(/l' 
+  la'cgk'  —  cd'pg  +  a**-&i6'  +  <r*/^'A  —  2acdfb'  +  aVAi 

—  f'/'i  +  2«<yM  —  aVA»yt  +  Wy^*  —  24»^ifc  +  Ay*' 

—  orf'^J  +  aa^d^*  — a^'^*'  +  b'dfb'  —  a**A*  ~  i'^hk 
+  j^r^y&yi  —  *<:^/&  +  acdtb  +  A^ifc  —  acYk 

Unde  fi  ordinc  debito  difponantur  termini  elicictur  for- 
mula Newtoniana, 

(^ah  -^bg^  %cf)  iadb*  —  acbk) : + {ak  +  bb  —  cg  —  2df) 
bdfb  :  (—  ai  +  M  +  teg  +  3«^)  a'*' :  +  (<r<^  —  </*^ 

—  ^*  +  ibdk)  (af  +  r/*)  :  +  (^^agb+bg^  +  df  —  zqfk) 
d'f'  (—  2ak  -^bb  +  cg  +  d/')bc/ii  +  {bk  —  idg)  V^k : 
(— b'k  —  ^adb  —  cdf)  agk        ...         -^ 

Caeterum  notandum  eft  terminum  jjkctf^k  a  Ncwtono  in 
tinos  rciblvi,  fcilicet  2^</i  x  ^»  &  <^x  ^^i§, 

•    "FORMXJtA  Vlt. 

<j**  +  fe«'  +  r**  +  </*  +  tf  =  o. 
/*♦  +  ^*'  +i&*'  +  it*  +  /  =  o. 

<j/5f*  +tff*'+<iA**+<»A*+<7/  a=*  o>     efx*-\-egx^-Vebi^-\-ekx-\-el  =  o 
-five,  A*»  +  B*'  +  C*  +  D  =a.         D*'  +F*»  +  G«  +  H  =a. 


(  J»  ) 

ADa:^  +  BD;^H  CDx  +  D*  =  o.     AHx^  +  BHx^+CHx  +  DH  =  o. 
ADx^+Afii'+AGx+Aii  =  o.    DV  +  DF^' +  DG;v  +  DH  =  o. 

five,       AV  +  B';tf  +  C'    =  o.  CV  +  D'^  +  P  =0. 

A'CV  +  WCx  +  C*  =0.      ATV  +  BTx  +  CT'         =  o. 

A^Cx^  H-  A'D'^  +  AT'         =r  o.       C'x^  +  CD'at  +  CF         =r  o^ 

*^B'C— ADO  ^  -1-  CWA'F  ^.      (C*— ATO:^+CD'— B'F*  =  o. 

(B'C— ADO  (C^— AF)  X  +  {C'—ATT  -  o. 

(B'C— ADO  (C^— AT')  X  +  (B'C— AD')  (CD'— BT)  =  o. 

•^C  — AF)^  —  (B'C  —  AD')  (CD'  —  B'F)     =  o.. 

Sivc, 

C^— '2  AC*F+ A^*F'--fi'C^D'+B'^CT'+ ACT)''— A'B'DT'  =  o.. 

,  Sive, 

^  ^      B'CT'  +  ACD''+  AT'*  —  A'B'D'F 
C  —  2  AF  —.  B'D  + ^^7, =r  0-- 

75.  Hujus  reduAione,  fubfti'tutis  mminim  Taloribus- 
A',  B',  C,  D'  et  F'  tandem  enicre  licet  aequationem  8  di- 
menfionum  quae  formtJam  quaefitam  prae  fe  feret^  Simili 
ratione  inflituenda  eft  elimiuatia  quantitatis  x  ex  aequatio- 
nibus  altiorum  dimenfiomim*.  In  genere  autem  nocandum 
eft,  quod  dimenfio  aequationia  ultimo  refultantis  tranfccn- 
dere  non  debet  fiimmam  dimenfionum  asquationum  pro- 
pofitarum..  Hue  ctenim,  redit  haec  elimination  ut  invenia- 
tur  acquatio  nova  cuju»  radix  quaelibet  feu  valor  quantitatis 
X  in  alteirtttram  a^quationem  datam  fubftituta  earn  evancf^- 
cere  faciet;  at  G.  dimenfio  ae^uationis  finalis  hac  methodo 
comparandae  banc  fummam  excedat,  ex  radicibus  ejus 
nonnuUse  finem  quaefitum  non  affequentur^  radicibus  in-* 


(  S9  ) 
ntilibus  una  cum  utilibus,  admiftis.  Inutiles  igitur  ra- 
dices, deprimendo  aequationem  ad  dimenfionem  debitam 
ope  divilbris  alicujus  femper  in  aequatione  finali  latentis, 
reciduntur.  Sic  in  formula  VI  afcendit  ad  odlavum  gra- 
dum  aequatio  finali«  C*  —  2AG*F,  &c.  =  o^  dividendo 
autem  per  quadraticam  C  five  df —  aky  =  o,  ad  fextunv 
dcprimitur.  In  noviffima  item  formula,  aequatio  C*  — 
i2A'C*F',  &c,  ==  p.  1 6  dimeiifionum,  ad  aequationem  & 
dimenfionum  deprimenda  eft  ope  diviforis  C*  five 
(if—  olf^hf^^^)  (ik—ll)"  =  o,  Et  quo  altius  alTurgunt 
dimenfiones  aequationum  propofitarum  eo  grandior  adhi- 
bendus  eft  divifor,  ct  proinde  eo  molcftior  exterminandi 
labor.  Hujus^  igitur  minucndi  gratia  varias  excogitarunt 
exterminandi  methodos  Viri  Clari,  Cramer^  Introdudlion  a 
PAnal^e  des  Ugms  Courhes  Alg^briqties  ;  Euler^  Acad.  Berlin^ 
anno  1764;  Bezout^  Memoirs  de  F Acad.  Paris ^  anno  1764  i 
et  La  Grange^  Acad.  Berlin  1 769. 

Formulis  his  Newtonianis  jam  inveftigatis,  (exemplia 
quidem  in  exercitationem  tyronttm  probe  accommodatis) 
quonindam' problematum  ibiutioncs  adjungere  libct^  qua 
melius  conftet  rcgularum  necnon  fbrmularum  ufiis,^ 

P  R  OB.     L 

76.  Invtmre  duos  numcros  x  et  y^  quorum  fumma  Jit  s  tt 
produSum  p» 

Habitis  duabus  sequationibus  Jtf  +  ^  ==  /,  et  xy  =^py 
fubftituatur  valor  x  ex  priore  refultans  s  —  y  in  poftcrio- 
rcm,  et  prodibit  j-^j  X  j^  =*=  />.  Adeoque,  y  ==  jry  — /• 
tt  per  redudlionem,  y  ^^  i  s  ±  y/^s'—p.  Ut  fi  j  fit  140  ; 
ttpy  3136  ;  fubftituendo  prodibit  jr=  70  +42  =  28  vel 
1 1 2,,  quorum  alterutrum  dcfignante  j^  alterum  defignabit  x^- 


(   do  ) 

Exterminari  potuit  x  ex  aequationibus  k+y^ — /  =  tt 
et  xy  —  /  =  o,  ope  Formulae  L  fubftituendo  pro  a^  b  * 
/>  g '^  1 1  y  —  ^'>  y  ^^  — /  refpedivc  :  prodit  enim 
(^37}  ^y)  —  (i  X  — p)  =  o.  feu  jf*  =  sy  — /  ut  fupra. 

77.  Hinc  liquet,  quod  propofitis  duabus  quantitatibus 
incognitis  methodus  defignandi  alteram  ex  aliqua  quaefti- 
onis  conditione,  in  folvendis  problematis  antecedentibu* 
adhibita,  eodcm  redit  ac  exterminatio  fpeciei  banc  quan- 
titatem  incogiiitam  referentis,  eliciendo  valorem  ejus  tx 
una  aequatione  eundemque  in  alteram  fubftituendo^ 

P   R  O   B.     11. 

78.  tnvemrc fummam  quadratorum^  cuborum^  blquadratorum^ 
feff.   duorum  numcrorum  quorum  fumma  Jit  s  et  produ&um  p. 

Defignantibus  x  cty  numeros  quaefitos,  erit, 

X  +  yz=zs.     Adeoque  quadrando,     x*  +  2xy  +  y*2=zs* 

ct       xy=^.p.     Subdyc         -         -  2xy  =2^ 

^TA  fumma  quadratorum       x*  +  jf*  z=:  /*  —  2/. 
Multiplicando  banc  ^quationem  pftr  x  +  jf  z=  /, 

Prodit         -         ^^  +  (at  +  j^)  xy  +  jf'  =?/' -—  2sp 
Subdue         -  (^  +  J')^J^        =J!^ 

^yxx^t  fumma  cuborum    x'  +  j^^  =:  j'  —  yp. 
Multiplicando  iteruxn  per  x  +  y  z=Sy 

Prodit  x^  +  {x*  +y*)  xy  +y^=:  /*  —  y^p 

Subdue         .  (x*+/)xy      ={s*^2p}p 

l^tqne  fumma  biquad.  x^  +  jk*  =  j^^  ' —  4/*/  +  2/** 


(  ei   ) 

Hint  innotefcit  lex  progrcfllonis,    fi  qnaeratur  fumma 

'poceftatum   altiorum;    femper  cnim  invenietur  multipli- 

cando  {ummam  potcftatum  ultimo  inventarum  per  /,   ct 

iubduccndo  a  produclo  fummam  penultimarum  in  p  duc- 

tarum.     Et  fie  univerfaliter  :  erit  fumma  poteftatum  n  = 

m  m  —  %  n — 3        «-^4  n  —  4      n  —  5  »— 6 

s    —  ns        p  +  n.  -^7—  .   s  p*  —  .  — —  • •    s 

P  R  O  B.     III. 

79.  Invtnire  fiimmam  quadratorum^  cuborunty  biquadratorum^ 
Zffc.  exfingulis  quantitatibus  a,  b,  c,  d,  l^c.  or  dims  ctijnfcnnque^ 
quarum  fumma  a  +  b  +  c  +  d,  ?5?f .  fit  P ;  fiimma  reElangulo- 
rum  fiib  fingtdis  bhiisj  ab  +  ac  +  ad,  Efff.  be  +  bd,  cfc.  + 
cd,  ^c.  fit  Q^;  fumma  contentoriim  fub  fingulis  ternis^  abc  + 
^  abd  +  abe,  ^c.  +  acd  +  ace,  ?5fc.  +  bed,  "i^c.  fit  R,  ^c.  ^c. 

Defignantibus 
^,  fummam  quantitatum  ^,  r,  rf,  &c.  poft  primam  a.^ 
y,  fummam  reftmgulorum  be  +  bd/icc.   +  f^,  &c.  poft /a. 
r,  fummam  contentorum  bcdy  &c.   +  cde^  &c.  poft  y^z. 
&c.  &c. 

Erit 
p  =:  tf  +  ^.  Adeoque,  quadrando,     -     •      'P^=^a^  +  zpa  +  p^ 

Q^pa+  q.  Subdue  -         -  -         2Qj=:  2pa  +  aq. 

R  =  y^+r.  Isitque  fumma  quadrat.      -     P^ — 2Q=j*+^*.^2y 
S  =  rtf  +  X.    Multiplicand©  hane  aequationem  per  P  =  ^  +  ^. 
^&e.        &c.     Ei  it      PJ  —  2PQj=  a^  +p^  +pa^  +p^a  —  2qa  —  zpq 
Subdue  PQj=  pa^  +p^a  +  qa  +  pq 

Adde  3R    =  +  ^qa  +  y 


-Eritque  Summa  cuborum  P^  —  3^0^"^  3^  ^^^  a^+p^  —  ^pq  +  3^. 
Multiplicando  hanc  per  P  ;=  ^  +  /, 


(     6z_    ) 

Exit  F^—:iP^Cl  +  2?R=a^+p^+fa^'\-p^a—2pqa+ya'^2P^q+2pr 
Subdue  P^(^ —  2Q^  =  pa^+p^a — ipqa^qa^^p^q — zq^  - 

P* — 4P^Qj-3PR+2Q^"=^2^Hr/>^ — qa^—pqa+ya — 4p^q+2pr+2q* 
Addc  PR-  =  qa^  +  pqa+ra-i-pr 

V^—4V'qjr4VR+2Q^a^.+p^+4ra^4p^q+4pr+2q^  ^ 
Subdue  4S  =  4ra+4s 

Eritque  fumma  biquadratorum 

P^— 4P2Q+4PR  +  2q2_4S=tf  4+/*— 4/^.y+4^r+27^— 4'f- 

Similiter,  praeccdentes  operationes  continuando  doaec 
omnes  cxtermincntur  dimenliones  a  praetcr  quaefitam,  pro-  . 
dibit  fumma  qinntarum  poteflatum^  P'  —  jP'Qj*"  5P^R  +  5PQI 
— rjPS  —  50^ +  5^,  ,  Et  fie  deinceps..  Caeterum  eombi- 
nando  valores  inter  operandum  invcntos,  eontradliiis  expo- 
ncre  licet  fuiTimas  poteftatum  qusefitarum  ;  Ut  eleganter 
NewtomiSy  qui  hafce  formulis  infequentibus  primus  abfque 
demonftrationc  propofuit,  .  Seilieet 

p.- =-A. 

P2__2(^ =PA— 2q=B 

P3^3PQ+3R     .     .     .     rrPB— qA  +  3R=C. 
P v_4P'q+  4PR  +  2C^— 4S=;:PC~QB + R A— 4S=D.  . 
P5_,P3<^+  &c.      -       .    — PD— QC  +  RB— SA  +  5T=E. 
p«^6P^Q^+  &c.     -      -     =P£— qp+RC— SB+TA— 6V=F. 

Et  fie  in  infinitum,  obfervata  lege  progreffionis.     Ne-  - 
cefle  autem  eft  ut  probe  obfiirventur  figna  quantitatum  o,  b^ 
f,  &c.  fi  modo  diverfis  aificiantur  fignis.     Has  omnes  af- 
firmative pofuimus,  hoc  tantum  innuentes,  eas,  fecundum 
figna  fingulis  propria  efi:e  addendas  feu  aggregandas,  five  . 
hxc,  fint  affirmativa  five  negativa. 


(    6s    ) 

Concluiiones  prxcedentes  vere  exponere  fummam  qua- 
dratorum,  cubonim,  &c.  ita  per  induiSlionem  conftabit. 

P2  _  2q  =  a*  +  b^  +  c^  +  d^,  &c. 

Caf.  I .  Datis  tribus  quantitatibus  j,  ^,  r,  eric p  =b  +  c. 
Scd  per  Frob.  11.  p"  —  2y  =  ^*  +  c*.      trgo,  P*  —  iQ^ . 
(=^»  +  ^»  —  ly)  =  ^»  +  ^*  +  ^\ 

C^  2.  Datis  quatuor,  txitp  =  b  +  c  +  d.  Sed  per  Caf. 
I.  /»  _  2y  =  ^*  +  r*  +  ^/\  Ergo,  P*  —  2Q^(=  a^  +  p^ 
—  2q)  =  a^  +  b^  +  f'  +  d\ 


Caf.  3. .  Datis  quinque,.  erit  /  =  ^  +  ^  +  ^+^.  Sed 
per  Caf.  2.  p^  —  2q  =  b*  +  c^  +  d*  +  e\  Ergo,  &c. 
Et  lie  deinccps.  . 

p^  _  3PQ^+  3R  =  a^  ^  b^  +  c^  ^  d\  &c. 

Caf.  I.  Datis  tribus  quantitatibus-,  erit*^  ==  ^  +  c.     Sed  ^ 
per   Prob.   11.    /^  —  2>PR  =  ^'  +  ^'-      Erga,    P^  —  3PQ^ 
(=^  j5  +  ^5  —  2ypq)  =  ij'  +  ^'  +  i"'.     Ab  hoe  cafa  nim^ 
rum  ablegatis  3R  ct  3r. 

Caf  2.  Datis  quatuor,  erit;)  =  3  +  ^  +  ^/^     Scd, 

—  iPq-=:  — zb^c — ^bc"- — 3^^ — ^rd — 3W — j;a/' — oZ^fi/. 

+  '3r  =  +  o,bcd. 

Sive,    /^^  —  3/y  +  3r  =  Z>^  +  r'  +  J\ 
Ei'go,  P'— 3Pq^+  3R=  a}  +  *'  +  c'  +  <i^ 

Cij/T  3.  Datis  quinque,  erit  p=.b  +  c  •\-  d  ■\r  e.     Scd  per 
C^   2.   p^  —  2^pq  -^  y  =.  b^  +  c^  +  d^  +  e^.     Ergo,  &c.^ 
Et  fie  deinceps.     Simili  quoque  argumentatioue  in  potefta^  ' 
tibus  altioribus  conftabit*. 
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80.  Brevius  quidem  ct  elcgantius,  ca&terum  argumento 
paulo  fubtiliore  idem  coUigit  Simp/on^  Algebra,  p.  129. 
Quoniam  enim  fiagulae  quantitates  a^  b^  r,  d^  &c.  pariter 
verfantur  in  aeqnationibus  originalibus  feu  datis  P  =  a  +  3 
+  c^  &c.  Qj=  ^bc^  &c.  necefle  eft,  ut  pariter  quoque  ver- 
fentur  in  conclufionibus  inde  elicitis ;  adeoqne,  fi  valores 
p  et  q  adlu  fubftituantur  in  aequationem  P*  —  2Qj=  a  +/* 
- —  2y,  liquet  nullas  reftare  pofle  dimenfiones  quantitatuin 
a^  3,  r,  &c,  prneter  quadrata,  ex  eo  quod  nulla  dimenfio 
quantitatis  a  praeter  quadratum  in  hac  sequatione  occurrit. 
Et  fimili  argumento  colligi  poteft  nullas  dimenfiones  quan- 
titatum  ay  b^  r,  &c.  prxter  cubos  in  a^quatione  P^  —  3^0^ 
+  3R  =  j^  +  ^^  —  ^pq  +  y  verfari.     Atque  ita  deinceps* 

P   R  O   B.     IV. 

81.  Invenire  trcs  numeros   continue  proportionaksy    quorum 
fummafit  20  =  J,   et  quadratorum  fumma  140  =  ^. 

Habitis  sequationibus  ^  +^  +  -  =  20,  ct  x^  -Vy^  +  -^ 

r=  i4o,fubftituatur  in  pofteriorem  pro  -^  valor  ejus  ex  priorc 

comparandus,  fcilicct  (20  —  x  — yf^  ct  concinnando  pro- 
dibit  X*  +  J'*  +  >— 20  X  —  20^^  =  —  1 30.  Subducatur  haec 
aequatio  ab  x*  -^  y^  +  j^  —  20  x  =  o,  ad  quam  utique  revo- 
canda  eft  prior,  et  mancbit  20^^  =130  feu^  =  6  2. 

Invcnto  jamjj',   ut  inveniatur  x,  fubftituatur  6  \  pro  j'  in 
sequationem  x  +^  +  ^  =  20.      Et   concinnando    prodibit 

X*  =  137  X  —  42 i.  Et  per  reduiflionem  x  =  61  + 
V4s7r^4^  =  6  J  +  v/3^-     Nempe  6  ^  -f  VJi^  ^ft  maxi- 


(    6s    ) 

mm  qnaefitorum  ttmm  numcronim,  ct  6  J  —  x/iT  mini- 
mus. Nam  X  altenitrum  extrcmorum  numerorum  ambi- 
que  defignat,   indeque  gcmini  prodeunt  valores,  quorum 

alteruter  potcft  effe  x^  cxiftente  altero  -  ;  cum  in  ferie  pro- 

portionalium  vel  crefcente  vel  decrefcente  conftituetur  x,  in- 
deque in  priore  cafu  defignabit  maximum  proportionalium, 
in  pofteriore  minimum. 

82.  Exterminari  potuit  x  ex  aequationibus  x* -{- y—  20  x 
+  y  =  o,  et  X*  +  y*  —  140  x^  +  y^zzz  o,  ad  quas  rcdigcudac 
funt  praecedentes,  fubftituendo  in  Formulam  V,  pro  a^  b^  r, 
^5  ^  ;  yi  g^  &  ^-  I,  o,  y^  —  20,  o,  j^*  ;  I,  y  —  20,  &  j^S 
refpciflive.  Et,  propter  defedlum  termini  Tccundi  ct  quarti 
in  aequatione  pofteriore,  evanefcentibus  b  &c  J  necnon  for- 
mulae terminii  quorum  fadtores  funt  ^  &  ^/,  emcrget  ( — y^ 
+  280)/:  *  +  {2y^  '^^<^y  +  260)  (260 j^^ — .40/)  •  * 
+  (3y^)y^  *  —  2  j^*  (/  —  40  y  +  400  y^)  =  o.-  Unde 
multiplicando  et  delendo  fuperflua,  prodibit  1 600  y 
—  20800  y  —  67600 y  =  o,  ac  reducendo,  4  j^*  —  52  j^ 
+  169  =  o.  Sive  radice  extra Aa,  2y  —  13  =  o,  feu 
y=:6i.  Ut  fupra.  Veruntamen  exterminatio  quantitatis 
incognitas  plurium  dimenfionum  plerunque  operofior  eva- 
dit  formularum  ope,  quam  fi  ab  ipfis  regulis  aufpicemur. 

Sun/  et  alii  modi  quihus  h^c  eadem  ahfolvi  pojfunt ;  idquefa^ 
penumero  contractus.  • 

S3.Ut  fi  generalker  enuncietur  quaeftio,  habtes  aequationi- 

bus «  +^  +  -  =  ff,  tt  **  +  ^*  +  -J-  =  *,     prior  tranfpo- 

nendo  dat  a  —  j'  =  x  +^.  Et  partitms  quadrati«  «*-— «^ 

R 


4- ^  ^=.^*  +  V^ '+  ;^a •     Et  fubducendo  utrinque  jf*,  mt: 

^^  —  2ay  (=  ;^^  +  j^*  +  ^^2)  =  *.     Adeoque  j?  = ^.  Quo^ 

lubftituto  pro  y  in  .sequationcm  ;c^  =^^11^  ;c — j/2,   crit \ 

/1 4 —            n^ — 2^  +  — 
a;^  = X 1..      Et    per    reducftioncm, 

X  =. . 

4 

^ 

'  84.  Defignantibxis  jam  x  et  y  proportionales  extrcmos,  , 
qiedium   defignabit    v'*^*     Eritque,    x  +  y/x^  +  y  =:  a 
&C  x^.  +  xy  +  y^  z=:  i.     Dividatur  fccunda  aequatio  per  pri- 

mam  et  p^odibit  x  —  y/x^  +  yz=zj.     Subducatur  hasc  a 

prima,    eritque  2  y/xjf  =  a  -^  j  ;  et  medius   Vxy    =   7 

—  ^ .  Ut  fupra.     Unde  cognofcatur  fumma  et  produdlum 
cxtremorum  x  et  y^  adeoque  &  ipfi  extremi  per  Pro5.  I. 

PRO  B.     V. 

85^   Invcnire  quatuor  nurneros  continue  preportionaUs^  quo^ 
rum  datur  fumma  a,   "i^  fumma  quadratorum  b. 

Defignantibus  x  et  y  medios  nurneros  quaefitos,  defigna- 
bunt,;^^  tx,  natura  continue  proportionalium,  "T  et  -    cxtrc-^ 

mw,..  Habentur  itaque  aequationes  7  +  ^  Yy  +  TT  =^^ 


y* 
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eft  "^  +  .V*  +  J^*  +  Jr  =  ^.     Ponamus  jam  x  +  y=is  tt  xy 

z=p\  eritquc  j  +    -=:j  — /,  itemquc  —  =/ propter 

proportionalitatem.     Sed  per  Prob.  II- 
Erit  fumma  quadrat,  x*  +  j*  =  s*  —  2p 
Et  fumma  quadrat,    p  +  ;^*^={a  —  j)*  —  2/. 

Adeoque  his  additis  p  +  ^*  &c.  =:(a  — /)*  +  j*  • —  4^  =  ^ 
Sive,  fubftit.  ^^  pro/  *   -  -    (tf — /)*  +  ^*— 17^^=^ 
Sive,  concmnando^     -     --     x*  =  —  T^-f  +  i^*  —  i^ 
Et  per  reduaioncm,    -    •  •  -  •f="~i;  +  V— t+i^*— 4^- 
Invento /,  innotefcit  /  =:  ^Tir^  .;.     Itemque:  ob    ^ j^ 

(=  x)  =  —  prodit  sy  "—y^^^pj  ^ty'=:  5  j  +  v^i^--^*  I^*' 

vento  autem  j'  innotefcit  at,  et  proinde  quatuor  proportib- 
nales  quaefiti*- 


,3  jc*  y* 


*  i — i — -=:p.    Nam    -     -      — +  '^  =  tf — J. 

Adeoque,      -      -      x^  +  y^ (=  a—/  x;')  =  (^j  —  j) jp 
Itemque,  perPr^^.II.  a^'  +  )^'  =  j'  —  3^^. 
Adeoque,      -     -     -     •     -      -     j^  -*-  jj^  -*.  ^^  —  sp 
Et---^----      .     s^  :=:2  ^sf  +  ap. 


(    68    ) 

'  In  hac  folutione  fecuti  funms  Simpfon.  Eundcm  valorem 
Sj  at  operofius  quidcm,  contra  morem  fuum,  exquirit 
Newtonus.  Aliam  quoque  et  elegantem  hujus  problematis 
(necnon  infequentis)  folutionem  a  De  Moivre  inventam 
proferrc  jam  libet.     Vide  Sander/on.  Algebra^  Vol.  i,  p.  263. 

86.   Defignantibus   a:%   x*y^  xy*^  y^  quatuor  proportio- 
nales  quaefitos,  crit 

jc5  +  x^jf  +  xy^    +y^ziza.     Adcoqutj  (x+y)  (x^+y^)=:a. 
x^  +  x^y^  +  x^y"^  +  y^  zzib.     Adeoque,  (;k:*  ^y*)  (x*+y^)  =  b. 
Abbreviandi  gratia,  finge  x  +  y  z=zzy  et  jc^  +  ;^*  =  v. 

Entque 2;^=^,  et^;z=.— 

Itcmque     -      -     v  X  (x^  +  y^)  =z  by  et  a:*  +  y^  =z  ;^. 

Caetenimob  x  +  yz^Zy  erit    x^  +  y^  +  2xyz=:z^ 
Sive,  fubftituendo,      .      -      .      v       +.2xyz=zz^ 

Adeoque, 2xy  z=  z^  —  '^. 

£t  quadrando, 4x^y^  z^iz^^^zvz^-^v^* 

Porro,  ob  x^  +y^  r=  v,  crit  x^+y^+2x^y^  =  v^ 

Sive,  fubftituendo,      ...      —   +  2x^y^z=:v^ 

Adeoque,      -      -      -       -      -       -      2x^y^z=iv^ 

Et, 4^2/*  r=:  2V»  —  ;; 

Erit  igitur,     -    z^  —  2vz^  +  v^  (=  4x^y^)  z=:  iv^ 

Adeoque,      -     -     -    z*  —  ivz^  z=zv^  —  ^ 
Sive,  ob  1;  =:  — ,   -     .  z^  —  2az    =  —, 

(zb 

Adeoque,      ...    »^  +  ^ 2a)z^=:a^ 
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Unde  per  redu(5lionein  §  48,  elicietur  «  et  exindc  Vn  Hit 
autem  cognitis  inuotcfcent  x  tty.     Erat  enim, 

Subdue        .       .        -  Af2  +y2            -^  .J; 

JEritquc        ...  *          2xy  =  z*  —  v 

Atque  harum  differentia  x^  +y^ —  2xy==:v  —  (z*  —  v) r=:2t^ — z^ 

Et  extradka  radice        -  x     — J'    =  v^zxTir^ 

Huic  adde        -       -       •  x      +  y    :=zz 

Eritquc        -         -         -  2.r       *      =  z  +  ^iv  — »' 

Et        .          -          *  X             — .  2  +  4  V^i^T-Z? 

Eritquoquc       -       .      .     2;^       •      n^iz  —  y/^^  —  »* 

'£t j^              =U— J^siTir^ 

Cognitis  igitur  x  ct  j',  innotefcent  quatuor  proportionales 
'•quaefiti. 

ExEMP.     Sit  tf  =  30,  et  *  =  340  J  erat,  per  praced. 

2?  =  «3  +  a* 

*Sive,  pofito =  ^,    z*  =  J2^z3  +  a^ 

Adcoque       -        -        •       z^  =  ^  4.  ^i%  4.  ^» 
C^enim  rf=  ^-:iA  ^  9oo-^^o        56 
A  30  3 

Adcoque    ^^  +  ^*  =  ^  4  000  =  i^^ 

9  9 

Et         -         \/j»  4.  a*     =   — • 

3 

Adeoq.  z'  =  rf  4  V^«  4  a*  =  54  =  27  X  i.    Sit  ^3  -.  2, 

Eiitq.  r3=27^3,  etproifldcz=:3^.  Sedtr=^=:?^=:i?=,^*:;:rr* 

Itcmquc    av  —  «a  -  io<r»  —  p<:a  =  f*,  tt  y'a*  — »«  =  c. 

Ergo  .  =  ?±V^iE-2:.  i^*«.  Et,=:"~VSEH!:^^.. 


(    79    ) 

Adeoquc  proportionalcs  x\    xy^  xy*^   y^ 

Evadent     ^.    -     -     -     %c\   /\jc\  2c\   ic'^ 

Sive     -      -     -,     -     -      i6>    8,  4,      2. 

P   R   O   B-     VL, 

&7.  Invenire  quinque  numeros  continue  proportionalcs^  quorum, 
datur  fumma  a,  ct  quadratorutn  fumma  b. 

Defignantibus^;v,j^&zxnedios  numeroa  quaefitos,  dcfigna-. 


.a 


bunt    —   et   —    extremes.      Habentur  itaque    aequationes 
^-  +  ^+^  +  z+y  =/7,  et^^  +^^*  +  ^»  +  55-  +  ^.  =^- 
Ponamus  :v  +.  5S  =  «,  eritque  7+7=^  —  '^  —  J'J     ^^ 
propter  proportionalitatem,  tam  -7-  quam  x%  =  j\ 

Adeoque  per  Pr(?^.  II4  ^  +   -5  =  (^  —  u  — y)^  —  i)'\ 
Et  fimiliter,   at*  +  js*  =  «*  —  2y*.     Seu  dividendo  per  jp, 

^»  a*  tt*  2V* 

— h  -  =  — : — '  •     Adeoque,  fubftituende  erit 

Summa  proport,      -.       -       -      —  :  +  1/  :  +  j^  =  ^ 

Et  fum»  quad,  (ji  —  u- — yY  —  2y*  :  +  «^  —  2y^  :  +  j/2  =  ^ 
Quibus  redu<5lis,  erit 

a!:  —  ^au  —  2ay  +  21/^  +.  ^uy  —  ^y^  =  ^, 

Et       -         -         -         -       -         -*        ^ U^  f4y^y^z=^o 

Hsrum  priori  addatur  duplum  pofterioris, 

Eritque      -     -      -      a^  —  'S.au  =  h  j  five   u=^  ia  —  — 

Caeterum  tranfponendo,  fuit  y^  +  ay  —  uy  ==  u^ 


^(icoque    -    -    -     -     -    J?,  =  —^  +    V  ^-^  +  «* 


C    70 
Cognitis  autem  u  et  y^  ianotefcent  x  ex  %^  tt  proinde 
quinquc  proportionales  quaefiti, 

fitter., 

88.  Habitis  jam  fecundum  Jiotadonem  M<7/t;r^tf/r^7m,.ae«^ 
quationibus 

x^  +  x^y  +  x^y*  +  xy^   -h  j^^  =  ay  adeoque  ^ 


x""  +.  xy  +  xy  +  xy  ^  f  —  b^    adeoque  ^ZTTi  =  ^. . 


Dividendo  quartam  aequationem  per  tertiam,  erit 

«^  +  y  ^ 

^j-—  feu  X*  -^  ^3/  +  .^^y  —  x/  +  y  =  - 

Adde       -      x^  +  x^y  +  x*j*  +  a:j^'  +  ^*  =  ^ 

h 
Entque-   -    2x^  +  2^y  +  ^y ♦*-=  ^  +  ^ , 

Adeoque        jc*-  +  ^y  +  y  =r4  ^  +>-^  =  puta  j,  . 

CStibduc  ^*  —  x^y^  &c. 

^^b  :v*  +  x'/,  &c.    eritque,  a;f^jf  +  ax/  =  ^  —  - 

Adeoque     -      -      -      -     x^y  ^  xy^=i\a  —  -  =puta^,  . 

Sive     ------     (x*+y)xy=:^. 

C5ivc,  pofitis  xy  =  «, 

^£t  X*  +y  =  v,..  -     -     -    ^    -     w  =  ^/,  adeoq..5s;=  ~,  ^ 

Caetcrum  erat      -     -     -     ^*  +  *  ^^j'*  +  jf*  =  j 
Et  x^  +y^  =.  Vy  quadr.  dat,  x*  +  2x^y''  +  y''  =  v^ 
Et  fubd\icendo     -     -     -      -      -      x^y^  =v^  —s 

Adeoque      -     -      iJTz  (=  ^  ^x^)  z=zv^  ^s  ^ 
Sive.       -         -      ^^  =  iv^.  +  ^^ 


.2 


(    70 
Unde?  clici^tur  v  ec  cxiadc  25»     Hifcc  vcro  inventis  inno- 
tefcent  x  cty. 

Nam  ob  xy  =  Zj   erit     -    .  4.rjp  =  J^a  ^ 

Cxierum  fuit         ^       ^^  ^  ^2  -^  ^ 

Et  hw  additis,         t^^  +  2^^j'  +j^^=  ^  +  ^.-s 

Et  radice  extra(5la,  ^v  +  j^      =  Vir+  2s 

Erit  quoque         -  x-^-^y      =  V^v 


2s 


Et  his  additis^        —         2x         =  v'v  +  22   +  v/t; 


2« 


^V  +  22    +    y^v  2« 

Si\^e  -  -  a:          = ;; 


,  y^i'  +  22  -'—  j^v  —  2fc 

'£t        -        -    -      -        J'        = 

lb 
ExEMP.  Sit  a  =  62,  J  =  .i364.    Ent/  =  4  ^  +  ^  =:-4S^ 

JA  ,  . 

et  ^  =  4  ^ -  =  20.  Adeoque  t;*  =^  U  +  Vi^*  +  ^'  =  J® 

5=  25  X  2.  Sit  c^  =  2,  eritque  v*  =  25^^  ct  2;  =  5^.  Adeo- 
que y/v  +  2z  =  V^V +  4^=^V'9^==^3V^^  •    ?»t  V^v  —  2S  =  %/ri* 

t7  •.  •  •.             y/^  +  ^fe  +  x/tT^'iT        3v^^  +v^^  _^  /- 
Erit  igitur  *  =  -^^ ■ =  ; ^ =  2  vr 

Et      -      jr  =  v^r.    . 
Et  proinde    a?^  =  4^,  at/  =*=  2f,  j'^  =  t. 
Et  proportionales    a:*,  x^j^,  ^^y^j  ^J'S  /* 
/Evadent  i6^*,  Sc\   4^*,  2^:*,   ir* 

Sive^  -  32,     16,      8,      4,      2. 

89.  His  conflare  poteft  quanta  fit  in  folutionum  inveir- 
tione  varietas ;  et  obiter,  quod  alii  modi  fint  aliis  multo 
concinniores.  QuaproptCTi  fi  in  primas  de  folutionc  pro- 
blematis  alicujus  cogitationes  modus  computationi  male 
accommodatus  incident,  relationes  quantitatum  iterum 
evolvendae  funt,  donee  modum  quam  potcris  idoneum  et 
elegantcm  machinatus  fueris* 


(    73    ) 

^£  EXTERMINATIONE    PLURIUM  QUiS  NTJTATUM   rNCOO*^ 
NTTARUM  E  PLURfBUS  JEQUATIONIBUS. 

90.  Si  cluae  quantitates  incognitae  c  tribus  icquationibus 
tollcnds  funr,  aut  plurcs  c  pluribus  ;  confercndo  inter  fe 
harum  qiiafquc  binas,  per  vices,  exterminandi  opus  per  rc^ 
gulas  jam  ante  traditas,  gradatim  perag^etur. 

91.  Ex  tribus  pluribufve  aequationibus  inter  fe  coiiatis 
-erui  quoque  polUnt  formula^  ad  inllar  praecedcntiuni,  pro 
exterminanda  at,  ubi  fit  vmius,  duarum,  pluriumve  dimen- 
fionum.  Caetcrum  hae  formulae  ad  gradua  plane  enormes 
affurgunt,  ubi  altiores  dimcnfiones  .v  tollendae  funt.  Sic 
cxterminato  x  ex  tribus  quadraticis,  prodit  aequatio  16°"* 
gradtis  ;  ex  tribus  cubicis,  81™'  gradus;  ex  tribus  biqua-- 
drarlcis,  256"*'  gradus ;  et  fie  deinceps.  Nee  huic  incom- 
modo  fiitis  medetur  methodus  exterminationis  quam  inve- 
nit  Be%out^  (fupra  cit.  §  75)  quippe  quae  in  cafibus  jam  me- 
moratis,  ad  aequationes  12""^,  49'°*,  et  156"*  gradus  reifpec- 
tive,   deducit. 

Solutiones  problematum  quorundam  plures  quantitates 
incognitas  parientium  afFerre  jam  libct. 

P  R  O  B.     L 


92.  DiJimiUs  duarum  pluriumve  rerum  mtfluras  ita  compo^ 
nercy  ut  res  ilia  commijla  datam  iiUr  Je  rationem  acquirant. 

Defignent  A,  B,  C,  &c.  res  miftas,  et  dj  e^  /,  ^,  b^  &c. 

proportiones   earundem   in  mifturis.     Sit  unius   mifturae 

data  quantitas   ^/A  +  ?B +yiC,    alterius  eadem   quantitas 

^A  +  i&B  +  if  C,  et  eadem  tcrtiae  /A  +  wB  +  »C.     Sintque 

T 


(  74  ) 
hx  miflurae  ita  componendae  ut  compofitionis  eadem  quan-^ 
titas  contineat  pA  +  qB  +  rC.  Finge  x^  y^  et  ss,  partes 
eflb  txium  mifliirarum,  five  numeros  eflc  per  quos  fi  tres 
datse  millurae  refpeAive  multiplicentur  earum  aggregatum 
cvadet/A  +  yB  +  rC. 

dxK  +  exB  +fxC^ 
Eft  itaque  +  gyA  +  hyB  +  4yC>  =/A  +  yB  +  rC. 

+  /zA  +  mzR  +  «25C  J 
Adeoque,  collatis  terminis,  ob  ^/xA  +^J^A  +  &A  +  =pAf 
atque  ita  deinceps, 


f 


.                                                   / — iy — ^^ 
^•'^  +  i£y  +   /s  =  /►,    adeoque   ,v  = 1 


Enint  Y^  +  i>y  +  ^z  =  q,   adeoque   x  =: ^ 

Ly^  +  ^j^  +  ;y5s  =  r,   adeoque   x  = ^/ . 


4\ 


M 


p  —  gy  —   Iz  q  —  hy  —  mz 


ep — dq+dmz — e/z 

d      -      e      » *d«°^-  y = — If^db  — 

a --r  hj — mz  r— »iy  — «»         ,  fa — er+enz — fmz 

t-l =  —I ,  adeoq.j.=;-^-^^-_-^^ 

Et  denique,  fi  abbrevientur  hi  valores  /,  fcribendo  <x  pro 
^p  —  dq^   C  pro  dm  — r-  ely  y^  pro  eg  —  dJby  S"  pro  Jq  —  er^ 

^  pro  ^n  — ^,  et  6  pro/b  — *-  ^i  ;  evadet = — r—  , 

&  per  redudlionem,  z  =  —y tt  .      Invcnto    z,     pone 

y     —y^  ^^        d        ~ 

ExEMP.  Si  trcs  fint  metstllorum  coUiqucfadlorum  mi£- 
turae,  quarum  pr^^as  pondo  coatinet  argenti  tmcias  \%y 


(  75  ) 
aris  I,  &  ftanni  3,  fecundae  pondo  continet  argenti  unci* 
am  I,  aeris  12,  ct  (lanni  3,  ec  tcrtiae  pondo  continet  scris 
uncias  14,  ftanni  2,  et  argenti  nihil ;  fintquc  has  mifturae 
ita  componendx  ut  pondo  compofitionis  contineat  argenti 
uncias  4,  xns  9,  ct  ftanni  3  :  Pro  dy  e^  f;  g^  b^  k  ;  /,  m^ 
«  ;  />  qy  r,  Scribe  1  2,  i,  3  ;  i,  12,  3  ;  o,  14,  2  ;  4,  9,  3 
refpedlive,  &  erit  a  (=  ep  —  dq  =^  1x4  —  12x9) 
=  —  104,  8c  C  (=  dm  —  /f/=  12  X  14 —  I  X  0)=  168, 
&  fic  7.  ==  —  143,  cT  =  24,  ^  =  —  40,   &  6  =  33.     A- 

.      Get —  >/       —  3432  +  3432  \ 

cieoque  z  (=  — ^  = ^-^:^ — -^^^  )  =  o, 

^        '     :)^C  — ^6  57^0  — 5544  y 

'''^  y  —  143     /        II'  ^  ^/ 

4  —  -A  8 

i' )  _.  A*     Quarc  fi  mifccantur  —  partes  pondo 

12     ^  II  " 

mifturae  fecundae,    —    partes  pondo  primSB,  et  nihil  tertiae, 

aggregatum  erit  pondo  continens  quatuor  uncias  argenti, 

novem  aeris,  et  tres  ftanni.     Uti  ex  eo  conftat,  quod  —^ 

J         .              3         /i^  +  i  +  3\        36  +  3  +  9 
partes  pondo  primx  =  ,T  ^   V Tib)  ="  "7^6 —  ' 

^     ^  ^  1  8  /«  +  i2  +  3\  8+96  +  24 

Et  -  partes  fecundae  =  -  x    ( — -^ )  =  — Tyg— , 

•  J  -^^.^  ^ 44  +  99  +  33  ^  4  +  9  +  3 

ct  promde  aggregatutti  = ^j-^;^ -  — ^g — . 

93.  Caeterum  notandum  eft  quod  diffimiles  hujufmodi 
mifturas  fecundum  datam  quamlibet  rationcm  componere 
aliquando  impoflibile  cvadet,  quando,  fcil.  valorcs  x^  y  vcl 
%  prodeunt  negativi }  tales  eninfi  in  quaeftionis  folutione  va- 
lores  affirmativos  tintom  pbftulantis,  locum  habere  ne-^ 
queunt.     Ut  fi  primae  pondo  contineat  argenti,   aeris  ^t 

T  2 


(     76    ) 

llanni  3,  6,  et  7  uncias  refpedlive,  fecundae  pondo,  i,  12^ 
ct  3  uncias,  teniae  pondo  4,  2  et  10  uncias,  et  defideretui- 
compofitlo  cujus  pondo  contincat  4,  9  ct  3  imcias  :  Pro  d^ 
f,/,  &c.  fcriptis  3,  6,  7,  &c.  erit  a  =  —  3,  ^  =  —  18, 
yz=.  —  30,  d  =  45,  ^  =  46,  et  6  =  66.  Ad^oqvie 
9a  —  yS"  -^  198     +J350    _         1152 

—  192 


z 


a  +  ^Z 


1380+  I188 


6< 


^  = 


=  — h  &a: 


P—sy 
d 


1% 


4  +  r  +  24 
3 


63        21 
=  "g    ==  ~.  -  Refpiciunt  niminim  valores  j'  et  z  jam  nc- 

gativi  ad  quaeflionis  cafum  in  praxi  impoffibilem,  nempe. 
Dijftmiles  rerum  mijluras  ita  ab  invicem  fecernere^  ut  refiduum 
res  illas  data  quadam  ratione  inter  fe  commifias  exb'tbeat.  Sic  in 
hoc  exemplo,  fi  a  loi  pondo  mifturae  primae  demantur 
3  i  pondo  fecundae  et  6  pondo  tcrtiae,  refiduum  crit  pondo 
continens  argenti  aeris  et  flajini  4,  9  &  3  uncias  refpedive* 


P   R  Q  B.     II.. 


94.  Invenire  valores  x^j  ett  in  aquationibus  x*  +  xy 
y*.  +  yz  =  21,  et  z»  +. zx==  24.^. 

Subftituatur  nx  prp  y^  et  mx  pro  »,  eritque 
jy'      +  n«*    =  10,' 

>    five    •« 


=  IOi 


«  *  •   +  nmx*=:  21, 
«kV*  +  i»;v*    =24, 


21 


«*  +  nm 


(    77    )  _ 

Adeoque;;;^^-,;,  (=.')=  .-f-,.    ergo  »=  &_.  +  .-■«• 


12 


Itcmq.— :|7^^(=;^')=— ^p^,    ergo   8/i»  +  8;7m  =  7;»  .  ^T+l.. 
Ec      -       -       ;/;» 


Sed      -       -      « 

»44 


I  2 


Adeoq.  7/72.^+1  (=8;/*+  8//-??/)=: ^ -^ -^ — 

\07n^.  w-f-i  —  24/71 

Sivc concihnando,  2^m^+iiom^ —  i6im* — 390772+144^0. 
Et  divid.  per  172 — 2,  25^^+160772*+  159/w — 72=0^ 

Undc  per  refolutionem,  prodit  772  =  2. 

Adeoque  72  (=  — yf^)  =  ~    x  (==  ^ '^)  =  2,  ^  =  3, 

Ct  3S  :=  4.. 

P   R   O   B.     III. 

95.  5/  boves  a  depafcant  pratum  b  /72  tempore  a  ;  Ssf  ^o^;^/  d. 
depafcant  pratum  aque  bonum  e  /72  tempore  f,  ?ff  gramen  umfor-  ■ 
miter  crefoat :  S^uaritur  quot  boves  depafcent  pratum  Jimile  g, , 
in  tempore  h, 

Diftinguantrur  boves  cujufque  prati  binos  in  clafles  ;  fint 
boves  ^  =  r  +  /,  quorum  boves  r  depafcant  gramm  quod ' 
in  prato  b  ante  boves  admiflbs  creverat,  boves  autem  s  gra- 
minis  incrementum  poft-     Similiter,  fint  boves  ^/=  /  +  2/. 
Et  boves  quaefiti  x  z=zy  +  %.     Sed  boves  prioris  claflis  r,  /,. 
et  y^  dato  tempore,  funt  ut  prata  depafcenda,  (qviippc  qu«' 
per  hypothefin  aeque  bona  funt)  ct  datis  pratis,  rcciproce.ut: 


[    7«    ] 

depafccndi  tempora,  ct  proinde  ncutris  datis,  \it  prata  di- 

redle  et  depafcendi  tcmpora  reciprocc,  hoc  eft,  ut  -  ,  j^  ^- 
refpcdlive.  Adeoque  per  analogiam,  r  :/::—:  y,  et  du<5lis 
mcdiis  et  extremis  -  =  ~,     adeoque    /  =  — .  Kt  fimiliter, 

y  =  ~.     Sunt  quoque  boves  poflerioris  claffis  j,  //,  ss  & 

tempora  depafccndi  conjuncflim,  ut  prata  i,  e^  g  et  tcm- 
pora graminis  in  hifce  crefcendi  (uniformiter  per  hypothe- 
fin)  conjundlim ;  five,  aequipollcntibus  his  temporibus, 
bovcs   /,  //,  s  ut  prata  b^  e^  g  refpeclive.     Adeoque,   per 

analogiam,  bovcs  //=!—,  ct  z  =  ^  •     Subftituantur  in  a!- 

quationem  fecundam  ct  tcrtiam  valores  /,  j',  //,  et  2  jam  in- 
venti,  et  prodibunt 

az=z  r  +  s^  adeoque  r  z=.  a  —  /. 

f cer  ,  es        r^xJIT;      es  ,  hdf — cea 

^=F'*-T  =-!?•—  + J'     adeoque.  =  -;^^^-. 

„ cgr   ,  gs        ct'X.a  —  t    ,gs         J  bbx        cga 

^.tfZ^{=.s)  =  %-'^,     adeoque 

go  —  eg      ^  ^  ef-^ce  ^ 

befbx  — -  bcebx  =  bdfgh  —  acegb  —  bcdfg  +  acefg 
Slve        .  ^   —  bdff^h  —  acegh  —  bcdfg  +  acefg 

96.  Longe  elegantius,  at  fubtilius  quidem,  foliltionem  ex- 
pedit  Newtonus.  Primo  enim,  exquirit  quot  bovcs  in  tcm- 
ipov^  b  dcpalcerent  graminis  incrcmcntum-  in  prate  e  per 
tempus  c ;  deind^,  quot  bovcs  in  codem  tempore  b  depaf- 
ccrcnt  graminis  incremcntum  in  codem  prato  e  per  tempus 


[  79  ] 
A  — .  ^  ;  nam  ex  horum  fumma  conflatur  totus  numerus 
bourn  quibus  per  tempus  b  pafcendis  fufficeret  totum  gra- 
minis  incrementuni  in  hoc  prato  e  per  tempus  h.  Et  inde 
per  analogiam,  coUigit  quot  boves  depafcerent  pratum^  in 
eodem  tempore  b.  Hoc  praemiflb,  ipfius  folutionem,  no- 
tulis  quibufdam  fubjedlis  proferre  jam  libet- 

Si  bovea  a  in  tempore  c  depafcant  pratum  b ;  tum  per 
analogiam,  boves  r-  a  in  eodem  tempore  c  (a),  vel  boves 

-- ^  in  teroporey(b),  vel  boves  ^r  ^  in  tempore  b^  depaf- 

cent  pratum  e  :  puta  fi  gramen  poll  tempus  c  non  crefceret. 
Sed  cum  propter  graminis  incrementum  boves  d  in  tem- 
pore f  depafcant  folummodo  pratum  Cy  ideo  graminis  in 
prato  e  incrementum  illud  per  tempus  f —  c  tantum  erit 

quantum  per  fe  fufficic  pafcendis  bobus  d  —  -^  per  tem- 
pus yj  hoc  eft  quantum  fufEcit  pafcendis  bobus  -^  —  ^ 
per  tempus  b  (c).     Et  in  tempore  b  — c  per  analogiam 


(a)     bi  ei\  ai-j  oh  boves  ut  prata,  dato  graminis  incr^mcnto 
per  tempus  c. 


ea     cea 


W      c    •/    ••    b  '  hf 
X        T  ea     cea 


ob  boves  reciproce  ut  tempora  depafcendi 
pratum  datum  f,  dato  graauxus-  iaepe^ 
mento  per  tempus  c. 


,   V        1        X  .        cea        fd  fcea    ^        fd  cea       .     .  ., 

(c)     J '.J  v.d—  -  :  ^  -  -^  feu  ^  —   -  ob  boves  dato 

graminis  incremento  per  tempus/ —  r,  reciproce  ut  depaf- 
cendi tempora. . 


[     8o     ] 

taiitum  erit  incrementum  quantum  per  fe  fufficit  pafe^ncUs 
,     ,       h  —  c  .    df        eca    ^       bdfh  —  ecah  —  bdcf  +  acc^       ,  ^\ 


f—c  h  Ih^  hfh 

[per  tempus  Z^.]     Hoc  incrcmcntum  adjicc  bobus  ~     ct 

1-1  •      bdfh  —  ecalj  —  bdcf  +  crfa  ,  .. 

prodibit   --^ Ifj^lTfi =^  nuinerus    bourn   quibus 

pafcendis  fufficit  pratum  e  per  tempus  h.     i!\deoque   per 

,      .                  ^              11          bdMj  —  cca^h  —  bdc^  f  +  ccfza 
analogiam,  pratum  g  bobus  — ^ .^<^_>-__  _ -_*^ A^^ 

per  idem  tempus  b  pafcendis  fufficiet. 

ExEMP.  Si  12  boves  depafcant  3}  jugera  prati  in  4  fep- 
timanis  ;  &  21  boves  depafcant  10  juorera  confimilis  prati 
in  9  feptimanis  ;  quaeritur  quot  boves  depafcant  24  jugera 
in  18  feptimanis  ?  Refp.  2^6.  Ifte  cnim  numerus  inveniecur 

fubftituendo  in     -^^        ^^^f ii—-r--i— ^^  numeros    12, 

befh  —  bceh  ' 

3  h,  4,  21,  10,  9,  24,  et  18,  pro  Uteris  j,  b,  r,  d,  c,  f.gttb 
refpedlive. 

Caeterum  folutio  forte  baud  minus  expedita  erit  fi^  pri- 
mis  principiis  ad  formam  folutionis  praecedentis  literalis 
eruatur.  Utpoce  fi  12  boves  in  4  feptimanis  depafcant 
3  h  jugera,  tum  per  analogiam  36  boves  in  4  feptimanis 
vel  1 6  boves  in  9  feptimanis  vel  8  boves  in  1 8  feptimanis 
depafcent  10  jugera:  puta  fi  gramen  non  crefceret.     Sed 


ob  boves  ut  graminis  incrementa  in  prato  e  per  tempora 
/— -  r  et  ^  •—  c. 


[    8i     ] 

cum  propter  graminis  increpientum  21  boves  in  9  fepti- 
manis  dcpafcant  folummodo  10  jugera,  illud  graminis  in 
10  jugeris  per  pofteriores  5  feptimanis  incrementum  tan- 
tum  crit  quantum  per  fe  fufficit  excefTui  bourn  21  fupra 
1 6,  hoc  eft  5  bobus  per  9  feptimanas,  vel  quod  perinde  eft 

^  bobus  per  18  feptimanas  pafcendis,  Et  in  14  feptima- 
nis (exceffu  18  fupra  4  primas)  incrementum  illud  per  ana- 
logiam  tantum  erit  quantum  fuiEciat  7  bobus  per  1 8  fep- 
timanas pafcendis  ;  eft  cnim  5  fept.  ad  14  feptimanas  ut  ^ 

boves  ad  7  boves.  Qnarc  8  bobus  quos  10  jugera  fine  incre- 
mento  graminis  palcerc  poffuut  per  18  feptimanas  adde 
holce  7  boves  quibus  pafcendis  folum  incrementum  gra- 
minis fufficit,  et  fumma  erit  15  boves.  Ac  denique  fi  10 
jugera  15  bobus  per  18  feptimanas  pafcendis  fufficiant, 
turn  per  analogiam  24  jugera  per  idem  tempus  fufficicnt  36 
bobus. 

In  priore  folutione  literali  feptem  adfcifcuntur  quan- 
titates  incognitae,  in  pofteriore  ne  una  quidem.  Luculen- 
ter  profedlo  evincit  hoc  exemplum  non  fempcr  ad  Alge- 
bram  neceflario  recurrendum  efle  in  problematum  folutio- 
nem  quae  prima  fronte  difficillima  videantur.  Verum 
Newtoni  fagacitas  haud  cuique  Analyftae  contingit. 

De   exterminations   quantitatum   surdarum   ex 

iBQUATIONIBUS, 

97.  ToUendae  funt  furdae  quadraticas  ex  asquatione  qua- 
libct  haud  pluret  quam  quatuor  terminos  comple<ftente, 
five  hi  omnes  fint  irrationales  five  non,  per  involutionem 
iteratam,  ope  Regulae  VI,  §  25.  Sic  asquatio  y/J  —  y/T 
•—  v/r  —  \/J  =  o,  (ubi  v/7,  y/by  &c.  quantitates  quafcun- 

U 


[      82      ] 

que  furdas  defignant  five  fimplices  five  complexas)  tranf^ 

ponendo,    dat    \/7  —  y^V  ==  ^r  +  V^^ ;  et   quadrando^ . 
a  —  a^al  +  d  z=z  c  +  2y/cii  H-  ^;  atque  iterum  txanfponen- 
do,  2 v^fll  +  2\/cd  =  a  +  6  —  r  —  ^/=  puta g ;    &  parti- 
bus  iterum  quadratis,    j^a3  +  S^aicJ  +  j^cdz=g*i   atque 

denuo  tranfponendo,  y/^d  =  ^         ^~ ^^  P^^^  ^  J 

partibus  autem  denuo  quadratis  emergit  aequatio  quatuor 
dimenfionum  a  furdis  libera^  abed  =  b^.  Verum  fi  datae 
sequationi  fubquadraticae  accedat  terminus  quintiis,  five 
hie  fit  rationalis  five  non,  amovenda:  ex  aequationc  afym- 
metriae  impar  erit  haec  regula  utcunque  diftribuas  termlnos... 
Nam  ex  una  aequationis  parte  ncceflario  fiftcntur  tres,  qua- 
tuor, aut  quinque  termini,  adeoque  ex  altera  duo,  uniis, 
aut  nullus,  refpe(5live  ;  at  furda  quantitas  binomia  qua-  ^ 
drando  parit  unum  terminum  irrationalem,  (ut  in  exemplo 
allato)  trinomia  parit  tres,  quadrinomia  fex,  ct  quinqui- 
nomia  decem  :  ergo  ex  involutione  partium  quotief- 
cunque  iterata  provenient  tennini  filrdi  numero  plures 
quam  quatuor,  vel  faltem  non  pauciores,  in  ifto  cafii  ubi 
quatuor  terminis  fiirdis  accedit  quintus  terminus  qui  fit  ra- 
tionalis. Minus  itaque  valet  haec  regula  ad  fiirdarum  qua- 
draticarum  in  omni  cafii  exterminationem,  licet  harum 
genus  fit  fimpliciflimum.  Et  a  fortiori^  intra  limites  ad- 
huc  ardliores  concludetur  fiirdarum  cubicarum  extermi- 
nation 

98,  Caetcrum  quantitatcs  quotcunque  fiirdas  ex  aequationibus 
tollcre  licet  ope  methodi  termatiana^  eas  nempc  fingendo 
Hteris  quibuflibet  ae<iuale«  ;  deinde,  ex  acquationibus  refiil- 
tantibus  lollendo  gradatim  has  literas,  per  regulas  prajce- 
denteS)  emerget  tandem  aequatio  libera  ab  omni  afymmc-^ 

tria.     Quemadmodum  fi  fit  \/ay  —  y^^*  —  /ly  =  2^  +  \/af  ,. 

fcribendo  t  pro  \/^,   v  pro  y/y'^^y^  et  x  pro  y/afy  ha- 


(     Ss    ) 
"bentur  quatuor  tgquationes    /  —  v  =:  2a  +  x,   t*  :=:*  ay 
-V*  =  ^*  —  ay^  et  x^  =  ay*.     Sed  per  primam  aequationem, 

Erit 2a   +  X  +  V  =:t 

Et    -      4^2  +  j^x  +  4av  +  x^  +  2XV  +  V*  =  (/*  r=)  ay 
-  Adcoque,  fubftituendo  a^  —  ay  pro  v%  et  traniponendo, 

x^  +  4ax  —  2ay  +  5^*  =:=  —  2xv  —  4av 

Adeoquc     -      -     -    x^  +  4^^  -  2ay  +  5^^  _  _  ,, 

2*  +  4/1 

=  (v^=:)  tf* — tf^f.  Unde  fubftituendo  ay*x  pro;c^  Sa^y^  pro  Sax\ 

et  concinnando,  evadit 

22tfjc2  +  y^x  +  24a^x  +  iiay^  —  ^a^y  +  p^^  =  o. 

Sive,  abbreviandi  gratia  fcribendo 

A  pro  22tf,  B  pro  y^  +  24^^,  et  C  pro  1  zay^  —  4^^^+9^S 

Erit     .     .      .      -      .     >Aa:*  +  Br    +C    =0 

Adeoquc     -     -     •    -     A^'  +   Bat^  +  Cx  z:=  o 
Sed  jc^  —  ay^  =  o,     .•.  Ax^  —  Aay^  =  o 

•  Bx^  +  Cx+  Kay^  =  o. 

ABx*  +  B*A?  +  BC       =0         A2^7y2x*  +  AB^;^*Ar+AC^;ra=o 
ABx*  +  AC;^  +  K^ay^  =z  o         BCx*      +  C^x      +  AC^y*  ^  q 

•  (B» — AC)*+BC  —  A»tfy»  -•  o        (BC  —  A'a/)  *  +  C  —  ABa/  *  =  o 

(B>  —AC)  (BC  ~  Aiay2)  «+(BC  —  A^ay*)^  =  o 

(B*  —  AC)  (BC  —  A2ay2)  *  +  (Ba  —  AC)  (C*  —  ABay^)  =  o 

•  (BC  —  A^af  )*  —  (Ba  —  AC)  (C*  —  ABay^)        =  o 
Sive    A^aY  +  B^ay^  +  C^  —  3ABCfly»  =  o. 

Unde  fubftituendo  valores  A,  B,  et  C,  et  diyidendo  per  a, 
{H'odic  xquatio  a  furdis  expurgata 


U    2 


(     84    ) 
DE  PROBLEMATIS  INDETERMINATIS. 


99.  Ha6lenu«  prolatae  funt  quaeftioncs  quae  tot  pariunt 
sequationes  quot  habent  quantitates  incognitas,  et  qua! 
idcirco,  ad  folutionem  determinatam  feu  certain  pcrducunt. 
Quaeflioncs  jam  apponemus  quae  conditionum  inopia  la- 
borantes,  pauciorcs  praebent  aequatioues  quam  quantitates 
incognitas,  atque  folutionem  indeterminatam  feu  incer tarn 
fortiuntur. 


P  R  O   B.     L 

1 00.  Datis  et  mijlura  et  tnijlorum  gravitatibus  fpecificis^  in-- 
venire  proportionem  mi/iorutn  inter  fe. 

Sint  X  tt  y  miftorum  moles,  a  tt  b  horum  gravitates 
fjpecificae,  &  e  gravitas  fpecifica  mifturae,  et  cum  gra vitas 
abfoluta  feu  pondus  componatur  ex  mole  corporis  ct  gravi- 
tate fpecifica,  erit  ax  pondus  prioris,  by  pondus  poflerioris, 
ct  e  X  7+7  pondus  millurae ;  adeoque  ax  +  by  -=  ex  +  ey^  et 
tranfjponendo,  ax  —  ex'=iey  —  by^  five  a^e  xxzz  T^b  ^y^ 
indeque  x  :  y  ::  e  —  b  :  a  —  e.  Sed  cognita  jam  propor- 
tione  molium  x  et  y  inter  fe,  ct  gravitatum  fpecificanim  a 
et  by  componendo  innotefcet  proportio  ponderum  mifto- 
rum inter  fe. 

EXEMPL.  Sit  a  auri  gravicas  experimcntis  hydroftaticis 
comperta  ut  19,  b  argcnti  gravitas  ut  lol,  et^  Coronae  Nie^ 
ronis  ut  1 7.  Eritque  moles  auri  in  corona  ad  molem  ar- 
genti,  ut  (^  —  b  :  a  —  e  ::  17  —  loi  ::  19  —  17  ;:  61  :  ^ 
::2o:6::)ioad3j  adeoque,  pondus  auri  in  corona  ad. 


(  _a£_  )        _ 

poadus  argenti,  ut  {a  x  e  —  6  :  6  x  a  — ^  ::  19  x  lo 
:  loj  X  3  ::)  190  :  3J  ;  et  poiidus  coronse  ad  pondus  ar- 
genti,  ut  190  +  31  =221  ad  31.  Innotcfcit  igitur  pro- 
portio  pondenim  coronae  et  miftorum  inter  fc.  Caeterum 
quo  eruantur  ipfa  miftorum  pondera,  ct  quaeftio  dctermi- 
nata  fit,  poftulaLiir  altera'  conditio,  nempe  ut  innotcfcat 
coronae  pondus,  de  hoc  vero  filet  Vitruvius^  he.  cit.  §  12. 

Si  miftura  praeter  aurum  ct  argentum,  aliod  quodvis 
metallum  colliquefadlum  contincret,  ctiamfi  daretur  co- 
ronae  pondus,  ipfa  miftorum  pondera  neutiquam  detexiflct 
jdrcbimede^^  ut  ex  feq.  prob.  patebit, 

P  R  O   B.     IL 


10 1.  Datis  mijlura  ex  tribus  metallis  eonflata  ponder e^  et 
miftorum  gravitatibus  fpecificisy  invjsnire  proportionem  miftQrum 
inter  fe. 

,  Sint  x-,  y,  25,  miftorum  puta  auri,  argenti  et  asris  ma- 
les \  a^  b^  c  horum  gravitates  fpecificas  refpedlive  ;  mifturas 
autem  gravitas  fpecifica^,  et  pondus/  :  &  inde  duae  haben- 
tur   aequatiqnes   ax^  '\'  by   +   c%  -=i  p^  et  ax.  +   by   +    c^ 

^,  — . .  ,.   •  P  —  by  —  ex 

=  ^  X  ;^  +  J,  +  2  ;    ex  pnore  autem  elicitur  x  =1 ^ 

&  hoc  valore  x  in  alteram  fubftituto,  concinnando  prodit 
y  _.^<g^~_^A_,_  .MJZL^  ^  Quoniam  igicur.  valoribus  .v  et  y 
immifcetur  s,  hoc  incognito^  illi  determinari  ncqueunt* 

102.  SuiEciant  haec  in  fpecimen  folutionum  problema- 
tum  hujufmodi  indeterminatorum,  Pergamus  jam  me- 
thodum  generalem  folvendi  problemata  de  numeris  integris 

&  aflSa-mativis  docere,  quam  invenit  fummus   analyft^a  Dei 
l/loivre.     Vide  Dodforis  Math.  Repof.  Vol.XL^, 


<    86    ) 

P  R  O  B.    I. 

103.  ^aruntur  valores  integri  ct  qffirmoHvi  xetjin  aqua^ 
tsoncgx —  77=  13* 

Tranfp.  crit  7y  =  9^—  13 

Adeoque    -    y  =  ^^  ^  =3^—1  +  >^~     (quod  pa- 

tct  dividendo  gx  —  13  per  7).     Si  igitur  ex  hoc  valore  y^ 

per  quxftionem  integro,  dcmatur  maximus  integer  quem 

fub   fe   continet   fcilicet   quotiens   x  —  i^    erit   re'fiduum 

nx  "■■"  6  • 

integer.     Finge  hoc  aequari  a^  et  inde  erit  ax  —  6 

=  7^7,  et  X  =  ^ =1=  3^  +  3  +  ^.     Sed  hie  valor  x  eft 

quoque  integer,    ab  hoc  igitur  dempto  maximo  integro 

3^  +  3»  crit  refiduum  —  integer  =  puta  by  et  inde  a  =  2^. 

Comparato  jam  valore  integro  a  abfque  refiduo,  regredi- 
cndo  fubftituatur  lb  pro  a  in  valorem  praecedentem  x^  et 

j'u'^            7  X  2*  +  6        14b  +  6         ,   . 
prodibit  X  =  I =  --^-—  =7^  +  3. 


et      -       v  =  22LZL±i:r:Li3::^  9X^+24^    3      ^^ 

J  ^  7  ^ 

In  hifce  autem  valoribus  x  et^,  defignare  b  poteft  aut  zero, 
aut  integrum  quemlibet  majorem  zero,  fie  enim  afErma- 
tivi  exurgent  horum  valores,  fecus  fi  minorem  zero.  Sit 
igitur 

^  =  o,  erit    ^  =  0    +3  =  3,    et^  =  o    +2  =  2 
^=1,  ;f=7    +3=10,-   ^^  =  9    +2=11 

i=:  2,  -       iv=  14  +  3  =  17,  -   J'  =  18  +  2  =  20, 
&c.  &c.  &c. 


(     8?    ) 
Hmc  in  hujufinodi  aequationibus  fie  '-^  gy  rm  b^  inntimcri 
prodibunt  quantitatum  incognitanim  valores,  crefcente  x 
per  coefficientcm  y  ct  crefcente  y  per  coefficientem  ^,  in  in- 
finitum. 


P   R   O   B-     IL 

1 04.  Falente  nummo  quodam  anglico  2 1  folidos^  gullico  autem 
T'j  foHdofy  quot  utriufque  100  Ubras Jierlingas perfohent ;  Jive  in 
genere^  quaruntur  valores  integri  et  qffirmativi  n  etj  in  ^qua^ 
tione  21X  +  ^IJ  ^='  100  X  20  =  2000. 

2 IX  +'  17^  =  2000 
Tranfp.  et  divid.  cnt  y  = =  117  —  a;  H -^ 

Sit  j  = -^,adeoq.:v= ^  =2  —  4^  +  ^ 

&t  ^  =  2-^^^,   adeoq.  tf  =  3  —  4^. 

Subftituatur  jam  hie  valor  integer  a  refiduo  vacans,  in  va- 
lorem X,  et  evadet 

II  —  i7xril~4J           .                       2000  —  21 XT7TI-  10 
,v  = '- ^^i^^zzriyi  —  io,et/=: ^ 

=  130  —  21^. 

Caeterum  quo  17^  —  10  (=  x)  evadat  aiErmativus,  fta- 
tuendus  eft  b  major  nihilo,  et  quo  130  —  21^  (=^)  evadat 

affirmativus,   limitem  —  =  6  -  baud  tranfccnderc  dc- 

'  21  21 

bet.     Sortictur  igitur  b  fex  valores  integros,  fcil. 

^=1,      2,     3,     4,     5,     6,, 

Adeoque    ^^=7.      24,41,58,75.9^, 
^        \yt=z  109,  88,  6-],  45,  25,  4. 


[    88    ] 
Hinc  in  asquationibus  formae  fx  +  gy=^bj  intta  ccrtos  li*- 
mites  concludentur  valorcs  aflirmativi  x  ct  jf,  crcfcentc  x  per 
eoefficientemjr  et  decrcfcentc  j^  per  coefficientem  x. 


P  R  O  B.    III. 

105«  ^aruntur  valorcs  integri  et  qffirmativi  x  et  j  in 
itquatiotte  jx  +  8^  =  1989. 

Tranfponendo  et  dividendo  crit  x  =  -5-^Zl_/^    jit  hic 

valor  X  per  quaeflionem  debet  effe  integer,  unde  pergendo 
fecundum  methodum  Mojvrcafiam  in  praecedcntibus  adhi- 
bitam,  erui  potell  folutio. 

106.  Citius  autem  methodo  infequenti  integrum  quern 
quasrimus  refiduo  vacantem  eruere  licet,  quam  idcirco  in 
pofterum  ufurpabimus.  Sumantur  multipli  denominatoris 
5   terminis  numeratoris  1989   et   8y  proximi,  five  fupra 

five  infra  fucrint^  fcilicet  1990  et  iqy,  eritque  .^^^Q     J^y 

integer,  adeoque  differentia  quoque  ^^  integer,  =  puta 

^,  ct  inde  evadet  y  =:  — ^~-.  Similiter,  ab  hujus  nu- 
meratore  dematur  multiplus  proximus  denominatoris  2, 
fcil.  4^,  eritque  integer     =   puta  3,    unde  evadet 

azzzi  —  at. 

Prodibit  igkur  O  =  l^^-iHii     s^^  —  i, 

^^  / 1989  —  8  X  ^JZTa  o. 


(    89    ) 
Adeoquc  ob  5^  —  ^  (=  ^)  affirmarivum,  necefle  eft  ut  b  fit 
major  nihilo,  at  non  tranfccndere  debet  limitem  ^  -  S^jy 

£ic  enim  negativus  evaderet  401  —  83  {=^  x)  Sortict\ir 
itaque  b  valores  integros  50,  totidemque  .v  et^',  fell. 

*  =  i»       2,       3,       &c.     50, 
^=  393.  3^5^  377>  &c-     i, 
y^^'h       8,       13,     &c.     248. 

107.  Cxterum  notaiidum  eft  in  a3quationibvis  fortnie 
Jx  '^gy  =  b^  quo  valores  x  ti  y  emergant  integri,  neceffe  eft 

nt  coefficientesyet^  jliit  ad  fe  invicem  primi,  aliter  enim 
dividendo  per  maximum  liorum,  diviforem  communem, 
terminus  abfolutus  b  evadere  poteft  fradlionalis,  ac  idcirco 
fblutio  in  numeris  integris  impoffibilis.  Sic  habita  a^qua- 
tlone  6x  +  9r^=  17,  dividendo  per  3  erit  2x  +  3^  =  5?. 

Miquando  contractus  folvi  pojfunt  bujufmodi  aquationts. 

108.  Sic  propofita  aequationc  5^  +  Sj'  =  152,  ubi 
cocfficientium  alter  fcilicet  8  fit  divifor  termini  abfoluti 
152,  erit 

5x  =  (152  —  ^y  =)  '{^^  X  8 
Adeoquc  x  \   19  — /  ::  8  :  5. 

Erit  igitur         ;^  =  8,     16,  24,  &c. 
19—^  =  5,    10,  15,  &c. 
Adeoquc  ^  =  14,  9,     4, 

109.  Propofita  aequatione  $x  +  Sj^  =  91  =13  X  7,  ubi 
lumma  cocfficientium  fit  termini  abfoluti  divifor,  manifef- 
tum  eft  utramque  quantitatem  incognitam  defignari  poflc 

X 


I: 
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per  quotum  7,  et  inde  ex  lege  increment!  et  decrement! 
prodeunt  utriufque  valoree, 

Ant  propofita  aequatioue  ^x  —  8y=  81  =  27  x  3,  ubi  dif- 
ferentia coefficientium  fit  termini  abfoluti  divifor,  mani- 
feftum  eft  x  ety  defignari  poflTe  per  quotum  37,  ec  inde  fa- 
cile habentur  reliqui  utriufque  valores, 

no-  Propofita  aequatione  5X  +  8y  =  198,  ubi  differentia 
coefficientium  fit  termini  abfoluti  divifor,  finge  ^  +  ^  ==  J, 
adeoque  ^x  +  ^y  =  5/  et  ^x  +  %y  =^  8/.  Sed  differentia! 
inter  hafce  et  datam  dabunt 

3^  =  198  —  $Sy      adeoque  erit  s  <  -^-  =  39  1. 
3^  =  8^     —  198,   adeoque  erit  J  >  -—  =  24  — . 

Confiflere  igitur  debet  /  inter  limites  39  ^^  ct  24  — ,  et  quo- 

^: 158  —  5/    ^  8/ — 108 

mam  y  =  -^— — ^  et  a?  = x— ^»  ^^  integri  cruantur 

utriufque  valores,  debet  infuper  s  cfle  ex  multiplis  denomi- 
natoris  3.     Erunt  igitur, 

s  =  27,  30,  zh  36,  39» 
»  =  6,  14,  22,  30,  38, 
y=  21,  16,  II,  6,     I. 


[    9^     ] 


P  R  O  B.     IV. 

III.  Valenttbus  nummis  aureis  qiiibufdam  1 8  i  folidos^ 
!2  2  I  fol.  et  2gi  foL  rcfpe&ive^  quot  cujufque  clajfu  fumendt  ut 
omnium  futnma  ft  looo,  valor  atttem  loool.  Slve^  deftg^ 
Ttantlbus  x,  y,  et  z  nnmmos  cujufque  claj/is  quaftos^  invenire 
'valores  borum  'mtegros  et  affirmativos  in  aquationibus  x  +  y 
+  z  =  iocK>,  et  73X  +  917  +  117Z  =  80,000. 

Nam   multiplicando   xquationem   x  +  y  -{-  x  ==  1000, 
racceflive  per  73  &  1 1 7, 


crunt 


5  73^  +  72>y  +  732J  =  73000 

\  wjx  +  1 17J'  +  11725  =  1 17000 


Deinde  fubducendo  priorem  ab    aequatione    73^  +  QiJ' 
+  1 1725  =  80,000,  &  hanc  a  pofteriorc, 

crunt  5»8^  +  4f  =    7000 
^44*  +  26/=*  J7000 

.  3500 22Z  3500 — 0» 

9/+  2ijB=35oo,adeoq.j«= •  —  etjs  =      ^^ 

five    Z 

_  1 8  coo — 22* 

.22*+ I3jr=  1850a,    -  jr=«-i-^^ . 

Sed  ^  -     ■  ■■—  (=  J')  debet  efle  int.  eft  auttfm  ^^ — - —  int. 
adeoq.  diff.^? — ^  =a  int.  adeoq.   g=  ^      '.    Similiter, 


erit  differ.  — ;^  =^  int.  adeoq.  a  =  4^+1,  adeoq.  fubfUt. 

36*  +  8         ,  T 

=  ^ =  9*  +  2,    Itemque 


4 
z 


X  2 


[    9»    ] 
lll^J^{:=y)  debet  effe  int.  eft  autem  i?i?9nl!5   i^t. 

adeoq.  difF. =r  int.  adeoq.  x==-^-^^.     Et   nirfus 

erit  differ.   =^d  integer,    .•.  c  =  4J  +  i,  et  fubftit. 

Szd  +12  ,   ,  T 

^       =^ •  =  13^+2.     Itemque 

— -^  (=  z)  debet  effe  int.  eft  autem  ^^  int.   adeoque 

^ =  e  mt.  adeoque  y  = ,  adeoque 

~ =y  int.  adeoque  e  =  ^^         ,  adeoque 

■^       ^  =^  integer,   adeoque  y*=  4^  +  2,   et 

^  =  ^-^ =  SI?  +  4>  adeoque 

2i  X  9X+4  +  2 

Inveftigatis  jam  valoribus  z,  ^i",  et  y  in  terminis  ^,  //,  et  g 
refpedlive;  ob  9^  +  2  =  js,  manifeftum  eft  quod  6  defignare 
poteft  aut  zero  aut  integrum  qucmlibet  affirmativum : 
quod  perinde  quoque  verum  erit  de  J  et  g.  Hifce  autcm 
inter  fe  coUatis,  eruentur  limites  quidam  valorum  affirma- 
tivorum  by  //,  et  g. 

Nam,  22^  +  10  (=^)  =  35£l.-ZLiiii.S==384-2a^. 

Adeoq.  22^+22^  =374. 

Sive        -        g  +     ^  =  17.     Et  proindc  6  ct  g  exccdere 

nequeunt  17  refpedlive. 

T                                                        18500 — 22X1 3//+ 3  o       ^^J 

Itemque         22^  +  10  =  — ^ 1JL?=  1418 — 22//,, 

Adeoque  -  g  +  d  =  6^.  Unde  d  ncquit  effe  major 
quam  64  nee  minor  quam  47. 


(    93    ) 
Erit  igitur  i = o,    i ,    &c.  1 7,  adeoq.  25 = 2,      i  r,   &c.  i  sSf 

g=  17, 16,  &c.  o,       -      ^=384*  362,  &c.  10, 

^/=47,48,  &c.  64,    -      ^=614, 627,  &c.  835. 

P   R   O   B.     V. 

112.  Invenire  valor es  integros  et  affirmativos  x,  y,  ct  z  in 
aquatione  17X  +  197  +  212;  =  400. 

, ,  .  400— loy — 21%.   ^   /*  1  408 — I7y — 17Z    ^. 

trie  X  =  -^^ ^J- mt.  fed  ^ ^^ '—  cfl  mt. 

17  17 

.•.  differ. ^ — —  integer  =  a^ 

adeoq.  y  =  -^ -^ int.   .*.  —  int.  =  Oj    .\  a  =  ^b. 

Unde  fubftituendo, 

^  .  17  X  2*  —  4z  —  8        ^    , 

cnt       y  =  -^ -!^ =  17*  —  2is  —  4, 


ct 


17  T  iT- 

In  hifce  valoribus  y  ct  x,  definiendi  funt  as  et  h.  Quo  dc- 
terminentur  igitur  limites  z,  obfervandum  eft,  quod  z  ne- 
quit  effe  minor  unitate,  et  fi  pro  x  et  ^  fubftituatur  in  se- 
quationem  datam  minimus  utriufque  valor  fcilicet  1,  eva- 

det  g  =  — -■        '     ^  1=  1 7  -? ,   et  proinde   nequit   efTe 

major  quam  17. 

Sit  nunc  •5=1,  evadet^  :=  17^  —  6,  ct  x  ==  29  —  \(^b. 
At  ^  nequit  effe  zero  aut  negativus,  fie  enim  prodiret  ne- 

gativus  valor,  j^;  neque  tranfcendere  potcit  -  -  =  i  — ,   fie 


[    94    ] 

(^nim  foret  x  negativus.  Unicus  igitur  valor  i  erit  i,  ct  in 
hoc  cafu  y^-  i"]  —  6=11,  et  ^  =  29  —  19  =  lo.  Si- 
militer, fit  2;  =  2,  3,  4,  5,  6  fucceflive,  erit  ut  ante  i, 
unicus  valor  qui  dabit  y  et  x  affirmatives,  ct  in  his  cafibus 
erit  ^  =  9,  7,  5,  3,  I,  et  x  =  II,  12,  13,  14,  15,  re- 
Ipccflive. 

Sitz  =  7,  8,  9,  10  fucceflive,  nullum  fortietur  valorem 
3,  qui  non  dabit  y  et  x  negativum,  et  inde  rejiciendi  funt 
hi  valores  js. 

Sit  z  autem  =  11,  12,  13,  14,  pofito  ^  =  2,  evadet 
y  =  8,  6,  4,  2,  ct  AT  =  I,  2,  3,  4  refpeclivc.  Reliqui  va- 
Jores-fs  fcilicet  15,  16,  17,  perinde  rejiciendi  funt.  Reliant 
igitur  decern  valores  integri  et  afErmativi  x^  r,  et  53,  fciL 

2J=i,     2>     3»     4i     5i     6,     II,  12,  13,  14, 
J'  =  ",  9»     7>     5>    3>     ^     ^r    6,    4,     2, 
x=io,  II,  12,  13,  14,  15,  I,     2,     3,     4. 

P   R  O  B.    VL 

113.  Invenire  valores  integros  et  qffirmattvos  x,  y,  et  z  in 
aquatione  5X  +  77  +  112  =  224. 

Erit  *  =  £Hzlpr_i!5  int.  fed,  "^^^Ti^l^  eft  int. 

,      1   +  2  V  +  Z 

/. -^- =  a  integer, 

adeoq.  y  =  ^ ^ /.  -^ =  b  integer, 

et  tf  =  2*  +  «  +  I.     Undc  fubftit. 
ent       y  =  ^ ^- — ^ =5^  +  22+2, 


Et         X  =  ^^4---7><iLti^+Jjril^  =  4a  -^  7^  ~  5z. 


(    95    ) 
Caeterum  s  neqult  efle  minor  unltate,  nee  major  quam 

— ^^^^^^  =  i8-,    adeoque    limites    i    et    i8    haud 

tranfgredietur,  fit 

z=i,erity=5*+4,et*=      37— 7*,  adcoq.*=     o,i,a,3,4.5» 


2  =  2,  y- 5^+6,  x=     32— V, 

z=3,  ^'  =  5^+8,  *=      27—7*, 

z=4,  j'  =  5*+io,  x=      22—7*, 

«=5»  ;'  =  5^+12,  «=      17—7^, 

2  =  6,  ^=5^+14,  *=      12 — 7^, 

z=7,  ;r=5*+i6,  *=        7— 7*» 

a=8,  7  =  5*+ 18,  *=        2 — 7*, 

z  =  p,  jf  =  5^+20,  *  =  —  3—73, 

«=io,  ^  =  5^+22,  «  =  —  8 — ybf 

a=ii,  jr  =  5i+24,  «=— 13— 7*, 

2=12,  ^=53+26,  ;if=:  — 18 — yb, 

s=i3,  jf  =54+28,  /r=— 23— 75, 

z=:i4,  jr  =  5^+30,  «=— 28— 7*, 

«=i5»  J'  =  5*+32»  *  =— 33~7*» 

2=  16,  j'  =  5*+34»  *=— 38— 7*» 

2=»7»  ;'  =  5*+36»  *=— 43— 7^ 
z=i8. 


4  =  —  1,0,1,2,3,4, 
A  =  — 1,0,1,2,3, 

*  =  — 1,0,1,2,3, 

A  =  —  2, — 1,0,1,2 
> 

4  =  — 2,-1,0,1, 
*=— 3»— 2>— i»o, 
4  =  — 3,-2,— 1,0, 

4  =— 3»—- a»— 1» 

3  =  — 4,— 3,-— 2, 
*=— 4.— 3»— 2, 

*=--5>— 4,— 3» 

*  =— 5»— 4, 

b  =  -^6,—s> 
4=— 6, 

*  =  -7. 

4  =  -7. 


;'  =  5*+38»   «  =  — 48— 7^ 

Dantur  itaque  59  valores  B,  quibus  fubflitutis  totidem 
prodcunt  valores  integri  et  affinnativi  jr  et  .v,  fcil. 

«  =  I,  jr==4,  9>  M,  i9»*4»  39»  *  =  37»  3o>  =^3* '6,  9,    2, 

3  =  2,  y=  1,  6,  II,  16,  21,  26,  *  =  39,  32,  25,  18,  11,4, 

a  =  3,  jr=r3,  8,  13,  18,  23,  ;f  =  34,  27,  20,  13,  C, 

&c.  &c.  &c. 

z=i8,y=3,  v=:l. 


(     96    ) 

P  R  O   B.     VII. 

114-  ^ot  modis  erogarc  licet  loool.  adhibitis  folummodo 
nummis  5  foUdorum^  21  foL  et  2^  fol.  refpcdlivs.  Seu  qua;- 
runtur  omnes  valores  poJftbiUs  x,  y,  et  z  ///  aquatione  5X  +  2 1  y 
+  27Z  =  20,000, 

p  -^  ^ 20,000 — 2iy  —  27Z    .    y  +  2z 

trie  AT  = — L ^  .\  -^ =^mt.  ecj=5^/  —  2z, 

p^.         ^ 20,000 21X5,/— 2s; 27Z 

ec      ;f  — 1 L.  z=  4000  —  2\a  +  3Z. 

Caeterum  non  poflulat  quseftio  x^  y^  ct  z  in  omni  cafu 
fimul  effc  adhibendos,  poteil  igicur  horum  quivis  evadere 
zero,  unde  ^rit  minimus  valor  z  =  o,  et  raaximus  valor, 

evanefcentibus  fcilicet  x  et^,  — ^ —  =  740.    His  cognitis, 

innotefcunt  limites  a,  nam 

-^ Cfi  2  =  o     7  =  5^>  unde  prodit  minor  limes  j  =  i 

^fi  »  =  7403  =5^  —  1480,  et  major  limes  a  = 

1480  ^ 

=  ^  =  296. 

valores  z. 
Sitj=  i,crity=5  —  22;,  et  Aft=3979+3z,    3fcil.  0,1,2, 

^1=2,       jf=io— 2%,      iv=3958  +  3z,     6        0,1,2,3,4,5, 

^  =  3»  ^^=15— 2«»  ^  =  3937+32»  8  0,1, &c. 

tf  =  4,  y=20— 2z,  ^=39i6+3z,  11  0,1,  &c. 

«  =  5>  >=25— 2Z,  ^=3895  +  3z,  13  0,1,  &o 

8cc.  &c.  &c. 


[     97     ] 
Manifeftum  eft  quod  valores  z  reftringuntur  tantum  per  fe- 
ricm  valorum  y  donee  numerus  abfoKitus  in  ferie  valorum 
X  decrefcendo  evaferit  negativus,  quod  fiet  poft  terminum 

progreflionis  — —  +  i  =  190.     Sit 

valores  2^ 

^=189  y  =  945  — 2z  X  =331+32  473 

a  =  190  y  =  950  —  2Z  ^  =  10  +  3^  476 

^=191  7  =  955  —  22  x  =  — II+3Z  477—    3  =  ^74 

a  =  192  j^  =  960  —  22  a:  =  —  32  +  32;  480  —  10  i=  470 

^=193  ^^  =  965—22  ^  =  — 53  +  3«  482—17  =  465 

^=194  >:^  970—  22  Ar  =  —  74+32^  485  —  24  =  461 

a=:i9S  J' =  975  — 22  ^  =  —  95  +  32  487  —  31=456 

^  =  295     ;f=i475  — 22     ^  =  —2195  +  32     737  —  731  =  6 
tf  =  296    ;^=i48o  — 2z     x  =  —  2216+32     740  —  738  =  2, 

Ad  terminum  190  um  ufque  liquet  quod  inter  valores  s, 
ccnferi  poteft  zero,  falvis  valoribus  poflibilibus  y  et  x,  pof- 
tea  vero  non  item,  ex  eo  quod  valores  x,  ob  terminum  ab- 
folutum  jam  negativum,  emergent  negativi  feu  impofli- 
biles.  Porro,  ex  valoribus  fubfequentibus  z  ope  progrefli- 
onis y  elicitis  tot  auferri  debent  quot  pariunt  negativos 
valores  x.  Sic  in  termino  191  moj  tres  valores  2;,  fcilicet 
I,  2,  3  qui  negativum  exhibent  —  1 1  +  32;  =  x  demendi 
funt  a  477  valoribus  bpc  955  —  2z^=^y  comparatis,  et 
inde  reftant  474  tantum  valores. 

Denique,  notandum  eft  quod  termini  1 90  valorum  z^  ex 
binis  progreflionibus  arithmeticis  conflantur,  fcilicet  3,  8, 

Y 
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13,  &c.  ct  6,  II,  i6,  8cc.  Ex  binis  ctiam  termini  reliqiii 
296 —  190  =  106,  fcilicct  474,  465,  456,  &c.  et  470, 
461,  452,  &c.  Quatuor  autem  progreflionum  fumma 
dabit  omnes  valores  z  et  idcirco  problcmatia  iblutioncs^ 


3.    8.  -3.    -   473  =  i±-*-^^  =  "6.o 


6,.... 6,    -   „6  =  '-±^-^=:2^S9s 
474,465>     -        6==lZi±Ii5J3=:,^7^o 


470,461,     -        a  =  lZ^ti-^^  =  i25o8 

70733 

115.  Huic  quaeftioni  70734  folutiones  tribuit  Shnpfon 
Jlgeb.  p.  200,  edit.  2d3e.  Virum  acutiffimum  fane  et  cui 
multum  debet  Mathefis,  prae  feftinatione  eflFiigit,  zero  mi- 
noreni  limitem  q  (feu  a)  defignare  non  poile*  Hoc  enim 
pofito,  valor  generalis  y^  fcilicet  5^  ~-  215  evaderet  negati- 
vus  feu  impoflibilis.  Pariter  lapfus  eft  ftatucndo  folutiones 
60  problematis  penultimi,  59  tantum  admittentis ;  nam 
ubi  z  ?=  14,  unicum  fortietur  valorem  y^  fcilicet  5,  ct  x^ 
fcilicet  7.    Scd 

Opere  in  longo  fas  eft  ohrepcrc  fomnum. 

116.  Si  quasrantur  val^-es  integri  et  affirmatiti,  x^y  tx%y 
quaeftio  70395  folutiones  fortiftur,  nam  quatuor  progrefli*- 
ens  arithmetical  evadent 
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a,  7,  12  -  *.  -  471  5=22515 

4,  9,  14  -  -  -  474  z-  22705 

474>  465*  456   -  6  =  12720 

469,  460,  451   -  I  =  12455 

70395- 

1 1 7.  Nptandutn  eft  quod  in  quxftionibus  trjum  quan- 
titatum  incognitarum  folvendis  a  methodo  Moivrecvia  de- 
fleximuf,  utpotc  quae  folBtiones  jufto  pauciores  dicitura  fit, 
nifi  quantitas  z  in  generalibus  valoribus  y  et  oc^  prodeat 
iiidem  a0e<^a  iignis  j  aut  fubftituendo  valorem  binomium 
ad  idem  ijx  utrifque  revocetur  fignum  :  caeterum  baud  raro 
prodibit  %  dircrfis  affeda  fignis,  ut  in  cxemplis  allatis  ;  et 
aliquando  nuUo  artificio,  notante  Dodfon^  p.  22,  ad  eadcm 
figna  in  utrifque  revocari  potcft. 

His  veftigiis  infiftendo  eruere  poflimus  folutioncs  ac- 
quationum  quatuor  quantitatcs  incognitas  involventium, 
caeterum  quum  parum  utiles  fint,  adjungam  potius  proble- 
ma  cujus  ufus  in  Chronologia  egregius. 


P  R  O  B.     VIIL 


I 


[  18.  Inventre  numerum  quendam  qui  per  divifores  duos  plu- 
refve  datos  JucccJJive  divifus^  reftdua  fortlctur  numeris  quoque 
(Mtis  reJPiSlwe  aqualia. 

£^^  gn  Qgotvia  anims  Periodi  Juliani  crit  iimul  teitius 
CycU  Solis^  feptendecimus  Cycli  Luna^  jct  yndecipius  CycU  In-- 
i&S^9Hs%  d^[fi)^anti^s  mnknim  Cyclis  hifbp  annorum  2%^ 
19,  et  15  refpedive,  divifores  datos,  et  numeris  3,  17,  et 
II,  refidua  data. 

Y  2 
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Sit «  Humerus  qui  per  28  et  19  divlfus  fortietur  reiidua 

ft  ^""*  ^  ft  """"  I  1 

3  ct  1 7  refpedive,  cruntquc  — —^  et '-  intcgri.  Finge 

X  =  ^"^  ^  et  ^  =  ^~"  '^,     Unde  prodibit  n  =  19;^  +  17 

o                                   28a:  —  14  .  J  ^         . 

=  28x  +  3,    et  J'  = integer,  dempto  autem  in- 

tegro     ^^        ^  erit  refiduum  ^^ — ^  =  a  integer,  adeoque 

X  =    ^      ^  integer,  et  refiduum =  i  integer,    et 

^  ==  93  —  4.  Unde  fubftituendo,  erit  x  =^  i^b  —  9, 
y  =  28^  —  14,  et  ;/  ==  532^  —  249,  Hinc  erit  6  aflSir- 
niativus,  &  fubftituto  mini  mo  valore  ejus,  fcilicet  i,  eva- 
det ;/  =  532  —  249  ==  283,  qui  utique  conditiones  divj- 
Ibrum  28  et  19  implebit. 

Porro,  fi  huic  numcro  283  addatur  aut  divifor  primus 
28,  aut  multiplus  ejus  qui  vis,  adhuc  explebit  fumma  condi- 
lionem  diviforis  prirai.  Similiter,  fi  eidem  283  addatur 
aut  divifor  fccundus  19,  aut  multiplus  fecundi  quilibet, 
explebit  fumma  conditionem  diviforis  fecundi ;  et  proinde 
fi  eidem  addatur  532  fadlum  ex  utrifque  diviforibus  in  fe 
du(5lis,  aut  quivis  multiplus  ejus,  puta  5325s,  defignante 
nimirum  z  integrum  quemcunque  affirmativum,  perinde 
explebit  fumma  diviforis  utriufque  conditiones, 

Finge  nunc  5322;  +  283  conditionibus  diviforis  primi  et 
fecundi  fatisfacientem,  eflfe  numerum  quscfitum,  atquc 
idcirco  conditioni  tertii  quoque  diviforis  15  rcfpondere; 

critquc  ^^ — L-lllJl  integer,  adeoque  dempto  integra 


j^-^^ '—  erit  -^ integer  =  r,  ct  »  =  -^ \^^^r  " 

que  iterum  =  cl  integer,  et  r  ==  7^/  +  2 :  «ride  fub- 

ftituendo  erit  2  =  15^  +  4..  Hinc  erit  // vel  zero,  vel  af- 
firxnativus ;  et  mininius  valor  2,  evanefcente  //,  =  4,  Eva- 
det  igitur  numerus  quaefitus  Si'^^  +  ^^3  ""^  2128  +  283 
*=24ii,  qui  niinirum  annum  periodi  Juliarii  quaefitum 
iridicabit. 

Similiter,  Datis  diviforc  quarto  refidubque  fibi  proprio, 
invenire  licet  numerum  qui  conditionibus  quatuor  divifb- 
rum  fatisfaciet,  (1  numero  jam  invcnto  241 1  addatur  mul- 
tiplus  quidam  7980  ex  tribus  diviforibiis- datis  conflati;  at- 
que  ita  deinceps. 

Sin  numerus  hoc  padlo  inventus  minimum  mulciplum 
\Eommunem  omnium  diviforum  datoruna  tranicendat^  ^non* 
erit  minimus  qui  cuncflas  explebit  conditiones ;  dividendo 
autcm  hunc  ilumerum  per  minimum  iriultiplum  commu- 
nem,  refiduum  pera^a  divifione  dabit  'miriimum.  Et  fi' 
huic  refiduo  addatur  deinceps  diyifor  communig,  inveniri 
poflimt  ad  libitum  numeri  qui  problematis  conditiones  ex- 
folvent. 

.  I  i^pf  Tradicis  jani  folutioaibus  problematumindetermina- ' 
toruo^jjqu^B  ad  aequation^;^  fimplices  deducunt^  nonnuUa  ext 
Diophantais^  quae  circa  numeros  quadratos  verfantur,  et  ex 
quadraticaruna  redudlione  pendent,,  adjxmgere  libct* 

De  numeris  ralionalibus  tantum  agit  jpiophantus  abkgaiis-r 
fiirdis. 
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P  R  .O   B.     L 

\  liQf  Nnmerum  quadratum  datum  in  duos  quadrates  dividers 

Sit  quadratus  dWidendu^  25,  et  q.  quaefiti  x*  et  jk*,  adco- 
que  y*  +  jf*  ==  25.  Finge  jam  latus  altcrutrius  quadrau 
quaefiti  efle  sequale  fummse  vel  difFcrcntiae  lateris  quadrat! 
dati  et  lateris  alterius  quaefiti  quolibct  numero  praeter  uni- 
tatem  afFe^i,  puta  ^  =*=  5  ±  2x  vcL  z^  +  5.  Quadrando 
igitnr  hunc  valorem  y^  €C  fubftituendo  pro  ^*,  eA'adct 

5x*  +  20;^  +  25=;  .25. 
Et  tranfponendo    5X*  =  +  20jc 
Et  dividendo     -      ^    =^+4,  adeoque  y  (=  5  +  2x)=:  +  3. 

'  Et  horum  x}%Ladrata  td«t  9  cohficiunt  25. 
Similiter,'  i\t  y^^  ^  — '\x^  per  redu<ftioncm  evadet  x  5=:  4 
,  et  5 —  i^  ;=  3.    Sit  jf  c;=  ^  —  3J^,  erit  a?  =;;  3  ct  5  -^  3Jf 

=  —  4.    Sitj^  =  4^^5,  eritque;^  — ^et4^~5b;  J^ 

;  quorum  quadrata  — g—  et  ^-r-^  abfolvunt  25.  Atque  ita  de- 

inceps.    Sed  quo  magis  ab  unitat^  recedunt  coefficiciite^  x, 
:  in  vialores  frac^os  ^eo  profuiiores  excurrent  latera'  quiaefita. 

121.  Quo  percipiatur  fingulare -D/^/Atf ;///  aftifidtim  in 
hac  folutione,  obfervandum  eft,  1'°''.  Latus  quadrati  dati  in 
membrum  umim  lateris  fi<$li  adfumi,  ad  tollendum  ex 
asquatione  refultante  quadratum  datum,  quo  padto^aequatio 
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quadratica,  fublato  tennino  abfoluto  deprimetur  ad  fim- 
plicem,  et  inde  eructur  valor  x  per  divifionem  folam,  qui 
idcirco  femper  erit  rationalisu 

2.  Debere  coefficientcm  x  mcmbrl  alter ius  lateris  ficti 
clle  majorem  minoremve  unitate  j .  nam  fi  ponatur  unitas, 
orietur  valor  x  in  asquatione  refultante.  aequalis  later!  iplius 
quadrat!  dividendi,  ct  prolnde  ipfum  latus  fidtum  repe- 
rietur  nihil*.  Sic  pofito  y  =^  s  — ^>  P*  reduftionem  pro- 
dibit  ^  =  5,  et  5  — x  =  o.  i 

3.  Poffe  latus  fidtum  effe  binomium  vel  refiduum,  ex 
priore  enim  emergent  latera  negativa/  ex  pofteriore  eadem 
pofitiva,  quorum  utraque  aequo  jure  quaeftionem  folvent  f 
ntplurimum  vero  ponitur  tefiduum,  quam  fofmam  ipfc 
zdhxhet  DicpbaMus. 

P  H  O  B.     11.  ■ 


122.  Name  rum  datum  ex  duobus  fuadratis  conjlatum  in  qUos  • 
duos  quadratos  dividere. 

Sit  numerus  dividendus  13  =  4  +  9.     Suinptis  lateribus 

quadratorum  datorum  2  et  3,  ponanmr  latera  ^uaeiitonukl 

quadratorum  ;v  —  2  et  2x  —  3.     Horum  quadrata  iimul 

5Af* —  i6x  +   13  =:  I3r    et  per  redudtionetrt    f^rbdibit 

16       ,  6  17 

X  =  --  J  adeoq.  ^  -^  2  =  -   et  2x  «♦—  3  =  -   ,     quorum 

quadrata  f  et  ^  fimxil  =::  ^  =  13.  At  fi  ponantur  la- 
tera X  +  2  et  2x  —  3>  erit  $x^  —  8^  +  13  ^  13,  et  per 
redu^onem  ;#  =  -  adeoque  x  +  2  =  -  et  2x  —  3  =  - 


i 
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:  at  horund  quadrata'quoquc  ^l"^  et~    conficiunt    13.      At- 

que  ita  femoer  prodibunt  bina  quadratorum  paria,  quo- 
rum alteru\rum  quaeftioni  fatisfaciet,  prout  latcra  fi<fla 
pon^ntur  vel  utraquc  refidua,  vel  alterum  binomium  ex- 
iftente  altero  refiduo. 

113.  Caet^rum  cavendum  eft  I™^  Ne  idem  ftatxiatur  co- 
efficiens  x  in  utroquc  latere  fidlo  ;  alioquin  latera  quadra- 
torum quaefitorum  non  prodibunt  diverfa  a  datis.  Sic  po- 
fitis  ;c  +  2  ct  X  —  3,  evadent  latera  quaefita  3  et  +  2  quae 
jam  data  funt. 

2.  Ne.  coefficientes  x  in  utroque  latere,  ubi  haec  latera 
funt  refidua,  fint  inter  fe  in  ratione  laterum  datorum,  ailt 
altero  exiftente  binomip,  in  ratione  fummae  datorum  late- 
rum  ad  eorundem  diflPerentiam ;  alioquin  idem  fequetur 
abfurdum,  quod  fcilicct  latera  quaefita  emergent  eadem  ac 
^  data. 

P   R  O  B.     III.  ' 


1 24.  Invcnire  numerum  quddratum  qui  adje£lo  qfioHbet  nu-^ 
mcro  conficiat  quadratum. 

Sit  quadratus  quocfitus  x%  conficiatque  quadratum  ^^+3. 
Fingc  latus  pofterioris,  x  —  n  (defignante  n  numerum 
quemcunque)  et  quadrando,  erit 

X*  —  ^nx  +  «*  =  •^*  +  3, 
Et  traniponendo         -  ^nx-znn^  —  3 

Adeoquc      -      -    ^    -    -    y=:^        3, 
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Pofitx)  igitur  »  =  6,  erit  x  =  — ,  adeoq.  x*  =  — « ,    ct 

X*  +  3  =  ~  quadratus  nimirum  cujus  latus  eft  -^.    Va- 

riantc  autem  utcunque  //,  variari  quaeftionis  folutiones  ma- 
nifeflum  eft.  Similiter,  irtvemre  licet  quadrotum  a  quo  dempto 
fUtmero  dato  rcftdutmi  erit  quadratus. 

125.  In  quseftionibus  prioribus  negotium  crat  aequati- 
oncm  quadraticam  ad  (implicem  deprimere,  toUendo  qua- 
dratum  datum,  in  noviflima  vero,  quadratum  quxiitum. 
-/Equationum  quadraticarum  redudlioncm  nufquam  in  fex 
librie  Ariibtncticorum  jam  extantibiis  ex  profcflb  tradit 
Diophantta^  harum  tamen  regulam  tali  latuifTe  viro  mi-^ 
nimc  crcdendum  eft;  &  ipfe  quidem  poUicctur,  Dcf.  11. 
fe  quadraticarum  folutiones  poftea  commonflraturum. 
Satis  profedlo  CTincunt  problematis  infequentis  limitatio- 
ncs,  cujus  folutionem  mira  fubtilitate  expedit  Biopbantus^ 
Lib.  5j  Quxft.  2^2^^  ilium  probe  quadraticarum  redudio-. 
nem  cognovifle*  . 

Kcti  Toi5vict  TTdXiv  urefop  «  (pip€iu  r€rfaya)voyj 
KrnP'SLfievQV  Tr/ieupdp  avvS^ffjuet  todv  ^oi^y. 

Ka]  Ta^rtkirif^  Ta!My%  T4plaJ^pcLXfJiBU^. 
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Epigrammatis  propofitum  tak  eft.  Emit  quidam  duos 
cados  vini,  unius  quidem  choam  drachmis  8,  alterius  vero 
choam  drachmis  5,  in  ufum  famulorum  mifcendos  ;  et 
pro  omnibus  chois  perfolvit  numerum  quadratum,  cui  ad- 
dendo  numerum  dltum  60,  fit  alter  quadratus,  larus  ha- 
beas fummam  choarum.  Quaeritur  numerus  choarum 
utriufque  pretii. 

Sit  X  fumma  choarum,  et  cum  pretium  fummae  +  60 

adaequat  re*,    erit  pretium  fummae   ^*  —  60.     Finge  hoc 

crogari  pro  chois  5  drachmarum  folis,    et  prodibit    nu- 

,                   .           J      1     •    -^^  —  60       . 
merus  choarum  quinque  drachmis major  quam  a:, 

(cum  oc  contineat   choas  aliquot   8  drachmis)    erit  igitur 
s*  —  60  major  quam  5^,  five  x^  major  quam  ^x  +  60,  et 

»  per  fre'du^itfnerti,  *  itiajor  quam  ^   +  v/V  +'60^'  id  eft,  ma- ' 

jor  qjiara  10,7.     Similiter,  erit  numferus  clioarum  folis  8 

drachmis  ^   "T"    ^  minor  quam  x,  adeoque  x^  minor  quam 

o 

Sat  +  60,   et  per  redudionem,   x  mhior  quam   12^.     O- 
portet  igitiit  valorem  x  inter  limites  10,7,  et  11,7  inveniri, 
et  proinde  a  fortiori^   inter  limites  ittfegros  atftiores  1 1 
'  et  12,  quos  ponit  Diopbantus. 

Sed  altera  qaoqtie-4atar  reftriaio  fah>ri«  W[  fcilicet, 
quod  X*  —  60  debet  efle. numerus  quadratu*.,  ..FinSf  igit"r 
latus  hujus  X  — >,  et  quidrando,  erit  x'  —  2x)'  +  /  =  x'- 

:  60,  adeoque  per  prob.  graced,  x  =1: ' — ~ — - .   ,  At    ne- 

cefle  eft  ^',"^- ^°-,(ag  j^  efl*  majofCrft-qaarifili,-  ^Ve/  ma- 
jorem  quam  22^  —  60,  adeoqMe  per  reduftionem,  y  majo- 
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rem  quam  ii  +  y/6i  five  18,7.  et  pari  rationc,  ^'- elfc 

minorem  quam  12,  five  j^*  minorem  quam  2y  —  60,  adco- 
que  per  redu(5lionem,  y  miaorem  quam  21,2.  Oportct 
igitur  numerum  aflumptum  jointer  limites  18,7  ct  21,2. 
confiftere,  adeoque  inter  limites  integros  Diopbant^tos  19  es 
21. 

Puta  jam  y  medium  obtinerc  locum  inter  19  et  21, 
fcilicet  20,  et  fiibllituto  hoc  valore  y  in  aequationem 
9c^  —  2xy  +  y*  z=2  x^  —  60,  prodibit  x*  —  40^  +  400  =  x* 

—  60,    adeoque  x  =  1 1 J ,    et  proinde  x*  —  60  =  132  i 

—  60  =  72  i.  Ergo  fiimma  choarum  fit  1 14,  intra  limites 
nempe  praefcriptos,  et  totum  pretium  72  i  drachmarum, 
fcilicet  numerus  quadratus  (utpote  latus  habens  8  i  •) 

Denique,  quo  inveniatur  numerus  choarum  utriufque 
pretii,  fit  z  numerus  choarum  5  drachmis,  et  erit  1 1  i  —  z 
numerus  choarum  8  drachmis,  pretium  priorum  erit  55s 
drachm,  pofteriorum  autem  92  —  8z  drachm,  adeoque 
pretium  fiunmae  52  +  92  —  8s  five  92  —  32  =  72i,  et 
proinde  32  =  19  J,  et  z  =  6  A,  et  inde  1 1  i  —  z=:^ii. 
Numerus  igitur  choarum  5  drachmis  evadit  7t\,  choarum 
autem  8  drachmis  4U* 

Alii  quoque  dantur  limites  valoris  y.  Nam  1 1  +  y/6t 
evadit  18,7  vel  3,;^.  ct  12  +  ^s^  evadit  21,2  vel  2,8. 
Confiftere  igitur  poteft  y  inter  3,3  et  2,8.  Puta  j'  =  3,  et 
fiibftituendo  x  —  3  ut  antea,  exurget  x=  m.  Sin  li- 
mites alterutros  tranfgrcdiatur  y^  exulabit  x  a  limitibus 
praefcriptis,  et  numerus  choarum  vel  8  drachmis  vel  5 
drachmis  emerget  negativus,  quod  impoflibile  eft. 

Z  2 
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126.  Pauca  haec  exempla  in  fpecimdn  fagacifliini  jD/^- 
pbanti  ingcnii  ad  quaeftiones  vel  fpinofiffimas  expediendas 
fufficiant.  Haud  parum  quidem  intentionis  animi  leiflori- 
bvis  etiam  mathematice  dodlis  requiritur  ad  folutiones  com- 
plures  Diophantaas  capiendas,  praetcr  materiae  fubtilitatcm, 
ex  eo  quod  perpaucas  notas  algebraicas  adhibet,  adco  ut 
plures  faepe  quantitates  incognitae  eadem  dcfignantur  fpe- 
cie.  Sic  in  propofitione  noviffima,  quantitates  quas  notis 
Xy  /,  et  5s,  diftinximus,  omnes  una  fpecie  $  defignat  Dio- 
pbantus. 

127.  Quo  tempore  inventa-^fuit  Arithmetica  fpeciofa  feu 
Algebra,  in  ineerto  eft.  Hoc  faltem  praKfumendum  eft,  in- 
ventorem  non  fuifle  DiopbcmUim^  quippe  qui  medias  in  res, 
haud  fecus  ac  notas  ledlorem  rapit,  et  nullis  fei'e  praemiffis 
principiis,  quasftionibus  folvendis  ftatinx  fe  accingit.  In- 
nuit  tanturo,  idque  obiter,  quafi  demonftrationenon  egens, 
"  quod  minus  in  minus  dat  plus,  in  plus  autem,  minus/* 
Et  praeterea  monet,  Def.  10,  "  E^pedit  ^um  qui  hoc  ne- 
"  gotii  fit  aggreffurus,  in  additione  fubdu(5lione  et  multi- 
**  plicatione  ifpecierum  jamdudum  exercitatum  efle."  Nifi 
forfan  infticuebantur  elementa  artis  neceflaria  in  alio  quo- 
dam  opere  Diopbanti  jam  deperdito,  de  Arltbmetka  praxi ; 
de  quo  meminit  Tbeon. 

128.  Prifcis  Mathematicis  Platoni^  Euclidi^  Arcbiviedi^ 
&c.  hanc  Artem  innoturfle,  retentioinim  tontenderunt  mul- 
ti.  ScbooUnius^  Nonius  aliique,  ad  quorum  fententiam  ac- 
cedit  quoque  WalUs^  cum  certo  fcirent  ex  demonftrationum 
et  conftruiflionum  fubtilitate  et  elegantia,  analyfin  quan-- 
dam  Veteribus  probe  cognitam  efle,  neque  aliam  noflent 
praeter  eam  quae  Algebrae  fpeciofe  ope  inftituitur,  nulhim- 
que  hujus  veftigium  ante  Diopbanttim  inveniflent ;  Vetercs 
admirationis  aucupandae  tcmere  infimularunt,  utpote  qui 
inventa  fua  vulgari  tantum  fynthefeos  forma  tradcbant, 
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hoc  confilio,  ut  artem  fuatn  analyticam  a  Pofteris  celarcnt. 
Luculenter  autem  conftat  ex  Pappi  Akxandrini  prarfationc 
ad  Lib,  7,  Colledliomim  Matbematlcarum^  veteres  Geometras 
in  folutionibus  Theorematum  &  Problematum  propofito- 
rum  inveftigandis  analyfin  geometricamM{wr^?i^^\  eamque 
plenius  expofuiflc  Euclidem^  nempe  Elementoriim  fcripto- 
rem,  Apolloniutn  Pergaum;  Ari/laum  feniorem,  ct  Erotojlhc" 
turn  ;  quorum  opera  analytica  ;^^  libris  contenta  reccnfcc 
PappHsy^  qui  &  ipfe  naturam  analyfeos  &  fynthefeos  Vete- 
ruin  optime  explicat. 

Analyfin  Vccerum  ita  collaudat  HalUy  Geometer  fimul  et 
Algebraifta  fummus,  in  Prajfatione  ad  editionem  fuam  Apol- 
lonii  Pergaiy  De  SeSio7ic  Rationis. 

"  Methodus  hacc  cum  Algebra  Speciofa  facilitate  conten- 
"  die,  evidentia  vcro  &  demonftratioaum  elegantia  earn 
"  longe  fuperare  vidctur  :  lit  abunde  conftabit,  fi  quis  con- 
"  ferat  hanc  ApoUonii  dodlrinam  De  Scdlione  Rationis  cum 
**  ejufdem  Problematis  analyfi  Algebraica,  quam  exhibuit 
"  CL  Walliftus^  Tom  2,  Ope  rum  Matbemat.  cap.  S^^P^S*  220." 
Confulat  quoque  leclor  Appendiccm  ad  Simpfoni  Conica^  edit, 
ida.  ubi  trium  propolicionum  folutioncs  Algebraicas  cum 
lis  quse  per  analyfin  geometricam  fiunt  conferre  licet.  Miro 
certc  veteris  analyfeos  flagrabat  amore  Halley^  qui  immanc 
quoddam,  imo  vix  crcdibile  eft  aufus,  nempe  opus  intcr- 
prctandi  Verfiondn  Arabicam  ApoUonii  de  SeSlione  Rationis 
{Apollofiii  opere  Trfpl  A9>i^  oc7ro]ofjLfi<,  deperdito)  linguae  Arabi- 
cae  ipfe  prorfus  ignarus  !  &  quod  vel  Arabice  dodliflimum 
abfterruerit,  codex  ille  peilima  manu  exaratus,  pun<5lifquc 
diacriticis  dcftitutus,  &  diagrammatum  lineas  Uteris  male 
fignatas  &  diftindlas  habens,  mendis  lacunifque  fcatebat. 
Verum  beneficio  fchedarum  aliquot^  quas,  paucis  ante  an- 
nis,  latine'  verterat  D.  Bernardus^  Aftronomiae  Profeffbr  Sa- 
viliamiSy  quae,  clavis  ad  inftar,  aditum  illi  aperucrunt  ad 
ApoUonii  mentem  invcftigandam  ;  excerptis  vocibus  illis  de 
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quibus  ex  verfione  Bernardi  liquido  conflabat,  dcin  ad  ar- 
gumentum  refpiciendo,  &  notas  obfcuriores  iterum  ite- 
rumque  fecum  evolvcndo,  quid  voluerunt  paulatim  dcpre- 
hendit,  &  hac  quafi  decipbrandi  methodo  totum  librum 
perlegit,  eundexnquc  denuo  pedctentim  percurrendo,  opus 
integrum  abfque  alterius  cujufpiam  auxilio  ad  finem  per- 
duxit. 

i2g.  ObfcrvanduEQ  rcftat,  quod  refolutio  aquationum 
indeterminatarum  in  applicatione  Algebra  ad  Geometriam 
apprime  utilis  eft,  cum  praecipuarum  cur  varum  xquationes 
funt  indeterminatae.  Methodus  tamen  generalis  tales  fol- 
vendi  hadlenus  defideratur  ultra  ptoblemata  primi  gradus. 
Licet  enim  occurrunt  Iblutiones  problematum  fecundi, 
tertii  et  etiam  quarti  gradus  apud  Dtophantum  ejufque  Com- 
mentatores,  funt  tantum  particulares.  Qui  plura  autcm 
de  hifce  defiderat,  confulat  differtationes  Euleri^  Acad.  Pe^ 
trop.  Ttom  6,  veter.  et  T^om  9,  nov*  Et  La  Grange  Acad. 
Berlin.  Tom  23. 


ANALYSIS    ^QJUrATlONtTM. 

PARS    TERTIA. 


1 30.  Ha(5lcnus  expofuimus  modos  ordinandi  &  concin- 
nandi  acquationes,  eafdemque  reducendi  fi  modo  fecun- 
dum  non  tranfcendant  gradum.  Antequam  vero  refolu^ 
tionem  aequationum  dimenfionum  fuperionim  aggredia- 
mur,  necefle  erit  praparationtm  aquatlonufn  inftituere,  prae- 
mittendo  aliqxia  de  natura  radicuin  &  praecipuis  tranfmii- 
tationibus  aequationum. 


De  katura  radicum  jequationis. 

131.  Radix  eft  numerm  Vel  fpccies  qtii  Jt  in  aquatione  pro 
Jpecie  radlcemftgntficantefubjlituatur^  efficiet  omnes  termtno4  eva*- 

nefcere. 

Sic  asquationis  x^  -^  x}  —  19^*  +  49X  —  30  =  o,  unitas 
eft  radix,  quoniam  fcripta  pro  x  producit  i  *--  i  —  19 
+  49  —  30,  hoc  eft  nihil.     Sed 

132.  J£lquationts  ejufJem  plures  ejfe  pojfunt  radices. 

Nam  ii  in  hac  eadem  a^quatione  x*  —  x%  &c.  =  o,  pro 
X  fcribas  numefum  2,  &  pro  poteftatibus  x  fimiJes  potcfta- 
te$.  autoeri  2,  producetur  16  —  8  —  76  +  98  —  30,  hoc 
eft  n^Ai^  A^5L^^  ^^  ^  pro*;^  fcribas  numerum  3  vd  nu- 
mervuicj.  jMgaijiyum  -^  5^  ,  utxoque  caiii  producetur  nihil, 
terminis  affirmativis  &  negativis  in  his  quoque  cafibus 
fe  mutuo  deftrucntibus.     Proindc  cum  numerorum  i,  2,  3 
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vel  —  5,  quilibet  fcriptus  in  aequationc  pro  x  implcat  con- 
ditionem  ipiius  Xy  efficieado  ut  termini  omncs  sequationis 
conjuncSlim  aequentur  nihilo,  erit  quilibet  coruni  radix  x- 
quationis. 

Atquc  ita  aequationis  x'  =  i,  feu  x'  —  i  =  o,  trci  ra- 
dices erunt  i,  — ~-^^y  vel  ~  J ,      nam     ii 

fcribas  i  pro  y,  producetur  i  —  i,  hoc  eft  nihil ;  fi  fcribas 
~ ""^  pro  Xj  producetur  ^   —  i,    hoc   eft   nihil ; 


et  fimiliter,  fi  fcribatur — -  pro  x.     In  fpeciebus 

quoquc  idem  fiet ;  fie  aequationis  x^  — px^  ( — p*  +  q)x* 
+  p^x  —  p^q  =  o,  fimt  pj  —  /,  ip  +  y/ip*  —  q^  vel 
+  ip  —  ViP^  —1  radices  ;  nam  fcribendo  p  pro  x  produ- 
cetur ^*  ^^4  _^4  +  p^q  ^  ^4  — ^»y,  hoc  eft  nihil;  &  fie 
deinceps.  ^ 

Hinc  liquet  quantitates  reales  &  impofilbilei  tcque  fungi 
poflTe  munere  radicum,  cflSiciendo  omnes  aequationis  termi- 

nos  evanefcere. 

133.  Eandetn  vera  aquationem  plures  habere  pojfe  roAces  a^ 
quum  efty  cum  plures  ejfe  pojfunt  ejufdem  problematis  folutiones. 

§34- 

1 34.  Raro  tamen  omnes  sequationis  radices,  etiamfi  reales 
Cff  ajirmativa  fint,  problema  a  quo  dedudta  eft  ifta  a?quatio 
folvent.  §  35  &  44.  Sed  hoc  fit  ob  limitationem  aliquam 
in  problemate  quod  ad  aequationem  nil  fpedtat*  Nam  fi 
aequatio  non  comple^itur  omncs  conditiones  probkmati$t 
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non  needle  eft  ut  omnium  conditionuoi  teneatur  limitibus^ 
quicqiud  amplius  eft  in  problemate  qiiam  in  aequatione 
poteft  illud  limitibus  ardlare,  hanc  non  item.  §  32.  Ve- 
runtamen  necefTe.  eft  xquatioaem  qua  refpondetur  tot  ha- 
bere radices  quet  font  quaefitas  quantitatis  caTus  diverii  ab 
iifdem  datis  pendentes,  &  eadem  argumentandi  ratione  de- 
terminandi.  Nam  qaifque  cafus  diverfus  folutionem  di- 
vcrfam  poftulat*  Et  quidem  cafus  problematum  indigitare 
u  datis  divcrfos,  eft  proprium  mumis  radicum  negativarum. 
§  43  &  93.  Hiiic  in  quseftionibui  geometricis  et  phyficis 
radices  aifiFmativx  &  negative  ad  plagas  oppofitas  tendere 
folent.     §  40,  &  42. 

135.  Haec  aequationum  copia  fimul  quxfita  &  non  quae- 
fita  compledlentium  inveniendls  diverfis  cafibus  ejufdem 
problematis  generalis  infervire  poteft.  Nihilominus  fa- 
tend  um  eft,  incommodo  faepe  laborare  hanc  copiam,  ubi 
folutionem  quaefium  aliis  nexam  atque  implicitam  non 
fine  calculo  valde  operofo  fecernere  atque  evolvere  licet ; 
ut  bene  quidem  monet  UAlembert  *.  "  Les  quantites  ne- 
"  gatives  —  montrcnt  tout  a  la  fois  &  la  richeffe  de  cette 
"  fcience,  qui  fait  trouver  dans  la  folution  du  probleme, 
"  jufqu'  aux  chofes  qu'on  ne  demandoit  pas,  &  en  meme 
"  terns,  fi  on  ofe  le  dire,  Timperfedlion  du  calcul,  qui  en 
"  donnant  ce  qu  on  ne  cherche  pas,  &  qu'on  ne  lui  de- 
"  mande  point,  ne  donne  pas  toujours  cc  qu'on  lui  de- 
"  mande  avec  toute  la  perfeiflion  qu*on  pourroit  exiger. 
"  C*eft  qui  n*arrive  que  trop  dans  les  queftions  algebri- 
"  ques  ;  la  folution  d'un  probleme,  qui  n'en  a  quelquefois 
"  rcellement  qu'une  feule  poffible  (dans  le  fens  ou  il  a  etfe 
"  propose)  eft  fouvent  incorporce  &  comme  amalgamee 

*  Melanges  Jc  J^iin'^uri^  voL  5,  p.  230. 

A  a 
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avec  plufieurs  autres  folutions  de  probtdmes  analogues, 
"  mais  difFerens  ;  folutions  qui  enveloppant  &  mafquant, 
"  pour  ainfi  dire,  la  premiere,  la  rendenc  plus  difficile  a 
"  decouvrir.  Ceux  qui  ont  quelque  connoiflance  de  ce 
"  qu'on  appelle  en  Algebre  la  theorie  des  Equations,  favent 
"  par  experience  la  verite  de  ce  que  nous  venons  de  dire/' 


4C 


136.  JEquationum  vcro  radices  fape  impojfibiles  ejfe  aquum 
e/iy  ne  cafus  problematum  qui  Jape  impojftbiks  funt  exbibeant  pof* 
Jibiles^  §  34  ^  46- 

Et  hie  quidem  obfervandum  eft,  quod  in  Algehri 
radix  impoffibilis  eft  tantum  nota  feu  fymbolum  operatio- 
nis  qu3E  in  certo  quodam  cafu  fieri  nequit,  ejufque  idcirco 
munus  eft  genejin  quantitatis  qusefitae,  &  Umitcs  intra  quos 
confiftere  poteft,indicare:  Geometria  vero  radices  impofCbiles 
proprie  non  agnofcit,  ex.  eo  quod  folutio  quaeftionis  geo- 
metricc  tantum  exponi  poteft  ubi  fit  realis.  Ut  fi  redlse 
&  circuli  interfedlio  determinanda  effet,  defignantibus  p 
pcrpendiculum  a  centro  in  redlam  demiflum,  r  radium 
duAum  ad  interfedlionem,  &  x  diftanciam  interfedlionis  a 
p^  habctur  asquatio  interfe^ioncm  definiens  a?*  =  r*  —  ^*, 
per  EucL  Lib.  i,  Prop.  47.  Erit  autem  interfedlio  pofli- 
bilis  fi  /  fit  minus  quam  r,  fin  majus,  fiet  impoffibilis  ;  & 
;£quationis  duae  radices  quas  interfecftiones  duas  determi- 
nant, nempe  ^  =  +  y/r^  — /S  debent  eflfe  perinde  poffi- 
biles  vel  impoffibiles  ut  rem  ipfam  vere  experimant.  Cas- 
terum  hafce  radices  geometrice  tantum  exponere  fas  eft  ubi 
interfeiSlio  eft  poffibilis. 

137.  Aliquando  fieri  poteft,  velut  in  cubicarum  cafu 
irrcducibiliy  quod  radices  rcales  fub  Jpecie  impojftbili  ad- 
umbrentur  ;  caeterum  hoc  fit  ex  eo  quod  conditiones  in  fb- 
lutionem  aequationis  adfcitas,  fibi  in  ifto  cafu  refragantur. 
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De    NUMERO    RADICUM   -E^^UATIONIS. 

138.  PoUjl  aquatio  tot  habere  radices  quot  funt  dimenjtones 
gusj  Csf  non  plures ;  ft  modo  termini  ejus  ex  ftmpUcihus  poteftati-- 
bus  integris  conflantur. 

^quationem  fimplicem  unam  fortiri  radicem,  quadraci- 
cam  vero  binas,  ex  Parte  I.  manifeftum  erat;  unde  in  ae- 
quationibus  dimenfionum  fuperiorum,  fimilem  eflc  ratio- 
nem  radicum,  per  analogiam  conjicere  liccret.  Caeterum 
numerus  ct  natura  radicum  ex  generatione  aquationis  optime 
intelligetur, 

Ut  fi  fcire  vellemus  quomodo  gcneretnr  sequatio  cujus 
radices  fint  1,  2,  3,  vel  —  5,  obfcrvando  retrogradam 
compofitionis  viam,  fupponamus  x  ambigue  fignificare  nu- 
meros  illos,  feu  effe  x  =  i,  x  =  i,  ^  =  3,  vel  x  =  —  5, 
adeoque  per  tranfpofitionem  x  —  1=0,  x  —  2  =  0, 
;;  —  3=  o,  vel  X  +  5  =  o.  Et  multiplicando  haec  in  fe, 
prodibit  multiplicatione  x  —  i  in  x  —  a  hsec  aequatio 
x»  —  3X  +  2  =  o,  quae  duarum  eft  dimenfionum  ac  duas 
habec  radices  i  &  2 ;  nam  fcripta  i  pro  x  evadit  fadlor 
prior  I  —  I  =  o,  vel  fcripto  2  pro  x  evadit  fadlor  pofte- 
rior  2  —  2  =  0,  unde  in  alterutro  cafu  faftum  fub  utrif^ 
que  nihil  erit,  fcil.  i  —  3  +  2^=0,  vel  4  —  6  +  2  =  0. 
.Porro,  dudlis  in  fe  tribus  fa<5loribus  x —  i,  x — 2,  & 
X  —  3,  generatur  x^  —  6;c^  +iix  —  6  =  0,  aequatio 
trium  dimenfionum  totidemque  radicum  i,  2  vel  3;  nam 
fi  X  ambigue  fignificat  i,  2  vel  3,  evanefcet  primus,  fe- 
cundus  aut  tcrtius  fadlor  refpecfHve,  at  quolibct  faAore 
evanefcente  evanefcet  fa<flum  fub  tribus.     Denique  dui^tis 
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in  {c  qnatuor  fac^oribus  x  —  i,  x  —  2,  x  —  3*  Sea  +  § 
fit  X*  -*-  x'  —  iqx^  +  490?  —  30  =  o,  ut  fupra,  aequatio 
quatuor  dimcnfionum  totidemque  radicum  i,  2,  3,  vcl  * —  5. 
Nam  fi  X  amhigue,  &c.  Cum  igitur  haec  aequatio  ex  tot 
fadloribus  firaplicibus  gcneratur  quot  fuitt  dim^en^nes 
ejus,  &  fadlor  quifque  fimplex  unam  fuppeditat  radlcem^ 
fequitur  earn  tot  habere  radices  quot  futit  dimcnfiones  ejus. 
Non  autem  plures,  cum.pi;aeter  hofce  numeros  nuUus  eft 
cujus  fubftitutione  fadk)r  aliquis  evadit  nihil ;  iibi  vero  fac- 
torum  nuUus  nihil  eft,  quod  fub  omnibus  continetur  nihil 
efle  non  poteft.  Et  fimile  eft  ratiocinium  de  omnibus  ae- 
quationibus.  Nam  tali  multiplicatione  imaginari  pofRi- 
mus  omnes  generari,  quam^is  fadlores  ab  invicem  fecernere 
folet  efle  diflicillimum,  &  iplum  fit  quod  aequationcm  re- 
folvere  &  radices  extrahere :  babltis  enim  radicibus  ha- 
bentur  fa<flores. 

Sed  revocare  gradus  — — 
Hie  labor ^  hoc  opus. 

139.  Pofliint  quoque  aequatlones  plurium  dimenfionum, 
ex  aliis  inferiorum  dimenfionum,  illarum  dimenfiones  fi- 
mul  xquiparantium  generari.  Nam  sequationem  cubicam 
ex  quadratica  &  fimplici  in  fe  dudlis;  biquadraticam  ex 
cubica  &  fimplici  vel  ex  duabus  quadraticis  in  fe  dudis 
generari  concipiamus  ;  atque  ita  deinceps.  Sic  sequationis 
X* —  x' —  19X*  &c.  fadlores  fimt  x^ —  6x*  &c.  et 
X  +  5  =  o,  vel  X*  —  3^  +  2  =  o,  &  X*  +  2x  —  15  =  0. 
Itemque  aquationis  x^  —  1=0,  fadlores  fiint  x*  +  x  +  i 
=  0,  &  X  —  1=0.  Fadlorum  vero  quadraticorum,  &c. 
radices  erunt  radices  a^quationum. 

14P.  Hanc  gcnerationem  sequationum,  in  quadraticis 
faltem,  ex  principiis  Geometticis  infiiper  confirmare  &  illuf^ 
trare  jam  aggrediemur. 
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Nam  ad  quadrabcas  puras  quod  attiner^  fi  Imbenmr  dttsc 
quaudtatea  x  8l  q,  quarum  majoir  fit  x^  crk  «*  —  y* 
=:{x  +  q){x  —  f\  per  Eucl.  Lib.  2.  Prop.  5.  At  fi  x  fiat 
a(quali6  fy  evaneicet  turn  **  —  f  turn  x  —  y,  Unde  k^- 
time  concludanms  seqioadQiiem  algebraicam  x*  —  f*  =  o, 
genes|n  pofle  ex  multiplicatione  fa^Slonim  fimpiidum 
x  +  fJkx  —  y,   quorum  alter  poteft  elle  nihiL     Contra, 

x'+f  =  (!L±.^-t(5-irj)!,  per  Earl.  Ub.  2.  Prop,  9. 

Minus  rede  igitur  concluduxiu&  confUtui  pofle  aequatio- 
ncm  algebraicam  x*  +  jf*  :=  o,    neutdquam  evaatffcente 

(JT  -¥  qY  ^  (x  —  qY  .  tr  1  •    r       . 

^^ ^ ^-^  ;  .  aut  generan  pofle  multrplicatione 

duorum  fadlorum  fimplicium,  cum  ex  femifiimma  qua*- 
dratorum  fumma  &  difierentise  x*  &  y  revera  conflatur. 
Ergo  prodeunt  hujus  fadlores  x  ±  q  y/—  i  iiripoffibiles,  ut 
xquum  e(L 

Eadem  quoque  ol^inent  in  quadraticis  afFecSris.  Nam  fi  • 
data  quae(£im  quantitas  /  dividatur  duas  in  partes  inae- 
quales  quarum  una  fit  x,  alteram  defignabit  p . —  x^  et  de- 
fignante  q  redlangulum  partium,-  erit  qz=zpx  —  x%  per 
Eucl.  Lib.  2.  Prbp.  3,  et  horum  difierentia  nempe  x^ — px 
+  q  asquatur  nihilo.  Undo  legitime  concludamus  sequatio- 
nem  algebraicam  x^  — px  +  qzrz  o,  generari  pofle  multi- 
plicatione fadlorum  x  — hp  +  Vi^*  —  ^  .  &  x  —  .ijj  > 
—  y/t^px  —"^^  quorum  alteruter  erit  nihil,  ob  x  —  ;^  =  + 
VTF^^q\  &  quorum  uterque  erit  poflibilis,  cum  q  in  hoc 
cafu  eft  neceflario  minus  quam  i^*,  per  Euch  Lib.  ±.  Prop* 

5.  Contra,  defighantibus  x  &  y  latera  trianguli  angulum 
acutum  comprehendentia,  p  fcgincntum  majoris  latferis  x 
interceptum  inter  perpendiculum  ab  angulo  oppofito  &  an- 
gulum acutum,  exponet  x*  —  2px  +  y*  quadratum  lateris 
reliqui  angulo  acuto  oppofiti,    per  Eucl.  Lib.  2.  Prop.  13-. 
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'  At  hoc  latus,  falvo  triangulo  nunquam  evanefccrc  poteft. 
Ergo  aequationis  x*  —  2px  +  y*  =  o,  fadlores  x  —  p  + 
y/px  _  y»  prodeunt  impt^flibiles,  cum  y*  in  hoc  cafii,  eft 
neceilario  majus  quam  ^%  per  EucL  Lib.  i.  Prop.  47.     Et 

.  ex  hypothefi  impoilibili  conclufionem  impoflibilein  coUigi 
minim  efle  non  debet. 

141.  Ufum  sequationum  originalium  ;c  —  ^  =  o, 
X*  —  20X  —  9  z=  o,  in  compofitionem  aequationum  fupe- 
riorum  dimenfionum,  qualem  explicuimus,  primus  pate- 
fecit  ingens  ille  algebrae  hodiernae  rcpertor  ac  inftaurator 
Vieta  * ;  qui  methodum  generalem  invenit  pro  educendis,  ra- 
dicibus  ex  sequatione  qualibct,  ubique^  ut  ait,  obfervando 
retrogradam  compojitionis  viam.  Hujufque  veftigiis  iniiftentes 
Harriott^  Ougbtred^  aliique  tarn  noftrates  quam  extranei 
quaecunque  de  hac  re  fcriptis  mandarunt,  a  Vieta  defumpta 
debent  agnofcere ;  judice  Halley^  Phil.  Tranf.  An.  1687.  A'^ 

.190.  Art.  2.  Montucla^  &c. 

Ex  generatione  aequationum,  regulam  infequentem  in 
analyfi  multis  nominibus  perutilem,  atque  uberrimam  eli- 

.  cuit  Harriott. 


'  ♦  Fieta  -vir  fuit  ingeniofa  &  profunda  meditsitioney  cujus  vi  nihil  illi  inaccef- 
.fum  in  abftrufioribusfcientiis,  nihil  quod  acumine  mentis  pofiet  confici,  difficile^ 
confedhi  fuit.  Hujus  tale  dedit  indicium.  Bello  inter  Gallos  Hifpanofque  in- 
gruente,  liters  pleraeque  Hifpanorum  quibus  prxfe^os  ad  Delgiam  de  coniilionim 
fuorum  rationibus  monebant,  intercepts,  ob  ingentem  notarum  multitudinem, 
(utebantur  enim  amplius  500,  exoleto  &  incognito  charadere  exaratis)  eos  qui 
vul^o  in  his  rebus  indu/lriam  fuam  exercent  prorfus  eluferunt.  Itaque  ad  Vietam 
regis  ]\xtt\x  miiTz  funt,  qui  famlliari  fibi  in  fludiis  gravioribus  meditatione  illud 
totum  expifcatus  eft,  &  plerafque  deinceps  alias  maximi  momenti,  reperto  femel 
arcanoy  nuUo  negotio  interpretatus  eft.  Quod  res  Hifpanas  totum  biennium 
Talde  conturbavit.  Qui,  re  tandem  per  literas  viciflim  interceptas  deteda.  Ma- 
gicu  jlriiiui,  nam  aliter  fieri  non  potuifle,  a  Rege  id  fadumi  paffim  publicabant. 
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De    COEFPICIENTIBUS    &    SIONIS    TSRMINORUM 
JEQUATIONIS. 

142.  Ubi  coefficicns  primi^//  aliijjimi  termini  Jit  unitas^  cotf- 
Jiciens  fecundi  termini  aquationis^  Ji  fis^^^  ^j^^  mutetur  aqualis 
Jit  aggregate  omnium  radiciim  Jub  Jignis  propriis  ;  ea  tcrtii,  a- 

qualis  aggregate  reSangulorutn  Jub  Jingulis  binis  radicibus  ;  ea 

c^^xti  Ji  ftgnum  ejus  mutetur y  aquales  aggregate  contentorum 
Jub  Jingulis  terni  radicibus ;  ea  quinti,  aqualis  aggregate  cen-^ 

tentorum  Jub  Jingulis  quaternis^  ^c.  et  denique  ea  ulcimi  aqualix. 

contento  untcojub  emnibus  radicibus. 

AfTumamus  x  =:  a^  x  =  b^  x  =  —  r,  vel  x  =  ^,  feu 
tranfponcndo,  x  —  a=zOy  x  —  ^  =:  o,  ^  +  r  =  o,  vcl 
X  —  d=:  Oy  et  ex  horum  continua  muldplicatione  gcnere- 
mu$  ^quadones,  ut  fupra. 

*  —  a 
XX  —  b 


=  < ^* ^x  +  ab=:  o.    JEquztxo  quadrat. - 


X  ;,  + 


—  a       +  ab 


^        —  4«         -T  at/ 

=  5  Jf^  —  b  x^  —  acx  -i-  abc=^  o.    JBquatio  cubica. 
C       +  c       ^bi: 


X  X  —  d 


+  ab 

—  tf        —  tf r         +  abc 

—  J         +bd        +  bed 
-^cd 
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143*  ^^^^^^^'^^^^^^^l^^^^^^™  infpe Alone  conftat,  quod 
coefficiefts  iectmdi  termini  fub  {ignis  mutatis,  nimirum 
+  tf  +  *  in  quadratica,  +  a  +  i  —  r  in  cubica,  +  a  +  b 

—  r  +  ^/  in  biquadratica,  eft  fumma  omnium  radicum ; 
coefficiens  tcrtii  ab  —  ac  +  ad^  &c.  fumma  redangulorum 
fub  ikigulis  binis ;  ea  quarti  fub  fignis  mutatis,  — abc 
+  abdy  &c.  fumma  cpntentorum  fub  fingulis  ternis  j  atque 
ea  ultimi,  nimirum  +  ah  in  quadratica,  —  Abe  in  cubica, 

—  abed  in  biquadratica,  contentum  unicum  fub  omnibus. 

Et  fie  uaivcr&liter  :  aequationis  cujufcvuique  x    .Vx    ~    . 

.Qx^~    .  Rjf  •  Sx  &c.=:o,coeflG[ciensP,fifignum 

dus  mutctur,  aeqnalis  fit  fumm^e  radicum  a^  by  r,  &c.  fub 
fignis  propriis ;  QjflBqualis  fummce  redtangulorum  fub  fin- 
gulis  %ims  ^,  ae^  .&c.  be^  bd^  &cc.  ed^  &c.  R,  fi  fignum 
ejus  mutetur,  xqualis  fummae  conccntonun  fub  fingulis 
terms  abe^  abdj  &c.  bed^  bee^  '&c.  edey  &c.  S  acqualis  fura- 
mae  contentorum  fub  fingulis  quaternis  abed^  &c.  bede^  &c. 
edefj  &c.     Et  fie  in  infinitum. 

144.  Hie  obfervaftdum  eft,  q^od  anuteatur  figna  termi- 
norum  alternorum  a  fecundo  incipientiunii,  quorum  coeffi- 
cientes  funt  aggregata  contentorum  fiib  itnpari  numero  ra- 

c  dicum  fignis  mutatis ;  rcliquorum  vero  terminorum  non 
item.     Nam  in  priore  cafu,  mutatis  fignis  radicum  numero 

rimpariuniy  mutantur  figna  fingulorum  contentorum,  adeo- 
que  et  aggregati  contentorum  in  vmoquoque  termino ;  at 
in  pofleriore  cafu,  five  fervatis  five  mutatis  fignis  radicum 
numero  parium^  manent  fingulorum  Conceiitorum  adeoque 
et  aggregati  figna.     Sic  ^i  x  ^  vd  -^r-  a  x  — b  =  +  ab.     At 

n.X.b  ^-^cj^-^abc^  &  — ^K  —  bKc:^  +  abe.  Et 
fie  deinceps. 
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Cor.  I.  Hinc  cujuflibct  termini  asquationis,  puta  termini 
;»*,  five  inter  terminos  pares  five  impares  inveniatur,  co- 
efficiens  sequalis  erit  aggregate  contentorum  fiib  fingulis 
m  —  I  radicibuS)  cum  fignis  mutatis.  Eritque  numerus 
terminorum  xquationis  omnes  fiios  terminos  habentis,  uno 
plus  quam  numerus  radicum  feu  dimenfionum. 

Cor.*  II.  Si  omnes  radices  aequationis  fint  affirmative, 
termini  alterni  a  fecundo  incipientes  erunt  negativi,  caeteri 
affirmativi  ;  fin  omnes  radices  fint  negative,  termini  om- 
nes erunt  affirmativi. 

Cor.  III.  Si  radices  fint  partim  affirmativae  partim  ne- 
gativae,  pracpollentibus  affirmativis  erit  fecundus  termi- 
nus negativus,  &  vice  verfa ;  aequipollentibus  vero  affir- 
mativis 8c  negativis,  evanefcet.  Itemque,  praepoUentibus 
redlangulis  affirmativis  &c.  erit  tertius  terminus  affirma- 
tivus,  &  vice  verfa ;  asquipoUentibus  vero  evanefcet.  Et 
fie  deinceps. 

Cor.  IV.  Si  ultimus  terminus  aequationes  defit,  ex 
radicibus  ejus  una  erit  nihil,  aliter  enim  non  evanefceret 
contentum  fub  omnibus.  Si  penultimus  quoque  defit,  ex 
radicibus  duae  evanefcent,  aliter  enim  non  evanefcerent 
fingula  contenta  ex  quibus  fimul  fumptis  conficitur  penul- 
timi  coefficiens.  Si  tres  poftremi  termini  defint,  tres  ex 
radicibus  evanefcent.     Et  fie  deinceps. 

Cor.  V.  ^quationis  cujufcunque  terminos  nee  fradlos 
nee  furdos  habcntis  nulla  radix  frada  eflc  poteft.     Nam 

asquationis  x  —  Px   ""     +  Qx^    ""     —   &c.   +  U  =  o, 

radix  fit  frz&io  ^,  ad  minimos  terminos  ejus  reduda;  & 

B  b 


[       122      ] 

fubfticucndo  j  pro  Xj  prodibit — —  +  ^ 

— r  &c.   +  U  =  o  ;  deinde  multiplicando  omnes  termiixos 
per  b  §c  tranfponendo,  crit  ^  ==  Pa  —  Qa         b 

•H-   &c.   —  U3  =  o,    cujus  membrum  pofteriu3   eft 

n 

integer,  adeoque  &  prius  j  •     Unde  erit  b  ant  unkas,   aut 

ex    diviforibus  a  .     At  in  priore  cafu  non  foret  j     frac- 

tio,  nee  ad  minimos  terminos  redudla  in  pofteriore  cafu  ; 
contra  hypothefin.     Poflunt  tamen  radices  effe  furdse.     Sic 

xquationis   x^  —  x  —  1  =  0,    radices  funt      '^  SJ    & 


Cor.  VI.  -fiquationis  gujufcunque  terminos  nee 
fradlos  nee  furdos  habentis  onxnes  radices  non  furdae  &  ra- 
dicum  binarum  re(5langula,  ternanimque  aut  phirium 
contenta  erxint  aliqui  ex  divilbribus  integrts  ultimi  termini ; 
atque  adco  ubi  conftiterit  nullum  ultimi  termini  diviforem 
effe  aut  radicem  aequationis  aut  duarum  radicum  rcAangu- 
lum  pluriumve  contcntum,  fimul  conftabit  nuUam  effe 
radicem  radicumve  redangulum  aut.  content.um  nifi  quod 
fit  furdum. 

CoR.  VII.  ^quationis  cujufcunque  terminos  nullos  imr 
poflibilea  habentis  radices  imppffibiles,  fiquae  fint,  erunt  !• 
Numero  pares.  Nam  ultimus  terminus  utpote  contentum 
fub  omnibus  radicibus  impoflibilitate  non  vacaret,  fi  com- 
pofitionem  ejus  ingrederetur  numerus  impar  fa<5tonmi  im» 
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pof&bilium.  2.  Paris  cujufquc  partes  impoflibilcs  cajdcm 
erunt  &  contrariis  fignis  affecSlae.  Aliter  enim  hae  partes 
per  additionem  non  evanefcercnt  ex  termino  fecundo  aequa- 
tionis.  3.  Paris  cujufquc  partes  realcs,  fi  quae  iint,  crunt 
eaBdem  &  iifden\  figixis  affedlae.  Nam  recSlangula  &  con- 
tenta  impoflibilia  fub  fingulis  binis  ternifve,  &c.  radici- 
bus,  ex  reliquis  terminis  haud  exularent  nifi  hsec  contenta 
forcnt  eadem  &  cantrariis  fignis  affeda ;  fed  fadlores  ho* 
rum  impoffibiles  per  part,  novi/f.  funt  iidem  &  contrariis 
fignis  affedti  ;  ergo  fa<5lores  reales  neceflario  erunt  iidem  & 
iifdem  fignis  affedli. 

Neceffe  eft  igitur  ut  hujufmodi  sequationum  radices  im- 
poffibiles, fi  quae  fint,  induant  vcl  formam  +  ^i  +  ^  v^-^  ubi 
ex  parci  reali  &  impoffibili  conflantur,  vel  ±  b  y/^^  ubi 
nulkiB  fortiuntur  partem  realem.     Ex,  gr- 

Aflumamus  x  :^=:  A  +  b  >/—  i,    x  =:  a   —  b  v^^^, 

X  =:  +  b  V^^,    vel  X  2=  —  b  v'lTF.     Et  ex  fadlorum 

X  —  a  +  b  >/^^   vcl  X  +  b  \/^^  =  o,    continua  multi* 

plicatione  gencremus  aequationcs ;  eritque 

99  —  a^^  b  v^HT 
XX  —  a  +  b  y/ZTi 


X*  —  lax  ^  ^^  =  o.    JSquatio  quadratica. 


xx  —b^:~i 

III    1 IIMI     %     f  II 


-*>^-'       +a«*^/:ri    -*W-x  "*      - 


X«  +  byT^ 


tc*—2ax*  ^  ^"J*  x^  -"Zab^x  J  ** jj  =  o,    i£q.  biquadratica. 

Bb  2 
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ttbi  obfervanduni,  qiibd  In  aequadonibus  parium  dimcn- 
fionum  pelluntur  qiiantitates  impoffibilcs  ex  fccundo  ter- 
mino  per  additionem  folani,  ex  ultimo  termino  per  multi- 
plicationem  folam,  &  ex  terminis  intermediis  per  addition 
nem  &  mukiplicationem  conjuncaim;  contra,  in  terminU 
aequationum  imparium  dimenfionum  feniper  haercnt  qiian- 
titates impoffibilcs. 

Cor.  VIII.  jEquationis  cujufcunque  dimenfionis  imparls 
omnes  fuos  terminos  reales  habentis  erit  una  faltem  radix 
realis,  cum  numerus  radicum  impoffibilium  fcmpcr  fit  par, 
per  cor.  praced. 

Cor.  IX.  Defignante  P,  fi  fignum  ejus  mutetur,  fum- 
mam  radicum  a^  3,  r,  &c,  fub  fignis  propriis,  mutando 
infupcr  figna  alternorum  coefficientium  a  fecundo  incipi- 
entium  R,  T,  &c.  facile  invenire  poffumus  fummam  qua- 
dratorum,  cuborum,  biquadratorum,  &c.  ex  fingulis  ra- 
dicibus,  ope  formularum  §  79.     Ut  in  sequatione  a?*  —  x^ 

—  19X*  +  49;?  —  30  =  o,  ubi  coefficiens  fecundi  termini 
eft —  I,  tertii  —  19,  quarti  +  49,  quinti  —  30;  po- 
nendum  erit  +  i  =  P,  —  19  =  Q^,  —  49  =  R,  —  30 
=  S.     Et  inde  orientur 

A=P  =  I,  fumma  radicum. 

B  =  PA  —  2Qj=  I  +  38  =  39,  fumma  quadraiorum. 

C  =  PB  —  QA+  3R  =  39+  1 9  —  147"=  —  %%  fumma  cuborum. 

D=:  PC— qB+ RA— 48=  — 89+ 741— 49+ 120=723,/«;».  biq. 

Nimirum  aequationis  illius  radices  fimt  i,  2,  3  &  —  5,  et 
harum  fumma  i  +  2  +  3  —  5=i>  fumma  quadratorum 
I  +  4  +  9  +  25  t^ ^^j    fumma  cuborum   i  +  8  +  27 

—  125  eft  —  89,  &  fumma  biquadratorum  i  +  16  +  81 
+  625  eft  723.^         • 
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Paulo  aliter,  et  commodius  quidem,  calculum  infti- 
tuit  Newtonus ;  mutat  enim  figna  omnium  coefficientium, 
quo  evitetur  confufio  (ut  videtur)  fi  qua  forte  inter  ope- 
randum  fuboriatur,  mutandis  tantum  fignis  coefficientium 
alternarum  P,  R,  T,  &c.  Dein,  quo  compenfetur  mu- 
tatio  fignorum  reliquarum  Q^,  S,  V,  &c.  mutat  quoque  , 
figna  terminorum  formulis  in  (ingulis  negativorum  quos. 
nempe  fubeunt  hae  coefEcientes  Q^,  S,  V,  &c.  quo  pacflo. 
omnes  formularum  termini  prodeunt  affirmativi;  fcilicet, 
B  =  PA  +  2Q^,  C  ^  PB  +  QA  +  3R,  &c. 

Cor.  X.  Facile  determinari  poteft  numcrus  conten-. 
torum  fub  fingulis  binis,  ternis,  pluribufve  radicibus, 
in  unoquoque  coefficiente  P,  Q^,  R,  &c.  ope  Theorematis 
Binomii,     Nam  fi  omnes  radices  a^  b^  r,  &c.  fint  inter  fe' 

aquaks^     fingulas    defignabit  a^    eritque  {x  —  a)    =  ^ 

»— 1  n         n  —  I      _i»  —  2  n         n  ir^  i  ^     n  —  2 

—  nax  +  —    .  — -—  a*x  —  -7    .  — - —  .  

12  12  3 

a^x  +  &e.  =  o,   adeoque  P  coefficiens  fecundi  termini 

'  ^^  2         '  I  23 


3 
n —  I 

2 
n  —  I       n  —  2 


Exponet  igitur  n  fummam  Tadicum  a  ;  n  • fummam 

reiSlangulorum  fiib  fingulis  binis  aa^  —  <.  — ^ 

iumma'm  contentorum  fub  fingulis  ternis  aaa^  &c.  Ve* 
rum  hoc  quoque  ita  fe  habebit,  fi  radices:  ^7,  ^,  r,  &c.  fint 
inaqualcs ;  cum  haec  conditio  nee  mutabit  numerum  radi-' 
cum  fingula  contenta  componentium^  nee  ipfoiiim  l  con-* 
tentorum  numerum  in  unoquoque  termino  2equationis4.; 
Ex.  gr.    Sit  numcrus  radicum  ^  ==  4}  fxit  numerus  con-: 
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tentorum  fub  finguUs  binis  ^— ^  =  6 ;   nmncrus  contcn- 

torum  fub  fingulis  ternis  -  '  ^  '     =  4 ;  fub  fingulis  qua- 

*••  2  •  3  / 

ternis  ^— 5-^ — —  =  i  ;  ut  in  sequatione  biquadratica  fupra 

I  •  2  •  3  *  4 

allata.  Eftque  liaec  regula  in  inveftigandis  plurium  quan- 
titatum  combinationibus  diverfis  admodum  utilis. 

Cor.     XL      -fflquationis     cujufcunque     x    .Vx   ~     • 

Q^  "^  &c.  =  o,  onines  radices  reales  habentis,  qua- 
dratum  coefEcientis  termini  cujufque  medii  majus  erit 
rciflangulo  coefficientium  terminorum  Iiinc  inde  confiften- 
tium,  li  modo  hoc  redlangulum  affirmativum  lit.     Nam 

L  Si  radices  lint  eaedem  &  iifdem  lignis  afFedte  j  delig- 

nabit  na^  n  .  — ^^  a%  n  .  -——  .  — Tl-  a^     &c.     feriem 
9  2        '  2  3         * 

coefficientium  P,  Q^,  R,  &c.  refpedliye;  per  cor.  praced. 
atque  ideo,  rationexn  trium  quafuixtris  coefficientium  fno- 
ceffivarum,  li  dividantur  ligillatim  per  primam  ex  his,  ex* 


int^gruih  quemvis  minorem  n^   Sed  %-?  a 

III  -|-   I 


feu  — - — 


^=-?  tf»  majus  eft  quam  i  x  llT^  .  ^r:i!!L±J     fi»      ob 

^^J-j  majus  quam  ** "^^^ ^ »      Ergo,,    quadratum    &c. 
majus  eft  Fc^tangulo,  &c. 
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II.  Si  radices  tint  diverfx  at  iifdem  fignis'a£re(5he,  fump- 
tis  tribus  quibufvis  coefficientibus  fucceflivis,  puta  R,  S,  T, 
erunt 

Forma  terminorum  in  S*. 

1.  a^b^c^d'-  +  a^b^c^e"-  +  &c.  +  b^i^d^e^  +  &c.  [C4] 

2.  a^b^c^de  +  a^b^c^df-^  &c.  +  ^rV^^^  +  &c.  [ccCj] 

3.  aH^cdef  +  aH^cdeg  +  &c.  +  b^e^defg  +  &c.  [jSC6] 

4.  a^bcdefg  +  aHcdefb  +  &c.  +  b^cdefgb  +  &c.  [7C7] 

5.  abcdefgb  +  abcdefgk  +  &c.  +  bcdefgbk  +  &c.  "  [<^C8] 

i)tf  coefficientibus  formarum  in  S*. 

1.  aH^c^d^  feu  ^3^^/  x  ^3^^/.  Cum  ex  quatuor  radicibus 
quatuor   fiunt    quadrata,     erit    numenis   combiaatioaum 

£lAj_?-li.  =  I  J  adeoque  quifque  terminus  hujus  &»:mx 
1.2.3.4 

femel  tantum  occurrit :    &  totum  numerura  cermihorum 
ejus  exponet  C4  feu  numerus  combinationum  fub  fingulis 

radicibus  quaternis  in  aequatione  (»)  radicum^  =  n  .  — 

•  .  — mS  .  per  cor.  praced. 

2.  a^b^c^de  feu  abed  x  ^Ace.  Cum  e^quinque  radicibus 
ternae  quaevis  fiunt  quadrata,  erit  numerus  combinationum 

'^         -^  ;    quarum  quaeque  bis  occurrit,.  cum  binae  rcliquae 
rftdicQ«  modis  -  ia    fadoribua   diiponi    poflunt,    fcilicet 
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'abed  X  abce  vel  abce  X  abed:  cfit  igitur  coefBcicns  tennini 
cujufque  ^-^-^  x  j-  =:  puta  a,  &  totus  numerus  termi- 
norum  huj\i8  formse,  aC^. 

3.  aH^edef  feu  ^/^r^  x  abef.  Cum  ex  fex  radicibus  bin^ 
quaequc  fiunt  quadrata,  prodit  numerus  combinationum 

£j-i  •   &  quatuor  reliquae  modis  ^^  in  fadloribus  difponi 

poffunt:   erit  igitur  coefficiens  termini  cujufque  hujus  for- 

jj^ae  ^  '  5  X  i-li  =  /3,  &  totus  numerus  terminorum,  /3C6. 

1.2  1-2 

Similiter, 

4.  aHedefg  feu  ^W  x  ^^^/J".  Erit  coefficiens  termini  cu- 
jufque hujus  form«  \  x  ~:^^  =  y^  &  ^^^^  numerus 
terminorum  yCj. 

5.  jir^£/^i&  feu  a^r^  X  efgb.  Erit  coefficiens  termini  cu- 
jufque hujus  formsB  ^7—^  =  ^>  ^  ^^^^  numerus 
terminorum  J^CS. 

Forma  terminorum  in  RT. 

1.  ^^3^c^^/<r  +  ^*^V*/^+  &c.  +  h^c^d^efAr  &C.  [UCj] 

2.  d^b^cdcf  +  fl^AV/Ari^  +  &c.  +  ^''c^defg  +  &c.  [!/3C6] 

3.  a'^hcdefg  +  /2**^s/'/&  +  &c.  +  h^cdefgb  +  &c.  [h^Cy] 

4.  tf*^^5/&i&  +  tf^^^JS^^  +  &c.  +  ^r^M  +  &c.  [f J^C8] 
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Ubi  obfervandum,   quod  omnes  formas  in  S*  praeter 
primam  fortitur  RT. 

De  coefficientibus  formdrum  in  RT. 

1 .  a*b*c*de  feu  abc  x  abcde.  eril  coeflSciens     ^  ^  '  ^  =  i  a, 

1.2.3 

adeoque  totus  numerus  terminorum,  »«iC5. 

2.  a*b\defic\xabcy.abdef.  coeflf.  erit  ^-^  ^  f  "  I.S,  adeoq.&c. 

3.  a*bcJefg{txi.abcy.adefg.  coeff.  erit  J-  x  — li  =  f  y, adeoq.&c. 

4.  abcdefgh  feu  abc^defgb.  coeff.  erit^p—  =  $/^,adeoq.  &c. 

Hinc  erit 

S'  =  C4  +    aC5  +   /3C6  +    7C7  +    cTCS 
RT  =       +  i«C5  +  I/3C6  +  I5.C7  +  ^^C8 

S»— RT=  C4  +  lc^5  +  }/3C6  +  iT'Cy  +  i/C8.  affirm. 

Et  fie  univerfaliter,  defignante  Y  fommam  produtaorum 
fub  fingulis  («)  radicibus  in  aequatione  («)  dimenfionum, 
&  defignantibus  «,  /3,  >r,  ,f,  &c.  c<M-refpondenteg  coeffici- 
entes  fttuneraks  quanritatum  C«i  +  i,  C»»  +  2,  C»»  +  3j&c. 
erit,  Y»--XZ=sOw  +  JieGir+1  +  f.^G^^  +  i><iM^ 
&c.  ufque  ad  w  +  I'terminos.     Ergo,  &c. 

IIL  Si  radices  fint  diverfx  &  diverfis  fignis  aflfeaae ;  ^ob 
ingentem  aquadonum  varietatem,  hunc  cafum  univerfaliter 
demoniirare  difficiHimum.  Veritaa  tan»n  ejus  ia  per  in- 
dudlionem  conftabit.  * 

C  c 
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la  aequationc  quadratica  oi^  '^px  -{•  q  :=.  o,  ubi  radices 
funt  reales,  erit  i/*  sequale  aut  majus  quam  y,  five  A*  ae- 
quale  aut  majus  qnam  47,  per  §  29,  Adeoque  a  fortiori^ 
p^  majus  quam  q. 

Et  multiplicando  quadraticam  x^  +  px  +  q  =:  o  per 
X  —  r  =  o,  generabitur  aequatio  cubica  x^  +  {p  —  c) 
x^  +  {q  — pc)  X  '• —  qc  z=:  Oy  &  defignante  m  numerum  ae- 
qualem  aut  majorem  quaternario,  erit 

P^  =  /^  —  7pc  +  c^  =:mq  —  2pc  +  c\ 

Adeoque  P*  —  Qj=:  f^-^  q  — /r  +  c^.   affir, 

Ubi  q  — pc  eft  affirmativum,  per  hypoth.  et  ^T^^TTy  eft 
majus  quam  q^  adeoque  ^T^Ty  — pc  eft  affii'mativum,  & 
aforttoriy  w"— "f  q  —  pc  +  c^  affirmativum. 

Erit  quoque 
Qt  =  p^c''  -^2pqc  +q^  =  mqc^  —  2pqc  +  y* 
PR  == qc^  —    pqc 

01— PR=                               m—iqc^^  Pqc  +  q*  affirm. 
Et  fimiliter  probare  licet  in  aequatione  cubica  Cx^ i>x  +  a^ 

{X  +  C)=Z0,      &C.  ^  ^  ^^ 

Multiplicando  autem  quadraticam  x^  +  /^  +  y  =:  o  per 
quadraticam  x^  -^  gx  +  b  =  o,  generabitur  biquadratica 

''\+^P—j)^'  +  {q—pg  +  b)x^+{pb^qg)x  +  qb  =  o^ 
adeoque  ob^^  =  vcl  >  4A,  =  puta  nb,  erit 
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•P*  z=.p^  —  ^pg  +  ^2  =  mq  —  zpg  +  nh 

— — ■^— *— ^— ^^i^l^—    I   —I  ———I    Ml.lll  ■■  I  ll>|l||«ll|M «illlM.Mi  I   ml 

Adeoq.  P^ — Q==  liT^'x  q  — pg  +  «I^i  b  affir. 

Item  que, 
Ql=p^g^—2pg(^q+h)-\r{qHy=(,mn^2)qh^2pg{q-\-h)  f  g»  \-h^ 
^\l=p^h—  pg(q+h)+  qg^     —  (ni+n)qh'-  pg(q  +  b) 

Adcoq.  Q^— PR=  (^^T+I  —  aT^)  qb—pg  {q+b)  -\-q^  +j&^ 

affirmativum  nempe,  ob  Hm+l.  —  m  +  n  majus  quam 
«  +  «,  cum  m  &Z  ft  lint  quaternarlo  majores  aut  falteni  ae- 
qualqs,  refpe<5live.     Itemque, 

R*  =p*b*  —  ipqbg  +  q^g^  =  mqb^  —  ^p^gb  +  nq^b 
QS  =  qb^  —   pqgb  +  q^b 

R*  —  QS  =         .  ^II*!  qb"-  —   pqgb  +  W^i  q'b 

affirmativum. 

Et  multiplicando  biquadraticam  x*  +  (/  — <§")*'+  &c- 
=  o  per  X  —  (f  =  o,  in  xquatione  refultante  x'  +  {p  — ^ — e) 
X*  +  (y  — ^jr  +  ^  — pc  +  f^)  X*  +  &c.  =  o,  erit 

P*=^* — 2pg — 2pe+ 2ge+g^ +e*  =  mq+ 2  x::::pf^+^t+ttb+e* 
0^9 — /<§■ — pf  +  gC  +  b         =q  +1  X—pg—pe+ge  +  b 

P*  —  0.=  •  a^^^i  q  +  I  X-^«-#H^+^^^+** 

afBrmativum.    Atque  iic  deinceps. 

Cca 
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Cor.  XII.  Hinc  in  sequatione  quacunquc  fi  quadratum 
coefficientis  termini  ciijufvis  medii  fit  aequale  aut  minus 
redlangulo  cocfficientium  terminorum  hinc  inde  confiften- 
tium,  ubi  hoc  redlangulum  fit  affirmativum ;  indicio 
eft,  aequacionem  radices  impoflibiles  fortiri.  Veruntamen 
non  valet  converfa^  ubi  enim  radices  fiint  impoflibiles,  po- 
teft  quadratum  &c.  majus  efle  hoc  recflangulo.  Sic  in  ae- 
quatione  quadratica  x^  +  px  +  y  =  o,  radices  erunt  im- 
poflibiles ubi  kp^  fit  minus  quam  y,  at  falva  hac  conditi- 
one,  poteft  efle  p^  majus,  aequale,  vel  minus  quam  q* 

Hinc  quoque  defedlus  termini  cujufvis  medii,  fi  modo 
termini  hinc  inde  confiftentes  iifdem  fignis  afficiantur,  eft 
nota  radicum  impoflibilium.  Nam  quadratimi,  &c.  in  hoc 
cafi.1  evanefcit,  atque  ideo  minus  prodit  redlangulo,  &c. 

De    NUMERO    radicum    AFFIRMATIVARUM   &  NEGATI- 
VARUM    .EQUATIONISI 

145.  JEquatto  cujulcunque  dlmenftonis  cujus  ultimus  termi'- 
nus  eft  negathus^  unam  faltem  babet  radicem  realem  tff  affir- 
mativam. 

Nam  in  aequatione  x  .x^~^  &c.  —  U  =  o,  fi  ^  fit  nihil, 
evanefcentibus  omnibus  terminis  praeter  ultimum,  erit  va- 
lor rcfiiltans  ncgativusj  contra;  crcfcente  x  a  nihilo  ad 
magnitudincm  inferiram  ufijue,  terminis  afBrmativis  tan- 
cfetoexfiipferamibtis-negaTivos,  valor  refiiltans  erit  affirmati- 
vus :  ergo  ifte  valor  affixwativus  x  qui  inter  crefcendiam 
efficiet  omnes  tcrminos  fe  deftruere,  erit  radix. 

146.  JEquatto  quacunque  dtmenjionis  imparis  cujus  uhimur 
terminus  ejl  negativus^  unam  faltem  babet  radicem  realm  fef  af- 
firmativam,  per  praeced. 
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— ^odji  ultimus  terminus  Jit  qffirmativus^  unantfahem  babet 
radicem  realcm  ?jf  ncgativam. 

Subftituendo  enim  —  x  pro  +  x^  primus  terminus  evadct 
negativus,  8c  termiuis  omnibus  novae  aequationis  ad  alteram 
partem  tranflatis,  quo  terminus  altiflimus  evadat  affirmati- 
vus,  fiet  ultimus  terminus  negativus,  nova  aequatio  igitur 
fbrtietur  unam  radicem  realem  &  affirmativam^  &  proinde 
data  aequatio  unam  realem  &  ncgativam, 

147.  Mquatio  quacunqut  dimtnjionis  ^^x\%  cujus  ultimus  ter^ 
minus  eft  negativus^  necejfario  babet  duas  radices  reales^  unam 
affirmativam,  alteram  negativam. 

Habet  enim  unam  radicem  affirmativam,  per  §  145.  Et 
fi  fubftituatur  —  x  pro  +  x^  cum  terminus  altiflimus  (ut- 
pote  dimenfionis  paris)  fit  affirmativus,  nova  aequatio  habebit 
unam  radicem  realem  &  affirmativam,  adeoque  data  aequa- 
tio alteram  quoque  radicem  realem  &  negativam. 

148.  JEquationis  cujufcunque  unam  tcntum  mutationem  JignO'^ 
rum  de  +  in  —  babentis^  unica  erit  radix  realis  affirmativa. 

Nam  (juoniam  ukimu^  terminus  in  hoc  ca£a,  iCiecefiario 
erit  negativus,  aequatio  unam  habebit  radicem  realem  af- 
firmativam, per  §  i/^$. 

Quod  fi.X  defignet  fummam  teraiinorum  affirmativorum^ 
&  I  fummam  negativomm,  fiet  aequatio  X  ** —  Y  =:  p. 
Et  quoniam  per  hypothefin,  eft  una  tantum  mutatio  fig- 
nprmn,  manifeftum  eft,  quod  minima  poteftas  ^  in  poly- 


m 


nomio  X,  puta  x  ,  neceflario  tranfcendet  ornnem  potefta- 
tem  X  in  polynomio  Y.     Adeoque  dividendo  pcr^  ,  quan- 
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titas  —  continebit  folummodp  poteftates  affirmativas  at,  & 


x'"" 


Y  '  . 

-  -  poteftates  negarivas  .v.     Unde  feqiiitur,   quod  crcfccnte 


-x""' 


vel  decrefcente  x,  pcrinde  augebitur  vcl   minuetur  valor 
— ;"  nifi  X  tcrminum  uniaim,   nempe  akiflimum  conti- 


x"^ 


X 
neat,  quo  in  cafu,  Jion  variabitur  --  .    Contra,  cj-efcente 

tn  *  I 

Y 

AT,   neceffario  minuetur  valor — ,  decrefcente  vero  a%   au- 

X 

gebitur.     Sk  jam  a  radix  realis   affirmativa   a^quationis 

.  X  Y 

.  eritque   ^  =  j,  X  =  Y,    itemque   —  =  —  .      Adeoque 

X  X 

fubftituendo  pro  x  numeros  majores  quam  a^  erit  femper 

—  >  —  adeoque  —  —  —  feu  X  —  Y   affirmativum  • 
x"^  x"^  x"^         x"^ 

&  flibftituendo  pro  x  numeros  minores  qu.am  a^  erit  femper 

—  <  —  adeoque  X  —  Y  ncgativmn.     Ergo  impo^bile 

XX' 

eft    aequationem    fortiri    radicem    majorcm    minoremve 
quam  a  *. 

*  Vide  Dlffert*  Sor  la  refolation  des  sequations  numeriqaes,  par  M.  De  la 
^Grange,  SerRn.  Acad.  an.  17691  p.  3149  5cc. 
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149'  ^q'uationis  nullas  radices  impoffibtles  hahentls  tot  funt  • 
radices  aiErmativae  quot  ftgnorum.  in  contintia  ferie  mutationes 
de  +  in  — ,  &  rfJf  —  in  +  j  catera  negativae  funt. 

Hanc  regulam  in  aequationum  tranfmutationibus  &  li- 
mitibus  inveftigandis  perutilem,  tentando  &  indu(5lione 
autorem  invenilTe,  five  Harriott  fuit,  five  ut  plerifijue  pla- 
cet, Cartejius  *,  verifimile  eft.  Demonftrationem  ejus,  ex 
gcneratione  aequationum,  ita  colligere  licet. 

In  aequatione  fimplici  x  ±  a  =  o  eft  una  variatio  fig- 
norum  de  +  in  —  ubi  radix  eft  aflirmativa,  &  una  fiiccef- 
€\o  de  +  in  +  ubi  radix  eft  negativa. 

Et  fi  multiplicctur  x+^  =  o,  per  it — ^  =  o,  in  aequatione   • 

quadr.refultante*'_^  x-^ab=o,  cujus  una  radix  eft  affir- 

mativa  &  altera  negativa,  prodit  fcries  fignorum  +,  +, 

prout  a  fit  majus,  sequale  aut  minus  quara  ^,  fcilicet,  vel  - 
+>  +»  — »  vel  +,  — ,  — ;  adeoque  in  utroque  cafii,  una 
variatio  fignorum  de  +  in  — ,  &  una  fiicceflio,  vel  de  +  in-^, 
vel  de  —  in  — . 

His  veftigiis  infiftendo  demonftrare  poflimus  regulam  in 
aquationibus  cubicis,  ut  facit  M'Laurin,  Algeb.   Part.  2,  . 
§  20.     Verum  methodum  eandem  profequi  in  aequationi- 

•  Regulam  fie  eflPert  Carttfiut,  Gttm.  Lih.  3,  /.  70.     «  Ex  quibus  cliam  coir- 
..  J®*^"'*^'^?*  '«^  *  q«ot  fa«f«  radices  in  unaquaque  aquationc  haberi  p^"- 

lunt.    Wiminim,  tot  in  ea  vcras  haberi  pofle,  quot  Tariationcs  reperiuntur  fi*. 
«  !l"""i  +  *  r-5  *  l«  ^aJfa»  quot  vicibos  ibidem  deprehcndentur  dao  fi«ra.  : 
/'JTif   I  .  -^   1?°*  T'  9"*  ^«  invicem  feqnuntur."    Contenderunt  nonnulli 
Larufio  latuiflc  limitauonem  regute  ad  «quatione«  qu«  omncs  radices  habent 
reaies }  at  mmns  reae,  ut  ex  ipfius  verbis  coUigerc  licet,  t»qu\lmi,  nimirum  ex 
generaoone  aequationum  radices  reales  habentium,  de  quibus  pauIo  ante  cgerat  •  ' 
itmque  ex  eo  quod  noo  fimplidtcr  adhibet  htAtri,  at  cum  rtftriaione,  A^4-  I 
Me>  nunirum  in  c;rfu  pnediao. 
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bus  altxorum  dimenfionum,  propter  ambiguitatcm  figno- 
rum  tcrminorum  fucceffivorum,  impoffibile  foret,  De- 
monftratio  autcm  fiet  univcrfalis  ope  Theorematis  infe- 
quentis,  quod  ex  Mcditationibus  jilgebraicis  D.  Waring^  p.  74. 
cxpreffimus. 

150.  Ubl  aquationis  radices  nulla  impojfibiles  funty  Ji  multi- 
plicetur  aquatio  per  x  —  p  =  o,  ut  una  adbuc  radix  affirma- 
tiva  addatur  prioribus^  augebitur  unitate  numerus  mutationum 
Jignorum  in  nova  aquatione  ;  quod  ft  multiplicatio  Jiat  per  x  +  p 
=  o,  nt  una  adbuc  rac&x  negativa  addatur  prioribusy  idem  erit 
numerus  mutationum  Jignon^m  in  nova  ac  in  data  aquatione. 

Sit   x'-P^c'^-— Q;^^'  +  R/"3  +  S/-^  +  T/~5+  &^^^^ 

X^  — p 

*   ^— /  +^^         +/>Q^       ^fSi^      ^—j>S^      ^ir&c-^o. 

Hie  obfervandum  eft,  quod  binae  partes  coefficicntis  ter- 
mini cujufque  novae  aequationis  iifdem  afficientur  fignis, 
ubi  termini  imminentis  &  praecedentis  in  data  aequatione 
figna  funt  diverfa  j  contFariis  verd  afficietitur  fignis,  ubi 
termini  imminentis  &  praBcedentis  figna  fnnt  eadem.  Sic 
coefiiciens  fecundi  termini  novae  *quationis  eft  —  P  —  p^ 
exiftente  figno  fecundi  termini  datae  aequationis  negativo, 
primi  autem  affirmativo ;    at  coefliciens  tertii  termini  eft 

Q  +  ^P,  negativimi  nempe,  inftar  termini  imminentis, 

fi  Q^t  majus  quam^P,  affirmativum  fi  fecus. 

Unde,  fi  trium  pluriumve  terminorum  fucceflivorum 
datae  aequationis  figna  fint  eadem,  erunt  duorum  pluriumve 
terminorum  fucceflivorum  novae  aequaitfOnis  figna  ambig^. 
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Quod  fi  talium  cujuflibet  fignum  diverfum  prodcat  a  figno 
termini  imminciitis  datae  aequaiionis,  termini  proxime  in-^ 
fequentis  quoque  fignum  diverfum  erit  a  figno  termini  huic 
immineatis.     Ex.  gr.  Sit  terminus  quiatus  novae  aequatio- 

nis  (S  —  /R)  v       ^  ncgativus^ 

Erit     -----     S     minus  quam  ^R 
Sed  per  Cor.  XI,  eft     RT  minus  quam  S* 
Adeoquc     -     -     -     RST  minus  quam /RS* 
Sive     -      -      -     -       T     minus  quam/S. 

Et  proinde  terminus  fextus  (T  —  /B)  x  negativus  erit. 

Et  fie  deinceps.     Eric  igitur  feries  fignorum 

datx  xquat.   +,  — ,  — ,   +j   +>  +>   +>  &<-'• 
novae  aequat.  +,  — ,   +,    +,  — ,  — ,  — ,  &c. 

Nimirum  a  termino  primo  ad  quartum,  idem  eft  nume- 
rus  variationum  in  utrifque,  idque  five  tertius  terminus 
novae  aequationis  fit  affirmativus  five  negativus  ;  a  quarto 
vero  ad  quintum  in  nova  aequatione,  accedit  una  variatio 
quae  non  eft  in  data  ;  in  reliquis  terminis  idem  prodit  nu- 
merus  fiicceflionum  in  utrifijue.     Ergo,  &c. 

Simili  ratiocinio  conftat,  quod  fi  multiplicetur  aequatio 

x"  —  P^*  ~    —  &c.  =  o  per  X  +  /  =  o,  idem  refulta- 

bit  numerus  mutationunoL  fignorum  in  nova  ac  in  data  ae- 
quatione. 

Sic  multiplicando  quadraticam  x*  +  ))x  +  7  =  o  per 
If  —  r  =  o,  in  aequatione  cubica  refultante  x'  +  (/  —  0 

D  d 
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x^  +  {q  —  pc)  AT  —  ^'r  =  o,  cujus  una  radix  eft  affirma- 
tiva,  reliquae  negativae  ;  fit  /  majas  quam  r,  poteft  eflc  q 
majus  vel  minus  quam  pCy  adeoque  feries  fignorum  +,  +, 
+,  — .  Quod  fi  ^  fit  minus  quam  r,  crit  quoque  q  minus 
qu2LmpCj  &  feries  fignorum  +,  — ,  — ,  — •     Nimirum  in 

utroque  cafii  una  variatio  fignorum  &  duae  fiiccefliones,  ut 
aequum  eft.  Atque  ita  in  aequationibus  alciorum  dimenfi- 
onum  regulam  demonftrare  licet. 

151.  Ubi  vero  radices  aliquae  impofiibiles  funt,  non  va- 
let regula  Cartejiana^  nifi  quatenus  impofiibiles  iliac  quae 
nee  negativae  funt  nee  affirmativaE  pro  ambiguis  habeantur* 
Ut  in  aequatione  x^  +  qx  —  r  =:  o,  interponcndo  +  ox* 
quo  compenfetur  defedus  fecundi  termini,  erit  ieries  fig- 
norum vel  +,  +,  +,  — ,  vel  +,  — ,  +,  — ;  nimirum 
in  priore  cafii,  fi  figna  fpecies,  una  radix  affirmativa  8c 
duae  negativas,  in  pofteriore,  tres  affirmativae.  Sunt  ergo 
duae  impqffibilesy  quae  pro  ambiguitate  fiia,  priore  cafii  nega- 
tivse,  pofteriore  affirmativae  efle  videntur. 

Aliquando  augendo  numerum  radicum  asquationis  detc- 
gentur  radices  indpoflibites,  fi  quae  in  ea  delitefcunt.  Sic  in 
cequatione  x^  +  px^  +  3^*^  —  y  ==  o,  figna  indicant  "fadi- 
cem  unam  efle  aflSirmativam,  &  duas  negativas  ;  multipli- 
cando  autem  per  x  —  2/ =  o,  prodit  x'* — px^  +  p'^x^ 
( —  6p^  — q)  X  +  ipq-=:.  o,  qu5B  habere  deberct  duas  af- 
firmativas  ac  duas  negativas  radices,  habet  tamen  fi  muta- 
tionum  fignorum  fpedes,  affirmativas  quatuor ;  fiifit  ergo 
duae  impofiibiles.  Caeterum  in  his  &  talibus  ex6m|)li's  ra- 
dices impofiibiles  exiftere,  ex  Cor.  XII,  ftatim  innot-isfeit. 

152.  Regulam  fatis  facilcna  tradit  Ncniotonus  pro  inveni- 
endo  nuriieto  ra^icum  impombllium,  at  minus  atcuratam^ 
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quam  idcirco  praetereundam  cenfui.  De  hac  tale  profert 
judicium  Waring^  in  hifce  verfatiflimus,  Med.  Algeb.  p.  47. 
*'  Haec  methodus  in  quadraticis  aequationibus  verum  prs- 
"  bet  numerum  impoflibilium  radicum  ;  in  cubicis  autem 
"  probabilitas  inveniendi  impoflibiles  radices  non  videcur 
"  majorem  habere  rationem  ad  probabilitatem  fallendi 
*'  quam  2  ad  i.  In  aequationibus  autem  multo  fuperiorum 
"  dimenfionum  verum  inipoflibilium  radicum  numerum 
"  pei-niro  deteget." 

Sic  in  aequatione  x^  —  2x  +  4  =  o,  fignorum  fubfcrip- 
torum  feries  fecundum  regulam  Newtomanam^  indicaret 
nuUas  dari  radices  impoflibiles,  licet  facloreni  quadraticum 
habet  x*  —  2X'  +  2  =  o  cujus  radices  per  candem  rrg.  funt 
impoflibiles. 

De    TRANSMUTATIONIBUS    iEQUATIONUM. 


153.  I.  JEquationis  cujufvis  radices  omnes  affirmativas  in  ;/<?- 
gativas^  ?ff  negativas  in  affirmativas  mutare. 

Fiet  hoc  mutando  tantum  figna  terminorum  altcrnorum 
a  fecundo  incipientium.  '  Nam  fi  fubfl:ituatur  —  x  pro  +  x 
in  sequatione  quacunque  dimenfionis  paris^  mutabuntur 
figna  terminorum  alternorum  a  fecundo  incipientium,  quos 
nempe  occupant  imparcs  poJteftates  oc ;  fignis  reliquorum 
manentibiis.  At  fi  fubftituatur  —  x  pro  x  in  aequatione 
dimenfipnis  impgris^  mutabuntur  tantum  Jfigna  terminorum 
alternorum  a  primo  incipientium,  adeoque  tranlponcndo 
omnes  terminos  cum  fignis  mutatis,  quo  terminus  altiffi- 
mus  novae  aequationis  evadat  affirmativus,  mutabuntur,  ut 
in  praecedeoti  cafu,  figija  tenxiinorum  alternorum  tantum 
a  fecundo  incipientium. 

D  d  2 
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Sic  aequatio  x^  —  x^  —  19X*  +  49.V  —  30  =  o,  cujus 
fi  figna  fpe6les,  tres  funt  radices  affirmativae,  mutando 
figna  fccundi  &  quarii  termini,  fit  x^  +  x^  —  19V*  —  49X 

—  30  =  o,  ejuf'qiie  radicum  una  tantum  affirmativa,  reli- 
quae  ncgativae,  ut  aequum  eft  ;  adeoque  in  priore  cafu, 
prodeunt  radices    +  i,  +2,   +  3,  &  —  5,  in  pofteriore, 

—  I,  —  2,  —  3,  +5,  mutatis  nimirum  radicibus  affir- 
njativis  in  negativas,   &  vice  versa. 

Sic  quoque  aequatio  x^  —  /^^  +  /^^  —  2x*  —  ^x  —  4 
=  o,  tres  radices  affirmativas  habens,  mutando  figna  fe- 
cundi  quarti  &  fexti  termini,   fit  x^  +  4.V*  +  4x'  +  2x* 

—  5^:  +  4  =  o,  cujus  tres  prodeunt  radices  negativae,  rc- 
liquae  afBrmativae.  Ex  quinque  autem  radicibus  duae  funt 
impoflibiles,  quae  in  priore  aequatione  inter  affirmativas 
latebant,  in  pofteriore  latent  inter  negativas  ;  ita  ut  his 
dedudlis  reftet  unica  tantum  radix  vcre  negativa. 

154,  Poffiimus  quoque  fupponere  radicem  aequationis  ex 
cognita  &  incognita  aliqua  quantitate  utcunque  componi^  & 
perinde  pro  ea  fubftituere  quod  aequi pollens  efle  fingitur. 
Et  hoc  ihmSIto  tranftnutationes  aliae  eliciendae  funt  quae  di- 
verfis  ufibus  inferviunt. 

155.  IL  Radices  aquationis  data  quadam  quantitate  auger ty 
vel  diminuere^  vet  de  data  quantitate  fubducere. 

Supponamus  radicem  aequationis  aequalem  effe  fummae 
vel  differentiae  cognitae  &  incognitae  alicujus  quantitatis, 
deinde,  fubftituendo  pro  radice  in  aequationc  data  id  quod 
aequipoUens  effe  fingitur,  emerget  aequatio  nova  cujus  ra- 
dices evadent  majores  vel  minores  radicibus  datae  hac  cog- 
nita quantitate.  Sic  in  aequatione  x^  — px^  +  yx*  —  r  =  o,. 
fi  radices  cognita  quantitate  c  augcri  vellem,  ponendo 
X  -k-  cz=zy^  &  perinde  fubftituendo^  —  c  pro  x,  &c.  emer-* 
get  aequatio, 


*•" 
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+  qx   ? 

—  py^  +  2pcy  —  pc^ 

+      qy  —qc 

=  o. 


Et  fimiliter,  fi  radices  cognita  quantitate  c  diminui  vellem,  . 
fbbftitaendo  y  +  c  pro  x,  aut  fi  radices  de  cognita  quan- 
titate c  fubdiicere  vellem,  fubftituendo  c — y  pro  x,  fiet 
qiisefitum. 

Atque  in  genere,   radices^  sequationis   («)  dimenfionum 
augere,  &c.  poflumus  cognita  quadam  quantitate  r,  fub- 

llituendo  pro  poteftatibus  x  fingulis  in  terminis  aequationis 

«^ 

datae  poteftates  correfpondentes  binomii  y  +  c^  dudlas.  in 
fingulorum  terminorum   coefficientes  /,  y,  r,  /,  &c.    re- 

fpeclive, 

156.  Caeterum  aequationis  transformatae  termini  abfque 
iavolutione  facile  conflari  poflunt. 

Nam  fignis  terminorum  probe  obfervatis,   fubftituendo' 
tantum  c  pro  x  in  aequatione  data  Jhabebitur  terminus  ul- 
timus.      Et  raultiplicando  termini  ultimi  partem  unam* 
quamque  per  indicem  r  in  ifta  parte  &  dividendo  fadtum 
per  r,  habebitur  coefficiens  penultimi.     Dein  rurfus  mul- 
tiplicando  penultimi  partem  unamquamque  per  indicem  c 
in  ifta  parte,  jam  unitate  minorem  quam  prius,  &  fadlum  . 
dividendo  per  2r,  habebitur  coefficiens  antepenultimi.    At- 
que ita,   femper  multiplicando  termini  noviffimi  partem 
unamquamque  per  numeros  unitate  minores  quam  prius, 
&  fadtum  dividendo  per  c  dudlum  in  numeros  unitate  ma-  . 
jores  quam  prius,  habebitur  termini  infequentis  coefficiens. 

157.  AtqvLC  its,  Newtonus  methodum  generalem  invefti- - 
gandi  limites  inter  quos  confiftunt  radices  aequationum  do-  • 
cens,  brevitatis  ftudiofus,    ex  ipfa  aequatione  data,    tan-^ 
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quam  ex  termino  ultimo,  cocfficientes  terminorum  reliquo- 
rum  aequationis  transformatse  immediate  deducit.  Multi-' 
pUcando  utiquc  aquationis  termtnum  unumqnemque  per  numerum 
dimenjtonum  ejus^  £^  dividendo  fa£lum  per  radicem  aquationis^ 
^c.  Nifi  quod  fadla  fucceflive  prodeuntia  dividic  per  ra- 
dicem xquationis  folam,  quae  dividi  debuerunt  per  duplam 
radicem,  triplam  radicem,  &c.  refpe(5live,  Et  proinde, 
minuendi  gratia,  terminos  refultantes  per  maximos  divi- 
fores  communes,  iiqvios  fortiuntur,  infuper  dividit. 

158.  1.  Hoc  pa&o  efficere  pojfumus  ut  radicum  aliqua  vel 
omnes  qua  prlus  erant  negative  evadant  affirmative^  augendo 
utique  radices  dpnec  augmentum  c  aliquos  vel  omnes  ra- 
dices negativas  tranfcendat ;  vel  etiam  ut  ex  affirmatiyis  ali- 
qua vel  omnes  evadaiit  negativa^  minuendo  utique  radices, 
donee  decrementum,  &c.  Nam  fiomnis  valor  jk  fiat  aflir- 
mativus,  neceflc  eft  ut  j^  +  r  =  jv,  fit  afErmativus,  adeoque 
ut  c  mnjus  fit  omni  radice  negativa  x.  Atque  ita  in  cae- 
teris. 

Sic  in  aequatione  x*  —  a:^  —  'iqx*  +  j^o^x  —  30  =  o,  fi. 
radices  unitate  augeri  vellegfi,  fcribendo  y  —  i  pro  ^,  ae- 
quationis  prodeuntis  y>^  —  ^y^  —  loj*  +  8ojk  —  96  =  o, 
radices  erunt  2,  3,  4,  ^^-  4,  quae  prius  erant  i,  2,  3,  —  5^ 
unitate  jam  fa<flae  majores.  Pro  x  vero  fcribendo  ^  — •  6^ 
prodiiflet  aequatio  j*  — »  25/'  +  215^*  —  695^  +  504  =  o, 

cujus  radices  fuilTent  7,  8,  9,  ;[,  ofnnes  nimirum  affinna- 
tivse.     Quod  fi  pro  x  fcripfilTem  j'  +  i  i  prodiifTet  ^quatio 

y^  +  ^^3  —  j^^  —  4  i'  +    \6'^^^'>  cujus  radices  ita  di- 

minutac  evafiflfent  —  i,  +  J,  +  i  J,  —  6  ?,  duae  nimirum 
^rmativae  ac  duae  negativae,  Et  pro  eodem  fcribeijdo 
J'  +  4,  radices  jam  numero  quatefnario  dinynutK  in  ae- 
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quationc  refultante  jp^  +  15^'  +  6sy*  +  10 sy  +  54  =  o, 
cvafiflent  —  3,  —  2,  —  i,  —  9,  negativae  omnes. 

159.  2.  JE/  hoc  mo  do  augendo  vel  diminuendo  radices  Jtqua 
impojftbiles  funt^  ba  aliquando  drtegentur. 

Sic  in  acquatione  x^  —  3^*^  —  ^a}  =  o,  erit  feries 
fignorum  +,  +,  — ,  — ,  fcilicet  ill  utroque  cafu,  fi 
figna  fpeiles,  una  radix  aflSrmativa,  reliquae  negatiyae.  At 
fi  augeas  radices  quantitate  a^  fcribendo  y  —  a  pro  x^  in 
aequatione  refultante  ^^  —  yiy*  —  ^J  =  o,  crit  feries  figno- 
rum  +,  — ,  +,  — ,  nimirum  +,  — ,  +,  — ,  vel  +,  — 5 

— ,  — ,  adeoque  in  priore  cafu  tres  radices  aflfirmativae,  in 
pofteriore  una  tantum.  Sunt  ergo  duaeinipoflibiles,  quae 
pro  ambiguitate  fua  modo  inter  afl*rmativas,  modo  in- 
ter negativas  latent. 

160.  3.  Eadem  operatione  pojffumus  etiam  fecundos  terminos 
aquationum  tollere. 

Nam  fi  fecundus  terminus  aequatioms'  fk  A^egativusy 
conflat  per  Cor.  II.  quod  radices  affirmativae  praepol- 
lent  negativis,  radices  igitur  mifluendae  fimt  donee  affir- 
mativae  aequipoUent  negativis  j  aut  fi  terinirius  fecundus 
fit  afiSrmativus,  radices  augendae  fiint. donee  negativae  ae- 
quipoUent affirmativis  ;  hoc  vero  fiet  rn  utroque  cafii,  fi 
coefficientem  fecundi  termini  aequationis  propofitas  cum 
proprio  figno  per  numemiifl'diiiHennonum  aequationis  di- 
yifam  fiibducamus  de  q^^mitate  quae  pro  nova!  aequatio- 
nis  radice  fignificanda  gQjimi^^rj  &l  .xefiduuoi  fiibftitua- 
mus  pro  radice  aequationf 9  propoi^tae.     Nam . 

*^       ;  •?      ,    

Eroponatur  aequatio  x    — px  +  qx  &c.  =.  o, 

cujus  fecundus  terminus  eft  negativus  ;   fiat  x  —  c^z  y^  & 
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.fubftitucttdo;'  +  c  pro  x,  proveniet  aequatio/  _^  J  J'""* 


+  n  ,  ^iZli  c* 


8cc.  =0.  Fingatur  jamcoefficientem 


■— ^  •  « —  \  c 

+  y    J 

fecund!  termini  hujus  nihil  cfle,  feu  «f  -f-/  =  o,  adeoque 

f  =  ^  ;  &  fubftituto  hoc  valore  r,  fiet  «r  —  ^  =  -  —  ^ 

z=zp — ^  =  0,  adeoque  cvanefcet  fecundus  terminus  no- 
vac  aequationis.     £t  iimiliter,   fi  fecundus   terminus  datae 

aequationis  fit  affirmativus,  vice  j^  —  c  fubftituendo  jf  —  - 

pro  X,  evanefcet +  p  coefficiens  fecundi  termini  ae- 

quationis  novae.  In  omni  autem  cafu  valet  haec  regula, 
five  radices  fifit  reales  five  impofilbiles.  Ut  fi  proponatur 
aequatio  x^  —  ^*  +  4^  —  6  =^  o,  cujus  una  radix  eft 
furda,  reliquae  impoflibiles,  fubftituto  jf  +  i  pro  Xy  provenit 


y 

+  4y* 

+ 

16 

+ 

64 

»7 

-^ 

— 

'iy 

— - 

6a 
9 

+ 

Ay 

+ 

itf 
3 

6 

1     «         4  l^ 
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i6t.  Exterminatio  fecundi  termini  refolutieni  faciliori 

^  iequationum  cubicarum  &  biquadraticanim  infervit.     Hoc 

padlo  quoque,  aeqviatio  quadratica  afie<Sla  fublato  termino 

fecundo  ad  normam  quadraticae  purse  reduci  potcft.    Sic  in 

^aequatione  x*  -*- j&x  +  ^  ==  o,  fubftituendo  y  +  ip  pro  Xy 

prodit  y*  —  1^*  +  y  =  d,  adeoquc  y^  =  i/*  —  y,  &  ex- 

traifla  radice  y  =-  +  V^ y  adeoque  x=:j'+  '^  =  i^ 

+  V  J  /^'  —  !7i  ^t  antca  §  29, 

162.  4-  Kadem  inetbodo  pote/i  Sff  tertius  aquationis  terminus 
4olUy  quod  in  conftrudlionibus  quibufdem  geometricis  pof- 
tulatur ;    inveniendo  nempe  valorem  c  qui  coefficientem 
tenii  termini  aequationis  transformatae  (»)  dimenfionum 
deflruet.      Fingacur    enim     coeflScientem    tertii    termini 

n  •  ^LzJ  c^  —  p  .  JT^T  r  +  J'  =  o^  adeoque  concinnando^ 

c^  —  -  c  +  — ==  =  o.      Et  per  reduifliQuem,    erit 
n  n  •  n  —  I  * 


r  =  +  ^  +  t/^ ^ —  .    Ut  fi  toUendua  fit  tertius 

terminus  sequationis  praecedentis  x^  —  4^*  +  4;^  —  6  =  o» 


prodit .=  +  !•  +  v'^' - H  +  3-±r  =  +  7  «' 

+  2,  quamobrem  vice  j'  +  <^  fcribi  debet  jf  +  -  vel  j'+  2 
pro  jf,  et  in  utroque  cafu  tolletur  tertius  terminus ;  nam  fi 


£  e 
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2 


pro  X  fcribatur  j^  +  --orietur  haec  aequatio  j^^  —  j^*^* ±1 

=  o,  fin  fcribatur  j^  +  2,  orietur  haecy  +  2y*  *  —  6  =  o. 

Simili  ratione,  tolli  poflit  4'"*  terminus,  inveniendo  va- 
lorem idoneum  c  per  refolutionem  asquationis  cubical; 
quintus  terminus  per  refolutionem  biquadraticae ;  &  fie  de- 
inceps.  Verum  hae  tranfinutationes  ob  calculum  difficilem 
adhiberi  non  folent, 

Caeterum  obfervandum  eft,    quod  hac  methodo  plures 
terminos  intermedios  Jimul  rollcre  non  licet,  cum  fingulis  = 
terminis  tollendis  proprius  defideratur  valor  r.     Methodum 
generalem  at  valde  operofam,  omnes  terminos  intermedios 
tollendi,  tr^dit  Bezout^  Mem.  deV Acad.  an.  1772. 

163.  III.  Radices  aquationum  per  datos  numeros  multiplicare 
vel  dividcre. 

Si  radices  acquationis  ^  — ^x  +  qx         &c.  +  «r  =:  o, 


m,ukipUcafida3:  forent  per  numerum  r,  fiat  rx  =  jr,  deinde 

n  f 

fubftituendo  ^  fwro  x,  proveniet  acquatip  -l   --    --.JL 


n  —  I 


UL''        Vr .a.,.-^r>    R;^^.^—  ^.•-'     ^    ^.zJ'^^ 


n—Z 

c 


&c.  +  «^=:  o.  Sive  y    —  pcy  +  qc^y 


&c.  +  ^  ^  =  o,  cujus  radices  func  d^^  majores  quam  ante. 
£t  rurfus  fi  dividendas  fiyoit  ^radices  per  ^,  fiat  —  =/,  de- 
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n  —  I  «  —  2 


inde  fubftituendo  cy  pro  x^  proveniet  y  —  ^         +  — 


&c.  -I =0. 

n 
c 

Hinc  colligere  licet,  quod  xquationis  radices  per  datum 
aliquem    numerum    mukiplicare   vcl    dividere   poflumus^  , 
anultiplicando  vel  dividendo  feriem  terminorum  aequationis 
incipiendo  a  primo  termino,  per  feriem  numerorum  con- 
tinue proportionalium  i,  r,  r*,  r',   &c.  c  ,  refpedlive. 

164.   I.  Hoc pa^o^  fraEliones  femper  tollere  pojfumus^  Esf  A/- 
men  efficere  ut  terminus  altijftmm  aquationls  refultOJitis  coefficiente 

carcat.   Sic  multiplicando  radices  ^quationis  x^  +  y  +   — 

+  ^  =  o,  per  r,  prodit^^  +  ^-  +  i^  +  ^  =  o,  hoc  eft, 

fubftituendo^ifr  pro  r,  fi  modo^  <?  &  ^>  fii^t  numeri  ad  in- 
vicem  primi,y  +gby^  ^f^g^^y  +y^'A*«  =  o.  Quod  ^if^g 
&  i&  non  lint  ad  inviccm  primi,  valorem  dfeprefliorem  c  ufur- 

parc  licet.    Sic  in  aequati6ncf)r3ecedcntej^^ —  —y  —  — 

•3  '        ■  f 

=:  o,   fubftituendo  iz  pro^,  provcnit  aequatio  —  —  — 

^^^^^^^^^^'^^'^——^o,  &  rejeao  termino- 

rum  communi  denominatore,  z^  —  i25k  —  146  =  o,  cii- 
ju8  radices  funt  triplo  mftjores  radicibus  datas  aeqfuationis* 

Atque  ita  in  aequatione  y^  —  g"/*  +  "g  >  "^  20  ^^  ^>   ^^ 

£  c  2 


tdilendas  fradliones  fcribe  i  %  pro  y^  &  orietur  %^  —  86j5* 
+  6ooz  —  851  =0. 

165.  2.  £/  hoc  paBo  pojfunt  radicales  aliquando  toUi^  ubi  ea-  - 
(lem  quantitas  radicalis  terminos  alternos,  vel  a  primo  ter- 
niino  vel  a  fecundo  incipientes,  ^  ingreditur.     Sic  in  aequa- 

tione  »i^  yJz  —  2x  v/3   +  1.=  o,  fcribeado  ^7=  pro x, pro-  » 
dk^~-?^+   I  =  c.fivej'^-^  6^+3  =  o.. 

3V3  VI 

Icemque  in  aequatioae  x*  -—  p  ^7x*  +  qx  —  ry/T  =  o  ' 

fubftituendo  -7=  pro  x,  emergit  j^'  —  pay*  +  y^jf  —  r^*  =  o* 

Sic  ct  in  aequationc  x^  •^  2x  +  y^J  =  o,  fcribendo  jf  vT 
pro  X,  prodSt  iy^  y/J  — *  ^  vT  +  VF  =  o,  feu  jyr'  —  2jf  - 
+  I  =  o.  -. 

166.  IV.    MquatiMts  radicct  m  zar$im  recsprocas  tranf- ^ 
mutarc. 

Sic  aequatio  novifliina  ^y^  — ^y  +  1=0,  cujus  prima. 

radix cft-i,  &reliqu*i±vEl=:iii^^=3±vE3.-, 

*  2  2  O 

fcribendo  -projf,  cvadit  -3  —  ~  +  i  =  o,    five  concin- 
mando  &  ordfnandd,   %^ ^—  2u?  +.3  =  0,   cjufque  prima 


nempe  radicum  prxcedentium  reciprocal. 
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1 67*   !•  Hoc  padlo  radix  minima  in  maximam  converti  poteji^ 
5ff  maxima  in  minimam  ;  quod  ufum  nonnuUum  habere  po- 
teft  in  limitibus  radicum  exquirendis. 

1 68.  2.  Potejl  etiam  aquationis  terminus  penultimus  hoc  ope^ 
ratione  toUiy  ft  modofecundus  prius  tollatur  ;  ut  fadlum  vides  in* 
exemplo  noviflimo..  Aut  fi  antepenulcimum  tolli  cupias, 
id  fiet  fi  modo  tertium  prius  tollas« 

1 69.  V.  Inventre  ajuationem  cujus  radices  ftnt  quadrata  ra- 
dicum data  aquatlou'is. 

Proponarur  aequatio  cubica  x^  —  Px*  +  Q^  —  R  =  o, 
cuj\is  radices  fiat  a^  by  c^  maximam  defignante  a ;  &  mu-  - 
tando   figaa    terminorum     alternorum     orietur     aequatio 
x'  H-  Pa*  +  Q£  +  R  =  o,    cujua  radices   idcirco   erunt  - 
—  a^  —  3,  —  c.     Deiode  his  xquationibus  in  fe  dudlisi 
emerget  acquatio  6  dimenfionum  [x^  +  Q^)*  —  (Px*  +  R)> 
ic^x,x'  +  (^Qj-  P*)  x^  +  (Q*  —  2PR)  x'  —  R*=  (jc  —  tf)  . 
{x  +  a)  [x  —  b)   {x  +  ^)  (x  —  c)  {x  +  c)  feu.  (x*  —  a^) 
(x^  —  b^)   (x^   —  c^)y     cujus    termini    alterni    deflmt;  * 
evanefcentibus  nimirum  fumma  radicum  a^  —  ^z,  b^  —  b^ 
&c.  fumma  contcntorum  fub  fingulis  ternis,  ^ —  aab^  +  aab^ 
&c\  fub  fingulis  quinis,   +  aabbc^  —  aabbc^  &c.  ob  dimen- 
fionem  aequatianis   refultantis  femper  parem.     Minuendi 
gratia  igitur  fubftitue  hinc  inde  y  pi'o  x^,  &  deprimetur  • 
acquatio   refultans   ad   cubicam.j^  +   (^Q^-^-  P*)  y^  + 
(Q2  _  2PR)  jf  —  R^  =  (jr  --  a^)   {y  —  b^)   (j  —  c^\ 
cujus  radices  funt  ^*,  b^^  c^^  ut  maaifeftum  eft.     Et  fie 

univcrfaliter  :  Sit  aequatio  x  —  Px  +Qx  — Rx 
+  &c.  =  o,  critquc  aequatio  refultaiis  y  +(2Q^P*)> 
+  (aS  — 2PR  +  Q*)/""*  +  &c.  =0. 


«— I 
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170.  Porro,  banc  operationem  inftitucndo  in  osquatio- 
ncm  quadratorum^  tanquain  datam,  emerget  aequatio  cu- 
jus  radices  eriint  hiqiiadrata  radicum  aequationis  datas ; 
eandemque  icerando  in  aequationem  proximc  inventam, 
tanqiiam  datam,  aequationes /^r  y&////;w  iuvenire  licet  cnjus 

vx  Due  mx  mx 

radices  fint  potcjlates  8  ,  16  ,  32  ,  64  ,  &c.  radi- 
cum datae  a!quationis,  abfquc  taedio  omnes  poteftates  in- 
termedias  radicum  inveniendi,  per  Formulas,  §  79. 

Sic   aequatio   propofita,    fublato   termino  fecundo,    crit 
►Y^  +  Qx  —  R  =  o,  unde,  cvanefcentibus  terminis  aequa- 
.  tionum  refultantium  quos  intrant  dimenfiones  P,  erunt  ^' 

y^  +  2Q^ j'2  +  Q^j^  —  R^  =  o,   aquat.  quadrat. 

y\  _  2Q^;ra  +  (Q^  +  4QR*)  J'  —  R^  =  o,  aquat.  \poteJl. 

+  (^+  8QLR'  +  "QIR')^-  R'S  -°''l-'^f"'J>- 

yi  —  (2QI--  48Q^R»  +  4oQf  R*)^»  +  &c.  =o,  aq.  i6pot. 

y  —  (2QI*  •—  t24QjR*  +  2288Q;,'R*     \y^  +  &c.  =  o, 
~4224Q1R*  + 1 32oQ^R''— 32QR"  5      ^?-  3^  /^'5^- 

y  -_  (2Q^2  —  96oQ^»R*  +  58464Qf *R* 

—  io4832oQ^'R*+7io424oQ^"R"' 

—  i9997i2oQ^'R"'+  237728ooQ^*R'* 

—  I  i4io944Q1;R'*+ i96i256Q^R'* 

—  93632Q!R"'  +  672Q^R= 


\Z0 


aq.  6/^  pot. 


*  Vide  Bcrtraadf  Elm.  Maihcmattque4i  Gtncva^  177^;  vol.  lij  p.  301. 
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Uhde  mutando  figna  terminorum  fecundorum  aequatio-  - 
num  refukantium  habebitur  fumma  poteftatum  2,  4,   8, 
16,  32,  64,  &c.  radicum  aequationis  datae. 

171.  Et  hoc  pa5fo^   radices  impojftbiks^  ftqua  futt^  utpluri^ 
mum  dctcgere  pojjtimus. 

Nam  fi  oequationls  dat.^  mil  las  radices  impoffibilcs  fint,  . 
iingulorum  radicum  quadrata  erunt  afErmativa,  adeoquc  • 
termini  aequationis  quadratorum,  vicibus  alternis  affirma- 
tivi  &  negativi.  Ubi  igitur  in  aequatione  quadratorum 
occurrit  fignorum  limilium  fucccffio,  indicio  eft  rcquatio- 
nem  datam  radices  impoflibiles.  fortiri.  Et  hoc  pacto  fem- 
pcr  detcgetur  impoflibilitas  radicum  azquationis  cujufcun- 
que  ubi  P  deleto,  Q^fit  affirmativum.  Sic  habita  aequati- 
one  x'  +  6x  —  20  =  o,  prodit  sequatio  quadratorum 
Y  +  i2y*  +  36jf  —  400  =  o,  quae  duas  habet  fignorum 
fimilium  fuccefliones*  Ergo,  &c.  Quod  fi  Q^negativum  ^ 
fit,  licet  radices  fint  impoflibiles,  nulla  dcprehendi  poteft 
fignorum  fiicceflio  in  aequatione  quadratorum ;  vcr^m 
operationem  continuando,  in  cubicis  fiiltem,  impoflibili- 
tatem  radicum  lemper  deteget  aequatio  biquadratorum,  ubi  * 
R»  fit.majus  quam  iQ^,  evadente  tercio  termino  hujus 
(Ql  +  405^*)  y  negativo,  Et  fimiliter  in  aequationibus 
altioribus  cafiis  determinare  licet,  ubi  radicibus  impofifi- 
bilibus  detegendis  impar  crit  haec  methodus.  Sic  habita 
asquatione  x^  —  2x  +  4  =  o,  prodit  aequatio  quadratorum 
y  —  4y*  +  4y  —  16  =  o,  quae  nullam  habet  figjiorum  fi* 
milium  fiicccflionem ;  at  in  aequatione  biquadratorum 
y^  —  8y* —  I  i2jf  —  256  =  o,  duae  prodeunt  fixccefliones. 
Ergo,  &c. 
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172.    Numerus  autem  fuccejjionum  Jtmilium  Jigmrum  fempcr 
aqualis  vel  minor  erit  ntimero  radicum  impojjibtlium. 

•    Sint  enim  radices  invpofBbiles  ^  +  ^  \/— ^  &  ^  —  ^  \/'—^y 

liarum   quadrata   crunt   a*  —  ^*  +  ^ah  >J—l   &   a*  —  b* 

—  ^ab  y/^   rcfpeclive,    five,  (pofito   a^  —  ^*  =  A,  &: 

2ab  —  B)  A  +  B  x/:=T  &  A  —  B  y/^  *  ;  ubi  A  erit  affir- 

mativum  vel  negativum,  prout ^*  fit  maJTts  miiiufve  quam  b^* 

At  multiplicaiido  fadlores  x  +  A  +  B  v/l-T  &  x  +  A  —  BV^ 

+  A* 
in  fc  geaerabitiir  scqnatio  qiiadratica  x*  +  2A.V       ^^^j  =  o, 


*  Radices  bmas  imp  olllbiics  Xviuatlonis  algcbraicca  a  J  foixTiAm  A-  +  B  ^«.  t 
reJuci  pofle,  primus,  ex  calculo  integral!  demouitravit  D*MmL'rt^  Afem.  ^caiL 
Berlin^  i74^-  Hunc  fccutus  eft  EuUr,  Mem,  71-9;  &  Foncenex^  Jllcm.  Turin^ 
1 760  ;  cujus  demondrationem  ex  princlpiis  trigonometric ii  petiiam  inipugnat 
La  Grange^  Mem.  Berlin,  1772,  aJiamqiie  proponit;  contra  vero  luetur  Beriraruiy 
EUmen.  des  Mathematiques^  vol.  2,  p.  489.  Hujus  redu(5lionis  adeo  decantaiae 
^ireritatem^  ex  principiis  algebraicis  tic  colligeie  licet. 

^quationls  quadraticse  **  — px  -^^  q  ^=z  o,   radices   impof&biles  funt  \p  + 


s/\p^  —  f-  Abbreviandi  gratia,  fit  J^*  —  f  =  —  r,  eritque  v/i^*  — ? 
=  •J'ZI'r  =  \/r~ .  \/"irT>  adecquc  pofito  J  ^  =  a  &  ^JT  =  by  radices  qua- 
dratics impofiibiles  formam  induent  a-^r^h  ^117.  -Elt  quoniam  zquaiionis  cu- 
jufcunque  algebraicae  radices  impofiibiles  confiari  neccfle  eft  per  additionem, 
fubdu^dnem,  multiplicationem,  divifionem^  involutionem  aut  evolutionem 
quaatitatum  impoflibiiium  five  fimplicium  ^vrt  mixtarum ;  defignantibus  A  &  B 
qnantiutum  per  Infce  operationes  refultantium  partes  reales  cum  propriis  fignis^ 
erity 


E    ^si   3 

in  qua  fuccdfiones  fignonim  fimillum  fiint  dux  vel  nullx  i 
ergo,  &c.  £c  Similiter  in  asquadonibus  ahloribus  demon- 
ftrarc  licet. 


"  -I 


+  .! 1 L ;: a'         (V^)*  ^c. 

a.  3-4. 

Hujus  feriei  terminos  impares  occupant  poteftates  pares  qoantUatis  h ^  —  i, 
&  vice  verfa,  Scd  potcftatcs  pares  evadunt  —  **,  +  ^*,  —  Ifi^  &c.  omnes  ni- 
mirum  rcales,  impares  vero  evadunt  +  *  \/'^>  —  *'  \/"^»  +  **  \/"^f  &c. 
ftu  (-|-  ^  —  h^  ^h^  —  &c,)  ^HT.    Adeoqae  aggregatum  tcrminorum  feriei 


—  —  I     ?L  —  » 


imparium  «  *    —  -    .  *    a  *  ^*  -|-  &c.  defignare  poteft  A  ;  parium 

% 

ycro     (-a^  *  r*.  Z-UT—lU «  "  U  +  ke.)  ^/^^t  «»«- 

*  •  *  3 

fignare  poteft  B  ^ZTl. 

Radix  igitur  ez  his  opefationibus  refolt^ns  feni{>er  p^odibit  forms  A  -{-  B  ^ZTT* 
cui  germana  etfitffget  fornflb  i^-s.  B^ITi,  per  Coft.  VH.     ErgOy  «cc. 

Eadem  quoque  redudio  valet  in  impoflibilibus  expwentlaKkmtf  feu  quarum  in- 

dices  funt  irrationales  vel  impoilibiles,  vdut  («  +  ^  \/  —  i )  •     Hunc 

vero  cafum  practermittimus,  quippe  qui  in  £JemenCts  Algebrft  pafum  fit  UtiR^ 
ejufque  ^emonftratio  non  M\  ez  jftindpiis.  tm^nometricis  H  logifticis  petenda 
▼idetur.  Si  quis  tamen  defideraty  conMit  Aui^cU.  aut  j^amiV  'ElmenU  pf  Speaoiu 
Arithm.  DMin,  1772,  f,  ^n. 

t  £ 
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173,  VI.  Invenire  aquationem  cujus  radices  Jint  quadrata 
differentiarum  radicum  data  aquationis. 

Proponatur  aequatio  x^  —  P;c^  +  Qjf  —  R  =  o,  cujus  ra- 
dices fiiit  /7,  ^,  r  ;  erunt  difFerendaj  radicum  a  —  by  b  —  a^ 
a  —  f,    c  —  dy    h  —  Cy    c  —  b  \    feu   abbrcviandi   gratia, 

a,  —  a,  /3,  —  /?,  yy  —  y.     Adeoque  erit  (y  —  a)  (y  -f  a) 

( ^  —  iS)  rr  +  /3)  (y  —  y)(y'^  y)  feu  (y^  —  a^ )  Cf-  —  r^^ ) 

{y^  —  y^)  =  /  —  Py  +  01  J'*  —  R'  =  o,  evanefcend- 
bus  nimirum  terminis  alcernis,     Subftitue  iterum  25  pro^*, 

&  emerget  (z  —  a*)  (z  —  /5")  (z  —  >*)  —z^  —  P z*  +  Qz 
—  R'  =  o,  cujus  radices  funt  a%  ft^y  >*,  quadrata  nempe 
difFerentiarum  radicum  datae  requationis,   ut  manifeftum 

eft.     Et  fie  univerfaliter :  aequationis  x  —  Px        +  Q^ 

-—  &c.  =  o,  crit  Humerus  difFerentiarum  radicum 
=71  Xn—iy  &  proinde  aequatio  quadratorum  differentia- 
rum  crit  n  .  " dimenfionum. 

2 

Jam  quo  cruantur  coefficientes,  P',  Q^, .  R',  erit 
Summa  radicum  (a  —  by  +  (a  —  c)^  +  (A  -^  r)*  = 

=  2(a^  +6^  +  c^)  -^2(^ab  +  ac  +  bc)  = 
Adeoque  F  .  .  =2 (P*  —  aC^)  —  zq  =  aP*  —  6(^ 

Summa  reft,  fub  binis  rad.  (a  —  *)»  (a  —  0*  +  (^  —  *)* 
^Jib  —  cy  +  (a  ~  cy  (b  —  cy 

a^  —  2a5  (A  +  r)  +  5a*** 

A4  _  j^3  (jn  +  c)    +  3^*^:* 

^4_2^3(^  +  A)   +  j^b^c^ 


[     USS    1 
I.      a*  +  6*  +  c*  =z?*  ^  4P*CL+  4PR  +  2QI. 

=  —  2  (tf '  X  P^  +  3'  X  pZTJ  +  cj  X  P— ^)  = 

=  —  2(ri?+A'+7  XP_.a.4^^4+^)  =  __2P*Q+2pR  +  4Q\ 

3.     +  3(^*^'+aV+3V')==3(;rF-^H-i^* — 2tf5fX^Mi)=: 
=  3  CQl—  »PR)  =  3QI  —  6PR. 

^p4__4P^Q^+  4PR  +  2QI 

Adeoque  (^=2  <      —  2p*Q^+  2PR  +  4QI. 

C  —  6PR  +  3QI 

P4  _  6P'CL     *       +  9QJ 
Summa  content,  fub  ternis  rad.  (^  —  3)*  (tf  —  <:)*  (*  —  f)*. 

•  ■ 

fl*c*  —  2b*ac  +  2<i*^c*  —  2aV 

34^a  —   2f*a5    +  2b^a^C  —   23V' 

AV*  +  tb^ac* 

c*a^  +  2c^a*b 

,c*b*  +  2c'ab^ 

1.       a*  X  iF+?  +  3*  X  ^M^  +  f*  X  ^+7'  = 

=  (a*  +  3*  +  <r*)  P»  —  (fl*+  b*+c*)  2Ctr-  C'**  +**  +'^*)  = 
=  —  aFR  +  P»Q^  +  4PQR  —  2QL—  3R^- 

F  f  a 
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s.  —  2  (o'  +  b'  +  c')  ahc  =  ^  2  (P'  —  jPQ  +  3R)  R  = 
=  —  2FR  +  6PQR  —  6R^ 

=i  sR  O'/iTT^TT'  X  P  —  ^ +7h^0  =  2PQR  — -  6Ri. 

4.  —  2  {a^b^  +  aV  +  iV)  = 

=  —  2  («Hvi7+i^' —  3(^2  X  i^Tc'+b^  X  7+7  +f 2  X  ^ +^) — 
—  6a*3*r2)  =  6PQR  —  aq;^—  6R^ 

5.  ~  6a*^*f*  =  —  6R». 

Adeoque  harum   fumma  feu   R'  =  —  4P'R  +  P^Q^ 
+  18PQR  —  40^"—  27R*.     Uncle  prodit  aequatio  quadr. 
different,  z'  —  (2P2  —  6Q^)  s*  +  (P+  —  6P*Q^+  9(^)3 
+  4FR  —  P^Ql—  iSPQR  +  40^  +  27R'  ==  o. 

174.  Tollendo  aucem  terminujqa  iecunduin  datas  aequa- 
tionis,  forniam  induce  iimpllciorem  aequacio  quadratoruin 
differentiarum^   nempe 

2'  +  6Qz'  +  gO^z  +  4QI+  27R*  =  o. 

175.  Proponatur  xquatio  biquadratica  **  *  +  Qx* —  Rx 
^  S  =  o,    eritque  aequatio  refultans  js*  —  P'»*  +  Q|2* 
—  R'z'  +  S'z*  —  T»  +  V  =  o. 

Jam  quo  eruantur  hujus  coefficientes,  eric 
F  =  (a^-4>y+(a'-cy+(a--(^'+ib-—cy+{b—J)*+(C'-^* 
=i  3  (a*  +  *•  +  c»  +  </*)  —  2  (ab  +  ac  +  ad+bf  +  bJ  +  fJ) 
=  3  (*— aC^)  — aQjs  — 8C^ 
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Q;  =(^  —  b)"  (a  —  cy  +  (^  —  by  (a  —  dj*  +  &c. 
+  {,a  —  cy  {b  —  cy  +  &c.  &c. 


yi*  —  4^'  X  b+l+d  +  Za^b*  —  2a*  x  bPi^dTTd  +  laa^c^/, 
3^ *  —  4^ '  X  7+*+rf  +  8a*^*  —  2f*  X  ;;j+flrf+w 
+  Bb*d' 

+  Sc'r 

I.  3  (a*  +  i*  +  f*  -h  ^0  —  3  ■  2QI— 4S)  =  6Q^—  12S.  - 
2.-4  (<?'  +  3'  +  f '  +  ^0  P  —  U*  +  b*+  c*+  d*) 
=  4(2Q^— 4S)  =  8Q1—  16S. 

3.  +  8  id'y  +  tfV  +  &c.)  =  8  (<^'  +  2S)  =  8C^  +  i6S.  - 

4.  —  ia  (abc  4-  abd  +  acd)  —  2b  (abc  _j_  Sec.)  —  &c.  &c. 
=:  —  2(a  +  b  +  c  +  d)R+  Babcd  =  +  8S. 

5.  +  i2aicd=  12S.    Adeoque  <:^=  aaQ^  +  8S. 

Ec  caeteris  CQcfficientibus  R',  S',  T,  V  fimiliter  invefti- 
gacis,  prodit  aequatio  quadratorum  diilerentiarum, 

z'.+  8Q5»  +  (22QI+  8S)  z*  +  (28Q^+  26R*  +  i6QS)2J 
+  (t7Q^  +  4«R'Qr- 1  laS'  +  34Q^S)»'  +  (4QH-i8QlR» 
+  32Q!S  —  I92QS*  +  2i6R*S)  »  +  256S'  —  I28Q1S*" 
+  i44R'Q8  +  16Q1S  —  4R-Q1—  27R*  =  o. 
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176.  Si  proponatur  aequatio  quinque  dimenfionum 
x'  +  yx^ —  rx*  +  sx  —  /  =  o,  erit  xquatio  quadratonim 
diflferentiarum  radicum, 

z"°  +  105^'  +  (39J*  +  ioj)  ;3*  +  (8oy'  +  sogs  +  2^r*)  7? 
+   (95?*  +  124^*/  —   95J*  +   ^2qr"  +   2O0r/)  a*  +  (JS^ 

—  36o^j*  +  196^'^  +  I  i8yV*  +  26or*j  +625/'  +  j^ooqrt)  «* 

+  (25/  +  40''  —  53'"*  +  52?''''  —  522?*'*  +  194^*/  + 
joSqr's  +  240^ V/  4-  1750^/'  —  gsosrt)  z*  +  (^7  +  io6y*/ 
■—  Boqs'  —  3o8yV'  —  i02yr'*  —  7yV'  +  57or'/'+  6i2yVV 
+  700rV  —  3750/ V  +  2500/V*  +  Soq'rt  —  21  soqrst)  z'  + 
(400/*  —  36oyV'  —  i5y\*  +  24^"/  —  8y*r*  —  45^^  — 
27orV  +  i4oyVV  +  96oyrV*  +  i875rV+  looor//* — 
SOQOqst^  +  1750?''*  +  40fV/  +  6ooqtr'  —  le^oyVrf)  z*  + 
(^gyj^a  —  224^'/  +  3207/  +  4yV*  +  27r*  —  4ory  + 
434^V^j*  —  24^VV  —  i98yrV+  jooo/V*  —  45orV/ — 
625or/'  +  675//*  —  37507*^/*  +  300oyrV*  +  6oyV/  + 
20oyr/j^~33oyW/)s+  3125/^— 37507r/'+i55i^?+^o7*; 

—  900/y'  +  8j5y»r»'+  loSjS  X  /*  — .  763i,7;r__  jfiojV/*  —  i6y'r5  + 

—  4jr3r'  —  27r*  X  J*  =  O. 

1 77.  Et  fie  univerfaliter :  propofita  jequatione  /— Px"~' 
+  95  —  &c.  =  o,    aquationis  refultantis  z.  '     * 
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178.  I.  Hac  operatione  radices  impojjihiles^  ftqua funt^  earum- 
que  nutHcriim  fcmper  detegere  pojfumus. 

Nam  fi  omncs  datae  aequationis  radices  fint  reales,  neccfle 
eft  ut  quadrata  diffcrentiarum  radicum  fint  omnia  affirma- 
tiva,  adeoque  aquationis  refultantis  termini  vicibus  alternis 
affirmativi  &  negativi.  Quod  fi  data  sequatio  radices  im- 
poflibiles  Ibrtiatur,  cum  differentia  duarum  correfponden- 
tium  radicum  impoflibilium  a  +  b\/ —  i  &  ^  —  b\/ —  i, 
vel  +  h\/'^^i  &  —  by^^^i^  fit  2i\/iri,  erit  hujus  quadra- 
tum  —  4^*,  reale  nempe  &  negativum ;  unde  sequationi 

refiiltanti  competit  una  faltem  radix  realis  &  negativa,  et 
proinde  una  faltem  fucceffio  fignorum  fimilium.  Atque 
hinc  numerus  radicum  impoffibilium  in  data  aequatione 
duplum  radicum  negativarum,  feu  fucdeflionum  fignorum 
fimilium  in  aequationc  refultante  nunquam  tranfcendere 
poteft. 

1 79.  Ut  fi  proponaitur  arquatio  cubica  x^  -^  qx  —  r  =  o, 
ubi  q  aferihativxim  eft,  v^l  ubi  q  negativunk  jeft,  &  4^^  fi- 
mul  minus  qiiam  i/r*,  ehiei^et  in  aequatibhe  refultante 
§  1 74  fucceflio  fimiliuta  figriorimi,  adeoque  aequationis  datae 
duae  erunt  radicft  impfefFibiles,  tertia  autem  realis  &  affir- 
mativa  efit  fi  r  fit  iiegat3vum,  et  vied  ve^sa,  per  %  146. 
Sic  habiti  asquatibne  x*  —  ax  +  4  =  o,  erit  aequatio  qua- 
dratorunl  difFer^ntiaiHim  z'  —  i2js*  +  2fi%  +  300  =  o, 

adeoque  ob  fucccflioiWm  fimilium  fignonirii,  datae  aequa- 
tionis  duae  erunt  radicfdi  itnpoffibiles,  tei^lie  aiitem  negativa. 
In  cubicis  igitur  Mhipei'  definiettlr  numeifus  radicum  impof- 
:fibilium,  utpote  ijui  B&ariikm  xf  anfi:endere  nequit. 
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1 80.  Si  proponatur  sequatio  biquadratica  x^  +  gx^ 
—  rx  +  /  =  o,  ubi  in  asquatione  refultante  prodit  fuc- 
cef&o  fignorum  fimilium,  conftat  aequationem  datam  ra- 
dices impoffibiles  fortiri.  Caetcrum  numerum  quoque  ra- 
dicum  impoflibiliumy  terminis  rite  collatis,  eniere  licet. 
Fingatur  enim  omnes  datae  asquationis  radices  eflfe  impoffi- 
biles, eritque  aequationis  refultantisi  ultimus  terminus 
i^6s^ —  128^*/*  +  &c.  affirmativus,  cum  ex  fex  radicibus 
ejus,  binae  quaeque  correfpondentes  radices  in  fe  dudlae  fac^ 
turn  referent  affirmativum^  formae  B*  vel  A*  +  B*,  adeoque 
fadtum  fub  omnibus  erit  affirmativum.  £t  proinde  fi 
^56/3  —  i28y*/*  +  &c.  cmergat  negativus,  aequationis  data? 
quatuor  radices  impoffibiles  efle  nequeunt. 

Hinc  asquationis  biquadratica^  radices  impoffibiles, 
fiqux  hac  operatione  detegantur,  erunt  vel  quatuor,  ubi 
scquationis  refultantis  terminus  ultimus  eft  affirmativus  aut 
nihil ;  vel  duae  tantum,  ubi  eft  negativus  :  &  duae  quas 
fuperfunt  radices  reales,  contrariis  afficientur  fignis,  ubi 
ultimus  datae  aequationis  terminutf  eft  negativus,  per  §  147. 

181.  Similiter,  asquatioois  quintas  dimenfionis,  quas  ne- 
ceffiu'io  uqam  habet  radicem  realem,  erunt  radijces  impof- 
fibiles quatuor,  ubi  aequationis  refultantis  terminus .  ulti- 
mus eft  affirmativus  aut  nihil ;  vel  duae  tantum,  ubi  eft* 
negativus*  Atque  iifdem  veftigiis  infiftendo,  numerum 
radicum  impoffibilium  aequationis  cujufcunque  eruere  licet. 

182.  Operofa  certe  evadit  haec  mcthodus  cruendi  radices 
impoffibiles,  praefertim  in  aequationibus  dimenfibnum  fu- 
periorum.  At  ubi  faciliore  uti  non  licet,  difficilem  fafti- 
dire  haud  aequum  eft.  Do6lrinam  radicum  impoffibilium 
fiquis  penitius  excutere  velit,   auAorem  fupra  laudatuiti, 

Gg  -     - 
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at  paulo  quidem  reconditiorem,  Waring^  confulat,  quern  in 
hac  re,   potiffimum,    ut    interpretes  fecuti  futnus.     Med. 
Algeb.  Prob.   5  Iff  1 1.     Confulat  quoqiic  La  Grange^  Acad^ 
Berlin^  an.  1767,   1768,  &  1772. 

183.  2.    Hac  operatione  quoqut^  uhi  dua  aquattonis  radices 
flint  aqualesy  dettgere  pojfumus. 

Nam  ubi  ultimiis  jcquationis  refultantis  terminus  eva- 
nefcit,  neceflc  eft  ut  una  ex  radicibus  ejus  evancfcat,  five 
ut  quadratum  differentia:  duarum  radicum  datae  aequationis 
evanefcat,  adeoque  ut  hse  duae  radices  fint  inter  fe  aequalefs* 
Defedlus  igitur  termini  ultimi  aequationis  refultantis,  in- 
dicio  eft  asquationem  datam  duas  radices  inter  fc  aequales 
fortiri. 

1 84.  Facilius  autem  ope  Tranfmutationis  11,  cafus  dete- 
gere  licet,  ubi  duas,  tres,  plurefve  datas  asquationis  radices, 
fint  inter  fe  aequales.  Nam  ubi  ultimus  transformatae  ter- 
minus evanefcit,  erit  una  radix  feu  valor  j^  =  o,  adeoque 
datae  aequationis  una  radix  feu  valor  x  =  +  r,  ob  x  +  c 
=  J'  =  o.  Ubi  duo  poftremi  transformatae  termini  era- 
nefcunt,  eriint  duae  radices  feu  valores  j^  =  o,  adeoque 
datae  aequationis  duae  radices  x  =  +  ^,  adeoque  aequales 

inter  fe.  Similiter,  ubi  tres  poftremi  termini  defimt,  erunt 
datae  aequationis  tres  radices  aeqilales  inter  fe*  £t  fie 
deinceps. 

185.  Hinc  fi  datae  aequationis  duae  fint  radices  inter  fe 
aequales,  transformatae  coefficiens  penultima,  quae  in  hoc 
cafu  fit  nihil,  fubftituendo  x  pro  c^  aequationem  coaftituet 
dimenfionis  deprefiloris  cui  radix  erit  r,  una  nempe  radi- 
cle m  aequalium  datae  aequationis*  Si  datae  aequationis  tres 
radices  fint  inter  fe  aequales>  coefficiens  transformatae  ante-^ 
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pefiultima^quationem  prasbebit  dimenfionis  adhuc  depref-* 
fioris,  cui  radix  erit  una  ex  tribus  radicibus  asqualibus  datae 
Bequationis.     Atque  fie  deinceps. 

His  traditis  de  radicum  natura,  atque  prxcipuis  afie^io* 
mbus  &  tranrmutationibus  sequationaxn,  pergamus  jam 
refolutionem  se:quationum  radices  rationales  habentium 
docere. 


He   KE80LUTI0NE   -©QUATIONUM  RADICES    RATlONALEb' 

HABENTIUM. 


•  i86.Quoniam2equationi8  cujufcunquex  .  Px        .Qx 
.  &c,   U  =  o,  tcrminos  ncc  frados  nee  furdos  habencis 

onmes  radices  non  furdas  funt  aliqui  ex  diviforibus  integris 
termini  ultimi;  per  §  144,  Cor.  VL  Subftituendi.  funt 
in  xquatione  pro  x^  omnes  divifores  ultimi  termini  tarn 
fimplices  quam  compofiti  figillatim,  et  fi  honun  aliquis 
omnes  xquationis  terminos  fe  mutuo  deftruere  efficiet,  ra* 
dix  aequationis  erit.  Quod  fi  divifbrum  nullus  banc  con* 
ditionem  impleverit,  patet  nullam  efTc  aequationis  radi* 
cem  nifi  quae  fit  aut  irrationalis  aut  impoflibilis. 

Invenientur  autem  omnes  divifores  ultimi  ttTminiyJi  quan- 
titas  JimpUx  ejty  earn  dividendo  per  minimum  ejus  diviforem^  &f 
quotum  per  minimum  lUviforem  ejus^  donee  quotus  re/let  indivi-- 
Jibilis.  Hi  divifores  una  cum  quoto  indivifibUi  conJHtuent  omnes 
quantitatis  divifores  primos  feu  Jtmplices;  et  reSangula  aut  con-' 
tenta  fub  JinguHs  binis^  ternis^  quat^mis^  ^c.  borum  divi/brum^ 
omnes  ejus  divifores  compojitos. 

.       .  G  €  a  ' 
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Sic  in  xquatiorie  h^  —  4**  —  yx  +  ro  =:  a,  (tivifbra 

termini  ultimi  prodeunt  i,  —  1,2,  —  2, 5,  —  5, 10,  —  10; 
fcriptis  autem  fucccflive 

1 —     4 —  7+  10=       o,  ad^pq.  + 1  erit  radix 
— i-^    4+7+  10=     12, 

8 —  16 — 14+  10= — 12, 
— 8 —  16  +  14+10=       o^adeoq.  —  ^erit  radix 
1 2  5 — 1 00 — 2^$  +10=       o,  adeoq.  +  5  erit  radix 

&c.  &c. 

187.  Inventis  hac  methodo  omnibus  radicibus  asquati- 
onis  prater  unam^  \\atc  facilius  erui  poteft,  dividendo  tcr- 
minxmi  ultimnm  fub  figno  mutato,  per  contentum  radicum 
jam  inventarmn*  Sic  in  hac  aequatione,  dividendo  — *  10 
per  +  I  X  —  2=—  2,  quotum  +  5  erit  tertia  radix. 

Inventis  omnibus  radicibus  prater  duas^  has  erui  polTunt 
five  jEbat  reales  five  impoflibileS)  deprimoido  asquationem 
datam  ad  quadraticam,  ope  faSkorum  iimplicium  vd  com-* 
poUtonim  ex  radicibus  jam  inventis  refultantituny  &  hujus 
redu<5lio  dabit  duas  quae  fuperfunt  radices.    Sic  invoita 

+  I  radicc  asquationis  cubical  x^  —  4.V*  —  7^  +  10  =  o, 
dividendo  per  x  —  i  ==  o  reiultabit  quadratica  x^  —  3^ 
— .  10  =  0,  cujus  radices  funt  +  5  vcl  — 2.  laventis 
item  +  2  &  +  4  radicibus  biquadratics^  «?♦  -~  4x^  -~  8a? 
+  32  =  6,  dividendo  per  x  —  2  =  o^  et  rurius  quotum 
per  x  —  4  =:  o }  vel  fimul  dividendo  per  {x  —  2)  (1^  -^  4) 
=  o,  emerget  aequatio  quadratica  *f*  +  2x  +  4  =  o,  cu- 
jus radices  funt  —  i  +  v^^^  &  — .  i  — .  V-^^  Haben-^ 
tur  itaque  quatuor  radices  quaefitac. 
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i88#   Idem  brcvius  abfolvere  licet  tolkndo  fccundum  term- 


num. 


Sic  in  aequatione  noTiflima  fcribcnda  j'  +  i  pro  x,  pro- 
dit  jf'*  —  6y*  —  i6y  +  21=0,  &  tentando  diviforci  ter- 
mini ultimi  21,  duae  prodeunt  radices  rationales  +  i  & 
+  39  quarum  fumma  eit  4^  adeoque  ob  defe<fhim  fccundi 
termini,  iiunma  reliquamm  erit  -—  4.  Defignet  v  unam  ex 
his,  alteram  deiignabit  —  4  —  v,  eritque  karum  fadum 

—  4V  —  v*  =  —  =  7,  adeoque  v*   +  41;  =  —  7,  & 

V  =  —  2  +  \/— 3  &  altera  —  4  —  vfc^  —  2  —  \/^^. 
Prodeunt  igitur  quatuor  radices  asquadonis  novs  +  i>  +  3> 

—  2  +  v^^,  —  2  —  \/^^,  quae  unitate  audas  dabunt 
radices  aequationis  data:. 

189.  Caeterum  ubi  divifores  ultimi  termini  funt  pcr- 
multi,  ut  in  aequatione  v?  —  2x^  —  lox'  +  30X*  +  63^ 

—  120  =  o,  cujus  ultimi  termini  divifores  32  funt,  nempe 
^  2,  3, 4,  5,  6,  »,  10,  12,  15,  20,  24,  3©,  40,  60,  120,  —  I, 

—  2,  &c«  hofce  omnes  tenure  taedio  foret.     Laboris  igitur 

minuendi  gratia,  primus  excogitavit  De  Beaune  methodum 
inveniendi  limites  inter  quos  confiflunt  radices,  quam 
poftca  perfccit  Newtonus.  Jam  enim  non  opus  erit  divifor^ 
tentare  nifi  qui  funt  inter  hos  limites» 
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De   LIMITIBUS    JEQUATIONUM. 


I  go.  I.  Radicum  affirmativarum  Itmttcs  invenire. 

Minuantur  radices  aequationis  datse  terminis  progrefilonis 
I,  2,  3,  &c.  fucceflive,  donee  omnes  novse  xquationis  ter- 
mini evadanc  affirmativi,  erunt  omnes  radices  hujus  nega- 
tivae,  adeoque  &  radices  dats  asquationis  fie  diminutse ; 
quarum  idcirco  decrementum  in  hoc  cafu  omnem  radicem 
kffirmativam  tranfcendet,  §  ^58,  five  crit  limes. 

Ut  fi  proponatur  sequado  x^  —  2x*  —  lox^  +  30X*  +  63JC 
—  110  =  0,  evadent  coefficicntcs  aequationes  novae,  per 
Reg.  %  157. 


Six  fie 

^  —  ax*—  lox^  +  3ox*+63x — 120 
5x*  —  Sx^  —  30X*  +  60X  +63 

lOX^ I2X*— 3OX+3O       ^       -       - 

lox* —  8x  — 10    -     -      -     «     - 


yx  —  2 
i    -    - 


I 

2 

-38 

+  46 

+  90 

+  79 

—   a 

+    2 

—   8 

+  14 

+    3 

+    8 

+    I 

+    I 

3&C. 


Quoniam  igitur  fubflituendo  i  pro  x  coefficientes  aliquae 
prodeunt  negadvae,  nimirum  uldma  =  —  38,  qnarta 
=  —  2,terda  =  —  8,  limes  crit  major  quam  i ;  at  fubftitu* 
tndo  2  pro  x,  prodcmit  omnes  affirmadvae,  imde  erit  2 
major  quam  radicmn  affirmadvanmi  maxima.    £t  hie  ob- 


/ 
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fervandum  eft,  quod  fi  coefficiens  aliqua  evaferit  iieg&tiva 
rcliquarum  valores  invenirc  non  neceflc  erit*  Sic  in  hoc 
exemplo,  fi  fcribatur  i  pro  ar,  prodit  tcrtia  coefficiens 
io;c^  —  Sx  —  10  =  —  S  negativa,   adeoque  operationem 

ulterius  profequi  non  necefTe  erit.  Sxpe  quidem  fufficicjt  fi 
feligamus  coefficientem  aliquam  ubi  termini  neg?ltivi  ma- 
xime  praevalerc  videntur,  reliquis  omiffis. 

191.  Atque  ideo,  fi  termini  duo  plurefve  primi  sequa- 
tionis  propofitae  fint  affirmativi,  non  necefle  erit  omnes  co- 
efficientes  novae  aequationis  eruere ;  fifti  poteft  operatio, 
ubi  ad  coefficientem  aliquam  pervenitur  cujus  termini 
omnes  fimt  affirmativi  praeter  ultimum.  Sic  habita  aequa* 
tione  x^  +  ^x^  +  5X*  —  jx^  +  gx^  —  iix^  +  i^x  —  15 
=:  o,  coefficientes  novae  aequationis  evadent 

yx^  +  i8x*  +  25X*  —  a8x^  +  27^*  —  22x    +  13 
2ix^  +  45X*  +  50x^  —  42X*  +  tyx  —  11 
^^x^ .+  6ox^  +  50X*  —  iSx    +9.  , 

35^'  +  45^*  +  «5*  ^  7 
&c.  &c. 

Inventis  autem  his  quinque  coefficientibus  ultimis  squa«; 
tionis  novae,  operationem  ultra  continuare  non  opus,  cunxr 
coefficientis  prpxime  infequentis  21**  +  i8x.+  5,  necnon* 
reliquarum  deinceps,  termini  omnes  funt  affirmativi.   . 

192*  11.  RoMcum  negativarum  limitcs  invenire^   . 

Augeantur  radices  dataJ  aequatioiiis,  &c,  donee  terminL 
alterni  tantum  evadant  aegativii  enmt  omnes  radices,  data^ 
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^quationis  fie  au<5lse,  afBrmativas ;   quanim  idcirco  aug- 
mentum,  &c.  eric  radicum  ncgativarum  limes. 

Vel  quod  perinde  ejl^  mutentur  figna  tcrminorum  alterno- 
rum,  &  iiiveniacur  per  praced.  limes  radicum  afErmativa- 
rum  aequationis  refultantis,  hie  enim  mutato  figno  limes 
crit  radicum  negati varum  datae  aequationis. 

Sic  mutatis  fignis  terminorum  alternorum,  coeflScicntes 
aequationis  propofitae  evadent 

x^  +    ixi^  —  \ox^  —  30X*  +  63>:  +  120 
5^:*  +    Sat'  —  30^^ ' —  6o;tf    +  63 
lox^  +  I2X*  —  2fix  —  30 
lo;^^  +    8x  —  10 
&c. 

Ex  his  feligo  cocfficlentem  alrquam  ubi  termini  negativi 
maxime  prscvalere  videntur,  puta  $x^  +  Sx^  —  30X*  —  6ox 
+  63,  &  hie  fubftituendo  pro  x  numeros  i,  &  2,  prodeunt 
numeri  negati vi  —  14  &-^  33  refpedive.  Unde  limes  erit 
major  quam  —  2.  Subftituendo  autem  numerum  3  pro- 
dit  numenis  affirmativus  234.  Et  fimiliter  in  caeteris  co- 
effieientibus  fubftituendo  numerum  3  pro  x  prodit  femper 
numerus  affirmativus.  Id  quod  ex  inipe<5lione  ibia  colli- 
gcre  licet.  Quare  numerus  —  3  tranfcendit  omnes  radices 
negativas.  At  que  ita  habentur  li  mites  2  &  — '  3  inter  quos 
radices  omnes  asquationis  propofitae  confiftunt.  Jam  enim 
non  opus  erit  diviibres  termini  ultimi  120  tentare,  nifi  qui 
liint  inter  hos  limites,  nimirum  divifores  i,  —  i^  &  —  2. 
Sed  horum  nullus  radix  eft,  unde  certum  eft  aequationem 
jGLon  habere  radicem  nifi  quae  fit  fiirda. 
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193,  Haec  limitum  invcntio  ufui  erit  in  redudlione 
aeqjUatiomim  quarum  radices  inter  anguftos  limites  conclu- 
dantur,  feu  fint  parum  insequales  inter  fe.  Quod  fi  radi- 
cum  una  ad  maximum  t5erihini  ultimi  diviforem  accedat, 
altera  ad.  minimum,  fa£teres  complures  uldmi  termini 
inter  igSM  limitKs  confil^re  poflunt ;  quo  in  cafu,  parum 
fubfidii  ad  laborem  operationis  minuendum  conferet  hxc 
methodu«.* 

Aliam  methodum  feligendi  divifores  ultimi  termini 
ad  aequationem  dividendam  idoneos,  Newtoniand  in  praxi 
faepe  comthodiorem.  aiynngerc  libet:  Hujua  invcntorem 
ivLiGk-Wa^aaacr  refert  ScbooUriy  Com.  in  Geom.  Cartes^  lib.  3. 
/.  307.   Edit.  1659. 

194*  Minuantur  r^dic^'oquationis  propofiUernumero  quodam 
dato^  put  a  unitate  (unit^item,  vel  denarium  ad  id  afliimere 
commodiffimtun  erit)  ^  radices  ctqudtionis  nova  unitate  mi-' 
norer-evadpnt^^adipbift  dfa^%  iPein  aug^mtuir  unitate  divifores 
ultimi Jermini  nova  aquationisy  "iS  Ji  horutn  atiqui  Jic  au£fi  inter 
divifores  UrminifdtHni  dataaquationis  reperiantur^  talium  pra 
xattris  ihaUo^  babBfubxieJk  Eiirarfits^ ,  augfuntxtr  smitate  raS^es^ 
yjr^  dfia^mnuAntfiK  uuiSflte^diviJores^  ^c.  Secunda  hac  ope- 
ratio  plures  adbuc  divifores  fuperjtuos  refecahit ;  &f  aliquando 
omne^  tfX/Stf  ^u6i  nimirum  radices  nuJk»,Jirtt  rationales, 

Sk  in.  aeqwtiQj»p-j¥^*r***^-7  3P«*-+  7^  =  o>  fubfUtu- 
endot^i  t.  proixv  fi^t  ultittuir  tcirilQj^  aavas  a^uationis 
+  42,  ejufqtki^'diViferes^-nempe*  ij  i',  3,  6;  7;  144  21,42, 
—  H^^^  flee;  iMMaftr  aadx:  evadent'  2^  3;  4,  7,  8,  15, 

22,  43,.o,  --^  i;i'^^^'Ti}^^-Si--r^^i  &c.    Quibuis  collatis 
cunpi  iifi^il^  dataB72^  nempe 

^  " ^     ■  H  h 


I,  2,  3,  4,  6,  8,  9,  12,  i8,  24,  36,  72,  —  I,  —  2,  &c. 
utrinque  deprehendentur  2,  3,  4,  8,  —  i,  —  2,  —  6. 
Ec  rurfus,  fubftitucndo  —  i  pro  x,  fiet  ultimus  terminus 
novx  aequationis  +  100,  ejufque  divifores  nempe,  i,  2,  4, 
5,  10,  20,  25,  50,  100,  —  I,  —  2,  — 4,  &c.  imitate  di- 
rninuti  evadent,  i,  3',  4',  9,  &c.  —  2',  —  Zy""^  5'^  —  ^> 
&c.  quorum  +3,  +4,  —  2,  —  6,  cum  radicibus  per 
praecedentem  operationem  refervatis  confeatiunt :  ergo  ul- 
timi  termini  divifores  fimplices  tentandi,  funt  +3^+4, 

—  2  &  —  6,  vel  aequationis  divifores  compoiiti  of  —  3, 
X  —  4,  &c.  unde  prodeunt  radices  +  3,  +4,  &  ^—  6* 

Sic  quoque  in  aequatione  praecedente  ^  —  ix^  &c.  * —  120 
=  o  fubftituendo  +  i  pro  x^  fit  ultimus  terminus  novae 
aequationis  —  38,  ejufque  divifores,    1,  2,   19,  38,  —  i, 

—  2,  &c.  unitate  audi  evadent  2,  3,  20,  39,  —  i,  —  18, 

—  37,  quorum  2^  3,  20,^ —  I  tantum  in'ter  divifores  ul- 
timi  termini  120  reperiuntur.     Et  rurfus,  fubftituendo  —  i 

pro  ^,  prodit,  &c.  —  146,  ejufque  divifores  i,  2,  73,  146, 

—  I,  —  2,  &c.  unitate  diminuti  evadunt  i,  72,  145,  —  2, 

—  3,  &c.  omncs  nimirum  a  diviforibus  per  praecedcn- 
tem  operationem  refervatis  diverfi :  unde  coUigitur  a^qua** 
tionem  nuUam  foftiri  radicem  ni£l  quas  fit  iurda. 

Divifores  ttltimi  termini  datae  acquattoius  per  }\ancxegu- 
1am  rejeSlos^  inter  radices  datae  jgeiqiiatiQiiis  c.enferi  non 
pofle  ex  eo  conftat,  quod  fi  fin^antur  radices  ditc  datae 
aequationis,  unitate  audae' vel  diininutae  deberent  effc  ex 


[17^  ] 
diviforibus  ultimi  termini  nova?  acquationis,  contra  hypo- 
thefin.  Ex  diviforibus  quoque  refervatis^  raro  omnes  mu- 
nere  radicum  fungentur,  verum  divifores  hujufmodi  inu- 
tiles,  ex  operatione  iterata  minuendi  radices,  &c.  dcpre- 
hendi  poflint. 


De   inventione   divisorum   compositorum 
jequationis. 

195.  Ex  hac  Waejfanacri  methodo  feligendi  divifores  ul* 
timi  termini  aequationis  datae  quorum  prae  casteris  ratio  ha- 
benda  eft,^  deduxiffe  videtur  Newtonus  Rcgulam  praeclaram 
pro  inventione  divifqrum  compojitorum  unius  dimenfunis.  Quam 
fie  iaveftigare  licet, 

Finge  ax  '\'  b  diviforem  effe  aequationis  p^     +  qx 

+  rx  ~  &c,+»=o,\ibi  tf,  iy  /,  y,  &c.  defignant  numcros 

integros.  Neccffc  eft  diviforis  partem  priorem  ax^  atque 
idcirco  qoeflSicientem  ejus  a^  efle  diviforem  numeralem  al- 

tiflimi  termini /^  ;  itemque  partem  pofteriorem  ^  efle  di- 
viforem ultimi  termini  u  :  nam  ii  non,  ax  +  i  totius  asqua- 
tionis  non  foret  divifor.  Subftitue  jam  pro  x  figillatim  tres 
vel  plures  terminos  progreflionis  arithmetical  decrefcentis 
3^  2,  I,  o»  —  1 9  &c*  ec  erunt  valores  refultantes 

Hha 


[     »7*    ] 


9C 

//  + 

n 

+  r;c           &c. 

+  u 

ax  +  b 

2 

«.          n- 
-      2.p+2 

-1                     H- 

q  +  2 

"■  V  &c. 

+  u 

na  +  t 

I 

-         P 

+  9 

+  r  &c. 

+  u 

a  +  i 

O 

* 

* 

* 

+  u 

*  +  t 

—  I 

-      +P 

±9 

+  r  &c. 

+  u 

—  a  +  b 

&c. 

&c. 

&c. 

ubi  obfervaiidum  eft,  quod  divifbris  valores  refultantes 
la  +  b^  a  +  b^  +  b^  &c.  conftitucnt  alteram  progreffionem 
arithmeticam  communi  differentia  a  decrefcentem,  cujus 
terminus  quifquc  erit  divifor  valoris  correfpondentis  ex 
fubftitutione  cjufdem  numeri  pro  x  in  scquatione  data  re- 
fultantis  ;  adeoque  terminus  b  e  regione  zero,  divifor  erit 
valoris  correfpondentis  u/,  affirmative  ponendus  fi  defcendat 
feries  divifonim,  negative  fi  afcendat,  utpote  in  progrcffi- 
one  decrefcentc  conftitutus,  Hinc  elicitur  regula  infe- 
quens. 

196.  In  aquatione  propojiti  pro  X  fubjiitue  Jigillatim  tres  vcl 

plurts  ttrmnos progreJJiQfds  arithmetical  3,  a,  i^  -o^  — -  i,  <sflr. 

ac  valores  totiaem  refultanjtes  una  cum  omnibus  fuis  divifpribus 

tarn  affirmativis  quam  ttegativis^  Jlatue  e  regione  correjponden- 

iium^  tetmiftonmipnpgr^bnis.     Dtin  e  regione  ttiam  Jlalue  pro- 

gr^H^es  ^riH^meiieas  decrefcentes  tptee  per  xmtntm  ntmerorum 

divifores  ptrcurrwnt^  ^  ifuarum  termini  differuht  vel  unitste^ 

vel  numero  aliquo  qui  dividit  altiffimum  terminum  propofita  etqua- 

tionis.     Si  qua  occurrit  ejujinodi  progrej/to^  ifie  terminus  ejus  qui 

fiat  e  regione  zero  in  progrejjione  prima^  cum  Jigno  fuo  annexus 

quantitati  incognitas  x  in  communem  differentiam  terminorum  duc^ 

ta^  componet  quantitatem  per  quam  divifio  tentanda  e/i^ 


I  ^73  1 
Ut  fi  flgquatio  fit  ^^  —  ^  —  lo;^  +  6  ==  ^,  pro  9c  fob- 
ftituendo  figillathn  tcrmilios  progrcffioilis  i,  o,  —  i,  ori- 
entur  numeri  —  4,  +  6,  +14,  quos  cum  omnibus  eorum 
diviforibus  colloca  e  regione  termlnorum  progreffionis,  hoC 
modo. 


Diviroret  Profr.  v. 


x-ss  <      o >  ^^ — X* — iox  +  6 


Dein  quoniam  altiffimus  terminus  x^  per  nullum  nume- 
rum  praeter  unitatem  divifibilis  eft,  qusere  in  diviforibus 
progrcffionem  decrefcentem  cujus  termini  differunt  unitate, 
&  hujufmodi  progreflionis  unice  tefultantis  4,  3,  2,  feligc 
terminum  +  3,  qui  ftat  e  regione  zero  in  progreffione  pri- 
ma, &  divifionem  tenta  per  ^  +  3,  tmdc  prodibit  x*  —  4* 
+  2  =  0  cujus  radices  funt  2  +  vT.  Adeoquc  tres  ra- 
dices funt  —  3^  2  +  v'r,  2  —  y/T* 

Et  rurfus  fi  aequatio  fit  254?*  +  iiok^  **-•  i6ik^  ••—  vg64t 
+  I44:i=:t>^  ^94,  crit 

«>2,3,4,6,&c.  >+3+3&c.-^tftt. 

i*a,3,4,6,&c.J  +2 — a&c. — 3&C. 

&c.  '^  •  8div  ■  ''"^ 

£i  his  progreifioiiito  tres  feligirnfur  dlvilbrfes  tent^^di, 
iuccedit^  ct  quotientem  dat  25*^  +  i6ox*  +  159X  —  72  =:o* 


[     »74    3 
Atque  ita  fi  aequatio  fit  24*'- —  goa*  +  49<?*  —  i/^oa* 
.+  64a;  +  .30  =  o,  operatto  erit  ut  fequicur. 


+  j 

r  +  i 


L— iJ 


f  4O 


►  245^ — 50^j*&c.=  ^ 


23 


J>  2,  3,  6,  7,    &c. 
I,  23> 

'>3>9>">27,&c. 


+3+3+7 

+  I—  I  +  X 

-I— s-s 

_3„9_i, 


Trea  occurrunt  hie  progrefliones  quae  tres  dant  divifores 
tentandos  2a  —  1,4^  —  5i  &  6^  —  5,  quorum  ultimus 
folus  fuccedit,  prodeunte  4^*  —  5^'  +  4^*  — r  20a  —  6  =  0. 

Atque  hie  obfervandutn,  quod  progreffionem  2,  1,  o, 
—  I,  &e.  eontinuando,  faeilius  detegentur  divifores  inutiles. 
Sic  in  exemplo  noviflimo,  fi  quintus  accedat  terminus  pro- 
grcffionis  fubftituendo  — ;  2  pro  <a,  prodit  —  2618,  cujus  ex 
(Uviforibus  I,  2,  7,  1 1^  i7,&c.  —  17  ultimam  progreffionem 
J7,  I,  —  5,  —  II,  continuabit,  caeteris  interruptis.  - 

igS.  Si  nullus  occurrit  hac  methodo  divifor,  vel  nuUus 
qui  dividit  propofitam  sequationem,  concludendum  cHt 
Qcquationem  illam  non  admittere  diviforem  t^ftius  dimetiii* 
onis.  Potcft  tamen  fortafle,  fi  plurlum  fi,t  quam  triuuvdi- 
menlionum,  diviforem  admittere  duarutn.  Et  fi  ita,  divifor 
iUe  eruetur  ope  methodi  infequentis,  quam  fie  inveiftigare 
liceL 


Finge  ^x*  +  ^x  +  r  diviforem  efle   aequadonis  pf 
+  yx  ~    &c.   +  »  =  o.    Neceffe  eft  ut  a  fit  divifor  nu- 
tneralis  teimim  altiffimi  /x^,  aliter  enim  tocam  aequati^ 


[     '75    ] 
nem  noa  divideret.*    Subftitue  jam  figilladm  pro  x  quatuor 
▼el  plures  terminos  progrefQonis  arithmetical  3,  a,   i,  q, 
—  I,  —  2,  et  erunt  valores  refultantes 

X    px    -{- qx  +  rx         +&c. +1/         ax^  +  bx  +  c 


3     ZP  -^  $        7+3        r  +  &c.  +  1^  9^  +  3*  +  ^ 

»,  n — I  n  —  2  rt 

2       2/^+2  y+2  r  +  &C.  +  IT  4il  +  2^  +  ^ 

I        p  +  q+  r  +  &c.  +  ir  a  +    b  +  c 

o        *  *  *      &c.  + »  *         *  +  c 

—I     HP/d-  y+  r+&c. +1^  tf — •    b -^  c- 

— 2     +2/+ 2        J' +2         r+&c. +  1/         4a  —  2b  +  c 

Ubi  obfcrvandum  eft,  quod  fi  de  valoribus  facceffivis  di-  • 
viforis  generalis  fubducantur  primi  horum  termini  qa^  /^^\  . 
tf,  &c.  refpedlive,  refidua  3^  +  r,  2^  +  r,  3  +  r,  &c.  con*. 

ftituent  alteram  progreflionem  arithmeticam  cujns   diffe-. 
rentia  communis  eft  3,  &  cujus  terminus  c  e  regione  zerd  ^ 
in  progrefSone  prima  erit  ex  diviibribus  termini  correipon- 
dentis  u.     Unde  elicitur  regula  infequens. 

198.  In  aquattone  propojita  fubftituc pro  x,  quatuor  vd plures 
terminos  progreffionis  bujus  3,  2,  1,  o,  —  i,  r—  2y^'de  di^ 
viforibus  omnibus  numerorum  rtjultantium  tarn  qffirmativis  quam « 
negativisj  fuhduc  quadrata  correfpondentium  terminorum  pro--  • 
grejjionis  illius^  indiviforem  aliquenL^numeralem  termini  altiffimi^ 
aquationis  duEla  ;  fef  rejidua  propriis  cum  Jignis  e  regione  pro- » 
gr^onis  colloea.  .  Dein  progrejiones  omnes  collaterales  tarn  dre-^  i 
Jcentes  quam  decrefcentes  nota  qua  per  i/la  refidua  percurrunt.     Et  ^ 


t    ».7<5    J 

fnH\^P^fi^itif<i^^^^^'^(^  €iffuj prifm  termini 

co^cifnji  €ji,prM&&m  dimfer  nufMratfs^  tfrmim  altifimi  ;/ec»ndi 
eoefficiens^  differentia  commums.progreffionis  ilHui  ci>ilateraUs  cum 
Jigno  affirpiativo  Ji  decrefcat  progrej/ioy  negativo  Ji  crefcat ;  55* 
e  tertim^  terminus^  ijie  pro^rejji&nis  coUatercdii  terminus  qui  fiat 
regione  %ero  in  progrejjtone  prima, 

Invenietur  autem  differentia  communis ^  fubducendo  terminum 
ifliufmodi  progrejjionis  e  regione  zero  in  progrejftone  prima^  de 
terminos  yufdem  progreffwnis  proxime  fuperiorCy  eritque  differentia 
qffirmattva  out  negativa  prouf  progrejjio  decrefcat  vel  crefcat. 

Ut  fi  sequatio  pr<)pofita  fit  x^  —  x'  —  5X*  +  \^x  —  6 
==  q,  {jabftituendo  pro j^,.  fucceflive  3,,  a^  1,0,  —  i,.  —  a» 
numeros  prodeuntes  39,  6,  i,  —  6,  — .  2x,  — 26^  una 
cum»  eorum  dtviforibus  tarn  affirmativis  quam  negativis  Cc 
diif)onc         .y^,.-^        '  ^^  • 


3 

1 

o 


19 
6 


1^' 


— aj— ►£€;!,  2,13, 26,--'i, — 2,&C, 


— 8, — 6,4,30, — io,-^i2,&C£  +4 — 6 

N  -  2>.   3»  6>— ii~3,$tc-, 
c,     l>   .6,20,-r^^— 4,&c.    .-.^ 
— 3>— 2»    9>22i— 5>— 6,&c:|— 61  +  9 


.— ^41+6 


uT;' 


^^B!cijEi'4e  Hb-$vlfforibU«  ilgitlatlm  fubdue  quadrata  ter- 
^ximOTTim  pra^pklk)md  ¥^ttAaB^'<^       ia<livirerem  aiiab^ra'^ 
lan^tenfi^ni  x^^  iquiunimt^eft,  v«.  teirmisosf 9,  4,  fj^^  i, 
,^|^i^^ip|;c^         termini  x-si  8^ .  —  6,  $cc.  —  3^^^-  2,  &c,  , 
.^laO^pariter-di^^  duas  praebcnt  pl-ogreffipnes 


'^. 


^i^' 


V:>» 
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«col^terales,      Unde  procjeunt  dtviforea  tentandi  k*  +  2;v 
—  2  &  X*  —  3^  +  39  per  quorum  utrumque  res  fucccdit, 
"At  fadloris  x*  +  ax*  ^^  2  =  o  radices  funt  —  i  +  v/— 35 

irratioftalcs,  et  fadtoris  a:*  —  3;^  +  3=0  radices — ^    •  '^-^ 

font  impoffibiles.     Haec  regula  igitur  aliquando  utilis  erit 
in  radicibus  aequationum  furdis  &  impoffibilibus  erviendis. 

199.  Si  nnllus  inTcniri  poteft  hoc  padlo  divifor  qui  fuc- 
cedit,  concludendum  eft  asquationem  propofitam  non  ad- 
mittere  diviforem  duarum  dimenfionum.  Hinc  quoque 
concludere  licet,  asquationem  non  admittere  diviforem 
trium  dimenfionum,  fi  modo  quintum  non  tranfcendat  gra- 
dum.  Sin  aequatio  ad  fcxtum  gradum  aut  ultra  afTurgat, 
poteft  forfan  nullum  admittere  diviforem  nifi  qui  fit  trium 
pluriumve  dimenfionum.  Poflet  quidem  eadem  methodus 
extendi  ad  inventionem  hujufmodi  diviforum  quaerendo 
in  prasdi(5lis  refiduis,  progreffiones  non  arithmeticas,  fed 
alias  quafdam  quarum  terminorum  differentiae  primas, 
fecundae,  tertiae,  &c.  funt  in  arithmetica  progreflione: 
at  in  liis  tyro  non  eft  detinendus.  Siquis  tamen  haec 
defiderat,  adeat  M^Laurin^  Algeb.  Part.  11.    §  70. 

Db    inventione    divisorum    ^quationum    literal 
lium  quarum  termini  sunt  homogenei. 

aoo.    Proponatur  aequatio   ^  —  n*  ""     —  $a*oc  "" 

+  iia^tt  ^      &c.  —  ^  =:  o.    Et  fi  dividantur  radices 

I  i 


C   178  ] 

ft  ft  ""^  1 

hujus  per  ay  fubftituendo  ay  pro  x  cmerget  y  --^  y 

—  Sy^"^^  +  i2y^~    &c.  —  6  =  0.     Deindc  per  regulas 
praecedentes  quaere  hujus  diviforem,  &  reflituendo  in  divi- 

fore   prodeunte  —  pro  jf,  &  tollendo  fradlioncs,  habebitur 

datae  aequationis  divifor.     Hinc  clicitur  rcgula  infequens. 

201.  Ubi  in  aquatione  propojita  dua  funt  Uttra^  &f  (mncs 
ejus  termini  ad  dimenjiones  aque  alias  afccndunt ;  pro  una  i/la- 
rum  liter  arum  pone  unitatem^  dein  per  regulas  pracedentes  quare 
diviforem^  ac  diviforis  hujus  cample  dejtcientes  dimenjiones  re/iitU" 
endo  literam  illam  pro  unitate. 

Ut  fi  aequatio  fit  6x*  —  ax^  —  2  la^x^  +  ^a^x  +  2oa^  =  o 
ponendo  i  pro^,  evadit  6x^  —  ic^  —  aijif*  +  3^  +  jso  =  o, 
cujus  enietur  divifor  3X  +  4,  &  compkta  deficiente  di- 
menfione  pofterioris  termini  per  dimenfionem  a^  fit  3^  +  4/1 
divifor  quaefitus.  Ita  fi  sequatio  fit  x^  —  bx^  —  ^b*x* 
+  I  ib^x  —  6^*  =  o  jpofito  I  pro  b^  &  sequationis  reful- 
tantis  x^  —  x^  —  jx*  +  I2>f  —  6=0  invcnto  divifore 
X*  +  2x  —  2,  completis  ejus  deficientibus  dimenfionibus 
per  dimenfiones  5,    habebitur   divifOr  quasfitus  x^  +  2ix 

—  2b\ 

Poflet  eadem  methodus  extendi  ad  inventionem  divifo- 
rumxibi  in  Rquatione  propofit^  tree  vel  pSures  fnnt  Ktcrae, 
idque  five  termini  fint  xquialti  five  non ;  ce&terum  hifce 
%i<m  eft  ^mttioranditm.  Conftflat  leftor  iLorum  ftudiofus 
Clairauty  -^i^^i^*  4ta  edit.  1^)6%^  p.  184,  &c. 


[    ^79    ] 

De    HESOLUTIONE    JEQITATIONUM     DUAS     PLURRSVE     RA- 
DICES   INTER    SE    JEQUALES    HABENTIUM. 

202.  Ubi  cx  §  183,  vel  aliunde  compertum  eft  aequati- 
onem  btnas  plurefve  radices  asquales  fortiri,  conferendo 
hanc  cum  aequatione  dimenfionis  inferioris  inde  elicienda, 
per  §  185,  facile  inveiiiri  pot^ft  valor  unius  radicum  aequa- 
Hum. 

203.  Ut  fi  propon^tar  sequatio  cubica  x^  -^  px*  +  qx 
—  r  =:  O9  dqas  habeas  radices  inter  fe  asquales,  inde  eli- 

cictur  per  §  185,  aequai[io  .quadratica  3X* ipx  +  y  =  o, 

radicexxi  hahens  unam  radicum  aequjaliunu  Gollatis  autem 
hifce  sequationibus  inter  ft,  per  R&o.  §  70,  refukabit  q\ia- 
dratica./x*  — *  zqx  +  jr  ==  o,  et  ^uadraticis  iterum  coUatis, 

reliiltabit  fimplex  aeq.  (:^*  —  6q)  x -r^pq  +  ^rz=:o^  undc 

Hunc  Talorem  x  unam  radicum  aequalium  exponere,  per 
compofitionem  A^iiationunii  ico^iftabit.    Sint  enim  radices 

Cy  ay  by  tntp  ;=  2a  +  hy^  rs^a* H- .-flWJr&-^'^  ^^«  Adeo- 
que  hU  fubfUtuti..  prodlt  i=-to|  =  t-t^ +^ 

Ii2 
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=  — ^  ==  2.     Adcoque  dividendo  aequationcm  datam  per 

{x  —  2)^   eruetur  quotiens  ^  +  9  =  0.     Ergo  tertia  radix 
erit  —  9.     Habita  quoque  asquatione  x^  —  ix  —  i  =  o, 

erit  X  =•  ^^^  =  ~TT^  =  —  «•     Adeoquc  tertia  radix  +  i. 

204.  Si  proponatur  aequatio  biqiiadratica.  x*  — px^ 
+  qx^  —  rx  +  /  =  o,  duas  habens  radices  realcs,  harum 
una  erit  radix  aequationis  cubical  4x'  — ^  ^px^  +  2qx  —  r 
=  o.  Et  coUatis  his  asquationibus^  emerget  cubica  px^ 
—  2qx^  +  yx  —  4/  =  o.  Et  collatis  cubicis,  emerget 
quadratica  (3^*  "^  8y)  x^  +  (i2r  —  2pq)  x  +  pr  ^-  i6s 
=  o,  feu  abbreviandi  gratia.  Ax*  +  Bx  +  C  =  o.  Et 
collatis  iterum  cubicis,  per  Reg.  §  73,  emerget  altera  qua- 
dratica {pr  —  16/)  X*  +  {i2ps  —  2qr)  x  +  y^  —  ^qs  =  o, 
feu  Cx*  +  Dx  +  E  =  o.     Dein  collatis  quadraticis,  emer- 

get  (AD  —  BC)  X  +  AE  —  C*  =  o,  adeoque  x  =  ^g^riC* 

Reftitutis  autem  valoribus  A,  B,  C,  &c.  prodit 

X  =:  »^g^  —  ^P^r^  -^  ^rs  +  6qr^  ~  l6g^j  +  e^s^       ^^j^^^ 

autem  termino  fecundo  aequatioiiig,  erit  x  =  — Ta^r+A^rr 
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Sic  Kabita  aequatioxxe  x* —  ii;^*  +  i8x  —  8  =  o,  ftatu- 
endo  q  =  —  ii,    /•  =  —  i8,    /  =  —  8,    prodit 
,.,_■  --(97^  —  704)  It  +  2048,       —900  t:*   J-   • 

*  -  —z.j;jr^r^Tj6~  «=  ^^  =  +  I-  Et  dxvi- 

dendo  aequationem  per  {x  —  i)*  prodit  quotiens  x^  +  2x 

—  8  =  0,  cujus  redudlio  dabic   rcliquas  radices  +  2   & 

—  4- 

Si  tres  biquadraticae  radices  fint  inter  fe  aequales,  harum 
duae  erunt  radices  aequationis  cubicae  /^^  —  j^x*  +  2qx 

—  r  =  o,    et  una,    quadraticae   6x^  —  ^px  +  y  =  o.     Et 

his    coUatis,    eruetur    x  =  -V—^^-     Ut  fi   aequatio  fit 

x^  —  x^  —  :ix*  +  s^  —  2  =  o,  erit  x  =  "^+^4  =  +  ^ 

adeoque  dividendo  per  {x —  i)^  eruetur  quotiens  x  +  2^=0^ 
adeoque  quarta  radix  erit  —  2. 

lifdem  veftigiis  infiftendo  valores  radicum  aequalium,  & 
inde  reliquarum,  in  aequationibus  dimenfionum  fuperio- 
rum  eruere  licet. 

205.  Ma<ftenus  redtid^iohem  aequationum  tradidimu^ 
quae  rationales  divifores  admittant.  Deficientibus  autem 
hujufmodi  diviforibus,  aliquando  rcddci  poteft  aequatio 
quatuor,  fez  auc  plurium  dimenfionum^  per  fiirdum  ali- 
quem  divifbrem.  Methodum  quidem  tales  divifores  inve- 
niendi  tradit  Newtonusy  quaerendo  nimirum  quantitatem 
aliqaam  complexam  quae  quadratum  utriufque  partis  aequa* 
donia  propofitae  compleat,  qua  addita,  per  extra<5tionem 


[       l82      ] 

furdre  radicis  quadritticae  utfobique  res  fuCccdit.  Has  au* 
tem  redu(5liones  pfsetereo,  quarum  utpote  rare  poflibilixim^ 
perexiguus  fit  uCus,  ipfo  fatente  Newtono^  "  qui  rei  polTi- 
**  bilioi'fein  ipatius  quarh  praxim  commodiffimam  voluerit 
"  exponere."  De  his  confulendus  eft  M^'Liuirin^  &c.  et 
prxcipiie  Sirtrpfotfj  Mdtbeinatkal  TraSis. 

Hanc  analyfeos  partem  hand  minore  ftiidio  excoluilTe 
videtur  iyibnit%^  Newtoni  aemulus,  licet  meditationes  ejvis 
in  iucem  non  prodierunt.  In  epiftolis  fuis  ad  Oldenburg^ 
an.  1676,  ita  fcribit. 

"  De  aiquatibnum  tadkibtis  furdis  generalibus  inveni- 
**  endis,  fiVe  quod  idem  ell,  tollendis  aeqUationum  potef- 
"  tatibus  intermediis,  multa  &  ego  meditatus  fum  ;  & 
"  jarii  vdre  arini  fupetioris  fpecimina  Hugenio  communica- 
"  veram  regularum  Cardankis  fimilium,  Seriem  enim  ha- 
"  bebam  ejufmodi  regulaiiim  in  infinitum  euntem,  in 
"  quibus  &  Cardanica  continebatur.  Sed  ultra  gradum 
*'  cubicum  hdn  efailt  gencralcs.  Perfpexi  taraen  indc  rae- 
"  thodum  veram  progrediendi  lohgius.— ^— Sed  fiquis  la-» 
**  borem  non  fubterfugerec,  eum  docere  poflum  methodum 
^^  analytieam  gen^t*alem  iiifallibileft),  per  qviam  omnium 
^^  a&quatio&um  radicias  getieraks  iav«nire  liccret/'  Vide 
Commerc.  EpiJIol.  N*  53. 

Merito  tamen  dubitare  licet,  annon  promifia  tarn  in- 
geatiia  o^tebfrriml  feriptoris  fiduciam  fefelliflleilty  iimodo 
calcuUs  iws  ulti^aum  mandm  imponere  volfierit.  Muka 
ebim-iaeunte  ^jUguIo  facllia  fore  fidimtu, '  qute  ttam^  la;^ 
fumpta  8c  prorfus  imp^bilia  arguct  matiura  inveftigado. 

Pergamiis  jam  aeqnationum  ctibicartim  &  biqtiadradca- 
rum  tefoltidones  gencraliorcs  d<^eret 
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Dx   RADICIB9S   iSQUATIONUM   CUBICAltVM* 

2o6.  Quo  melius  inftituatur  difquifitio  ile  radicum  cu- 
bicarum  natura,  commodum  erit  aBquatipapm  quanicunr 
que  cubicam,  delendo  terminum  fecundum,  ad  formam 
fimpliciorem  reducere  x^  *  .  gx  =z  .  r ;  ubi  variantibus  fig- 
xiis  ^  &  r,  quatuor  diflinguuntur  cafm,  quorun^  tre^ 
priores  tantum  (uf:  in  quadrati^is)  pro  legi^mis  habuq:iint 
analyftae  vetuftiores. 

I.  x^  +  qx=i  +  r 

II.  x^-rq^^^  +  r 

III.  A3.^i^:^-T-r 

IV.  x^  +  g9c=:  —  r. 

2QJ.  Defignante/,  primam  radicem  qyoquo  me^o  inT^^ 
nkixdain,  quae  femper  realis  wt,  4ividatur  aeqiiado  x^  +  yy 
*— /•  =z  o,  per  f a^^x^rem  fimpUcem  x  wr^ = o,  ^t  {^vBXk/sCc^nft 
refiduo  ^^  +  fq -^  r)  cmcrgit  quodcna  ^  •+•<(¥?+>*  +  f 
=  o.  Et  extradla  hujus  radicc  quadratica,  prodk  f  =c 
—  iP  ±  y'—  J/*  —  g.     ,£^^ationis  ^taque  x'  +  qx  :^  r^  tres 

JE/yiir  utiiverfaiiter  :  aquationis  x^  .  qt  =  r,^  unardSi^  jf/  J^ 
/r»«/  r^/r^ir  i p  +  %/— |p*.  q,  «*/  i  p  fcf  q  r«r;w  V^mV  mu- 
tatis^ fed  i}^^  femper  negative  ponendum.     Sunt  igitur  dua 


poftcriores  radices  femper  impoffibiles  ubi  q  in  data  aequa- 
tione  affirmativotm  eft,  adeoquc  v/—  |/**-y  quantitas  im- 
poflibilis  ;  aut  ubi  q  negativum  eft  &  fimul  minus  quam 
i-^*,  adeoqi^e  ^/—  ^p*  +  q  impoffibilis :  at  ubi  g  negativum 
eft  ac  fimul  aequalc  aut  majus  quam  |^*,  funt  fimul  reales, 
aut  evanefcente,  •  aut  poflibili  jam  fa6la  \/—  ip^  +  q* 

Ibi  itaque  verfabitur  limes  radicum  realium  &  impoflibi- 
lium  ubi  q  in  data  aequatione  negativum  eft  &  aequari  pri- 
mum  incipit  ip^.  In  ipfo  autem  limite,  prodit  j ^  ^=  jT^i^ 
=  Up^.  Itemque  fubftituendo  ip^  pro  q  in  a^quationem 
pi  —  pq:=  .  ry  prodit  i/^  =  •  ^,  adeoque  ^|*  =  YfV 
=  ,'./.     Ergo,  ni^  =  Gv/>^  =)  f^i». 

Ubi  vero  q  in  data  aequatione  negativum  eft  ac  fimul 
•minus  quam  |^*,  prodit  jT^I^  minus  quam  j7*t'  ^<^^  quam 
ixp^.  Sed  in  hoc  cafii,  ^(=/'— ^y)  fit  majus  quam 
ip\  adeoque  jT-l*  majus  quam  Jp'f  it\x  quam  ijp^.  Ergo, 
cfortioriy  prodit  j^|'  ihinus  qiiam  Jrl*.  Contra  fi  ^  fit  ma- 
jus, &c. 

2(58.  Hinc  partim  ex  figno  quo  afiicitur  q  in  data  aequa- 
done,  partim  ex  magnitudine  ejus,  refpedlu  r,  innotefcit  gc-* 
nefis  radicum  realium  &  impofiibilium  in  aequatione 
«^* .  y^  ss  ,  r.    Nam  ubi  q  affirmativum  eft,  qualifi:unque 
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fit  ejus,  magnitiido,  femper  duac  e%  radicibus  aequationis 
funt  impoflxbiles  ;  idem  quoque  ftet,  ubi  y  negativum  eft 

&  ^-    fimul -miiius  quam  irK   'At  tibi  q  negativum  eft  & 

^  fimul  aequalc  aiit  majus  qnarri  ir^,  iimt  omnes  radices 

reales.     Sictit  alttmdc  collegimus,  §179,   183. 

* 
Hanc  methodum  deducendi  afiedliones  radicum  ^qua- 
tionum  cubicarum  termino  fecundo  carentium  immediate 
ex  ipfa  aequationum  ,natura,  fuggeflit  differtatio  viri  in 
hifce  vcrfatiflimi,  Hut/on^  on  Cubic  Equations ^  Eif  infinite 
Series  *• 


D«    RESOLtJTIONJS    -®QlJATlONtJM  jCUBICARUM. 

209.  Propcrtiatuf  aeqiiati6'  ciibica  cujus  fecundus  termi- 
nus deefty  x^  *  +  qx:=^r.  Ad  iumc  -enim  fonxiam  squflt* 
tiotiem  omncm  cubicam  reducipofle  conftat  ex  praeceden- 
tibus.  .ringer  dua$  iu  partes  ai^idc^  quarum  fit  major  jf 
&  minbr  %.  Et  fubftituendo  j^  +  3s  pro  x  iii  hac  acquarione, 
prodit  J^'  +  53*  +  ^jys;  ( jr  +  a;)  +  y  (jf  +  a)  =  r.  Fingc 
iterum  3^  ^quari  q  cum  figno  mutato,  et  terminis  ^' 
(f  +  »)  atque  f  {/  +  »)  hoc  padto  fc  deftraentibw,  mane- 

bit  y  +  z^  i=:  r,  five,  fubftituendo  ^~4"  pro  58J,   (ob  iJfz 


♦  Phil.  tranf.\xi*  1780^  ^.  387. 

Kk 
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=  —  y,  adeoque  z  =  ^)    crit  ^»  —  X   =  r,      feu 

yd  __  ^^,j  ^  £.  ^      Adeoque  per   redu<5lionem,   y  =  ir  +. 


2  =  \/:  ir  —  \/'—   +    ?-  *.      Et  fic  univerfuliter :   Si  Jit 

x'  .  qx  =  .  r,  erit  x  ==  \/7  4r   +   %/-  .  5L    +   y^T  |r   — 

4      *7 

^L  ^  i. ,    Ubi  ir  fef  --    /^(?;w  T^'^^-f  ^ r  r  Esf  q  in  aquation e 
prior e  affictendafunt^  fed  ir*  fimper  affirmative  ponendum. 

*  Hxc  formula  appellatur  Cardam  regula^  licet  inventionem  ejus  Sdpwm  Ferreo 
Bononienfi  tribuic  ipfe  Cardanui.  Difcipulo  Aio  jitUomo  M*  FlniJo  formulam 
tradidit  Ftrreus.  At  Florido  cum  ix^  certamen  TenifTet  cum  NicoLo  Tartalea 
BrixeUeniiy  occafionem  dedit  ut  Turkdea^  rem  dm  fecum  meditatU9  extuderit, 
caeteroTque  formulse  cafus  iimul  ioreoBrit:  et  ^dverikni  problematU  30  fpatio- 
duaram  horarum  (ut  ipfe  fcribU)  refolutis,  alia  vlcil&m  ifti  ofijecit  ex  cseteris 
caiibusy  quibas  folvendis  omnino  impar  erat.  Fermalam  ipfam  Cardmo  rogantr» 
multis  precibus  ezoratus  impertivit  Tartahap  fupprefsa  tameii  demoiiftratione» 
eumque  juramento  acli^rinxity  fe  banc  neutiquam  vulgaturum  nee  niA  cifris  com- 
Hifflunmi.  Verum  Cardanui  promifTorum  iftimemor,  hanc  public!  juris  fecit  in 
opere  quodam  Z)^  ^r/«  m4/««,  an.  1545*  Unde  ingens  controverfia  ezarfic,  re- 
damante  Tariaiea  fidem  fregifle  Cardanum,  regerente  Cardanbf  fe  regulam  novis 
inventis  audam  3c  demondratiQne  ixifuper  munitam^ .  qoafi  ^ ropriam  jure  edi- 
difley  necnon  fcrupulum  injiciente  an  Tartalea  inventum  fibi  rede  vindicaverit. 
Nee  eztin&e  funt  lites  nifi  cum  ipfo  Tartaltai  qui  an.  1557  obiit* 

Quanti  hanc  formulam  fecit  Cardamui,    ex  ipfius  verbis  conftabit.     **  Tem- 

<<  poribus  noftris  Scifio  Ferreui  Bononienfis  capitulum  cubi  Be  rerum  numero 

«<  aequalium  invenit.     Rem  fime  puichram  &  admirabilem,  cum  omnem  huma- 

*  '^nam  iubtilitatemi  omnis  ingenii  mortal!^  claritatcm  9x%  haec  longe  fnperet» 
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Invent!  prima  radlce  ^=:^+«,  innotefcent  reliquae.  Quo^ 
niam  enim  unitati  competit  radix  cubica  triplex,  nempCi 


**  donum  profefto  coelefte,  ezperimentum  autem  Tirtatit  imunonimy  atque  adea 
*'  Dludrc,  lit  qui  h«c  attigerit  nihil  non  iateUigere  pofle  fe  credat.**  Cardan* 
Opera.  Tom  IV,  p  222.  CarJanum  vero  fefellit  radices  reales,  in  Cafu  imdu^ 
cd'd't^  fub  fpecie  inipoOibili  adumbrari.    Primus  hoc  cxploratum  habuit  BomhtlUus. 

Hujus  regulz  hiftoriam  conclademus  com  verfibus  Italicis  quibus  primi  cafus 
folutionem  cxpofuit  TartaUa, 

^iando  che  il  cubo  con  le  cofe  apprejffi 
S'  agguaglia  a  qualche  numero  difcretOj 
Trovami  due  altri  differenti  in  ejfo 
Dapoi  terras  queflo  per  confueto 
Ch*  il  hr  produSofempre  ft  eguaU 
Al  terzo  cubo  delle  cofe  netio  ; 
El  rejiduo  poi  tuo  generate 
Belli  lor  lafi  ctibi  ben  foiiraiio 
Verra  la  tua  cofa  principale* 

Hofce  verfus  fic  iterpretari  licet. 

Quando  €uhus  cum  relia  adje6trs  sqQttnr  nUmero^  i.  c.  k^  -{- qx  sz  r»  inTeni* 
antur  duo  alii  numeri  [y  &  %)  quorum  differentia  fit  r»  Ac  prodndum  (jrs) 

cquale  cubo  tertix  partis  coefSdentis  rerum  (— )•    Bed  per  primam  conditio* 

nem,  prodit  rri-«  =  j&/-«-r  ±t  %t  adfoqa^  per  ftcoadam  cooditioaemv 

j^*  —  rjr  =s  ^,  ^per pedoaionem>  y,ss  U^l  -}.  ?!  +  **••    Itemque,  ns  +  «» 

:^  ^,  &  per  rtdiidioacin»  m  s^t/C!  4-  ?!  — i  r.    D^isdc  radicibus  *  &  •  cu-- . 

*7  4    T  *7  • 

K  k  a 


,,  Zlh^JI}y>ia^^t^J!^ ^    cbteeiiic  tripHci  cx- 
ponendae  furit  j'  &  js,  fcilicet 

—  r  +  ^/^r^      ;       _^  I  ^'V^*! 


— '— v^^,  —I  +  v^_ 


&  I  z,vel ^1 — -  z^  vel 


3 


Ubi  V—  3  contrariia  fignis  afEciendum  in  valoribus  corref- 
pondentibus  jr  &,  2,  ut  produ<ftuin  ex  his  in  unoquoque 

cafu  fit  jrz  ==  .^^^.     Quod  hoc  pa<5o  ita  fe  habec,  nam 

^1. ^  y   X  — r~ '-^ '  a  saw ^  ^  «=  J'*. 

Prodeunt  igitur  tres  radices,. 

I.  J'  +  2, 

—  I  +  v'  —  3       ,    —  I—  V  —  s 


3  ^ 
bke-cktra^s^  AfttMftAfi  ttftjoM radkccabica  a ]niiiore»  predic m feu «  ss  ^1 

y^^    L.  ?!+§r— ^Ty^l  +  ?l^i»*»  fca  quod codam  radk,  as  ^T  « 

4  17  4  27 

3  ^ 


4  47  *  *7 

Vol,  I,  p.  480.    £t  Z#rr«  Dt  Gwa.  Mm.  A  FA^  «k  1 741* 


_ ^ +         ^—  V-  3  —        -i-  a    '^     3 

Ubi  obfervandum  eft,  quod  fi  y  fit  negativum  &  |-    fimul 

aequale    ir%    evanefcente    V""-  --  -  fiet   tarn  y   quam  z 

=  VT  ir,  adeoque  prima  radix  _y  +  z==  a  Vj^,  reliqus 
autem,cvanefcencc^-^^^^  V^,  evadent — •^  ==  — ^  re- 

fpeftive,  adeoque  coalefcent  in  — Vjr. 

210.  Er.  hoc  modo  erui  poflunt  radices  omnium  cubica- 
rum  aequarionum,  ubi  ^  affirmativum  eftj  vcl  ubi  j- ne- 
gativum eft  &   ^     fimul     minus    quam    Jr%     adeoque 

y/^r^'TJl  quantitas  reali*,  id  eft,  ubi  duae  ex  radicibus 
s^quationis  fiint  impoflibilcs ;  vel  etiam  ubi  q  negativum 
eft  &   ^  fimul  aqualeir*.  id  eft,  ubi  dux  ex  radicibus  fiint 

eqiMikf.   At  ubi'?  negativum  eft  &2-^  fimul  majus  quam 

ir*,  fit  \/  •  r*  "^  quantitas  impoflibilis,  adeoque  tres  ra- 
dices Ipeciem  ementiuntur  impofljbilem,  ubi  revcra  fuat 
omnes  reales.    Vide  §  208. 
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^11.   Hlc  cafiis,  qui  vulgo  appellatur /rr^^/f/r/^/7//,  plus 
quain   200  aiiiios  analyllarum  ingenia  excrcuit.     De  hoc 

ita  Schootenus  *,  "  Ubi  i r*  fie  minus  quam  *^  ^-    ibi  prse- 

"  di<5la  regula  non  habet  locum,  nee  ejufdem  beneficio 
"  radix  ullo  modo  intelligibili  explicari  poteft.  Quae  qui- 
"  dcm  res  olim  multae  fuit  caliginis,  &  ut  fcribit  Albertus 
"  Girardus  in  libello  cui  titulus,  Invention  nouvelle  en  VAU 
"  g^^^^i  q^i  anno  1629  prodiit :  Hoc  ejl  in  quo  auSores  bac^ 
"  tenus  fuerunt  valde  intricati^  &f  ut  verumfatear^  in  re  quam 
*'  maxime  difficiliJ^  Nee  minus  in  hoc  etiamnum  haerent 
Analyftas  quam  in  circuli  quadratura  Geometrae  f.  Latct 
certe  vicium  in  altera  conditionum  ad  rcfolutionem  datae 
aequationis  adfcitarUm,  Nam  licet  quantitatem  x  duals  in 
partes  jf  &  a  dividere  femper  poflibile  fit,  tamen  partium 
re<5langulum  y%  aequari  \q  cum  figno  mutate  aliquando  im- 
poflibile  crit.  Ubi  quidem  q  affirmativum  eft,  adeoque 
y%  (=  —  ;  q)  negativum,  contraria  fortientur  figna  ^  &  2,. 
atque  idcirco  crefcent^  minore  quantitate  z  a  nihilo  ad  in- 
finitum, fi  ita  fimul  crefcat  y  ut  exceflus  ejus  fiipra  «  fit 
femper  aequalis  y,  crefcet  quoque  redlangulum  — y%z,  ni- 
hilo ad  infinitum,  atque  ideo  alicubi  inter  crefcendum  fiet 

aequale  —  hq*  Ubi  vero  q  negativum  eft,  evadet  y^  (= 
r-  hq)  aflSirmativum,  fignis  igitur  fimilibus  afilcientur 
y  &  z,  aflirmativis  utiquc  fi  x  affirmativum  fit,  negativis  fi 
fecw.     Castenim  y%  redlangulam  fiib  partibus  x  tranfcen* 

*  Vide  ScbooUni  Comment,  in  opera  Cartes,  vol*  I,  p.  345. 

f  Prodiit  anno  fuperiore  PaJtut  liber  cujus  titalos  falteniy  defideratum  hoc 
tsmdem  fuppleri  po/Te  expe^ationem  onebet,  Delia  foffSnlUa  della  reaU  J-^lulkmi 
onaTttlca  d$l  eafo  IrreduciHkf  aud.  GiamPat.  Nicolas,  Algcb.  Pxofefll  At  nondum 
ad  manus  pervenit. 
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dere  nequit  quadratum  femiflis  at,  Ccnix*.  §  46.  Et  proindc 
conditio^*  =  —  iq  plane  impoflibilis  eft  vbi  --^  i^  fit  ma- 
jus  quaqfi  ix*  feu  (quod  codem  rcdit)  i/>*,  adcoque  -~  2L 

majus    quam    ir*.    per    §   207.      Et   ex   hypothefi  im-* 

poflibili    conclufionem    impoflibilcm  coUigi   mirum   efle 
non  debet. 

212.  Pergamus  jam  hujufce  Regulae  ufum  cxemplis  il- 
luftrare. 

Ex.  I.  Sit  aequatio  refolvenda  x^  +  30X  ==»=  11 7*     Erit 

^m^'J}  =  v'EH  =  C^ZTg  =  —  2.     Ergo  y +  z  =5 
'J  a  3 

■ —  2  =  3,  et  reliquae  radices  —  ^  ^  *  ±  ^— ^  V'^  = 

_  —  3  ±  7  V""^ 

— 1 

Ex.  2.  Proponatur  aequado  «»  +  3«»  +  9«  =  13.    De- 
lete termino  fecundo,  {ubftituendo  niimnuti  x-^t  pro  u, 

erit  x»  +  6*  =  20.    Adcoque  ir  =  lo,  Jy  =  2,  '-  +2^ 

3 

=  Vioo  +  8j=  10,3913.    Ergo,  jr  +  zss^no+  10,3923 
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+  >/iT=n^^  =  2,732  —  0,732  =  2.  Et  —  ^^  + 

^^-^  V^-^  ==  —  1  +  1,732  V-^-    Hinc  tt  =  (x  —  I  =) 
I,  vel  —  2+  1,732  V^. 

Ex.  3.  Sit  aequatio  «*  —  3«*  —  2«*  =  8.  Deprefsa 
aequationc  et  fiiblato  termino  fecundo,  fubftituendo  utique 
^  +  I  pro  tt%  prodit  *'  —  5*  =  1 2.     Adeoque  ir  =i=  6 

'^~3  »  ^T  —  fy  =  "^36  -  ^-  =  ^'^°°9-     Ergo  J'  +  z 

=  \/6  +  5,6009  +  \/6  —  5,6009  =  2,26376  +,  73624=3. 
Et  proinde  »*  =  (x  +  i  =)  4.  Reliqtwe  radices  ut  in  prae- 
cedentibus  exemplis  prodeunt  impoflibiles. 

213.  Aliquando'binomiae  quantitatis  (qualem  parit  haec 
asquationis  cubicae  rcfolutio)  ex  una  parte  rational!  (five 
Jiasc  iot^ra  ifuerit  live  fra<Sta),  et  altera  irrationali,  vel  es 
duabus  irrationalibus  ad  invicem  incommenfurabilibus 
cpnflatae,  radix,  cubica  per  binpmiam  JiBaplicioreiu  dcfig^ 
riari  pot^ft ;  ut  olim  cxpofuit  Bombellius.  Ex  mcthodis  au- 
tcm  in  hunc  finem  excogitatis,  Wallijianam  *  licet  tentando 
fit,  in  praxi  commodiffimam  reperi.  Hanc  idcirco  in  com- 
pendium redadlam  promotamque  jam  tradam. 
■  ".1      .'.  '       ''.-;■       •        '     .  . .     ' 

{(f  f  Vide  VitAfji^  t^a  hUA$maL  xd.  Ji»  f.  188^  tc&q. 
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« 

Investigatio  radicibus  binomii  cubi. 

L 

214.  Sit  quantitas  A  +  y/WQ^cx.  una  parte  integra  z^,  ct 
altera  irrational!  v^BH^conflata,  Reducatur  \/B^ad  for- 
mam  fimpliciflimam  Bv^Q^extrahendo  quicquid  eft  rati- 
onale, fi  modo  B  defignet  numerum  ab  unitate  diverfum. 
Sit  radix  quaefita  x  ±  b  y/^j  et  manifeftum  eft,  quod  b  s/y 
debet  cflc  pars  aliquota  B\/q^,  adeoque  b  pars  aliquota  B 
et  y/y"  ipfi  \/Q^aequalis  ;  nifi  euim  haec  furda  \/Qjngredere- 
tur  radicem  ingredi  non  poflet  cubum.     Erit  igitur  x^  ± 

^x^bVr  +  3^^^y  ±  b^yVi  =  (^  ±  ^vT"  =)  A  +  Bv/q^, 
Adeoque  pars  integra  cubi  x^  +  ^xb^y  =  A,  &  pars  irra- 
tionalis  ix^bVy'  +  by>/y  feu  {^x^b  +  b^y)  V7'=  B\/q^, 
Undc  dividendo  per  V^J"  =  VO^y  prodit  ^x^b  +  b^y  =  B, 

B          **v 
adeoque    per    redudlionem,    x*  =:  —^ --,     ct  x  =  i: 


\/^  —  f^.     Sigillatim  jam  fubftitue  pro  b^  integros  i,  2, 

3^  &€•  aut  fraaos^,  7,  7  &c.  donee  \/p  —  ^^     emer- 

gat  rationalis.  Deinde  fubftituto  valorc  rationali  x^  fi 
x^  +  3xby  evadit  aequalis  A,  fiet  quaefitum,  et  innotefcet 
utraque  pars  radicis  x  &  by/f^  fi  modo  radix  extrahi  poteft* 

LI 
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Integros  i,  2,  3,  &c.  aut  integronim  femiffes  --,  -,  ~, 

&c.   fubftituendos  elle  pro  b^   quo  partibus  radicis  in  fc 
dudlis  emergat  A  integer,  ita  demonftrare  licet. 

Sit  radix  quaefita  —   +  -^-^,  defignantibus  m  et  //  inte- 
gros ad  :v  &  b\/J  refpe(5live  primos  ;  eritqne    -,  +  —^~- 
+  ^^  +  -^^^  radicis  cubus,  ubi  ^,  +  ^^-/    feu    A.  ' 
necnon '  ^^   +  -^  feu  B,  debet    efTc    integer.     Ponatur 
^' —  +  -f  rr:  r  mt.    Et  concmnando  ent  v  =:  —  —  — ,,- 

integer,  adeoque  ^j,  x*  integer,   adeoque  coefficiens  ^^ 

integer,  et  n  ex  multiplis  mb.  Pone  igitur  n  :=^  mb  x  d.  Et 
fubftituto  hoc  valore-^,  prodit^  =  m^cd^  —  3^*^*v  Atque 
fubftitutis  iterum  valoribus  n  &c  y  jam  inventis,  prodit 

—  +  ^-^  =t:  2^xcd  —  —  integer,  adeoque  —    integer, 

adeoque  coefficiens  --  integer.  Et  proinde  m^  r=  i  vel  8, 
et  »i  =  I  vcl  2.  Caeterum  fuit  y:szd*x  ^s^j— .  jx»,  adeo- 
que Vy" iii:  1/  V/rnVrf^"!?,  adeoque  altera  pars  tadicis  -^ 

^^'"■' — ;a^ ='=    — ^       •     "^S^>  utraque  par«  radicis 

communem  habct  denominatorem  m:=  i  ubi  x  &c  b  funt 
integri,  vel  =  2  uDi  lunt  fradi. 
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CI 5*  Porro,  ne  operam  fruftra  infumamus  tentaudo 
iucceflive  valores  inutiles  b^  obfervandum  eft  quod  cre- 

fccntc  b.  decrefcet  x  =z  \/  -. 1.  ;    aut   vice  versa.     Et 

proinde  fi  jufto  majus  aflumatur  ^,  jufto  minus  emerget  x^ 
adeoqne  x^  +  ^by  minus  quam  A  ;  aut  vice  versa* 

Secundum  Methodum  WaUifianam  radicibus  exquirendis 
folummodo  adhibcntur  valores  affirmativi  x  ;  at  ope  valo- 
rum  negativonim  ;if'aliae  infupcr  radices  explorari  poflunt. 

2 1 6.  Ex.  I .  Si  quaeratur  radix  cubica  quantitatis  i  o  +  v^T^ 
feu  lo  +  6  VJj  fubftituto  i  pro  b^  prodit  x  =  \/~ ^ 

=  \/l   ,„  ^  =  I.     Deiade  fubftituto  i  pro  x  in  aequati* 

onem  x^  +  3x3*jf  =  A,    prodit   i  +9=  10,  ut  oportct.   . 
Ergo  radix  tentanda  x  +  V'J'.     Hujus  autem  cubus  per 
multiplicationem  dat  10  +  V'loF;  itaque  fiet  quaefitum. 

Ex.  2.    Sit  radix  cubica  cxtrahcnda  ex  ^968  +  25  feu   \ 

22  Vr  +  2  c.     Subftituto  I  pro  A,  prodit  x  =  V-  ^ 

53 

=  \/- .     Res  igitur  non  fuccedit,  emergente  x  if  rationali.   . 


Subftituatur  itcrum  2  pro  by  et  prodit  x  =  \/^  —  -   = 

\/|-  =3  I.    Deinde,  fubfBtuto  1  pro  x^  sequatio  x^  +  ^xby 

L  1  2 
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=  A,  evadit  i  +  24  =  25,  ut  oportct.     Ergo  radix  tcn- 

tanda  ^^/^    +  I. 

£x.  3.  Si  radix  cubica  extrahenda  fit  ex  2  +  y/Jy  fub-  ' 

ftituto  I  pro  b  prodit  oc-^sjl L=V_1    impofli- 

bilis,    quod  indicio  eft  h  non  fortiri  valorem   integrum. 
Subftituatur  itaque  -  pro  b^    et  prodit  ;v  =  V^l  —  ^  = 

V'^  =  — ,  quo  fub  ftituto,  &c.  evadit  — - — ^  =2;  ut  opor- 


4 


tet.  Adeoque  radix  tentanda  7  +  ^  Vs  •     Atque  hie  qui- 

dem  notandum,  quod  radicibus  cruendis  ubi  x  icb  funt 
fradli,  per  fe  impares  funt  methodus  Newtoniana  &  Clai^ 
rautiana^  atque  idcirco  ulteriore  egent  artificio  quo  hujuf- 
modi  exemplis  accommodentur. 

217.  Aliquando  formam  irrationalem  induunt  x  &^b. 
Nam 

Ex.  4.  Si  radix  cubica  extrahenda  fit  ex  68  —  ^4734 
feu,  68  —  27  \/6",  valoribus  x  8l  b  rationalibus  fruftra 
tentatis,    radicem  nihilominus  eruere  licet  multiplicando 

quantitatem  datam  per  ^,  imde  prodit  f3         54  v    ^  idem 

fcilicet  quantitatis  valor.  Dcin  extradla  feorfim  numeratoris 
ac  denominatoris  radice  cubica  invenietur  radix  quacfita^ 

4  — \/6" 

r      • 
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11. 

a  1 8.  Si  quantitatis  A  +  B  v^Q^  pars  A  fit  fradlio,  redu- 
centur  partes  ad  communem  denominatorem.  Dcin  ut  an- 
tea,  extrada  feoriiin  numeratoris  ac  denominatoris  radice 
cubica  orietur  radix  quaefita,  fi  modo  extrahi  poteft. 

Ex.  5.  Si  ex  v^242  —  12  T  radix  cubica  extrahenda  fit  j 
rcdudlis    partibus    ad    communem    denominatorem    fiet 

^p68  —  25^     Dcm  extrada  radice  cubica,    &c.     orietur 

2  \/r —  I 


^  radix  quxiita. 


III. 


219.  Quantitatis  A  +  B  v^-^^fit  una  pars  A  rationalis, 
altera  B  v^-^^^  impoflibilis.  Defignante  x  +  ^  V^^  radi- 
cem,  multiplicandoeritx^  +  3^*^^— 7  —  3^^*y  +^^J^V^^ 
= A+B V"— Q^  Adeoquc  x^  —  ^x6y = A,  &  ^x*b — 6^y = B, 

et  X  =  +  \/-j  +    -:^.     Deinde  operando  ut  antea,  eruetur 

radix,  fi  modo  extrahi  poteft  *. 

*  His  Ycftigiis  infiftendo  methqduxn  proferre  pofTumus  extrahendi  radicem  qua- 
Ar^JU^sm  binomii  A  ±  B  ^^  ex  parte  integra  A  &  irrationali  B  ^^  conflali^ 
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Ex.  6.    Sit  radix  cubica  extrahenda  ex  — -  5  +  v/^Hl. 

Ponatur  ^  =  i,  critque  x'*=:  |/L  +  L  =s  i.     Quo  valorc 

X  fubftituto  prodit  x^  —  S^by  =  i  —  6  ;=  —  5,  ut  opor- 
tet*  Ergo  radix  tentanda  i  +  V!—  2^  quae  ucique  per  mul- 
tiplicationem  dat  —  5  ±  \/~  *• 

220.  Mirer  itaquc  unde  Sau7iderfon  ad  Z)^  Moivre  fcri- 
bens,  proficetur,  "  Se  nihil  ad  rem  deprchendifle,  de  ex- 
"  trahenda  radice  cubica  binomii  impoflibilis,  inftar 
"  —  5  +  ^/ —  2  vel  —  5  —  v'—  2,  ne  quidem  apud  ipfum 
**  Wallis  qui  hoc  jtggreditur."     Magifquc  miror  unde  in 


Newtonland  §  52,  in  praii  commodiorem.     Defignante  enim  «  +  ^  \/  7  radlcem, 
erit  *'  +  ixh  yj"  +  ^»jr  =  A+  B  v^»   adcoque  *»  +  ^'j'  =  A  ;    2  jr^  =  B, 

et  inde  »  ss  _.     Deinde  figillatim  fumendo  ^  s=  !,  a,  3,  5cc.  fubftituantur  va- 

lores  AT  reddtaatcs,  doAee  m*  +  i^j  erxdat  flequadis  A  >  et  fiet  qaaefitQm,  ii  aiodo 
radk  extrahl  poteft.    Ut  fi  extrahenda  fit  racUz  CX  S  +  v^s*  feu  3  +  *  ^iT; 

fume  ^=19  eritque  «r  s=  _  =r  i,   qno  fubfiitnto  prodit  n^  -f*  ^V  =  i  +  ' 

SE  3,  Ut  oportet.    Ergo  radix  tentandbc'T-+  t/T* 

Quod  fi  B  i^  ZTq^  fit  impofllbilisi    erit  jc*  —  b^y  =  A»  ceteris,  manealibus. 
(Radicem»  in  hoc  cafu^  defignante  «  +  ^^^^.)  Ut  fi  qncratur  radix  quadratica 

quantitatis    impoflSbilis    1  +  4  -v/IT^  \    fume  *  =  i,    critque  w  =  4»  =  a. 

a 

Quo  fubftituto,  prodit  m*  «—  3^  =  4  -«  3  =s  if    Ut  oportct.    Ergo  radir 
tentanda  2  ±  -/i^. 
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tcgulam  WaUifianam  aixLnoadvertit.Z)^  Moivre^  quad  "  peti- 
**  tio  principii  foret,  aut  faltem  teiitamen  quod  radice  eruen- 
"  da  faepe  deficeretur."  In  Logicis  certe  parum  verfatum 
fuifle  videtur  De  Moivre^  aut  hanc  rcgulam  ad  petitionem 
principii  vix  retulerit ;  ct  aequo  faltem  jure,  in  regulam 
pro  inventione  Diviforum^  adeo  decantatam,  animadvertere 
potuerit,  cum  hsec  quoque  non  nifi  tentando  fuccedit. 
Vide  Append,  ad  Saunderfon^  Algeb.  vol.  11.  p.  743. 


Ex.  7.  Si  quseratur  \/l  81+  ^  —  2700  =  v'T  8 1  +  30 
^—  3;  ponendo  ^  =  i,  erit  x  =  yii.  Res  igitur  non 
fuccedit,  cmergente  x  irrationali,  Rurfus,  ponendo  b  z^.  2, 
erit  X  =:  ±  v'9^=  +  3*  Si  fubftituatur  +  3  pro  ^,  prodit 
x'  —  ixb^y  =  27  —  108  =  —  81,  adeoque  res  non  fucce- 
cedit,  quoniam  %no  affirmativo  affici  debet  8i.  At  ii 
fubftituatur  —  3  pro  x,  prodit  —  27+  108  =  +  8I; 
ut  oportet.     Ergo  radix  tentanda^*-  3  +  2  ^^^. 

Al|€ra  qnoque  radix  enii  poteft  fvimendo  i  =  — ,     unde 
cnt  X  =  v'xo  +  J  =  ^ ,  adeoque  x^  —  3x3*jf  =  "^    —   g" 
=  81;  ut  oportet.     Ergo  radix  tentanda  t   +  r  \/-^^* 

221.  Caeterum  in  hujufmodi  o^cratiottibus  fi  cubi  partes 
communem  h^bent  diTifbrem  tubicupEn^.  ftfflx^^  erit  radices 
fadlorum  feorfim  extrahere.      Sic  in  noviflimo  exemplo, 

81  +  ^—  2700  =  27  X  3  +  \/  _  12?,  radicibus  fadorum 


[       200      ] 

feorfim  extra(5lis,  valet  radix  qusefita  3  X  —  i  +2  \/  _  1, 
=  —  3  +  2V  —  2-=  —  3  +  2  -v/^^,  ut  in  priore  cafu ; 

et  altera  radix  3  x  1  +  1  ^/  "ZT  :^  ~  +  ^v'^i  ^t  in 
pofteriore. 

IV. 

222.  Sit  quantitas  A  ^p  +  B  ^Q^^  cujus  utraque  pars  ir- 
rationalis  eft.  Defignante  a  ^7  ±  b  ^J'  radicem,  multi- 
plicando  erit  a^x^7±  ^a^ocb^f -^^  i^b^y  ^/^T  ±  b^y  ^f 
=  A  ^f  ±B  7Qj   adeoque,  a}x  +  ^ab^y  ==  A   &    ;^a^Mb 

+,  b^  =  B,  unde  prodit  a  =  \^  ?.  _  ^X     Pro  ^  fubfti- 

tue  jam  valorem  fuum:  P  j  ct  fubftitue  iigillatim  pro  b  in- 

tegros  I,  2,  3,  &c.  donee  eniatur  valor  a  rationalis ;  quo 

Tubftituto,   H  a^x  +  ^aby  prodeat  sequalis  A,    fiet  qu||- 
fitum. 

Ex.  8.  Si  radix  cubica  extrahenda  eft  ex  ^^54^8  +  ^54^0 
feu  52v^r  +  30^6";  fume  *  =  i,  evadetque  ^  =^5  —  i 
==  2.  Et  hoc  valorc  a  fubftituto,  prodit  a^x  +  ^aby  =16 
+  3^  =  5^1  ut  oportet.    Ergo  radix  tentanda  2  ^r  +  ^^. 
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Db   RESOLUTIONE    iEQUATIONUM     CUBICARUM    PER    EX- 
TRACTIONEM    RADICIS    BINOMII    CUBI. 


223.  Aliquando  radices  in  cafu  irreducibili  exprimcre  pof- 

fibilc  erit,  ubi  fcilicct  radices  valorum  y  8c  z  ope  regulse 

jam   allatse   cubice   extrahere   licet.      Nam   quod   fingulis 

membris   videtur  impoflibile,   mutua   connexionc  deftru- 

etur  *. 

Ex.  I.    Proponatur  aequatio   x^  —  15^  =  4.     Eric  ir 

4  *7 


*  Symhola  imaginaria  proprie  quldem  calculum  refpuunt,  cum  (int  tantum  im- 
poflibilkalis  Tigna  ;  vci-untamea  ubi  quantitatcs  reales  dcfignare  ponuntur  (ut  in 
hoc  cafu)  quod  miram  Sc  paradoxi  inllar  videatur,  ex  earum  fummis,  produdU 
&  rationibus  fccundum  rcgul.is  arithmeticas  computatis,  vcrac  &  legitime  fe- 
quuntur  conclufiones.  Ita  ut  Geometria,  etA  calculum  quantitatum  impofli- 
bilium  proprie  non  agnofcit,  tamcn  conclu'lones  inde  elicitas  demonftrationibus 
accuratiflfimis  munit  atque  dabilit.  Cseterum  (ignh  imaginariis  quantitates  ad- 
umbrari  reales  ibi  tantum  conceJitur,  ubi  quasdio  fit  de  menfuris  angulorum 
aut  ratioaum,  idque  propter  ardtum  nexum  &  aflfiaitatem  Inter  arcus  circulares 
&  fedores  hyperbolicos  intercedentem.  Atque  hinc  oritur  quod  concluiioncs  his 
propriae  ad  illos  per  analogiam  tranferuntur.  Sic  iidem  prodeunt  valores  reftan- 
gulorum  fub  fmubus  &  colinubus  fei^orum  circulovum,  atque. fub  ordinatis  & 
abfciflis  feif^orum  hTperbolicorum;  calculo  in  ulroque  calu  fimillter  inflitutOy  niii 
quod  in  priorc,  mediantibus  fignis  imaginariis,  in  poileriore,  fignificantibus  ad 
eandem  conclufionim  devenitur.  At  hoc  tantum  hie  loci  monuifle  fas  eft. 
Adcat  Icftor  honim  ftadiofus,  Playfatr^  on  the  arithmetic  of  impojjible  qua^tUits^ 
Pif/.  Tranfaa.  an.  i.778,  p.  318.       ." 


M  m.. 
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3, ,  3 

adeoque  /  +  »  =  v  :  2  +  ii  v/^r7  +  v" :  2  —  11  y/zr; 
=  2  +  ^-^r;    +    2—  ^nn  =  4.     Item'que  —  ^ — ?  + 

^^^  v^3^  =  —  2  +  V^^  .  V^  =  —  2  +  \/3'.     In 
hoc  exemplo  igitur  prima  radix  4  eft  maxima. 

Ex.    2,    Sit  a:'  —  6x  =:  4.     Erit   ir  =  2,    y^  =  2, 
V^^  —  Ty  =  n/4— ^  =yir^  =  2  \/^=nr.     Adeoque  3^  +  z 


=  \/:2   +   2x/-.i   +v^:2  —  2v^-i   =  —  I  +  yCni 

—  I    —  \/-^ir7  =  —   2.      Itemque  —  -^i^   +  ^^-^^ 

V^—  3=1+  ^/~  I  •  \/^^  =  I  +  v'a  ,  ubi  prima  radix 

—  2  eft  media. 

Ex.  3.  Sit  x^  —  9;^  =  —  10.     Erit  ir  =  5,   jy  =  3, 

—  —  I^  ^^  ^*5  —  27  =  V—  a.      Adeoque  jr  +  z  = 

3 J 

V  :  —  5  +  \/^r;  +  V' :  —  5  —  v/:--,  =  I  +  y/Zr^  +  i  — 

iV^^  =  2.     Itemque  —  3LjL?  +  >J:i5  v^-^  =  —   i 

t  ^^^  •  V^  =  —  I  +  ^/6~     Ubi  prima  radix  a  eft 
media. 


[      203      ] 
Ex.  4.    Sit  x^  —  15*  =  22.     Erit  kr=:  11,  iy  =  5, 

V^; '-    =  Viai— 125  =  V^^^^.     Adeoque  j^  +  «  = 

n/i  i~+V^  +  v^Tni."V^  =  —  I  +  V^  —  I  —  V^ 

=  —  2.     Itemque  —  -^^ + v—  3  =  1+  V—  4  . 

^^"^  =  I  ±  Vn.     Ubi  prima  radix  —  2  eft  minima. 

Hinc  liquet,  primam  radicem  hac  methodo  inventam 
trium  radicum  realium  unamquamque  indifFcrenter  defig- 
nare  pofle,  non  maximam  foliim,  ut  vulgo  perhibent. 

« 
la  cj/u  reJucibUi  quoque  aliquando  facilius  erui  pofTunt 
radices  ope  reguiae  allatas.     Ut  fi  rcpetatur  aequatio  x^  +  6x 

3. 3 

=  20,   prodit  J  +  Z  =  ViO  +  v^,o8    +  Vio  —  y/T^  =  I  + 

v^3"  +1  —  V's"  =  2  ;  ut  antea,  §  212. 

224.  Caeterum  deficiente  Cardani  regula  ubi  binomiarum 
impoflibiliam  inde  refultantium  radices  cubicae  accurate 
extrahi  neqaeunt,  ad  theorema  binomium  confugiendum 
erit,  cujus  ope  harum  radices  femper  per  feries  infinitas 
proxime  exponi  poflunt,  fecundum  methodum  quam  pri- 
mus excogitafTe  videtur  Leibnitz^  §  205,  tradiderunt  vero 
Ronayne^  Algebra^  8'°  Lond.  1717,  &  Edit.  2***  ^I'^ly  et 
NicoU.  Mem.  de  PAcad.  Parisy   1738. 


M.  m  2 


[     ^04    ] 


Dl    RESOLUTIONE    JEQUATIONUM    CUBICARUM    PER 
SERIES    INFINITAS. 


.  225.  Abbreviandi  gratia  ponatur  ir  =  ^,  &  \/-  +  ^— 

4  ^7 

=  V+7,    fcilicet    =  y/7  in   cafu   rcducibili,    et  \/^  in 

cafu  irrcducibili.     Per.  theorema  binomium,  erit  in  priore 
cafti, 

L 

•^        ^  '  3a  3»ofl*     3.6.  9^^       3.6.9.12^* 

v^r      2r 2.5^  vr     2.5  8c2 

3/1         3.6fl*     3.6.9^5       36.9.12a* 


3a         3»ofl'     3.6. 9^5       3.6.9. 


•^  J.Otf*  3.6.9.  i  2a* 

&C. 

Exponet  itaque  ferics  2  v^^  x  :  i  — •  -7-^  —  &c.  primam 
radicem,  qualem  iny  QnerxiritRonayne  &  Nicole.    Erit  quoque 

%a  3  •  ^  •  9^^ 

=  2V^7xV!2"x:i*      +  ^Lii,  *       &C. 

a  3  3 .6 .  pa* 

J  _  _ 
tv^a   X  \/r  ^^  «^/f    ^  .«^       a  .  5f        a  .  5  .  iir* 

^-  ^_        -3        3.6.9-*        3.«.9.'*.iS-* 

&c. 


[      205      ] 

Adeoque  reliqux  radices,  quales  expofuit  Clairaut^ 

3.6fl'         3.6.9. 1 2fl* 


-2  '^  J      ^  "^    ^-,  3         3.6.9fl^         3.6.9. 1 2. 1 5^* 


II. 


Et  in  pofteriorc  cafu,  erunt  radices,         * 

j,  +  «=W.    X  :  I  +  _^.  - -^^_,  +  &c. 
et  ->^_S       r-^;-x  :  I  +  -^.-  ^-lili£!  +  &c. 

2  I  J  3.6fl*  3.6.9. 1 2/1* 

—     z  "'v'i*  3-<5-9^         3.6.9.i2.isa* 

Mutatis  fcilicet  fignis  tcrminonim  alternorum  a  fecundo 
incipientium,  utpote  qui  poteflates  impares  quantitatis  jam 
negativae  —  c  invglvunt. 

226,  Si  —  ^  fit  duplum  Jr%  fimplicius  effcrri  poflunt 

ha  fcries.     Nam  ob  v^r  in  hoc  cafu  aequalc  J,  erit  —  =  i. 
Adeoque,  prima  radix. 


[      206      ] 

jf  +  z=2\^7X:  1+  -t.^lij -8  .    2.5.8.11.14 

3.6      3.6.9.12  ^  3.6.9,12.15.18       ^^' 

W  '3  3.6.9  ^    3. 6.9. 1 2. 1 5         *^*^* 

^    227.  Caeterum  hae  feries  radicibus  eruendis  i^ireffe  in- 

ferviunr.  tantum  ubi  convergunt,  hoc  eft,  Ci  —  f   non  fit 

ft  27 

duplomajus  qil^m  ir%  adeoque  Vr  non  majus  quam  r. 

Et  quo  proprius  —  f ^  accedit  ad  ir%  co  minus  evadet 
Vr  refpedu  <7,  et  proinde  eo  citius  converget  feries  ex  evo- 
lutione  {a  ±  Vrf  oriunda.  Quod  fi  g  affirmativum  fit, 
aut  fi  negativum  fit  &  fimul  duplo  majus  quam  lr%  foret 
^c  majus  quam  a,  unde  divergeret  feries.  In  hoc  cafu 
igitur  invertendi  funt  termini  a  &  ^7-,     nam  ex  evoluti- 

one  (v/r  +  a)'  pfodibit  feries  convergens  ejufdem  valoris. 
Adeoque  in  cafu  reducibili  erit 

III. 


3\/f      3-6^     3-6-9V<^ 


[      207      ] 

Etj.  +  «=2C^73X:*+-4=  *  +  4^^  *    +  .&c. 

3^r  3.6.9^^ 


Vri.-—  feu  ^— feu  — ^:-+-A^  +  _i +  &c. 


cxponet  primam  radicem,  qualem  invcnit  Clairaut. 

Itemque, 


y  +  z 

2 

-^ V-3 


^=i 


_i-x:-'  +  ,^-f'  +  ^-H!f!.  +  &c. 


^/ 


—  3         3.6.9c         3.6.9. 1 2. 1 5<: 


reliquas,  quales  invenit  Hutton. 


+  Vr^.\/_3X:i -2 ^ — &c. 

3.6c        3.6.9. 1  ar* 


IV. 


Et  in  cafii  irreducibili  erit  prima  radix 
=  ~^  X  :  -  —  _L!j?i_  +    a  .  5.  8  .  na*   ^__ 


^' 


3.<5.9«:  3.6.9.1a.  15c 


&C. 


Et  reliquae. 


=  i 


^T  ^  3  -o-p* 


+ '^.r.  ^7  X  :  «  +  ^  - -f^i^  +  &c. 


[     2o8     ] 

2iB.  Pcrgamus  jam  harum  ferierum  ufum  exemplis  11- 
luftrarc, 

Ex.    I.   Sit  aequatio  x^ —   ^"^yO^x  =  16.     Erit  ^  ==  8^ 

—  c  =:  —  ,481201    adeoque  ob   c   negativum   &    multo 

minus  quam  ^%  ad  hibendae  feries  11.  citiflime  convergentcs. 
Erit  igitur 

c  ,481201  o     ^*  /- 

^  =  —6—    =  .007518  .  ~   =  ,0000565 

JC  ,007518  o  ^OC^  9000565 

-—  =  I — L2 —  ==  ,0008:?  C  . 1  = -~  =  ,000002? 

1,000835  ^/jc  _,     >li2015 

—  ,000002  V^  4 

H — . :=ijOOo833 

^ ,_  -if  X  -  =  ^-^ — =^  =  ,010013. 

X  2y/a   =4  ^-        3  3  '  -^ 

Prima  radix,      4,003332 

—  >/tf    x:i+-r      ==  —  2,001666 

±-7^X7    --    =+   ,010013 


Media  radix,      -       -      t-  2,0 1 1 679 
Ultima,     -     -     -     -      — 1,991653. 

Ex.  2.  Sit  ^qxratio  x'  —  50;^  ==  120.  Erit  a  =^  60^ 
c  =  —  1029,629629.  '  Adeoque  adhibendae  feries  II. 
Erit  igitur, 


[  aop  ] 

1  =  ,286008  .  ^  ==  ,081800  •  ^  ==  ,023395 


a' 


p-  =  ,031778 .  ^^,  =  ,003353 . 3-1^.  =  ,000549 


1,031778 
+  000549 

1,032327 
—  ,003353 

1,028974 

X  2 
2,057948 

3     

X  Va    =  3,914867 

Prim.rad.=  8,056592  * 


l7 


—  4,028296 
+     ,096647 


Media,    — '4,124943 
Ultima,  — 3,931649. 


^  =  ^sssm  =  ,036262 


762? 

I 

7  "" 


2,86008  ^ 

:-^^j3^  =  ,017654 


,5j^*  ""  +  ,333333 
—  ,017654 


^/ 


+  ,315679 

X  -J^  =  ,036262 

,096647 


*  Si  ex  diametro  tribnfqae  circuU  cbordit  contiguU  fadii  fiat  trapcziasn  ctr- 
cnlo  infcriptuxn,  datii  chordis  #|  ^,  c  erui  peceft  diameter  »  per  i^olutionein 
xqaattonis  m'  -^  (^i*  -f-  ^*  +  ^')  ^  =?  ^^»  qaam  ex  matais  hanim  relationibas 
vario  artificio  edncit  Nefutomu^  jiriib.  Umver/.'Ed.  t,  p.  lOiy  &e.  Utfichor- 
das  relipe^ive  defignent  ntuneri  3»  4*  59  refolatio  srqvatioBis  i^oltantis  »'  -—  501? 
=:  laoy  dabit  jf  s=  8^56  ftc.  rdliqnsyerd  rmdices  —  4*1^^  &c.  et*-t»  3^51  &f. 
utpote  negativae  alio  refenintur,  nee  fi  evaderetit  aflbmatiT*  diametnim  defig- 
fiare  poffent,  ob  limitationem  in  fchemate,  cum  redarom  circolo  infcriptamm 
maiimus  prodit  diameter.  $  134*  Vide  Maferes,  Dl/ftrU  on  Cardan* t  rule,  PM. 
Tranf.  an.  1778. 

N  n 


[     aio     ] 

-  ^29.  CaKterum  ubi  plurcs  fericrum  termini  tadicibus  de- 
fignandis  requiruntur,  in  numeros  profufiores  excurret  cal- 
culus, plurimum  vero  minuetur  labor  combinando  feric- 
rum terminos  inter  operandum  invcntos,  &  adhibendo  lo- 
garithmos  ;  ut  in  exemplis  fcquentibus. 

Ex.  3.  Sit  aequatio  x^  —  i5«^  =  22.     Erit  ^  =  1 1  &  — 
r  =  — '  4,      Adeoque  adhibendas    feries   II.     Erit  quo- 


que";—    4     _     ^    .     Et 

^       a*           X2I              30,25 

combinando  termiuos  int 

operandum  inventos,  erit 

A  =                =  1,0000000 

»  =  il^  A  =     36731 

C 

D-^-^-nC-                 8 
15.18a* 

■ 

+  1,0036739 
—  0,0000450 

Prima  feries     =  1,0066289 

X  2 

2,0072578 

-    -     log.  0,3026031 

X  VFi 

- 

-    -     -     o»347i309 

;Frima  radix     554,4641016    -    •    -    -    0,6497340. 


[  ^I'l  ] 

Itemque,  , 


7.  A  =  ,3333333 


y  = 


33^ 


I  =  |-  B  =  ,0020406 


21 


«r  =  HD  = 


+  .3333663 
—  ,0020413 

,3313*50 

,6626500 
X  VT 


Poftremafcries  +  ,2320508 
—  i-  pri.  rad.  —  2,2320568 

Media  rad.  =s— 2y4.64ioi6 
U}uxadiz  =— 2,0000000 


,0020413 


log.  1,8212842 
-      0,2385606 

-    0,6942618 


-     -     I 


,3655830 


fiy^A 


[  «lt  ] 

Ex.  4.  In  sequatione  x^  —  9^  =  —  10,  prodit  a  =  —  5, 
^-  rz:  25  —  27  =  —  2.      Adhibendse  igitur  fcries   11. 

r  2  8 

Et  exiftentc  -•  =  --  =  —  =  ,08.    crit 


2C 


B  =  -^,  A  =  0,0088889 


21.24a*  ' 


+  1,0089009 

—  0,0002641 

u*-. 

+  1,0086368 
2 


— ,0002641 


«,oi 72736    -    -    -    log.  0,3047649 

v'rss — vT   -  -  -  -   0,2329900 


Prima  rad.  — 344948974    -    -     -     -     o»5377549 


z" 


V. 


y  = 


t  213  ] 

Itemque, 

\^- 

=  ,3333333 

/3  —  f-  B  =  ,0049383 

r;c 

=    1931 
»      6 

^-«I>_     97 

%^ 

,0049480 

+  ,3335270 

. —  ,0049480 


,3285790    - 

3  ^        3 

Altera  feries       +  ,273:2^  1 3 . 
—  i^pri-rad..  + 1,72474487    ^ 


-    log.  1,5166398 
-     -    "^.9230956 


,  1 14397354 


Media  radix  2,00000000 

Ultima  radix         i  ,44948974. 

JEx.  5.  Sit  asquatio  x'  —  6x  =  4.  Prodi t  ^  =  2,  V^^^ 
=  v^if— ^  =*  v^— ^ ;  adeoquc  ob  ^7  =  ^ ,  adhibendac  fe- 
ries §  226.  His  autem  tardius  convergentibus,  tot  pro- 
ferre  terminos  quot  radicibus  proxime  defignandis  poftu- 
lantur  moleftum  foret.     I^i^s  radices  §  223  fupra,  pro- 


dierunt  —  2,  &  i  +  ^3  .        \h, 


v>- 


■5V. 


C    214    ] 
Ex.  6.  Sit  sequatio  x^  —  j^x  ^=  4.   Erit  a  =^  2,  yjT  =« 
\/4  —  125=  V^^iTf,  adeoque  ob  VTmajus  quam  a^  ad- 

hibendai  feries  IV.     Exiftente  igitur  -  =  -^.     Erit, 


c=Hif!  B  = 

12.  iS<r 


+ 


—  ,002041 3 


B  =  7^  A  =  ,0020406 
18.21  ' 


Prima  feries 


4     .      * 


V^     - 


xai 


-—  ,0020413 

-  log.  7,5202543 

-  -    7,9077982 


Prima  radix       —  ^2679492 


-     1^280515 


[  *1 

5  ] 

• 

Itemquc, 

«  — f  A— I 

/3  •=  J-  B  =  0,0036731 

'5 

C  =  —  ,0000450 

<j\  —  -  D  —       8 

» 

+  1,0036739- 

—  0000450 

1,0036289 

- 

log.  0,0015732 

3           S 

-   0,3471309 

vr 

■  -  0,2385606 

+  3,8660254  -  -  - 

.  -  0,5872647 

primx  rad,  +  0,1339746 

Sectinda,  radix    +  4,0000000 
Tertia  radix      —  3>73205o8. 


230.  Poflint  quoque  feries  utriidque  claflis  tarn  dire^x 
quam  inverfas,  in  praecedentibus  adhibitas  in  alias  quae  ci-* 
tins  convergant  tranfmutari.  Verum  de  his  diflerere  n<m 
patitur  nollri  inftituti  ratio*  Confulat  ledor  harum  ftu- 
diofus  audtorem  fupra  laudatum,  Huttony  qui  rem  totam 
penidns  explorat,  fuiiufque  expUoat% 


[  21^  ] 

Db  ^quationum  biquadrat;carum  resolutione. 

229.  iEquationum  biquadraticarum  re/blutionem  pri- 
mus invenit  Ferrarius.  Docuit  vero  Cartefius  methodo  in- 
lequente  radices  aeqaationum  biquadraticarum  mediantibus 
cubicis  eruere  &  exprimere. 

ToUeiidus  eft  primum  fecundus  sequationis  termimis. 
Sit  xquatio  refultans  x*  +  Qx»  +  Rx  +  S  =  o.  Pone 
hanc  multiplicatione  duarum  quadraticarum  x*  +  rx  +  / 
=  0,  &  X*  —  ex  +  g  =  o  generari,  id  eft,  eandem  efle 
cum  hac  X*  *  +  (/  +  ^  _  ^»)  ^»  +  (eg  —  ef)  x  +  fg  —  o^ 
ubi  necefle  eft  ut  quadraticarum  termini  fecundi  fint  iidem 
&  contrariis  fignis  affedli,  quo  evanefcat  fecundus  terminus 
biquadraticae  refultantis.  Et  coUatis  biquadraticarum  ter- 
minis  homologis,  fiet/  +  j-  —  tf»  =  Q^,  ^^  _-  5^=  R,  & 
iS"  =  S.    Quare  erit 

/+^=:^»  +  Ct 
-  R 


Adeoque  af  *  =  tf»  +  <^— - 

3St    -    *2^=^  +  cL+^ 


Adeoque  j^fg  =  *♦  +  »Q^  +  <^._  ^  -.  ^g 

Sive    -    -     -    *«  +  a(^  +  (Q^—  4S)  ir»  —  R»  =  o 
Etpofito jr=e%  /  +  aQ^»  +  (QI--4S)/—  R»  =  o. 


[    217    ] 
iEquationis   cubicae   jam    refultantis   extrahatur   radix. 
Dein  habita  ilia  radice  regrcdiendum  erit,  ponendo  VYz=lcj 

'=f'^ =<?>    &  aequationes  duae 

x^  +  ex  +  f  =  o,  &  X*  —  ex  +  g  =  o^  extradlis  carum 
radicibus  dabunt  quatuor  radices  aequationis  biquadratics 
x^  +  Qx^  +  R;c  +  S  =  o. 

Ut  fi  proponatur  a^quatio  x^  —  x^  —  jx*  +   1 2;c  —  6 

=:  o.     Tolle  fecundum  terminum  fcribendo  v  +  —  pro  x^ 

&  orietur  v^  —  '^g''  v^  +  ^  "^  —  ^ll  —  ^-      ^^  tollendas 

fradliones  fcribe  iz  pro  v,  &  orietur  5s*  —  86s^  +  6oo» 
—  851  =  o.  Hie  eft  —  86  =  Q^,  600  =  R,  &  —  851 
=  S,  adeoque  y^  +  2Q^y^  +  (Q^  —  48);^  —  R^  =0, 
fubftitutis  aequipoUentibus  fiet  y^ —  ^7^y^  +  10800^  — 
360000  ===  o.   Unde  per  inventionem  diviforum,  prodibit 

•^  .    ,    ,  •             J-      •               .       —86+100—60 
y  ==  100.     Dein  nabito  jr,  radix  ejus  10  erit  tj 

feu  —  23  erit  yj  &  +  37  erit  g.  Unde  prodeunt  sequa- 
dones  quadratics  2*  +  loz  —  23  =  o,  &  55*  —  102 
+  37  =  o,  adeoque  per  rcdudlionem,  2  =  "^  5  ±  4  VJ  j8c 
»  =  +  5  +  2  \/^^.     Ergo  erit x  =  {v  +  -=  ^ ?    =) 

""Id:  VTj  &  X  =  2-=.y.Jli^  quae  erunt  quatuor  radices 
2quationi8  fub  initio  propofitac  x^  —  x^  —  &c.  =  o. 

O  o 


[     118    ] 

"  230.  Aliam  methodum  cruendi  radices  sequationum  bi- 
quadraticarum  mediantibus  cubicis,  aliquando  concinni- 
orem  tradit  Eukr^  quam  fie  invcftigare  licet.  Vide  EuUr^ 
Elem.  Algebra y  Tom.  i  ;  auc  Martin^  Elem.  de  Matbem.  Tou- 
loufe^   1 78 1. 

AfTumamus  asquationem  cubicam  y^  — ?  P[y*  +  Q^^  ^— 
R'  =  o  cujus  radices  fint  a^  b^  c.  Sitque  x  =  >J'a  +  s/T 
+  \/r.     Quadrando  erit 

x^z=za  +  b  +  c  +  2  {^7b  +  \/7c  +  \/Tc) 
Seu      -      x^  =  F  +  2  (\/^  +  V^  +  v^^) 
Adcoque    at*  —  P'  =  2  {y/ab  +  V^^  +  >/Tc) 
Et  quadr.   *♦— 2Fx»+F*=4(^J*+^^+*0+8v/«l^(^/T+^/7+^/7). 
Seu     -     x^  —  2Fx^  +  F*  =  4Q;^+  8  v'r'  x 
Ergo     -  .  X*  —  2P'x*  —  8  VrV  +  P'^  —  4C^=  o.. 

Hujus  itaque  sequationis  biquadratic^!  una  radix  necefl 
fario  erit  x  =  v^tf*  +  ^F  +  V^j  ^t  ex  coiripofitione  mani- 
feftum  eft.  Jam  quo  eruantur  coefficiehtes  sequationis  cu. 
bicae  adfcititise  y^  —  F^*  +  (^^  —  R'  =  o,  coUatis  inter 
fe  terminis  homologis  sequationis  biquadratics  noviilime 
refultantis  &  datae  x*  +  Qx*  +  Rx  +  S  =  o,  erit 

— .  2F  =0^,  adeoquc  F  =  —  iQ^ 
—  8  v^'  =  R,  adcoque  R'  r=:  +  ,vR* 
p/»  _ 40^  =  S,    adeoquc  QL=  iF»  —  jS  =  rVQf  —  iS. 

Quibus  valoribus  F,  QV,  R'  fubftitutisy  emerget  asquatio 
cubica  /  +  JQ^*  +  (tVQ^—  iS)y  —  iVR"*  =  o,  cujiu 
radices  funt  a,  b^  r,  ut  conlt&t. 


[       219      ] 

Porro^  quoniam  ex  tribns  radicalibus  yT,  yT,  ^T^ 

unaquaeqiie  poteft  efle  vel  afBrmadya  vel  negativa,  '66to. 
exorientur  harum  combinationes  refpeiSlu  fignorum,  qua- 
rum  quatuor  exponet  x  ubi  datse  aequacionis  terminus  pe- 
nukimus  eft  afBrmativus,  reliquas  ubi  eft  negativus.  £t 
quo  diftinguantur  in  utroque  cafu  combinadone^  idonese, 
obiervandum  eft,  quod  fi  R  affirmadvum  fitj  ob  R  = 
—  8  \/r',  erit  Vr'  five  y/a'  x  y/T  x  VT,  negadvum,  unde 

necefle  eft  ut  ex  tribus  radicalibus  una  fit  negativa  &  reli- 
quarum  redlangulum  affirmativum,  quo  contentum  fub 
omnibus  evadac  negativum.  In  hoc  cafu  igitur  prodeunt 
4  radices  feu  valores  x^ 

-+  V  —  v^r  +  y/r. 

Quod  fi  R  negativum  fit,  erit  VJ*  x  Vr  X  \^r  affirma- 
tivum,  adeoque 

+  vV  —  vr  —  V^f 

1  _  -»  _ 

—  '/a     +   ^i    ^  ^c 
A/i"  —  vT   +  Vc 

Ut  fi  repetatur  aequatio  »♦  *  —  8685*  +  6ooa  —  851  =  o, 
aequatio  cubica  y^  +  4  Q^y*  +  (tV  Q^—  i  S)  jr  —  »',  R*  =  o, 
fubftitods  squipollendbus  fiet^*  —  43/*  +  675^^  —  $62$ 

boa 


z 
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r=  o,  cujus  rcfolutio  dabit  y  =.  2^^  &  dividendo  per 
y  —  25  =  o,  eruetur  quadratica  y^  —  18^  +  225  =  o, 
cujus  redu<5lio  dabit  reliquas  radices  ^'  =  9+  12  V"-^, 
Dein  extracflis  omnium  radicibus  quadraticis,  nempe  5, 
necnon  &  2  v^3*+  ^^^^,  per  §  52  ;  ob  tcrminum  penulci- 
mum  600Z  affirmativum,  crit 

—  5~(2v^3~'+  v^^i)  — (2V'r~v'^)=  — 5— 4v^^ 
+  5  +  (^v^r  + v^— 3)~(2V3'  — v^— 3)=+5  +  2\/:=J 

+  5— (^v^r  +  v^^) + (2  ^3"— v'=i)= +5— ^v^^ 

Ut  antea.  Ergo  crit  x  :=  &c.  Caeterum  facilius  inventsc 
funt  radices  aequacionis  biquadratics^  propofitae  per  Newtoni 
methodum  inveniendi  divifores,  iupra  p.  176.  Adeoque, 
non  nifi  deficientibus  divifbribus  rationalibus  ad  hafce 
ConfugienduOT. 

Nolandum  reftat,  quod  minuendo  quadrupla  ratione  ra- 
dices aequationis  cubicae  methodo  Carte/sand  adfcitae  y^  + 
2Q^*  +  (Q^  —  4S)  J^  —  R*  =  o,  immediate  elicietur 
Euleri  aequatio  cubica  /^  +  i  Q^y*  +  (t'^  (^  —  i  S)  /  —  ^V  R* 
=  o. 

Aliam  iniuper  methodum,  &  elegantem  quidem  (ut 
femper)  educendi  radices  biquadraticarum  mediantibus 
^ubicis  docet  Simpfon^  Algeh.  p.  150,  &c.  ubi  varia  propo- 
Y^t  artificia  ad  laborem  calculi  quibufdam  in  ^afibus  par- 
t^cularibus  minuendum.     Venim  de  his  fatis. 
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23 1 •  Methoduaf  generalis  refolvcndi  aequationcs  quintae 
altiorumve  dimenfionum  haiflenus  defideratur ;  idque  for  fan 
haud  magno  analyftarum  dctrimento,  fi  modo  ingentium 
calculorum  in  liifce  neceflario  inflituendorum  habeatur  ra- 
tio. Pergamus  itaqiie  modos  quamproxime  erucndi  ra- 
dices aeqnationum  irrationales  docere.  At  prius  de  inven- 
tione  limitum  inter  quos  confiftunt  fingulae  radices  agen- 
dum. 


De    LIMITIBUS    RADICUM    SINGULARUM  JEQUATIONIS. 

232.  Si  in  aequatione  quacunque,  binis  quibufdam  nu- 
meris  pro  x  fucceflive  fubilitutis,  numeri  refultantes  con- 
trariis  afBciantur  fignia,  aequatio  unam  faltern  radicem 
realem  habebit  inter  hofce  numeros  fubflitutos  interjedlam. 
Poteft  vero  habere  plures,  quanim  numenis  femper  erit 
impar. 

'233.  Si  in  aequatione  quacunque  unam  aut  plures  ra- 
dices inaequales  habente,  fucceflive  fubftituantur  pro  x  duo 
numeri  quorum  unus  eft  major,  alter  minor  una  radicum 
realium,  &  quorum  differentia  flmul  fit  minor  differentia 
inter  hanc  radicem  &  rcliquanim  proximam  intercedente, 
numeri  refultantes  neceffario  contrariis  afficientur  fignis,  & 
nnica  tantum  radix  realis  inter  hofce  numeros  fubftitutos 
jacebit. 

'  ^34-  Qp^  eruatur  antem  numenis  minima  differentia- 
rum  inter  binas  quafquc  radices  intercedente  minor ;  pri- 
mo  inveniatur  sequatio  quadratorum  diffcrentiarum  radi- 
cum, %   r-  P'/  ^  ^  +  &c.  =  o,  per  %  177.    Dein  fub- 
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ftituendo  —  pro  2,  inveniatur  aequatio  u   —  V"u 


&c.  =  o,  cujus  radices  erunt  praecedentium  reciprocae. 
Quaeratur  limes  radicum  hujus  affirmativarum  per  §  190, 

puta  /,  eritque  -j  minor  radice  minima  affirmativa  --    feu 

s  ;  adeoque  -j=  neceffario  erit  minor  qualibct  differentia- 
rum  radicum  realium  &  insequalium  datae  aequationis.  Et 
fi  fuinatur  <r  integer  aequalis  aut  proxime  major  quam  s/l^ 

a  fortiorij  erit  -r  minor  qualibct  differcntiarum,  &c.  De- 
nique  fubftituendo  fucceflive  in  xquatione  data  terminos 

progreflionis  o,  -- ,  ■- ,   --^  &c.   pro  x,  numeri  refultantes 

000 

tot  exhibebunt  variationes  fignorum  quot  habet  sequatio 
radices  reales  &  afiBrmativas,  &  unaquacque  radicum  inae- 

qualium  inter  limites  j  &  ~7—  jacebit,  fi  mode  nume^ 

rorum  refultantium  figna  prodibimt  contraria,  Sive,  quod 
eodem  redit^  &  in  praxi  facilius  erit,  multiplicentur  ra- 
dices datae  asquationis  per  i"^  §  163,  et  in  asquatione  Fcful- 
tante  fubftituantur  fucceflive  termini  progreflionis  q,  i,  2, 
3,  &c.  ufque  ad  extremos  limites  radicum  affirmativarum. 
£t  hoc  pa^o  invenientur  limites  inter  fingulas  aequationis 
refultantis  Radices,  qui  utique  per  <r  divifi  dabunt  Ivnites 
i^t;er  fingulas  radices  inasqaales  affirn^tivas  dat$s  aequati- 
onis.^ Et  fimiliter,  limites  inter  fingulas  radices  negativas 
iniifienire  licet.-  (^qd  fi  termini  ita  fubfticuti  daat  fuxo^ 
erunt  ipfas  radices  sequationis. 
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Cor.  Hinc,  fi  \//  prodeat  unitate  minor,  erit  j=r   uni- 

tate  major,  adeoque  acquatio  aut  unicam  fortictur  radicem 
realem  affirmativam,  aut  fi  plures,  erunt  binarum  qua- 
rumque  difFerentias  unitate  majores  ;  &  convcrfim :  in  hoc 
cafu  ufurpare  licet  J^  ==  i.  Quod  fi  v^/  prodeat  major  uni- 
tate, ajquatio  habere  poteft  radices  quarum  differentiae  fint 
unitate  minores, 

Hujus  methodi  auclor  eft  La  Grange^  cacterum  in  aequa- 
tionibus  fiipcriorum  dimenfionum  parum  utilis  evadit,  cum 

quantitatem  -t=  in  hifce  eruere  valde  operofimi  foret.     In 

praiti  commodior  erit  methodus  infequens. 

235.  Primo,  minuantur  radices  datae  aeig[uationis  qtian- 
titate  quadam  cognita,  §  1 56,  &  fucceflive  fiibftitutis  pro 
X  terminis  progreflionis  o,' i,  2,  &c,  quaerantur  ex  varia- 
tione  fignorum  coefficientium  novae  aequationis  limites  in- 
tegri  quorum  differentia  eft  i.  Dein,  dupla  ratione  auge- 
antur  radices  novas  asquationis,  &  quaerantur  limites 
radicum  aequationis  jam  reftiltantis  quorum  difierentia 
eft    I,    nam   inde  innotefcent  limites   arAiores  radicum 

datae  aequationis,  quorum  nempe  differentia  eft  ~  •      Atque 

iterum  augeantur  dtipla'Tatibne  radices  ae<i[uati6ms  novifli- 
mae,  &  qua&rantur  hujus  limites,  inde  vero  innotefcent  li- 
mites radicum  datae  aequationis  adhixc  ardliores,  quorum 

nempe  differentia  eft  —.     Et  fie  deinceps. 

Ut  fi  pfoponatur  aequatio  x^  —  $^  +  ^9t^  +  15;!?'  —  lox* 
—  ^  +  1  =  0,  erit 
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x^ —  5Ar'+   ax^+ijAT.^ lOX* X+l 

6x* — 2sx^+  8x5+45x* — 20.V — i 

iSx^ — 5oxHi2x*+45y  —  2o    -    - 

2ox5 — 50x*+   8x4-15 

15X* — 25X  +2      -      -      -     -     - 
6x—  5. 


Ubi  obfervandum,  quod  fubftituto  4  pro  x,  coefficientes 
omnes  novae  aequationis  emergunt  affirmativae ;  ergo,  +  4 
erit  maxima^  radicis  a  limes,  Subftituto  autem  +  3,  prodit 
una  variatio  fignorum ;  ergo  maxima  radix  a  inter  limites 
4  &  3  confiftet.  Et  fubftituto  +  2,  prodeunt  duae  varia- 
tiones  fignorum,  ergo  fecunda  radix  ^,  inter  limites  3  &  2 
confiftet.  Et  fubftituto  +  i,  prodeunt  duae  variationes, 
fubftituto  autem  o,  quatuor;  ergo  tertia  &  quana  radix  c  & 
d  inter  limites  i  &  o  confiftent. 

236.   Jam  quo  eruantur  limites  radicum  negativanim, 
mutatis  fignis  terminorum  alternorum,  fiet 


6x^  +  25X*  +    Sx^  —  45X*  —  20X  +  I  - 

15X*  +  5ox^+  I2X* — 45^  —  20      -  - 

ao^^  +  5ox*+   8x  — 15    -     -    -    -  - 
&c. 


X=    O  1 

+  — 

—  + 

—  + 


—2 

+ 
+ 
+ 
+ 


&c. 
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Ubi  obfervandum,  quod  fubftituto  o  pro  x,  prodeunt  duae 
figAorum  variationes,  fubftituto  autem  +  i,  una  tantutn ; 
erganidix  t  inter  litnites  o  &  —  i,  confiftet.  Et  fimiliter, 
radix/,  inter  limites  —  i,  &  —  2. 

237.  Quod  lidefiderentur  limites  radicum  ardiores, mul- 
tiplicando  radices  aequationis  transformatx  per  binarium, 


1  +  7 


- 


X* —  10** -|-  8x*+i20«' — 160A,' — 3i«-|-64lH- 


6x' —  5o«*+3a*'+36ox' — 320* 
15** — ioo*'-|-48**-|-36cx  —  160 
aox» — ioo**+32x  +  120 
1 5x* —  SOX  +  8      -      -      -      - 

6x  —  10 

I....-.- 


32 


+ 
+ 
+ 
+ 

+ 


+6J  +  5 

+ 

+ 
+ 
+ 
+ 
+ 
+ 


+4+3 

■M 

+2 

+  1 

-- 

+ 

— 

— 

+. 

+ 

— 

+ 

+ 



— 

+    ! 

+ 

; — 

+ 

+ 

+ 

+ 

+- 

— 
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£x  fignorum  refukantium  infpedlione  conftat,  quod  radix 
ia  confiftet  inter  limites  7  &  6,  adeoque  a  inter  limites  31  & 
3 ;  2h  inter  limites  6  &  5,  adeoque  h  inter  liipites  3  &  2  i ; 
ic  inter  limites  a  &  i,  adeoque  c  inter  limites  i  &  i ;  2^^ 
inter  limites  i  &  o,  adeoque  d  inter  limites  7  &  o.  Kt  fi- 
militer, radicum  negativarum  confiftet  c  inter  limites  arAi- 
ores  o  &  —  i  ;  &  /  inter  limites  —  J  &  —  i.  Et  iifdem 
veftigiis  infiftendo,  invenire  licet  limites  radicum  adhuc 
ar(5liores.     Prodeunt  autem  aequationis  datae  radices, 


P  D 
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b  2,618 
c  0,618 
d       0,383 


tf  =±  :—  0,303 
/       -  1,618. 


Ut  ex  compoiitioae  manifeftum  erit. 

Atque  hie  obfervandum  eft,  quod  inventis  fignis  coeffi- 
cientium  aequationis  transformatae  principis  x^  —  5X'  &c- 
=  o,  ex  fubftitutione  o,  i,  2,  3,  &c.  fucceflive  pro  x^ 
oriundis,  fimul  determinantur  figna  coefficientium  fecun- 
dae  x^  —  I  ox*  &c.  =  o,  ex  fubftitutione  o,  2,  4,  6,  &c. 
oritnra,  utpote  quae  necefTario  eadem  erunt  refpedlive. 
Adeo  ut  hac  methodo  requiritur  fblummodo  operatic  fub- 
ftituendi  in  aequatione  poftcriore  numeros  intermedios  i> 
3,  5,  &c. 

238.  Hac  methodo  inveniri  poflunt  limites  radicum 
realium  inaequalium  aequatiohis,  iK>n  obftantibus  radicibna 


impoifibilibus.     Sic  habita  aequatione  x^ 
1 2.V  —  6  =s  o,  erit 


x^  —  5x*  + 


^*  —  ^'  —  5x*  +  tix  —  6 
4x^— .3^^* — 10^  +  12  -  - 
6x*  —  3^  —  5      -     -     -     - 

I      -     -     ------ 


Ex  hac  operatione  conftat  quod  una  faltem  erit  radix  af- 
firmativa  inter  o  &  i,  &  quod  duae  inter  limites  i  &  2 
confiftere  poflunt.    £rit  quoque 


9C      2  I  o 

+  +  + 

+  +  — 

+  +  + 
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X* 

+ 

x^ 

-    5^* 

— 

t2X 

4^3 

+ 

3^* 

lOX 

-— 

12 

- 

6x' 

+ 

3* 

—    5 
&c. 

— 

— 

- 

jc     o  — I  — >a 

6         -  —  ~ 

—  +      + 

+  +      + 


~3 

+ 

+ 
+ 
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Unde  conftat,  quod  una  faltem  erit  radix  negativa  inter 
limites  —  2  &  —  3,  &  quod  tres  efle  poffint  affirmativae ; 
at  hujus  radices   fupra  prodierunt  x  =:  —  i  +  y/J ,    & 

X  =  L=-XJZ-^ :  duae  igitur  radices  impoflibiles  in  utroque 

cafu  inter  affirmativas  latent,  Hinc  fi  operatione  conti- 
nuata  quserantur  limites  ardliores,  &  inter  limites  bines 
fucceiliyos,  binse  Temper  exfurgent  radices  affirmativas  aut 
binae  negativae,  indicio  eft  asquationem  radices  aequales  aut 
impoflibiies  fortiri. 

239.  Inventis  hoc  modo  limitibus  unius  radicum  inae- 
qualium,  facile  determinari  poteft  annon  limes   alteruter 

parte  fui  — ^  a  vera  radice  differt*     Primo  enim,  loco  x  in 

aequationem   fubftituatur   limes  inferior,     iterumque   hie 

limes  parte  fui  ^^  audlus  ;  fi  numeri  refultantes  prodeunt 

diverfis  afl&dti  fignis,  indicio  eft  limitem  infcriorem  parte 

fui  Yo  ^  ^^^^  radice  non  difcrepare  :  contra,  fi  numerorum 

refult^tium  figna  fint  eadem.     £t  fimiliter,  fubftituatur 


P  p  2 
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y  ipro  X  limes  fupcrior,   atque  itcrum  hie  limes  parte  fax 

—  diminutus  ;  fi  numeri  refultantes,  &c.  Haec  ita  fc  ha- 
bebunt  ubi  ipforum  Umitum  differentia  major  fit  parte 

—  limitis  inferioris  in  priore  cafu,  fuperioris  autem  in  pof- 

teriore ;  nam  fi  minor  fit  parte  decima  &c.  a  fortiori^ 
crit  differentia  inter  alterutrum  limitem  &  radicem  adhuc 
minor  parte  decima  totius  limitis. 


De    RESOLUTIONE    iSQUATIONUM    PER    APPROXIMA- 

TIONEM. 


240.  Refolutionem  asquationum  numeralium  per  ap* 
proximationem  primus  inftituit  Victa^  at  methodo  valde 
operofa.  Pars  haec  doiSrinae  aequationum  in  praxi  utilifli- 
ma,  Newtono  plurimum  debet,  qui  duas  tradidit  methodas 
quamproxime  eruendi  radices  sequationum  numeralium  in 
^rithmetica  Univerfall^  Cap.  De  limitibus  aquationum  ;  et  in 
tradlatu  De  analyji  per  aquationes  infinitas^  Cap.  4.  Harum 
priorem  aud^am  promotamque  jam  proferemus. 

241.  Quoniam  radicum  fingularum  aequationis  nullas 
radices  impoffibiles  habentis  quadrata  fimt  affirmativa, 
quadratorum  fiimma  affirmativa  erit,  ideoque  quadrate 
maximae  radicis  major.  £t  eodem  argumento,  fummas  bi-* 
quadratorum,  bicuborum  pariumve  deinceps  poteftatum 
radicum  omnium  tranfi:endent  poteftates  coxifimiles  radicis 
maximae.  Quoniam  vero  poteftates  altiores  maximae  ra- 
dicis longe  majorc  ratione  crcfcunt  quam  confimiles  potef- 
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tates  reliquarum,  (fi  modo  inter  radices  qpfas  notabile  inter- 
cedat  difcrimen  refpedlu  magnitudinis)  quo  altius  invoU 
vantur  eo  propius  ad  rationem  aequalifatis  inter  fe  acce-r 
dent  poteftates  confimiles  ma^imae  rjtdicis  &  fummae  radi- 
cum  omnium.  Ut  fi  aequatio  fit  x'  —  19^;  +  30  =  o,  cu-^ 
jus  radices  funt  2,  3  &  —  5  ;  erit 

S*  '  5'   +  3"  +  ^*  ••  25     :  38     ::  I  :  1,52 

5*  =  5*  +  3*  +  ^^  =••  625  :  722  ::  i  :  1,1552 

S^  '  S""    +  3^   +  ^^  y-  39062^5  •  397442  ::  I  :  1,01745  &c, 

5'^:  5'^  +  3""+  2'^;:  152587890625  :  152631002882 

::  I  :  1,000028  &c. 
r3* :  .3.   .    .3»  +  2^* ::  I  :  I  +      ^853^^483819137 


23283064365386962890625 

::  I  :  1,00000008,  &c. 

Unde  elicitur  methodus  infequens  quamproxime  eruendi 
radicem  asquationis  maximam  feu  a  nihilo  remotifllmam. 

1142.  ^are  fummam  quadratorum  radicum  &f  cxtrabe  ejus 
radicem  quadraticam  ;  hac  tnim  radix  major  erit  quam  radix 
maxima  aquationis.  Sed  ad  radicem  maximam  propius  accedes^ 
fi  quaras  fummam  biquadratorum  fcf  extrabas  ejus  radicem  hi-- 
quadraticam.  Et  adbuc  propius^  Ji  quaras  poteftatem  8''**  fum- 
ma  radicum  &f  extrabas  ejus  radicem  8'**.  Atque  ita  deinceps 
in  infinitum. 

Sic  in  praecedente  aequatione  erit  radix  quadratica  fum* 

mag    quadratorum    y/^^  =    6,i64&c.    ^/^^^  =  5,86&c. 
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V^39744^     =     5,Ol8&C.    V'152631002882    =    5,000028&C. 

V3328306&C.    =   5,0000000 1 &c.      Liquet   igitur    quod   in 

aequationibus  radices  inaequales  habentibus,  furdae  radices 
lummarum  potcftatum  fucccffi varum  radicum,  decrefcendo 
ad  vcrum  valorem  maximae  radicis  cito  converguni,  8c  quo 
major  fit  inaequalitas  radicum,  eo  citius. 

243.  Quod  fi  duae  plurefve  aequacionis  radices  fint  fere  in- 
ter fe  aequales,  ita  ut  radix  maxima  cum  altera  cjufdcm 
circiter  magnitudinis  confocietur,  furdae  radices,  8cc«  fuc- 
ceflivae  ad  vcrum  valorem  maximae  radicis  tardius  conver- 
gent ;  adeoque  necefle  crit  fummas  altiorum  poteftatum 
radicum  quasrere,  earumque  furdas  radices  extrahere  quo 
eruatur  maximae  radicis  valor  quamproximc  vcrus. 

Ut  fi  proponatur  aequatio  8x^  —  6x  +  i  =  o,  ad  tol- 
lendam  coefficientem  primi  termini,  pofito  iy  pro  Xj  ex- 
furgct  j'^  —  3^  +  I  =  o.  Et  pofito  Qj=  —  3  &  R  =  —  i, 
per  §  170,  prodit  fumma  quadratorum  radicum  hujus 
—  2Qj=;  6  ;  fumma  biquadratorum  2Ql==  18  j  fumma 
8  poteft.  3Q^(Q^ — 4R*)  =  186.     At  quoniam  quadra- 

tum  6  feu  36  fit  ad  18  in  ratione  2  ad  i  ;  hujus  vero  qua- 
dratum  feu  324  ad  186  in  ratione  paulo  minore  cantum» 
conftat  radices  furdas  fummarum  poteftatimi  hadlenus  in- 
ventarum  non  nifi  tarde  ad  verum  valorem  maxima^  ra- 
dicis convergere.  Quaeratur  itaque  fumma  16  poteftatum 
radicum  aQf  (Q^  —  24Q^R*  +  aoR^)  =  25146,  cujus 
radix  i6"*  prodit  i,8337&c.  Quaeratur  iterum  fumma 
32  poteftatum  2Q^{Ql'  —  xizQ^^R*   +  1144QIR*  — 


[  ^31  ] 
2ii2Q^R^  +  66oQ^R®  —  i6Q^^)  =  6  x  97945135,  hujus 
autem  radix  32""*  prodit  i,87947&c.  Confentientibus 
igitur  hifce  valoribus  maximag  radicis  folummodo  in  pri- 
me decimalium  loco,  colligcre  licet  valorem  ex  fumma  16 
poteftatrum  refultantem,  ultra  primam  decimalem  8  non 
efle  veriim.  Adeoque  fi  maximse  radicis  valor  accuratius 
defideretur,  necefle  erit  operationem  continuando  fummam 

64  poteflatum  radicum  eniere,  nempe  18  x  1913111928- 

2396037,  CUJU8  radix  64"*  prodit  i,8793853o&c.  Con- 
fentientibus igitur  hifce  valoribus  in  tribus  decimalium 
locis,  coUigere  licet  radicem  fummae  32  poteflatum  maxi- 
mam  radicem  vere  exponere  ad  ufque  tertiam  decimalem 
9.  Quanto  propius  ad  veram  radicem  accedit  radix  fum- 
mae  64  poteftatmn,  iifdem  veftigiis  infiftendo  detegere  li- 
cet ;  facilius  vero  methodo  infequcnti. 

244.  Quoniam  differentia  radicum  fummas  32  &  64  po- 
teflatum, nempe  o,oooo847&c,  prodit  pars  22000°^*  circiter 
poflerioris  (cum  haec  differentia  toties  faltem  in  1,87938 
&c.  continetur)  colligere  licet  priorem  cxccderc  maximam 
radicem  parte  fui  22000"^*  circiter.    Unde,  fi  tres  radices 

defignent  a,  3,  r,  quorum  maxima  fit  a,  habctur  (a'*  +  b^* 

+  c^*y^  =  a  ^  a.    Et  quoniam  duae  radices  in  hac 

^  22000  * 

acquatione  fere  aequales  necclTario  erunt  a&t  b^  vel  *  &  r  ; 
fit  i""**  a  fermc  aequalis  5.  In  hoc  cafu,  6  (ob  defedhim  ter- 
mini fecundi)  tanfum  eifup*rabit  r,  ut  c^^  quam  mini- 
mum erit  refpedlu  ^**  +  b^\  adeoque  tuto  negligi  potefl. 
Erit  igitur 


i      23*      ] 

V  '  22000 

Et  ^5*  +  i'*  =  ^'*  +  -^  ^'^  +  -^*--^,  ^3»  +  &e. 

2200Q  2  .  2Z00g* 

'1 2  2 

kemque  ^»  =  ^^  a^'  fere,  =  -- — ,  a3* 

Adeoque^**=:7Y7— ,««* 

Et  (^'^  +  ^'-^Z'  =  (a'*  +  -,^.  a«*)''^ 


'5 


Unde  liquet  radicem  64"",  1,8793853  valorem  maximae 
radicis  ad  ufque  6""°  decimalium  locum  &  ultra,  vere 
defignare. 

2'".  Sit  b  ferme  aequalis  c.     In  hoc  cafu  eric 

^  '  22000 


Et  a»  +  2^»  =  a"   +  ^^  j"   +  &c. 

a  2000 


2200 

Itemque  ab'^  =  -3fL  ^>'  —  _^  ^3* 
^  22000  11x5' 

Adeoquc  4i"  =  YJI  — .  «•*,  &  2i'«  =  ;~  a" 

Adeoque  in  hoc  cafu^  a  fortiori  liquet,  radicem  ad  ufque 
6'^°'  decimalem  &  ultra,  vere  deiignari* 


[    ^35    ] 
Rddici  maxims  y  fie  inventse  1,879385  &c.  prasponen-   - 
dum  fignmn  — ,  fubftituto  enim  —  1,879385  pro  y^  accedic 
y^  —  iy  +  ^  propius  ad  nihil ;  nempe  —  6,63^293  &c.  + 
5>638i55  &c.  +  I  =0,001  &c. 

245.  Invcnta  maxima  radice,  invenientur  reliquae,  de- 
primendo  aequationem  cubicam  ad  quadraticam  ope  divi- 
fbris  inde  refukantis,  cujus  redu(5tio  dabit  reliquas  radices. 

Aut  fimili  methodo  erui  poteft  radix  minima,  inveniendo 
maximam  radicem  aequationis  2;'  —  32*  *  +  i  =  o,  cujus 
radices  funt  prascedentium  reciprocse,  ut  patebit  fubftitu- 

endo  —  pro  y  ;  nam  inventa  maxima  hujus  radicc  — ,    per 

§  169;  aut  per  formulas  defedlui  tertii  termini  accommo- 
dandas,  habetur  c  =  0,347296.  Habitis  igitur  radicibus 
extremis,  habetur  media  radix  3  =  1,532088  &c.  utpote  re- 
liquarum  complementum  ad  nihil.  Ergo  ob  x  =  i/,  pro- 
deunt  radices  datae  aequationis  8xj  —  6x  +  i  =  o, 
—  0,939692  &c.   +  0,766044  &c.   +  0,173648  &c. 

246.   Ubi  veto  dux   plurefve '  aequationis  radices  funt 
aequales,  hafce,  fi  iifdem  flgnis  afficiuntur,  facilius  eruerc 
licet  per  methodum  §  202,  &c.     Et  fi  contrariis,  licet  per 
iftam  methodum    immediate   eniendae  non  funf,    tamen 
quaerendo  aequationem  quadratorum  radicum,  quae  tot  for^     ^ 
tietur  radices  aequales  quot  erant  in  data,  atque  fignis  af- 
firmativis  afFeftas,  hafce  per  iftam  methodum  eruerc  licet,     ^ 
et  extra(flis  harum  radicibus  quadraticis  innotefcent  radices    .:i 
^quales  datae  aequationis. 


[     ^34    1 

*  ^47*  Qs^^  ^  fammarum  poteftatum  fucceffivarutn  Kac 
iiiethodo  inveniendarum,  prodit  aliqua  ncgativa,  aut  qua- 
dratum  alicujus  minus  fumma  poteftatum  proximc  infe- 
quente ;  indicio  eft  aequationcm  radices  impoflibiles  fortiri. 
Vcruntamen  non  obftant  radices  impoflibiles  quo  minus 
eruantur  radices  reales,  S  modo  ex  fummis  poteftatum  fuc- 
ccffive  rcfultantibus  quadratum  cujufque  prsecedemis  ad 
infequentem  propius  fcmper  accedct. 

Sic  habita  aequatione  .v'  —  5x^  +  4:v  —  3  =  o,  qux- 
rendo  sequationes  quarum  radices  funt  quadrata,  biqua- 
drata,  &c  radicum  datae  scquationis  per  §  169 ;  fummas 
qaadratorum,  biquadratorum,  8/>,  16^,  refpedtive  expo- 
nent 17,  317,  100705,  101423811189.  Et  cum  ly^  =z 
289  prodit  minus  quam  317,  indicio  eft  aequationem  ra- 
dices impoflibiles  fortiri ;  quoniam  vero  hand  multum  de- 
ficit a  317,  hujus  vero  quadratum  100489  propius  adhuc 
acccdit  ad  100709,  non  neceflTe  erit  fummas  poteftatum 
ultra  quaerere  ad  radicem  proxime  cruendam.     Erit  igitur 

I  I 

(100709)^  =  4,2195,  et  (10142381 1 189)^'  =  4,220690  ; 

quarum  prior  valorem  radicis  vere  exprimet  ad  ufque  pri- 
mam  decimalem  2  tantiim,  pofterior  vero  ad  ufque  quin- 
tarn  9  inclufive  ;  ficuti  per  methodum  praeccdentem  colli- 
gere  licet. 

Habita  quoque  asquationc  y^  —  2^  •—  5  =  o,  fummas 
quadratorum,  biquadratorum,  8/,  16/,  32/,  radicum  ex- 
ponent 4,  8,  432,  1 389 1 2,  18833326272  refpeAivc*  Et 
cum  8^  feu  64  prodit  minus  quam  432,  indicio  eft  sequa- 

tionem  radices  impoflibiles  fordri ;  quoniam  vero  quadra** 
turn  hujus  186624  jam  proprius  accedit  ad  1389 12,  at  in- 


I    «3^    ] 
tcrvallo  majorc  quidem  quam  in  exemplo  noviH^mo^  ex* 
trahenda  erit  radix  32^.     Haec  auc^m  prodit  1,09457  af- 
firmative ponenda  per  §  148,  qife  utique  radjicem  ad  uf- 
que  4'*°"  decimalem  5,  verc  exprimet. 

248.  Hacc  methodus  radicibus  maximis  &  minimis  tan- 
turn  aequationis  educendis  immediate  infervit,  idque  cal- 
culo  fatis  operofp,  ubi  duae  plurefve  radices  fint  inter  fe 
sequales  aut.  accurate  ant  quamproxime  ;  tardins  niminim 
ad  verum  radicis  valorem  convergentibus  furdis  radicibus 
I'ummarum  poteftatum  fucccflivarum :  &  interdum,  per- 
turbantibus  radicibus  impoflibilibus,  deficit.  Methodus 
altera  Newtoni  jam  explicanda  prae  casteris  fimpicx  &  ufiii 
accommodata  videtur :  iEquatioues  in  quibus  aliqui.  vel 
nulli  termini  defint,  eadam  fere  facilitate  tradlantur ;  et 
fingulis  aequationum  radicibus  educendis   aeque  refpondet. 


Methodus  altera* 

249.  Sit  aequatio  ^^+  ax^+  ix+c  zz:  o  refblvenda  :  inve- 

niatur  per  §  239,  aut  per  methodum  praecedentem,  i  limes 
qui  minus  quam  parte  fui  decima  differt  a  radice  qu^fita. 
!"*••  Sit  p  cum  proprio  figno  hujus  complementum  ad  ve- 
rum radicis  valorem,  &  fubftituto  i  +  p  pro  x  in  sequa- 
tlonem,  prodit  per  §  156,  nova  {i^  +  ai^  +  W  +  r)  + 
(3iJ*  +  aai  +  b)  p  +  {^  +  a)  p*  +  p^  =  o  (incipiendo 
nimirum  a  termino  ultimo).  Sit^e,  defignantibus  A,  B,  C 
D  numeros  coefficientes  reQ)edive,  A  +  Bp  +  C^*  +  r^ 

=:  o.    £t  fie  uaiverfaliter :  habita  aequatione  m    +  ax 

CLq    2 


[     436    ] 

+  ix  '^  +  &c.  =0,  fubftituendo  i  +  p  pro  x,  enint 
coefficientes  novas  xqnationis, 

A=  i^        +  ai"~'            +  5r~*  +ri''~3   +&C. 

B  =  tti^~    +n —  I  .ai^        +fi  —  2.bk^'^     +  &c. 
C  =  «  . i  +  »  —  I  . ak       ^  +  &c. 

2  2 

&C.  &C. 

jEquationis  igitiir  refultantis  A  +  B/>  +  C/*  +  D^'  +  &c. 
=  o,  radix  p  exquirenda  eft,  ut  quotienti  k  addatur  ; 
nempe  (ncgledlis  cerminis  C/%  D^^   &c.   ob  parvitatem) 

—  A 
A  +  B/  =  o,    five  /  =  — g  fere.     2''*'.  Sit  q  cum  proprio 

figno  hujus  complementum  ad  verum  valorem  py  &  perindc 

fubftituto  — g  +  q  pro  p^  in  aeqnationem  refiiltantcm,  prodit 

nova  A'  +  B'q  +  Cy*  +  D'y^  +  &c.  =  o,  et  negledlis  terminis 

Cy  +  D'y'  +  &c.  ut  antea,  erit  q  =  — =-,  fere.  3''*.  Sit  r 

hujus  complementum  ad  verum  valorem  y,  &  fubftituto 

— —  +  r  pro  y,  in  asquacionem  ultimo  refiiltantem,  pro- 
B 

dit  A"  +  BV  +  CV»  +  DV  +   &c.  =  o,  adeoque  r  = 

— --  fere.      Et  fie  operatione  qupufque  placuerit  conti- 
B 

A        A'        A" 
tinuata,    tandem  emergit  x:=z  k  —  ^  —  :^  —  g^,  —  &c. 

quam  proximc.     Quo  propius  autem  accedit  k  ad  verum 
radicis  valorem,  eo  pauciora  complementa  adhibere  opus 
.  erit  ad  radicem  quamproxime  eruendam. 


I   237  1 

250,  Emergente,  per  primam  operationem,  /  =  ^^  — 

C        '      D 

g  p*  —  g  /' —  &c.  quot  ad  loca  decimalium  primus  hu- 

jus  terminus  — g  valorem  p  fere  defignabit,   caeteris  ne- 

gleftis ;    feu,    quoufque  continuanda  eft  divifip  numera- 
toris  A  per  denominatorem  B,  antequam  rcliqui  termini 

CD 

B  ^*»  B  P^  valorem  quotientis  refultantis  aflBciant ;  fic  in- 

veftigare  licet. 

Quoniam  py  utpote  per  hypothefin  minus  quam  -  k^  eft 

fradtio  decimalis  unitafe  minor^  £i  habeat  cifras  aliquas  de- 
clmales  primse  ejus  figurae  fignificanti  praefixas,  poteftates 
ejus  /%  ^',  p^y  &c.  faltem  dupio,  triplo,  quadruplo,  &c. 
plures  cifras  decimales  prasfixas  habebvmt  refpedlive.     A- 

C     D 
deoque  i*"*.  Si  coefficientes  g,  g,  &c.  fint  quoque  deci- 
males unitate  minores,  &  quae  cifras  aliquas  decimales  ha^ 

C 

beant  praefixas,  terminus  quifque  g  x  /%  &c.   tot  faltem 

» 

ha^bebit  cifras  decimales  praefixas  quot  funt  in  utroquc  fac* 

C ' 

tore  fimul.     Et  a"**"-   Si  coefficientes  g ,    &c.    fint  unitate 

majores,  erit  numerus  cifrarum  decimalium  termino  cui^ 

C*        * 

que  g^\  &c.  praefixarum  aequalis  exceflui  cifrarum  deci- 

.    .     C 
malluim  in  ^%  &c.  prae  locis  iutegris  in  g,  &c.  refpeftivc;: 


lit  cx  multiplicatione  decimalium  conftat,  Unde.in  omni 
cafu,  cognito  numero  cifrarum  decimalmm  complemento  p 
prxfixarum,  innotefcet.numerus  cifrarum  decimalium  cuir 

C       D 
que  terminorum  infequentium  pod  primum,  fcil.  g/Sg/S 

&c.  praefigendarum ;  atque  inde  regrediendo,  facile  con- 

flabit,  quod  primus  terminus  — «  valorem  p  ad  tot  loca 

decimalium  fere  dcfignabii,    quot  habet  cifras   decimales 

praefixas  fecundus  terminus  g   /*,    &c.      Itemque,  quod 

—  A        C 
duonim  aggregatum  — g  —  g  /*  tot  ad  loca  decimalium 

valorem  p  fere  defignabit,    quot  habet  tifras  decimale$ 

praefixas  tertius  terminus  g  ^^     Et  fie  deinoeps.     Ac  fimi- 

liter,  determiriare  licet  ad  quot  loca  decimalium  termini 

—  A'        —  A'' 

— g,  &  — —  complementa  fucceffiva  q  &l  r  refpedlive, 

fere  exponent. 

251.    Ca&terum  fi    quxras    an    valores    modo    inventi 

A    <— A' 

— g,  "'"B''  ^^*  ^^^^  valoribus  p^  y,  &c.  refpedlive  majores 

vel  minores  fint ;  hoc  inveniri  poteft,  fubftitucndo  • — g  pro  p 
m  aequationem  A  +  B/  +  Cp*  &c.  =0,  nam  fi  numerus  rc- 
fultans  affirmativus  fit,  — g  major  erit  veritate,  fi  negati- 
VU8  fit,  minor.    £t  fie  in  caeceria.    Idem  quoque  £icilius 


[    ^39    ] 
innotefcet  ex  operationc  proxima,   fubftitucndi  niinirum 

j^ 

— B  "^  9  P^^  ^  >  ^^^  ^  ^^  aequatione  rcfultante  prodeat  q 

/^ 

affirmativus,  indicio  eft  quod  — g  eft  minor,  fin  q  fit  ne- 

gativus,  major  quam  Terns  valor  p. 

152.  Ex.  Repetatur  aequatio  y^  —  ly  —  5=^0,  per 
mechodum  4)riorem  redudla,  §  247.  Et  fi  ab  initio  aufpicari 
cum  Newtono  placuerit,  inveniatur  per  §  239,  limes  iiiftrior 
2,  qui  minus  quam  decinia  fiii  parte  diflfert  a  radice  quae- 
fita.     i"''.    Subftituatur  2  +  p  pro  y  in  sequalionem,  & 

prodibit  nava  —  i  +  lop  +  6p*  +  p^  =  o^  five  (negledtis 

6^*  +  p^  ob  parvitatem)  —  i  +  10/  =  o,  et^  =  —  =  o,i 

fere,  2^^.  Subftituatur  jam  0,1  +  q  pro  p  in  cequationem 
refultantem,  &  emerget  +  0,061  +  11, 23^  +  S^^q^  +  q* 
=  o,  five,  negledis,  ut  antea^  terminis  in  quibus  q  ultri 

primam  dimenfionem  affnrgit,  q  =  — —-   =  —  0,0054 

fere  (dividendo  nempe  ad  ufque  quatuor  decimalium  loca, 
cum  q  duas  habet  cifras  decimales  primas  fux  figurae  figni- 

ficanti  5  praefixas,  adeoque  q^  necnon  8C  -^  quatuor  ha- 

bebit,  per  §  250.     Et  proinde  hie  terminus  -^    valorem 

p  ex  fecunda  operatione  refultantem  non  afficiet  intra  li- 
mites  quatuor  locorum  decimalium.)  3'*^.  Subftituatur 
iterum  —  0^0054  +  r  pro  q  in  aequationem  noviflimam, 

&  emerget  0,000541 55053€  +  ii,i6ao4745r  +  6,2838r* 


[     HO    ] 

^  —0,006541550536  o     r 

+  r'  =  o,  five  r  = — '/-^-^^l—^: —  0,000048?!  fere 

^  '  11,16204748  *         ^  '^ 

(dividendo  nempe  donee  odlo  eliciantur  decimalium  loca, 
cum  r  habet  4  cifras  dccimales  primae  fuac  figurae  fignifi- 

canti  4  praefixas,    adeoque  r*  necnon  8c  — --  ^ — -  oiSlo 

habebit.)     Prodit  igitur 


if  =  +  2 


/  =  +  0,1  5  ~ 
9  =  —  0,0054    J 
r  =  — -^  0,0000485 1  5 


+  2,10000000 
—  0,00544851 


y.y=        -         -         =  +2,09455149. 

Ad  minuendum  fubftituendi  laborem  in  tertia  operatione, 
terminum  altif&mum  q^  aequationis  fecundo  refultantis 
propter  exilitatem  fuam  negligit  Ncwtonus^  unde  fubrepit 
error  in  ultimum  figuram  3  valoris  r  hoc  pa<5lo  eliciti, 
0,00004853*  Minui  quoque  potcft  dividendi  labor,  quo- 
niam  quatuor  tantum  defiderantur  figurae  decimales  figni- 
ficantcs  in  quotiente,  abfcindcndo  figuras  fignificantes  nu- 
meratoris  ultra  quatuor  primas,  itemque  denominatoris 
(ob  parvitaiem  figurarum  ab  initio)  ultra  quinque  primas : 

— 0,0005415 
erit  enim  — {TTSi —  ^^  —  0,00004851  ut  antea. 

Obfervandum  eft,  quod  qualibet  operatione  duplicantur 
figurae  decimales  radici  adjiciendas.     Atque  in  hac  me- 

C 

thodo  ita  femper  fe  res  habebit,  nifi  forfan  ubi  g  fit   uni- 


r  ^4»,  ] 

tate  major,  quo  in  cafu,  figurarum  radiois  ultimatum  all* 

C  . 

•  quQt  per  tcrminum  «  p^  affici  pollunt.     Quoad  materiam, 

Tix  differt  haec  methodus  ab  ilia  quam  tradidit  Ralpbfon^  in 
Analyji  Mquationum  Univerfali^  an-  1690,  quae  utique  fimi- 
liter  proccdit  aflumendo  duos  terminos  ultimos  tantum 
asquationis  ex  quaque  operatione  refultantis« 

2 5 3,  Accuratius  autem  cnietur  valor  /,  affumendo  tres 
terminos  ultimos  aequationb.  refulcancts,  ntmpc  A  +  ]^. . 
+  Op^  =  o,    feu  A  +   (B  +  C/)  p=:o}    unde  prodit 

/^  j^ 

^  =  gXci*  fen,fubftitucndo  — g  in  denominatorem  pro/, 

=  — — 'cA »  ^^^  ^^  Ha AC '  ^^^^™  prior  formula  praxi 

magis  accommodata  videtur,  re  nimirum  per  unam  mul* 
tiplicationem  &  duas  divifiones  peradla,  quae  in  poileriore 
per  tres  multiplicationes  ac  unam  divifionem  procedit. 
Et  hoc  eft  theorema  rationale  Hcdkianumy  Pbih  uranf.  arL, 
1694,  N"^  210*.  Aut  aliquanto  accuratius,  per  extraftio- 
nem  radicis  furdse  quadraticae,   unde  prodit 

*  jinMlyJin  per  mquoHmiei  infinUat  excogitavit  Ni^vtenut  faltcm  ante  annum  i66^« 
Vid.  p.  35.  Hanc  a  Ntvftono  acceptam  cum  Johanne  Collins  communicavit  BprroWf 
anno  1669*  Eandemque  In  fcrinns  yobannit  CMtts-rt^ptrtgan  primus  edidit  Johh^^ 
an*  1 71 1 .  Methodi  Newtonians  pfoztme  er^endi  radices  cqnationum  numeraiium 
k.  literalium,  duobus  terminis  tantum  xqusltionis  refultantis  adhibicts,  exemplum' 
dedit  WaWu  in  J/gehrM,  an.  i683»  jinglke  editi.  De  quo  ha  Haf/eys  loc.  tit* 
<«  Qualia  in  hoc  negotio  [refolvendi  oequationet  numerales]  praeftiterit  faga-^ 
**  ciftma  ingenii  Newiwmanl  tis,  ex  contra^ore  fjpecimine  a  clariflimo  WaUiJto^- 
**  Cap.  94i  Algebra  fu«  cdito,  potius  conje^tnrft  aflequi  quam  pro  certo  com- 
•**  periri  liceC  Ac  dum  obftbata  aniftorift  modeftia  amicorum  precibus  dcTida 
-**  cedat,  inTentaque  hsec  fua  pulchcrrima  in  lucem  promere  dignetur,  Mpedarc. 
^  ^gimur.'' 
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p  =  - — -    "c *  quarum  feligenda  eft  minor  ra- 

dix  -7-2 — ,  T  ^  ,, ^  (in  qua  utique  partes  ^  &  -^LL.^ — 

contrariis  fignis  afficiumnr)  ttiin  ol>  parvitatcm  ipfius/,  turn 

—A 
quod  haec  radix  ad  valorem  priu»  inventum  — g  propius  ac- 

ccdit.  £t  hoc  eft  theorema  irrationak  Halleianum^  loco.  cir. 
Sic  in  pr2eccd;eme  exemplo,  per  theorema  rationale^  prodit 

p  =  — 'jlTT  ==  "Tg  =  o,0943&c.  et  per  theorema  irrati^ 

onaky  prodit  /  =       ^  ^  0,946  2  &c.  quorum  prior 

valor  confentit  cum  valore/  4-  y,  per  duas  operationes  rpe- 
thodi  praecedentis  elicito,  in  duobus  locis  figurarum  deci- 
mdlium  ;  pofterior  auteoiy^  in  tribus^  Atque  hinc  forfaa 
tkecwema  irratmiMU  cautuxn,  ucpote  accuratius,  commen* 
dat  Nenj^tonus :  utrunaque  tamsn  adiiibere  haud  importu- 
num  erit,  ubg  mminna  corrigente  aiterum. 

254.  QuoniaiQ  vero  in  hujufmodi  s^proxin^aitioaibus 
maximi  momenti  eft  determinatio  prims  figurac  decimalis 
complementi  /,  hanc  quidem,  tribus  terminis  ultimis  ad- 
Ixibids  &mper  explorare  convenit  ubi  in  asquatioae  A  + 1^ 
+  Cp^  &c.  =  o,  quadratum  coefficiefltis  penultimi  termini 
B^  Bon  fit  decies  majus  qi»m  fk<5lus  ex  uldmo  feermiao  A 
in  coefficientem  termini  amepenultimi  C* 

Nam  quoixiam  valor  /,  adEibitis  duobus  terminis  ul- 
timis tantum  squationis  reftiltantis^  fit  — g  fere;  adhi* 
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bitis  autem  tribus,    fit  ^^aq  accuratius,   irr  ^^^^  — 

-j^f  circiter  :  (ut  patebit  dividendo  —  AB  per  B*  —  AC) 

— A*C         AC 
difFerentiam   horum   valorum  fere  exponet  — gj-  =  -bt 

X   -jg.     Unde  pofito  gj  =  ~  ,  differentia  valorum  eva- 

det  —    X  — g  fere,  hoc  eft,  pars  decima  fere  totius  va- 

AC         I 
loris  prions ;  pofito  ^^  =  -,  evadct  major  parte  decima 

AC         I  .         • 

totius  ;  pofito  55"=  g"  >  cvadet  adhuc  major  parte  decima 

AC 
totius :     ct  fie  deinceps,    crcfccnte   valore  gj-,  feu  quod 

perinde  eft,  decrefi:ente  ratione  B^  ad  AC,  eo  magii  rece* 

tlct  prior  valor  — g  a  poftcriore  gil^Tct  ^^^^  a  fortiorc^ 

a  valore  accuratiorc  '^^^ c  ~"~^^ — •     Hihc,  fi  B*  non 

fit  decies  majus  quam  AC,  differentia  valorum  taxtta  effe 
poteft,    quanta  errorem  in  ipfam  primam  figuram  deci- 

malem  prioris  valoris  — g  inducat.     Quod  fi  B*  fit  4ecics 

aut  plus  quam  decies  majus  quam  AC,  di£feirentu  ifta  fi- 

guras  decimales  in  — g  pod  primum  locum  tantiim  a;$ci€t. 

Et  fimHiter,  fi  B*  fit  centies  majuis  quam  AC,  figuras  deci- 

Rr  2 
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^  .males  pdft  iecundum  locum  tantum ;  ii  millies,  pod  tertiuHi 
locum  tantum  aflSciet*     Atque  ha  in  caeteris  qi  r,  /,  &c, 

Obfervandum  eft,  quod  ope  thcorematis  irrationahs  qua- 

libct  vice  triplicatur  numerus  locorum  decimalium  radici 

per  praecedentem  operationem  adjiciendorum,  per  §  250. 

Hoc  padlo  igitur  figuras  decimales  duplo  plures  quam  per 

-  methodum  praecedentem,  qualibet  vice  radici  lucraberis, 

255.  Hinc  fi  radicem  ad  ufque  quintum  aut  fextum  de- 
c.  cimalium  locum  tantum  quacras,  in  praxi  plerumque  faci- 

lius  erit  utramque  methodum  adhibere.  Eruendo  nimiram 
^^valorem  primi  complementi  p  ex  tribus  ultimis  terminis 
aequationis  rcfultantis ;  deinde  Halkium  lecuti,  opus  de  in- 
tegro  repetere,  fubftituendo  in  aequationem  datam,  valorem 
radicis  jam  inventum  +  q  prox;  (praefertim  ubi  aliquis  ter- 
minus datae  aequationis  deeft,  hoc  pado  enim  minuirur 
.  fubftituendi  opus)  unde  ex  binis  terminis  aequationis  ulti- 
mo refultantis  habebitur  q.  Sic  ex  confenfu  theoremalis 
ratfonalis  &  irrationals  prodiit  p  =  ,094 :  deinde  fub- 
ftituendo in  aequationem  datam  2,094  +  q  pro  Xy  prodit 
nova  —  0,006153416  +11,  154508^  +  &c.  =6,  adeo- 

0,006153416  .  , 

.  que  7  =  +  —J]^^  =  +  0,000551.  Adeoque  x  =  2,094 

+  7  =  2,094551. 

256.  Quod  fi  radix  ad  plurima  decimalium  loca  defide- 
ratur  quam  proxime,  laborem  plerunque  miaues,  pracfer- 
tim  in  aequationibus  fuperiorum  dimenfionum,  ft  fingula 
complementa  jfr^  q^  r,  &c.  extrahendo  minorem  radicum  ex 
tribus  ultimis  terminis  asquationis  noviiCmd  refultantis  ex- 

-quiras. 

Ex.  2.  Proponatur  aequatio  x^  r—  80*^  +  1998^*. — 
*f4937*  +  5000  =:  o;  cujus  radicem  in  folutionem  diffi- 
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cilFimi  problematis  Arithmctici,  Vieta  methodo,  accuratif- 
fime  afTccutus  eft  Wallis^  Algeb.  Cap.  62 ;  quamque  itidetn 
methodi  fu*  cxemplum  affcrt  Ralpbfon^  p.  25,  26.  Ejuf- 
modi  autem  formae  eft  haec  aequatio,  ut  plurcs  habeat  ra- 
dices affirmativas,  &  quod  refolvendi  difficultatem  adau-^ 
geat,  prsBgrandcs  funt  coefficientcs  ejus  refpecSlu  termini 
ultimi. 

Minuendi  gratia,  dividantur  hujus  radices  per  denarium, 
&  prodibit  J'*  —  8y'  +  2oy*  —  <i$y  +  0,5  =  o.  Invenia- 
tur  limes  hujus  i  ==  i,  &  fubfUtuendo  i  +  /  pro  y^  pro- 
dibit  nova  —  i>5  +  5^  +  ^/*  —  &c.  =  o,  adeoqtie  per 

extradionem  radicis  minoris,  erit ^  =  ^^^^^^ — ^—  =  0,27. 

&  j^  =  I  +/  =  1,27  :  adeoque  x -=.  10^  =  i2,7»  Subfti- 
tuatur  iterum  12,7  +  y  pro  x^  in  sequationem  datam,  & 
prodibit  —   298,6559   +   5296,1325'  —  82^26  f   —   &c. 

=  0,  adeoque  y=  — ^-^^ -^-|_^.-_ =  0,05644080 

&c.    Per  theorema  rational  (Juoque  prodibit  q  = 
!£Mli9 298,6559         _ 

0,05644075  &c.  Unde,  hisvaloribus  collatis,  certi  cfle 
polRimus  ^fere  defignari  ad  ufque  quinque  decimalium  loca 
faltem  ;  adeoque  erit  jc  =  12,7  4-  y  =  12,75644  proximc. 
Et  fi  plures  defiderentur  radicis  figuraB^  dp  iategro  repe- 
tatur  calculus,  fubftitueiido  1 2,75644  +  r  pro  ^  in  xqua- 
tionem  datam,  &  aflumptis  tribus  tenninis  aequationis 
refultaotis,  prodibit  r  =:  0^000001794480744:  adeoque 
radix  accuratiflima  fit  12,756441794480744.  redintegra- 
tione  calculi  nimirum.triplicante  numerum  figuranun  dc« 
cimalixxm  prius  inventarum. 
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257«  Labor  hujiis  metliodi  praecipuus  in  operatione  fab- 
Aituendi  quantitaces  unas  pro  aliis  reperietur :  id  quod 
varie  perficias,  fequentem  modum  maxime  expeditum 
cenfec  NewtonuSy  praefertim  ubi  numeri  coefficientes  con- 
ilanr  ex  pluribus  figuris. 

Repetatur  asquatio  prxcedens  **  —  8o>r'  +  1998X*  — 
14937X  +  5000  =  o.  Refolvi  haec  poteft  in  fadlores  hu- 
jus  formae, 


Xx 


+  5000  =r  O. 


(x  —  80;  X  x\  +  19981X  x\  —  14937 

Ubi  prodit  primus  jc  —  80  ;  fecundus,  x  ;  tertius,  fadus 
ex  prxcedentibus  una  cum  1998  ;  quartus,  x ;  quintus, 
fadlus  ex  praecedentibus  una  cum  —  14937  ;  fextus,  x  j  et 
fadlo  fub  omnibus  adjiciendus  5-000.  Subflituendo  autem 
in  fingulis  fadoribus  12,7  +  ^  pro  x,  eric 

X  12,7  +y 

II.  —     854,71  —  54,6y  +  q* 
+    1998 

III.  +     1 143*29  ■— 54»6y  +  ^* 
X  12,7    +  q 

IV.  +  14519,783  +  449»87f  —  41.9^'  +  &c. 
— 14937 


V.    —     417.217 +  449»87y  —  4i,9y* 
X        13,7      +  q 


+     JOOCi 


VII.  —     298,6^59  +  ^?^6,i3af  —  «a,a6y»  — &c.  ss  o. 
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258.  Hasc  methodus  radicibus  xquatiannm  tarn  pura* 
rum  quam  afiedtai^um  educendis  infervit,  &  proinde  in  ex* 
trahendb  radicibus  numeroram  alcioribus  utilis  erit.  Vide 
Halleyyloco.  cit.  Porro,  inventa  quotiente  Ji^pj  &€•  seqxiatio 
femper  relinquitur  cujus  radix  una  cum  acquifita  quotiente 
adaiquat  radicem  sequationis  primo  propoficae.  Unde  ex- 
aminatio  operis  hie  aeque  poterit  inftitui  ac  in  reliqua 
Arithmetica,  auferendo  nempe  quotientem  a  radice  primac 
aequationis  (licut  analyftis  notum  eft)  ut  xquatio  ultima, 
vel  termini  ejus  duo  trefve  ultimi,  inde  producantur.  Sic 
invento  ^  =  0,1,  erit  i  +  p  =  2^1^  adeoque  fubftituendo 
^,1  +  y  pro  j^,  in  sequationem  primam  j^'  — ^  2y  —  5  =  0, 
prodibit  0,061  +  11,23^  +  6y^q^  +  5f3=:o;  ipfa  ncmpe 
aequatio  quae  ex  fubftitutione  0,1  +  y  pro  p  in  aequationem 
primo  refultantcm  prodiit :  atque  ita  iftius  operationis  ve- 
veritas  comprobatur. 

259.  Ex  didis  facile  jucjicabit  leiSlor,  an  valent  multi  no- 
minis  viri  La  Grange  obje^iones,  Difert.  Acad,  fierlin^  an, 
1768.  nempe,  quod  metliodo  iVJrw/(?;i/j;ir4  ignoratur  quan* 
tum  ad  veritatem  acccdit  tum  valor  (^)  primo  affumptus, 
tum  valor  cujufque  compTementi  infequcntis,  (^),  (y),  &c, 
Methodus  certe,  qua»  ut  accuratiorem  cammendat.  New 
toniana  facilitate  bnge  cedit,  quippe  qwe  ex  iaventione 
quantitatis  ^/Ty  ^*34f»;»oii.aifi  per  tenta<nina  valde  labo- 
riofa  in  a^quationibus  plurimai?um  dimenfionum  eruendas, 
aufpicatur  j  per  ifwencionem  limitum  aequationum  ex  hi- 
nomiis  cpmpluribus  fucceffive  fiihffitutis  refiihantium,  pror 
cedk ;  et  per  combinatioiKm  pluorium  firai^tifflium  cqnd^ 
niiianmv  ex  hafee  ppcrationifcus.  eiicitarum,  concliadit^ 

260.  Ad  ewtapduia  twtiae-  febfHtudonk  laborwpi  in        . 
emplo  fecundo,  corre<aione8  duas  fatis  artificiofes  adhibet 
Halley^  quarum  priore,  notes  reraa  in  aflumpta  (i)  quintu- 
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pliccs  reddit;  poflcriorc  autem,  etiam  duplum  numerum 
cifrarum  adjungit :  ut  omnino  afTumptas  feptuplicet.  Cai- 
terum  iterata  hac  opcratione  parum  promovetur  calculus. 
Simili  methodo  infiftit  BernouUiy  LcS.  Calculi  inttg.  Le6l.  ^^i* 
Poflimus  quoquc  Lc  Marquis  deCourtivron  atque  Eulerum 
fecuci,  valorem  p  ex  pluribus  terminis  aequationis  reful- 
tantis  elicere,  fubftituendo  nimirum  in  hanc  aequationem 
valores  ^%  ^^  &c.  ex  quaque  praeccdentc  opcratione   in- 

A* 

ventos,  fciL  fubftituendo  g;  pro  p^  ;   deinde,  fubftituendo 

( —  g  —  g  X  -gj)   pro  /►';&£€  deinceps.     Unde  elicitur 

formula  infequens,  p  = 

A       C/A\a       /aC  — BD\/Ay       /5D— 5BCD+B»E\/A\4 
B — B\B/  — V      B*      Afl/ — V  B5  '^W   — 

A  I 

&c.  Sic  repetito  exemplo  1°'''.  proditg  = =  —  0,1. 

A*  A'  A*  C  ^ 

gr  =  0,01.    gj-  =  —  0,001.  g~  =:o,oooi»  g  =  0,0. 

2O  — BD  ^      sC^  — sBCD  n       ,x    , 

— g5 —  =  0,02. gj =  0,78.    Unde  prodit  p  = 

+  0,1  —  0,006  +  0,00062  —  0,000078  =  0,94542  •  Vide 
Mem.  Dc  VAcad.  Paf^is^  1744,  p.  405.  Pncftat  autem  me* 
thodus  Newtonianay  utpote  qua  iterata  operatione  ad  verum 
radicis  valorem  citius  convergit. 

Aliam  approximandi  methodum  tradit  Taylor^  ex  ipfius 
Jncrcmcntorum  theoria  petitam,  PlnL  Tranf.  an.  171 7.  Duas. 
quoque,  &  egregias  quidem,  ^xcogitavit  Simp/on^  quarum 
prior  per  ieriem  inHnitam  citiflime  convergentem  procedit^^ 
Mathematical  Dijfertationsy  p.  102  ;   pofterior  vcro  ex  calcula. 
^/ftwflfciw//  pendet;  Effays  on  various  JidjcSs^  p.  8x- 
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